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% reduce E— teduce o Hp
REDUCE 3.8, 15- Jan -88 ... :
1: on comp;_ ’ e—-bkﬁﬁ.éiaw. phwlun\nu\wﬂ .
2: in "dh.r"s in “db.r"s &— @(x‘g\}& =) B, G-bacs Packaye (ﬂ*@e,{"m ).7)4);&»;70
-VARS := 2

F%ﬂtTF*tEl>Xﬁ

-o06514, length 2268 bytes m x. ,,?mw“ﬁﬁ
3 preced

GBASIS ' ~°07 5o kBN %3 .

4:

f1: -opmult(xﬂ*dﬂ xﬁ*dﬂ+x1*d1+c 1)~ xﬂ*opmult(xﬂ*d0+x1*d1+a xﬂ*d0+b), )
Fl :=

=~ X@%(A%B + A*xX@%D@ + BxX1%D1, + BxX@%D@ - C*D@ + X1%X@%D@x%D1l -

2 2 2 '
X14D@*D1 + X6 %*D8 - X@*D8 + X0xD@) -

+ Xl*xz*Dﬁ*Dl - X1%D1
+ X1%D1%BP + X1%D1 - X@xD@xDl + xa*DE*BP)
ag(l) -fls b ag(2):=£{1S ag(3):=0;

6:

t glxxc?sl) Rokiie .

AG(3) := ¢
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K

16: t-odei=l; & &agg1§§ﬂ&tzxv(:n{ ‘ ; /usr/users/z@#@7/basis/Rims/dh@.rr 1989/1/14 14:8:25 1 p. 1--
-695 =1 ODE Cectlon W -T2 85 7 ‘?-AJ'ZLK,%']“ |  %order definition for the ring of differential Operators.
% dhg.rr 1988/62/26
Time: 68 ms . : % 1989/91/14 :
. . PqﬂL“%q'%D)in ; % Ring of differential. operators with meromorphic coefflclents
11: ghbasis ()i &— ahosis A3ty , I =« order is lexico graphic. ( .D3>D2>D1>D@ )
— - - - . f %
L X ] % This program is implemented on REDUCE 3.2 and 3.3.
~ Size of old Ag is ..... 6 7 i % We do not use '‘‘symbolic procedures'' to make a simple program.
. X VATGRY ! % But the time performance is not good for the reason.
Compacted. Size of reduced Ag is ..... 2 AX2 il %%"""""""""'“//// Modify here %UUAAUAARAARRKIBARAURRRNILSAARLUKNRINZRILRLIRY
. _ ) ‘ | 1-vams:=2; S
*##4% ID £111 no longer supported --- use lists instead | , | R e e e e R A A
x%% Z3 Z2 Z1 Z0 are non zero UAKRLRURAALALKULKALKLLALLKL E10DAY VATS BULULABKUALLKL L RIR LR SRKARKRAKS LK% KL
] \/’ %% X@,X1,.... Dg,D1,D2,..... are global variables. -
Recuded Field factor: XixXg ’ %%% H%%% 4 LA % % %K% NR %L VeI K% %% %K%K %%

off factor;
Spol of 1 and 2
: symbolic operator numberp;
**%xkk ID fill no longer supported --- use lists instead symbolic operator xx;
symbolic operator dd;

*%k Z2 Z1 Z@ are non zero symbolic operator myzz;

Recuded Field factor: - (A - C + 1)

symbolic procedure xx K;

. 9 intern compress(list('x,car explode(k)))$
1: New s~pol is added. A%B#X1 - A*BxX0 + A*X1%X0xD@ - A*X8 %Dg + Bx symbolic procedure dd k;

2 2 2 . l ~intern compress(list('d,car explode(k)))s
X1 *D1 + B#X1%X@*D@ - B#X1%D1 - B%X@ %*D@ - CxX1%D@ + C#X@%Dg + X1%X0 . : - g
) symbolic procedure myzz k; : !
i
|
|

2 2 ‘ 3 2 2 intern compress(list('z,car explode(k)))$
*D@ - X1*X0*D@ - X1#X0xDO*BP + X1xX@*D8 + X14D@xBP - X8 %D@ + X0 * i
6% % % VA Y4 4 677K %% $%% i
2 2 )
D8 - - X& %xD@ ‘ o procedure head(f); .
. . . begin '
Size of old Ag is ..... 2 scalar m; o
| for m:=(!-VARS-1) step (-1) until & do f:=mylterm(f,dd(m)); . |
*#%%% ID fill no longer supported --- use lists instead : return f;

f

ends$ ‘ . . :

*%% Z3 Z2 Z1 Z@ are non zero 1
‘ ‘ %

Recuded Field factor: X#*(Xg - 1) procedure headcof(f); %for monic. Calculate head coefficients 3

i % headcof(f) is the head coefficientsiof f.
1 begin

)
Found target! Answer is FFFF. scalar m;

} for m:=(!-VARS-1) step (-1) until @ do f:=mylcof(f,dd(m));
; return f;
!
\

= e FRER=

Completion is completed.

Basis consists of 3 elements. (Ag(1),...) ends

Time: 242386 ms Progedure mylcof(f,v);

: § begin ) )

12: disp(£f£ff)$ ’ | scalar tmpDen; ' ‘
1
I

i

;

=850, 24 22 %= ek
—————— : tmpDen:=den(f); f:=num(f); :
) N:\~———{++fmiﬁh | if (deg(f,v) neq ) then return( lcof(f, v)/tmpDen)
D& ) 5
! else return (£/tmpDen);
1 ends
[X8] %E%{ o | Procedure mylterm(f,v);
(xe - 11 T

[Xl ~ X801 hd . ‘H\‘F &
----------------- \{- //7 ST

/€.

1.
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begin
scalar tmpDen;
tmpDen:=den(f); fi=num(f);
if dég(f,v)=0 then return (f/tmpDen?
else return( lterm(f,v)/tmpDen );
ends$
procedure mypart(f),
begin ;
for i:=(!-VARS-1) step (-1) until @ do f:=mylterm(f,dd(i));
return f; . .
ends

% f and g must be monomials.
% If f>g then 1 else 6.
procedure larger(f,g);

begin
) scalar fd,gd;
if £ neq @ then fd:=f/headcof(f)
else fd:=0;
if g neq @ then gd:=g/headcof(g)
else gf:=0;
return( largers@(fd,gd, !-VARS-1) );
ends
procedure largers@(f,g,m);
begin
if m < @ then return 9;
if deg(f,dd(m))>deg(g,dd(m)) then return 1;
if deg(f;dd(m))=deg(g,dd(m)) then return (largersﬂ(f,g m- 1)),
return 4;
ends

% I1f f is ODE of x¢ then 1 else 4.
procedure isODE(f);
begin

if £f = @ then return 4;

if larger(dl,head(f))=1 then return 1 else return ¢;
ends s

% f and g must be monomials.
% 1f £ is m-reducible by g then 1 else ﬁ
procedure reduc1ble(f g);
begin . .
if infield(den(f/g))=1 then return 1 else return 4;
ends
% If £ does not contain D&,D1, then 1 else 9.
procedure infield(f);
begin
scalar result,m;
if numberp(f) then return 1;
result:=1; m:=!{-VARS-1;
while (m>=@) and (result 1) do <K
if deg(f,dd(m)) neq & then result'-b,'
m:=m-1;
>,
return result;

57—~

1 on factor; write "
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pds

binomial coefficient.

gfocedure binom(a,m);

pein
1 scalar result,k;

if (a<=@) or (m<=@) or (a=m) then return 1;
if 2%xm>a then m:=a-m;

result:=1;

for ki=1:m do <<

result:=resultxa/k;

a:=a-1;

j >>3
i return result;
hds

Function for pretty printing
‘.//////// disp() for REDUCE 3.3 %XU%%AK%%KUUAKBARALKLLLLRALRLARRALRKLLLT
‘ ocedure disp(f);
| = gln

scalar tmp;
if (£=0) then << write "g"; return(g9); >>;
while £ neq & do <<
tmpi:=head(f); =f-tmp;
disp!-monomial (tmp);
>>3
ind $
|

#rocedure disp!-monomial (£); » ¥

Hegin
scalar tmp,tmpd,m,k;
tmp:=1; )
for m:=@:(!-VARS-1) do <K<
: ki=deg(f,dd(m));
| s=f/(dd(m)*%Kk) ;
| tmp:=(dd (m)*%K)*tmp;
| >>;
write tmp;
' tmp:=factorize(f);
for each tmpd in tmp do <K<
i write " ", tmpg,"1"s
i >3
write "em—memmmer e r e s s "

disp() for REDUCE 3.2 %%%%%%%%%% %% % %%
ure olddisp(f);

scalar tmp;
“write "/———----——-—————-----——-——-——-——-------———-----------—-"""‘";
whlle f neq 4 do <<
tmp:=mypart(f);
", tmp; off factor;
fi:=f-tmp;
tmp:=0; %to save memory.

>>;
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) Write "M=—=m-- o e e e e m e /i
end$

% opmult(f,g) is the multiplication of f and g as operators.
procedure opmult(f,g); % don't write tail recursive program to save memory.
begin
' scalar .tmp,result;
if (£=8) or (g=6) then return &;
result:=9;
while ( £ neq 8 ) do <<
tmp:=mypart(f);
result:=opmultsli(tmp,g)+result;
f:=f-tmp;
>>;
return result;
ends
% f must be monomial.
procedure opmultsl(f,g); ‘
begin 1
scalar a,fd,k,m,alpha, tmp;
if numberp(g) or numberp(f) then return (£%g); : :
a:=headcof(f), . j
) f/as [
if numberp(fd) then return (fxg);
for k:=@:(!-VARS-1) do <K
- tmp:=0;
alpha:=deg(fd,dd(k));
for m:=@:alpha do <« 1
tmp:=tmp+binom(alpha,m)*df(g,xx(k),m)*dd(K)*%(alpha-
>>; .
g:=tmp;
>3
return (a*g);
ends
% opPower(f,p) is fxfx....%f ( p times ).
Procedure opPower(f,p);

begin
- scalar tmp;
tmp := 1;
if p = @ then return 1;
if p =1 then return f£;
for i:=1:p do <<
tmp :=opmult(f,tmp);
>>;
’ return(tmp);
ends
on ged;
Write " 1111t ON GCD. !ttt
ends

/usr/users/z@97/basis/Rims/dbd.rr 1989/1/14 14:52:2 1 p. 1--
The generic ‘procedures to compute the Groebner basis
for Differential Operators, difference operators and Weyl algebras.
An order must be defined in dh@.rr
dbf.rr 1988/12/45

M MeN

1989/01/14
UNKAHAUKRKKNLA%%%%% Global variables %%%%%%% 2 %% %
UKKHKKAAAAA%%%%%%  modify here % AU
SIZEAG:=40; SIZEAS:=84;
t-ODE := @3 % If you want to stop when you find ODE in- the

% Ag, then !-ODE:=1 else !-ODE:=g,.
UR LKA UKL AL RANRAAYN L AR %A K% %%
array Ag(SIZEAG); % G-basis

clear FFFF; % 1f you want to find ODE in the generators, the result

{-REDIFLAG := 0%% used in mredl().
{-REDFLAG :=8% used in mred().
! -FFFFFLAG:=¢08 % Flag for the ODE check

==)> reduced

% is put to FFFF. cf. !-ODE
UARAAKKAAAAKRLXKN%%% variables for the SyStem. %UUUUBKAUULBURIKALLLALULLLULLLLALYL
t-DBG := @3 % Debug flag of mred(),.
{-DBG@ := @$ % Debug flag of reduceAg() : :
{-DBGl := g% % Debug flag of gbasis(). Output the candidate of S-pol.
%
%

% <%%%% end of definition of global vars %%% %%
symbolic operator myzz;

AN A AL L LAY modify here %%%%x% CHAKAKK
procedure checkAgForStop(); C
begin
scalar result;
result:=0;
return( result );
ends
% % 745 4

% mredl(f,g) is m-reduction of f by g.
procedure mredl(f,g);
begin )
scalar hf,hg,result;
'-REDIFLAG HE
if (g=86) then write "@@@ Error in mredl() : devide by 9";
if numberp(g)=1 then return 9; : . i
result:=f;
repeat <«
i=result;
if (£=0) then result:=g
else <«
hf:=head(f);
hg:=head(g);
if (reduciblechf,hg) = @) then
result := f
else <<
' !-RED1FLAG:=1;
result:=f-opmult(den(hf/hg)*hf/hg,g)/denthf/hg);
resul t:=resultkden(result); % (x+y)/2;

>>;
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>0
»> until ( £ =
return result;
end$

result );

% mredAg(f) is m-reduction of f by the set Ag.
procedure mredAg(£f);

begin scalar oldf,ii,tmp,k,ftmp,mm,kk;
t -REDFLAG:=0;
k:=0; oldf := 0;
whlle (oldf neqg £) and (f neq @) do <<
:=1; oldf:=£;
whlle (Ag(ii) neq @) and (f neq @) do <<
tmp := mredl(f,Ag(ii));
if !'-REDIFLAG=1 then !-REDFLAG:=1;
if ( '-DBG = 1 ) then <<
‘ write "###mredAg():",f," ===> ", imp; B
write " by Ag(",ii,") "L Ag(ii);
>>3
if (imp neq f) then <<
kiz=k+1;
f:=tmp; tmp:=0; %to save mem.
>>3
iiz=ii+l;
>,
>>;
return(f J; )
end$

% mredaa(f) is m-reduction of f by the set aa.
procedure mredaal(fl;

begin
scalar oldf,ii,tmp,k,ftmp,mm,kk;
{-REDFLAG:=8;
k:=0; oldf := @;
whxle (oldf neq f) and (f negq ©) do <<
:=1; oldf:=f;
whxle (aa(ii) neq 8) and (f neq @) do <X
tmp := mredli(f,aa(iil));
if !'-RED1FLAG=1 then !-REDFLAG:=1;
if ( '-DBG = 1 ) then <<
write "###mredaa();",f," ===> ",tmp; )
write " by aa(",i1i,") v aa(iidg
>3
if (tmp neq £) then <<
kK:=k+1;
f:=tmp; tmp:=0; %to save mem.
> ’
iiz=ii+l;
>>;
>3
return(f 23
ends$

% sp(f,g) is the s-polynomial of £ and g.

Jusr/users/z@@7/basis/Rims/dbg.rr 1989/1/14 14:52:2 3 p. 113--

procedure sp(f,g);

pegin
scalar hf,hg,lc,tmp,hcoff,hcofg,coflc, ftmp,kk,mm;
if (f=8) then return g;
if (g=9) then return f;
hf:=head(f); hgi=zhead(g);
hcoff:=headcof(hf); hcofg:=headcof(hg);
hf:=hf/hcoff; hg:=hg/hcofg;
lc:=hfxhg/gcd(hf,hg);
coflc:i=hcoffshcofg/gcd (hcoff,hcofg);
tmp:=opmult((coflc/hecoff)*lc/hf,f)- opmult((coflc/hcofg)*lc/hg g);
tmp:=tmpxden(tmp);
return( tmp );

end$

procedure getsizeAg();

begin
scalar n;
n:=1;
while Ag(n) neq @ do n:i=n+l;
return(n-1);
ends
procedure getsizeAs();
begin
scalar n;
n:=l;
while As(n) neq & do n: =n+1}
return(n-1);
ends

% The procedure reduces the set Ag.
procedure reduceAg;
begin
scalar n,j,k,tmp,m;
n:=getsizeAg();

array aa{(n),newAg(n+l);n:=getsizeAg();

for k:=1:n do newAg(k):=Ag(k);
repeat <<
% newAg ===(compaction)===> Ag
n: —getsizeAg(); newAg(n+l):=
k:=1;
for j:=1:(n+1) do <<
Ag(Kk):=newAg(i);
if (Ag(K) neq @) then k:=k+1l;
>>; % compaction
Ag(k):=0; ni=getsizeAg();
% Ag ==)> newAg

for j:=1:(n+1) do newAg(j):
if '-DBG@® neq @ then write
% Do reduction of newAg

=Ag ()3

“#reduceAg() size of Ag is ",n;

K:=0;

wh1le (K < N) do <<
K:=K+1;
% aa<== complement of newAg(K) except 4.
m:=1;

2.3
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for ji=l:n do << write "gbasis():(reduction of Ag): Size of old Ag is ... ",n;
if (j neq k) and (newAg(j) neq @) then <X m:=1; .
aa(m):=newAg(j); m:=m+l; g for k:=(n+l):(n+j+1) do <<Ag(k):=As(m); m:=m+1l; >>;°~
>>; . % reduce Ag
>>; ) 1 reduceAg();

aa(m);:ﬁ;

% t-FFFFFLAG := checkAgForStop();

newAg(k):=0; %x% to save memory.
tmp:=mredaa(Ag(k));
if !-ODE=1 then <<
if isODE(tmp)=1 then <K<
write "Found target! Answer is FFFF. ";
ffff:=tmp; !-FFFFFLAG:=1;K:=N;
>,
>>3
if !-DBGY neq & then
write "#reduceAg(): M-reduction of Ag(",k,") : "
SJAgB(KY, " -=> ", tmp;
newAg(k):=tmp;
>>;.
> until (seteqAgAndNewAg()=1 OR !-FFFFFLAG=1);
clear aa,nevAg;
end$

% If the set Ag and newAg is equal, then 1 else @.
procedure seteqAgAndNewAg();

begin
' scalar result,k;
k:=1; N
while (k>8) do <<
if Ag(k) neq newAg(k) then <<result:=g; k:i=-3;>>
else << .
if (Ag(k)=8) and (newAg(k)=@) then <<
result:=1; k:=-3; .
>>;
>>;
k:=k+1;
>>;
return result;
ends

% The procedure computesa Grobner basis.
% input: Ag /A\
% output: Ag or FFFF.
pProcedure gbasis;
begin
scalar k, j,n,m, tmp,kkk;
array As(SIZEAS); % work area of G-basis
{~-FFFFFLAG:=0;
n:=getsizeAg(); )
for k:=1:n do As(k):=Ag(k);
As(n+l):=0; Ag(l):=0;
repeat <<
% Ag:=Ag+As
ji=getsizeAs ();
n:=getsizeAg();

S

ends

ends

if (!'-FFFFFLAG = @) then <<

n:=getsizeAg();

write "gbasis(): Compacted. Size of reduced Ag is ... ",nj
% generate new S-pols

kkk:=0;As(1):=0;

K:=8;
while (K<N) do <K
K:=K+1;
J:=K;
while (J<KN) do <<
Ji=J+1;
tmp:=sp(Ag(k),Ag(]));
write "gbasis(): S-pol of ",k," and ",j;
if !-DBGl neq & then i
write "##gbasis(): The candidate is ",tmp;
tmp:=mredAg(tmp);
if tmp neq & then <<
kkk:=Kkkk+1; .
As(kkk):=tmp; As(kkk+1):=8;
write "gbasis():",kKkk
,": New s-pol is added. ",tmp;
if !'-ODE=1 then <<
if isODE(tmp)=1 then <X
write
"gbasis(): Found target!",
" Answer is FFFF. ";
ffff:=tmp; !-FFFFFLAG:=1;
K:=N;J:=N;
>>;
>
>> else <<
write |
"gbasis(): The S-pol is reduced to &.
>
>>;
>>;

>> until (getsizeAs() = ¢ OR !-FFFFFLAG=1);
if !-FFFFFLAG neq 1 then <<
write "gbasis(): Completion is completed.";
write
) " Basis consists of ",getsizeAg(),” elements.(Ag(1),...)";
>3 .
clear As;

25




2€

SEEW
LEd 1] AEWV@Q)’T Qrajz , Hl‘gl\er vaxscemdevx*& Fuv\cﬂéms.. Mac Graw- il

New Yor\:, 453,

JEMR RN AN 013 L &,

(&d2] A. Bedélyt, Tronsformations °+ Mypergeometric Fancrions of Tuo | | RL- 12 HadFi Yoihkve Maata) |
Uncables . Prac. Roy, Sae, EAW\LW%}\/ Seat &, 62 (1548) 378-385,
i
5 A Bwkowa  Gribner ~Bases = >W T %22 58 TR S §0. b lg
(Gatm) |

2 [1-23. | 17, 703N 2 1L 55,
(Heal  A.C, Hewrn , REDUCE USER'S MAMUVAL , Santa Monica , The Rod

(E1) yro A5, 08
Corpoyuctivn, 458, g X 2x?

[0ka) K. Okbo, On The Grag of Fuchoiun Equertons, BHSEE B0 548x 3 TR T 1, — &A1
Rew, PRORRIRSE (98], o

_ e 3=/ | 4
(Suz-0nc) T Suzuks ,0.0nedern,  REDUCE T Redua & | B2 R T R ! “(A+B /&; *) (A, B %00 0)
663 (1488), 23-39, R Thz, t. 1, Bl)oBoRE & 2o )iniiiini,
[Takl} [\/’,Ta\c(,\yawa/ GV\GLV\G/\ BC\STS and ‘\-\r\m Pmk\em o'](‘ Co/\ﬁ%ucus PelaT?oﬂS
Tapan Je Apl. Math,, € (989D, la7—(60, , ’ z 42 ¥
(e} N Tokayasa, 42513 EGAERE B GRba BB ICy T - Vg | {{L & T
Ao ERBERBEX R 2 20 & 9 K, o i 1, | X=0 | Br*&Saw (Braa) | BIH
R . ) -4 ; an ‘
[Ze‘\l D. Ze.‘%@w ) A he lonowic CyStems OLPP‘mad\ to SchmQ ][[mm\oy\s X=e"B E AR 1 k2 (32<) , AN 6
TQ\mﬂT(‘e; ) preprive,
[Now) M N, Wioncktan determinaria and the Grobne~ represeqtation | CoBITL b 2 3 $ 31, FFIAMB01B 5 11, ey T B
°7L a Linear dTﬁ[émw‘h‘AQ, equation {)rel')r\‘vdf, Scpln‘(« UM?VWQ\V. F % BNy IFIWT3 20l 3i1X8oRRE s
6k} AGllige, Soncalgoritnuic quesens en ks of dfferuand opsrarors . gan, (Fovtarniiin: ihdee JRASR 1S

Ledt, Vv tn Cowpurtn St 204 (1985) , G342,

26




: | SRS RINMS Kokyuroku 681

Algebraic Manipulation for
Differential Equations

February, 1989

Research Institute for Mathematical Sciences

Kyoto University, Kyoto, Japan




