Holonomic Gradient Method (HGM) & X ]
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(HBRE% % B — M D) Holonomic BE%K f 1%, &5 THMSD Hf
X (1) A7 LT 5125 54 LIRILDO L IHARBUR M 57 0R
(holonomic left ideal (system)) % jii 9 BE%K.

#l: Y(x)=1(x>0),Y(x) =0 (x <0) % Heaviside B & 9 5.
xOx oY = 0.

(xOx — 1) oxY(x) = 0. 7. x F T 5IT 2 ex =0 Hifiz7 .
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[ (CERITEES:

Dn = C<X1, e ,x,,,81, .. .,8n>
Weyl 5K, £ IHASREUM 35 FH R ER.

P AR5 0 & x WATEL 0 1R x WL WEL M Sk

Oixi = x;0; + 1. IBDRNIH % M9 5 & AlER

FEG A, 43BLiERI OK. = Buchberger algorithm OK.
MRS AREAR%E D, DEAT TN | AT, f: BE

teD, Lef=0 =VceD,, (c)ef=0.
HRE: BEATTNEEATTIVORS Y.
(I +0,D,)NDy_y AT T V.
lef=07%5 [ f(x)dx, FRIDA T T VO (KAK).
(I + xaDp) N Dp—y  HIBRA 77 1.
lef =075 f(xi,...,x—1,0) IEHIEA T 7V DfiF.
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Rational Weyl algebra(f H AR EFHFEER) R, = C(x){(01,...,0n)

Oa

Oia(x) = a(x)0; + P

EH: | 23 holonomic ideal 72 5 R,/ 1% R, D 0 {XJT ideal.

Rn/(Ral) @ C(x) := C(x1,...,xn) N2 MIVZEFE L TDIRIG r
% | @ holonomic rank &\5. 'L 7 ) —FJE T reduce TE 72\
(0; @) monomial % standard monomial.
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Holonomic BIZ D ME
1. f, g »¥ holonomic BA#7%: 6, f £ g, fg (EHRTENIX)
holonomic E%X.
2. f(0,t) & n+ m EADELE 0 = (61,...,0n), t =(t1,...,tm)
IZ2WT D holonomic B /X F A — &P &5 (Bl £ A
(GEIEHUL) S ERER & Z IXIERLEE)

7(0) = /m £(0, t)dts - - - dt

& (AT DWTDDH B technical 725D H &) n 2D
holonomic BEZX.
REAH I D-INEED G (1.N.Bernstein 1973, ...). M5 AR % E
Hd27)VTY) LB H D (Zeilberger 1990, KFTA 1997, ...).
Bl: Z(0) = [ exp(—0t)Y (t)dt 1% holononic B
Y'(t) = 6(t), té(t) = 0.
import ("nk_restriction.rr");;II=[dth+t"2,t*dt+2*t"2*th];;
nk_restriction.integration_ideal(II, [t,th], [dt,dth],[1,0]);
%. (2009 +1)e Z =0.
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$HE L RO HT holonomic BIEIZ ¥ i?

1. exp(f(x)) where f is a rational function,

2. 1 [Hint] Use Th: Any solution of the ordinary differential equation

(S'S;(x)a"’ + -4 ao(x)) e f =0, ai € C[x], is holomorphic out of the
singular locus {x | am(x) = 0}.

I'(x), [Hint] [(x) has poles at x = —n, n € No.

2%,

Y (x) (Heaviside function),

x? where a is a constant,

1xI

S exp(—xt® — t)dt, x > 0.

Holonomic 734ii: v/ X v 7 BET (FRIEML) 7970 %5 & B R
BB F(0,)/2(0) 1 ¢ 2T D AAEEHIE B

© N o Ok~ w
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[ Pfaffian AR & 1?7 ]

d? d
az(x)ﬁ + al(x); + ag(x)| ¢ f =0

F i 0 1 . - ROBE
F= ( o recy, LeoF= ( —aofm  —a1/m )F w2 T ZnOBEEdL.
al=0eNg, o eNg, i=2,....r(r iholonomicrank)’if5i<’~?i
5 &, fREE A~ bV (standard monomials | IXFIR)
1
oY eZ
60‘2 °Z
F :
8“r'oZ

XU,

O;e F=PF, i=1,...,n Pfaffian &
L7325 rx r f15) Pi(x) MFEIE. 2O FfEA%E Pfaffian (HfER) R& &
. 1151 P; % Pfaffian 1741 & X &
E holonomic ideal *& Pfaffian SRANDZHIL S L 7' — FL K TR
IZIEA]BE. yang.rr 72 ¥

http://www.math.kobe-u.ac.jp/HOME/taka/2023/tmp/yang- ja.pdf
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http://www.math.kobe-u.ac.jp/HOME/taka/2023/tmp/yang-ja.pdf

‘ ODE Tl filll/#i4h (HIE) ‘

( BAMlE W 22D )
NTA—RTEE

‘ Pfaffian 1741 (ODE's) ‘

NRT A= &R
HOEB/ IV IR

Figure: HGM

e 1. HGM @ Neural tangent kernel & ~DJtH
e 2. Macaulay 1751 5%
e 3. HGM & Bfidfitr ([H&E & TR D M)

[ 1. HGM @ Neural tangent kernel & A~D A ]

2024-11-14-hgm-ntk.pdf 2.

T TY XATHL BRI TE DN ERDRHPT = ERK
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2. Macaulay #4751 D J5 ik

T Pfaffian HGRERANDEZ HRIL TS W7

R,! ® standard monomials 23 2> VEHik %

o V.Chestnov, F.Gasparotto, M.K.Mandal, P.Mastrolia, S.J.Matsubara-Heo, H.J.Munch, N.Takayama, Macaulay
Matrix for Feynman Integrals: Linear Relations and Intersection Numbers
https://doi.org/10.1007/JHEP09(2022) 187

e V.Chestnov, S.J.Matsubara-Heo, H.J.Munch, N.Takayama, Restrictions of Pfaffian Systems for Feynman

Integrals https://doi.org/10.1007/JHEP11(2023)202

D]

Pfaffian
1751

GKZ it

AR

B fE

standard
monomi-
als DR
E (%
AR

D)

)
Pfaffian

1751

ol
Pfaffian

Macaulay

matrix

1141

FiniteFlow(T.Peraro, 2019).
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https://doi.org/10.1007/JHEP09(2022)187
https://doi.org/10.1007/JHEP11(2023)202

Example 1

massless hexagon model:
master integrals (std mon’s) OEZAY 33 f&l. #fif Plaffian 1751

DEH A 15.549s + 0.66s.
P2 P3 Pa

X4

X3
X5

X2 e
X1

P1 Pe Ps
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GKZ % (Gel'fand-Kapranov-Zelevinsky, 1989)

A= (aj): d x n178. Z 1&43. rank d. Bi: NT A =X,

ai12101+"'+ainznan_/6i: (I: 17d) (2)
0" —0", Au=Av,u,veZl (3)

ot = HJ"’:1 ajlj- (3) DERKT D1 T 7 I Ia: Affine toric ideal for
A

ADELIITFOBEENTRT 15D

/f(z, DB e, f(z,t) =zt - 4zt
C

¥ GKZ %@% ZZT ,B, = (,32, ‘e ,,Bd), aj’- = (32_,', azj, ..., adj)T.
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Standard monomials D HEAE

1=

0 = 2. inL(la) DEMTIE [T, 0F L#T 5. Zho

distraction %

N

[Toi@i—1)--- (@i — ki +1). (4)

i=1
Y%k Coy,...,0n] TR
Theorem 2
[Hibi-Nishiyama-T (2017)!] ZIHXE C[01,...,0n] KB WTE
i distraction & (2) TE X5 —RAE Ej|,_1, 1) DTV TF—
FLED standard monomials DY D,, @ GKZ ideal ® std mon’s %
52%.
& b~ DF4: S.J.Matsubara-Heo, S.Telen (2023)2.

"https://arxiv.org/abs/1212.6103
*https://arxiv.org/abs/2301.13579
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https://arxiv.org/abs/1212.6103
https://arxiv.org/abs/2301.13579

[ Macaulay 1751

Ohara-T (2015)3, Macaulay matrix. 2022, 2023, Small Macaulay

matrix % &AL TI%EAL.
Macaulay matrix & (X?
Example 3

A=(1,2).

2101 + 220, — 1 = E (5)
0f — s (6)
o B o o 1
Z1 0 0 —221 51 E
0 222 4l ,81 -2 O 82E
1— 751 0 22p -7 0 OhE

M Ext Mstd

O E = 210100 + 22283 + 28 — 510>

3https: //arxiv.ore/abs/1505 02947
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https://arxiv.org/abs/1505.02947

Std = (92,1)7. Ext = (01,03,0102)7.
MeqStd + Mg Ext = 0.

o LEMOMERD mx3115 C 2#IFTH =0.

o Mgy DWF75 % RDIIX 015Std = P;Std, 9,Std = P,Std & 7%
51741 (Pfaffian 1381) P; B3R E 5. WiiislH7< TH (7) Rl
X &,

100
815td—0-5td+(0 0 1>Ext
100
(0 0 1>:CMEX'-‘ (7)
5 . 0 0
%175 C 1% A '
e <(61—1)/(2zlz2) 0 1/(222)>

Pi=C-0—-—CMgyy £785.
° %Hﬂ:: - mt_mm ]:]:4

*http://www.math.kobe-u.ac.jp/OpenXM/Current/doc/asir-contrib/
en/mt_mm-html/mt_mm-en.html
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http://www.math.kobe-u.ac.jp/OpenXM/Current/doc/asir-contrib/en/mt_mm-html/mt_mm-en.html
http://www.math.kobe-u.ac.jp/OpenXM/Current/doc/asir-contrib/en/mt_mm-html/mt_mm-en.html

Example 4

One loop box model: 3 non-zero masses. 481 x 1395 matrix.
The rank is 481. The holonomic rank = (number of the master
integrals) is 14.

Left: input sparse linear equations. Right: row reduced echelon
form (RREF).
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Example 5

4 cycle model (factorizable T2\ graphical model) @ exact
sampler®:

degree 4 Macaulay matrix (MM) D#zi#E |3 10886 x 20020 1741.
Holonomic rank = 64. rank of MM = 8869.

—

i—
= [

MM’ @ RREF. MM O#EGIZH] 6h. MM @ RREF (HBRKT),
Pfaffian %& ¥t 2 DIZ 173 2> DHEFRIZHY 1d8h.

®S.Mano-T, https://arxiv.org/abs/2110.14992
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https://arxiv.org/abs/2110.14992

3. HGM & Bt ]

RIRE 1. ORI RO REDOREWMETR A L Ko
TLEIGAEDD.

Bl ARy —y =0 ZfBNT, y =exp(—t) ZHE A7z
M,y = exp(t) DVIRFE.

[l 2: BV DO H T 20 EARIEER. 20 &5 25
JiRe AR D BB I3RBH I TIE?

e Nobuki Takayama, Takaharu Yaguchi, Yi Zhang, Comparison of
Numerical Solvers for Differential Equations for Holonomic
Gradient Method in Statistics, 2023,
https://arxiv.org/abs/2111.10947

o J&, BEHIMICKE A0/ Iy I AREDORESRRIKHEF 2022,
https://www.jstage.jst.go.jp/article/jacc/65/0/65_
445/ _article/-char/ja/
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https://arxiv.org/abs/2111.10947
https://www.jstage.jst.go.jp/article/jacc/65/0/65_445/_article/-char/ja/
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