Holonomic gradient method (HGM) @ Neural tangent kernel
(NTK) ~D iz

HETEMR, mILER
e [st-2024] A.Sakoda, N.Takayama, An Application of the Holonomic Gradient
Method to the Neural Tangent Kernel, http://arxiv.org/abs/2410.23626
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[ Neural Network (NN), Kernel method & (& ]

R% 5 x s WBx 4 () =: g1) s 5(D)(g(1)) g RS
BBWDGHE L+ 1 MEHRLZEE £(0,x) € RI, o) %
activation function &I, WD) weight matrix, b(1) € R%: bias
vector.

0: 73T A — X weight matrix, bias vector D4 ¥f.
diy1 =1, 0t =id, 00) = ¢ 9% Neural tangent kernel:

K(x.x') = <afg;, o) af(g; 9)>

xi AN,y Bh, ==V T =4

{(x1.31), (2, y2), - -5 (s yw) -
kernel matrix: H* = (K(x;, X))

f(x) ~ (K(x,x1), K(x,x2), ..., K(x, XN))(H*)_l(yl,yg, . ,yN)(T2.)
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(1)

€ RVXN  Kernel method



EH: Jacot et al 20187. NN DIED d; — oo 75 I1F L
AETRTD O IZD20WT K(x,x') ~O(x,x') &725.

“https://arxiv.org/abs/1806.07572

Fv hoFiFHRE L © (NTK) DESH

O, x') =xT, (3)

h , Yh=D(x,x) Th-D(x,x
/\( )(X’X) <):(h 1 ((X/,X)) Z(h_l)((X/,X/))> (4)
=0 (x,x') = € By ynionon o ()a(v)] (5)
2 (x,x') = € By ynionon [(u)a(v)] (6)

L+1 L+1
O(x,x) =01 (x,x)=>" (Z(h_l)(XM') 11 =, X/)> (7)

h=1

"https://oumpy.github.io/blog/2020/04/neural tangents.html
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[ Dual activation ]

Euvy~n(onmlo(u)a(v)] (dual activation of o) B TH< &

Elo(u)o(v)] = /R2 o(u)o(v) exp(x11t? +2x2uv+x2v?)dudv (8)

E(u,V)~N(o,/\(h))[U(U o(v _ 1
(9)
e RelU (rectified linear unit)®: o(u) = uY(u), Y (u) Heaviside

e Sigmoid: o(u) = 1+eXP( u)

e GelLU (Gaussian error linear unit): o(u) = (1 + erf (%))

[ dual activation 2EFE T ENIX NTK 23EHETE 3

*https://en.wikipedia.org/wiki/Activation_function

Jo(v)] = Elo(u )J(v)]\/m RO
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[st-2024] 73V XL DF4 (ReLU DL

HGM 33T X =X ft &M DlE % FHE

e (ud,—1)euY(u)=0.
o /NMLU-TA 20123 &b

/ uY (u)vY(v)exp(xi1 U2 4 2x10UV + X2V + yiu + y» v)dudv
R2

(=
O1(—y1 — 2(x1101 + x1202)) — (10)
Dh(—y2 — 2(x1201 + x2202)) — 1, (11)
O12 — 20102, (12)
O11 — 0%, (13)
On2 — 03, (14)

*https://arxiv. org/abs/1211 6822
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o M % y1 =y =0 IZHIR U BB DN 72 3 HFERIZ
b = (h + y1D + y»D) N C(x11, x12, X202, 011, 012, 022)

Z 2T D = C{y1, y2, x11, X12, X202, 01, 02, 011, 012, 022).
o RFDOHIPRFH, 7z& 21X

—y181 —-1- 2(X116% + X123162) —1
— —y181 — 2(X11811 + (1/2)X12(912) —1-1, by (12) and (13)

e g(x) = E[o(v)o(v)](x), o0 = ReLU »%i7= 3 Dl

2x11011 + x12012 + 1,
x12012 + 2x22022 + 1,
4011020 — 8%2
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F:(l,alz)TOg.
aX11.I:_lDl].,::oaaX;[z.F_ID].2F:078X22.F_'D22F:0

-1 —3%12
_ x11 X11
P]‘l - 2x12 %(2X122+3X22X11) ?
xi1 (x5 —xoox11)  x11(xZ—x22x11)
0 1
P, = -4 —Bxpo ,
2 —xpx1i1 (X —x2x11)
-1 —3x2
_ x22 X22
Pn = 2x10 1 (2x2,+3x22x11)

x2(x%—xeox11)  x2(xfp—x22x11)

F(-1,0,—1) = (1/4,7/8)". scipy, solve_ ivp.
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import ("nk_restriction.rr");;
V=[y1,y2,x11,x12,x22]; DV=poly_dvar(V);
Pl=poly_dmul (dyl,-y1-2*x11*dyl-2+x12*xdy2,V)-1;
P2=poly_dmul (dy2,-y2-2*x12*dyl1-2%x22*dy2,V)-1;
I=[P1,P2,dx11-dyl1"2,dx22-dy2"2,dx12-2*dy1*dy2] ;
dp_gr_print(1);

Iprime=nk_restriction.restriction_ideal(I,V,DV,[1,1,0,0,0].

import ("yang.rr");;

VV=[x11,x12,x22]; DVV=poly_dvar (VV);
yang.define_ring(["partial",VV]);
RII=map(dp_ptod,Iprime,DVV);
yang.verbose() ;

RG=yang.buchberger (RII);;

Std=[1,dx12];
Pf=yang.pfaffian(map(dp_ptod,Std,DVV),RG);
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RFETHAEL TAZ EEHIZEN DL ]

EH [st-2024] E[umv"Y(u) Y (v)](x11, x12, X22) =

(@) (B)er + 2T <a + %) r <5 + %) 2

p1 = (—Xll)fa(—Xzz)iﬁzFl (0475,%;2)

—a _ . 1 13
(—x11) "% (—xe2) P V/zsign (x12) 2 F (a+§,5+§,§;2>

P2 =
~1+m , 1+n X3
@= 2 ”87 2 727X11X22.
ﬁarcsin(ﬁ)) 1
Fi(1,1,1/2;7) = (14 YZASNW2) ) (1 )1,
AL 11/22) = (14 VETEWED ) g

e Han et al 2022* % closed form IZFEL .
*https://arxiv.org/abs/2209.04121
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ReSin (rectified sin) o(u) = Y(u)sinu

Rank 8 system. 13.1s (Risa/Asir, AMD EPYC 7552 48-Core, 1.5GHz)

Method Training time (s) | Inference time (s)

closed NA NA

GaussHerm 3.916 4.949

hgm 289.5 1005

hgm all-at-once 21.07 23.39

Kernel error Inference error

gh — hgm 0.0019103 GaussHerm 0.97328
gh —aao 0.0016427 hgm 0.96874
hgm — aao | 0.00062839 hgm all-at-once 0.95745

oo 075 g% 025 000 025 0% 075 100
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