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Abstract. Tropical representations of all the second order q-Painlevé equations are given. Corresponding
amoebae arising as the integral curves of autonomous cases are also presented.

1 Introduction

A birational transformation is called “tropical” if it can be represented as a subtraction free expression[14].
Such tropical transformations have combinatorial analog through the ultra-discretization procedure[27]

a+ b→ max(a, b), a× b→ a+ b. (1)

The resulting Max-Plus algebra has been interested from various points of view such as combinatorics[14][23],
representation theory[1][2], tropical geometry[18][19] and integrable systems[15][16][29].

It is known that some of the q-difference Painlevé equations and their higher order generalizations
have a tropical form[13] [28]. In this note, we give a tropical representation for the Weyl group for all
the second order q-Painlevé equations in Sakai’s list[24].

A
(1)
1

′

↗

E
(1)
8 →E

(1)
7 →E

(1)
6 →D

(1)
5 →A

(1)
4 → (A2 +A1)

(1)
→ (A1 +A1)

(1)
→ A

(1)
1 →A

(1)
0

This diagram also represent the degeneration of 5d N = 2 SU(2) gauge theories[26][8][30]. Correspond-

ing Weyl group actions are given as the Cremona transformations on P
2[17][5]. In case of E

(1)
7 and

E
(1)
8 , however, these actions are not tropical in the original coordinates on P

2. We find the coordinate
transformations which makes these formulas tropical form.

Under some special condition on the root parameters, these Painlevé equations become autonomous
and integrable. We give the explicit formulae of the integral curves together with the corresponding
amoebae[18][19]. The results can be identified with the [p, q]-five brane web diagrams(see for example[3][4][9]).

2 Tropical representations of affine Weyl groups

Our construction of discrete Painlvé equations is based on representations of affine Weyl groups, where
the difference equations arises as the actions of translations in the affine Weyl group[22].

In what follows, si denotes the simple reflections whose labelings are given in the Dynkin diagrams.

The action of si on multiplicative root parameters bj are standard one si(bj) = bjb
−Cij

i with corresponding
Cartan matrix (Cij), and we will suppress them in the following data. Trivial actions si(x) = x will also
be omitted.

Case E
(1)
8 . The Weyl group is W (E

(1)
8 ) = 〈s0, . . . , s8〉.
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Nontrivial actions on dependent variables (f, g) are given as follows:

s0(f) =
f

b0
, s2(g) = b2g,

s3(f) = f
b3 + b3f + g

1 + f + g
, s3(g) = g

1 + b3f + g

b3(1 + f + g)
.

(2)

Case E
(1)
7 . TheWeyl group isW (E

(1)
7 ) = 〈s0, . . . , s7〉 extended by its diagram automorphism Aut(E

(1)
7 ) =

〈p1〉 ' S2.

E
(1)
7
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Nontrivial actions on dependent variables (f, g) are given as follows:

s0(f) =
f

b0
, s3(g) = b3g,

s4(f) = f
b4 + b4f + g

1 + f + g
, s4(g) = g

1 + b4f + g

b4(1 + f + g)
,

p1(f) =
b0
f
, p1(g) =

b4(1 + f)(b0 + f)

fg
.

p1(b{0,1,2,3,4,5,6,7}) = b{0,7,6,5,4,3,2,1}.

(3)

Case E
(1)
6 . TheWeyl group isW (E

(1)
6 ) = 〈s0, . . . , s6〉 extended by its diagram-automorphism Aut(E

(1)
6 ) =

〈p1, p2〉 ' S3.

E
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6
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s2(f) =
f

b2
,

s3(f) = f
b3 + b3f + g

1 + f + g
, s3(g) = g

1 + b3f + g

b3(1 + f + g)
,

s6(g) = b6g,

p1(f) =
1

f
, p1(g) =

g

b3f
,

p2(f) = g, p2(g) = f,

p1(b{0,1,2,3,4,5,6}) = b−1
{5,1,2,3,6,0,4}, p2(b{0,1,2,3,4,5,6}) = b−1

{1,0,6,3,4,5,2}.

(4)

Case D
(1)
5 . The Weyl group is W (D

(1)
5 ) = 〈s0, . . . , s5〉:

D
(1)
5

1 2 3 4

0 5

e e e e

e e

The nontrivial actions are:

s0(f) = b0f, s0(g) = g
1 + b0f

1 + f
,

s2(f) =
f

b2
,

s3(f) = f
b3 + b3f + g

1 + f + g
, s3(g) = g

1 + b3f + g

b3(1 + f + g)
,

s5(g) = b5g.

(5)

The diagram automorphism is generated by p1, p2:

p1(b{0,1,2,3,4,5}) = b−1
{5,4,3,2,1,0}, p1(f) =

1 + f

g
, p1(g) =

1 + f + g

fg
,

p2(b{0,1,2,3,4,5}) = b−1
{0,1,2,3,5,4}, p2(f) =

1

f
, p1(g) =

g

b3f
.

(6)

Case A
(1)
4 . The Weyl group is W (A

(1)
4 ) = 〈s0, . . . , s4〉:

s0(f) = f
b0 + g

b0(1 + g)
, s0(g) =

g

b0
,

s1(g) = b1g,

s2(f) = f
b2 + b2f + g

1 + f + g
, s2(g) = g

1 + b2f + g

b2(1 + f + g)
,

s3(f) =
f

b3
,

s4(f) = b4f, s4(g) = g
1 + b4f

1 + f
.

(7)

The diagram automorphism is generated by p1, p2:

p1(b{0,1,2,3,4}) = b{1,2,3,4,0}, p1(f) =
1 + f + g

fg
, p1(g) =

1 + f

g
,

p2(b{0,1,2,3,4}) = b−1
{2,1,0,4,3}, p2(g) =

1 + f

g
.

(8)
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Case (A1 + A2)
(1)

. The Weyl group is product of W (A
(1)
2 ) = 〈s0, s1, s2〉 and W (A

(1)
1 ) = 〈r0, r1〉. The

corresponding multiplicative root parameters are denoted by {a0, a1, a2} and {b0, b1} (a0a1a2 = b0b1).
The tropical action on f, g variables is given by

s0(f) = f
b1f + g

b1f + a0g
, s0(g) = a0g

b1f + g

b1f + a0g
,

s1(f) = a1f, s1(g) = g
1 + a1f

1 + f
,

s2(f) = f
a2 + g

a2(1 + g)
, s2(g) =

g

a2
,

r0(f) = f
b1(a1a2f + g + a1fg)

a1a2(b1f + a0g + a0a1fg)
, r0(g) = g

a0a2(a1a2f + g + a1fg)

a2b1f + a0a2g + b1fg
,

r1(f) = f
b1 + b1f + g

1 + f + g
, r1(g) = g

1 + b1f + g

b1(1 + f + g)
.

(9)

The diagram automorphism is generated by p1, p2:

p1(a{0,1,2}) = a{1,2,0}, p1(b{0,1}) = b{1,0}, p1(f) =
g

a2
, p1(g) =

a0g

b1f
,

p2(a{0,1,2}) = a−1
{0,2,1}, p2(b{0,1}) = b−1

{1,0}, p2(f) =
a2

g
, p2(g) =

1

a1f
.

(10)

Case (A1 + A1)
(1)

. The symmetry group is semi-direct product of W (A
(1)
1 ) = 〈s0, s1〉, Z = 〈p1〉 and

S2 = 〈p2〉. Their relations are p2
2 = (p1p2)

2 = s0p2s1p2 = 1, p2
1si = sip

2
1. The parameters are {a0, a1, b}.

The tropical representation is given as follows.

p1(a{0,1}) = a{1,0}, p1(b) = a1b, p1(f) = g, p1(g) =
1 + g

bfg
,

p2(a{0,1}) = a−1
{1,0}, p2(f) =

1 + g

bfg
, p2(g) = g,

s1(a1) =
1

a1
, s1(a0) = a0a

2
1, s1(b) = ba1, s1(f) = f

1 + f + a1g

1 + f + g
, s1(g) = g

a1 + f + a1g

1 + f + g
,

s0(a1) = a1a
2
0, s0(a0) =

1

a0
, s0(b) =

b

a0
, s0(f) =

a0f(1 + bfg)

a0 + bfg
, s0(g) =

g(a0 + bfg)

a0(1 + bfg)
.

(11)

Case A
(1)
1 . The symmetry group is semi-direct product of Z = 〈p1〉 and S2 = 〈p2〉 with relations

p2
2 = (p1p2)

2) = 1.

p1(a0) =
1

a1
, p1(a1) = a2

1a0, p1(f) =
a1(1 + fg)

f
, p1(g) =

1

fg
,

p2(a0) =
1

a1
, p2(a1) =

1

a0
, p2(g) =

1

fg
.

(12)

Case A
(1)
1

′
. The symmetry group is semi-direct product of D8 = 〈p1, p2〉 and W (A

(1)
1 ) = 〈s1, s0〉 with

relations p4
1 = p2

2 = (p1p2)
2 = s2

i = 1 and s1p2 = p2s0. The actions are as follows:

p1(a0) = a1, p1(a1) = a0, p1(f) = g, p1(g) =
a0a1

f
,

p2(a0) =
1

a0
, p2(a1) =

1

a1
, p2(f) =

g

a0a1
, p2(g) =

f

a0a1
,

s1(a0) = a2
0a1, s1(a1) =

1

a1
, s1(f) = f

a1f + g

f + a1g
, s1(g) = g

a1f + g

f + a1g
.

(13)
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Case A
(1)
0 . The symmetry group is dihedral group D6 = 〈p1, p2|p

3
1 = p2

2 = (p2p1)
2 = 1〉.

p1(a) = a, p1(f) =
g

f
, p1(g) =

1

f
,

p2(a) =
1

a
, p2(f) =

1

g
, p2(g) =

1

f
.

(14)

3 Realization as Cremona transformations

The tropical representations given in previous section are essentially the same as those given by the
Cremona transformations[24](see also[5]). However, the representations obtained in that way are not

tropical for E
(1)
7 and E

(1)
8 cases. This is because the relevant configurations of 9points on P

2 do not

admit the torus action in these cases. The tropical representations for E
(1)
7 and E

(1)
8 in previous section

were obtained by extending the case E
(1)
6 . Since the representation of E

(1)
6 on variables (f, g) are nontrivial

only near the trivalent vertex, one can easily generalize it for any trivalent Dynkin diagrams Tpqr[28].
In this section, we make explicit relation between the tropical representation and geometric ones, in

order to understand the systems of type E
(1)
7 and E

(1)
8 .

Consider the configuration of ten points Pi (i = 1, . . . , 10) on P
2. Let sij (1 ≤ i < j ≤ 9) be the

exchange of Pi and Pj and let sijk (1 ≤ i < j < k ≤ 9) be the standard Cremona transformation with
base points Pi, Pj , Pk (namely, (x : y : z) 7→ (yz : zx : xy) in the coordinate Pi = (1 : 0 : 0), Pj =
(0 : 1 : 0), Pk = (0 : 0 : 1).) It has been known that the transformations sij (1 ≤ i < j ≤ 9) and sijk

(1 ≤ i < j < k ≤ 9) generate the affine Weyl group W (E
(1)
8 )[5]. This affine Weyl group action is the

geometric origin of the (discrete) Painlevé equations[24]. Note that the tenth point P10 plays the role of
dependent variables (f, g) in this formulation[21][12].

Case E
(1)
6 Let us begin with the case E

(1)
6 for comparison. The configuration is

P1 = (1 : 0 : −1), P2 = (b2 : 0 : −1), P3 = (b1b2 : 0 : −1),
P4 = (0 : −1 : 1), P5 = (0 : −1 : b6), P6 = (0 : −1 : b6b0),
P7 = (−1 : b3 : 0), P8 = (−1 : b3b4 : 0), P9 = (−1 : b3b4b5 : 0).

(15)

Then our tropical representation is realized as

s0 = s56, s1 = s23, s2 = s12, s3 = s147, s4 = s78,
s5 = s89, s6 = s45, p1 = s05s46, p1 = s01s26.

(16)

The 9 points are on a degenerate cubic G(x, y, z) = xyz = 0. When the parameters satisfy the relation
b0b1b

2
2b

3
3b

2
4b5b

2
6 = 1, then there exist one-parameter family of cubic curves F (x, y, z) − HG(x, y, z) =

0 passing through the 9 points. Then the ratio H = F (x, y, z)/G(x, y, z) gives the integral of the
autonomous system. In terms of the inhomogeneous coordinate f = x/z, g = y/z, this gives the integral
eq.(33) in next section.

Case E
(1)
7 The configuration is

P1 = (b3b0 : 0 : −1), P2 = (b2b3b0 : 0 : −1), P3 = (b1b2b3b0 : 0 : −1),
P4 = P (b−1

0 ), P5 = P (1), P6 = P (b4),
P7 = P (b4b5), P8 = P (b4b5b6), P9 = P (b4b5b6b7).

(17)

where P (u) = (u−2 : u−1 : 1). In this case, the Cremona transformation is not tropical. For instance the
action of s145 in coordinate (x : y : 1) is given by

s145(x) =
x2 − xy − xyb0 + y2b0 + xb0b3 − y2b0b3
b3(x− y2 − yb3 + y2b3 + b0b3 − yb0b3)

,

s145(y) = −
y(−x+ y − b0 + yb0)

x− y2 − yb3 + y2b3 + b0b3 − yb0b3
.

(18)

5



However, it can be repaired into tropical form under the following change of variables:

x =
f2 + f + b0(1 + f + g)

g(1 + g)
, y = −

f

1 + g
. (19)

f + y(1 + g) = 0, (x− y2)g = (y − 1)(y − b0)

As a result, our tropical representation is realized as the Cremona transformations written in terms
of the variables f, g:

s0 = s45, s1 = s23, s2 = s12, s3 = s145, s4 = s56,
s5 = s67, s6 = s78, s7 = s89, p1 = s456s17s28s39.

(20)

When b20b1b
2
2b

3
3b

4
4b

3
5b

2
6b7 = 1, the equations of cubic pencil is given by

x3 + x2m1 + xm2 +m3 − ym3w1 + y2(m3w2 −m2)− y3m3w3+
xy2(m3w4 −m1)− x2ym3w5 +Hy(x− y2) = 0,

(21)

where

(1 + b3b0z)(1 + b2b3b0z)(1 + b1b2b3b0z) = 1 +m1z + · · ·+m3z
3,

(1 + z)(1 +
z

b0
)(1 + b4z)(1 + b4b5z)(1 + b4b5b6z)(1 + b4b5b6b7z) = 1 + w1z + · · ·+ w6z

6. (22)

Integral H = H(x, y) is also become tropical under the coordinate transformation (19).

Case E
(1)
8

Pi = (ui :
u0 − u3

i

ui
: 1), (i = 1, . . . , 9) (23)

In this case, the nontrivial Cremona actions are computed as follows:

si(ui) = ui+1, si(ui+1) = ui, (i = 1, . . . , 8)

s0(u0) =
u0

u1u2u3
, s0(u1) =

u0

u2u3
, s0(u2) =

u0

u1u3
, s0(u3) =

u0

u1u2
,

s0(x) =
x2u0k1 − u0(u0 − k3) + xyu0 − xu0k2

yk3 + xu0k1 − u0k2 − x2(u0 − k3)
,

s0(y) =
y2u0k3 − yu2

0k2 + u2
0k1(u0 − k3)− x2u0k2(u0 − k3) + xyu0k1k3 + xu0(u0 − k3)

2

k3(yk3 + xu0k1 − u0k2 − x2(u0 − k3))
.

(24)

Again, this action can be recasted into our tropical form through the variable change:

u3(1 + f) + xg = 0,

(x3 + xy − u0)u1u2u3f + (x− u1)(x− u2)(x− u3)u0 = 0

b0 =
u0

u1u2u3
, bi =

ui

ui+1
, (i > 0).

(25)

When u3
0 = u1u2 · · ·u9, the cubic pencil is given by

m8(x
2y + y2 + xu0)u

−2
0 −m7(x

2 + y)u−1
0 +m6 −m5x+m4x

2 −m3x
3 −m2x(xy − u0)

−m1(xy
2 + x2u0 − yu0)−m9(y

3 − 3x3u0 + 3u2
0)u

−3
0 + u0H(x3 + xy − u0) = 0,

(26)

where
9

∏

i=1

(1 + uiz) =
9

∑

i=0

miz
i. (27)

By construction, these pencils(21)(26) coincide with the corresponding Seiberg-Witten curves [8][30][20][7][6],
where bi and H plays the role of multiplicative flavor masses and the u-parameter. In fact, by compar-
ing the Weierstrass normal forms, we find that the curve (26) coincides with the curve (B1) in [6] with
H = 54−u. The role of cubic pencils in discrete Painlevé equations was clarified in [12]. The differential
cases and their relation to d = 4 Seiberg-Witten curves were given in [11].
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4 Integral curves of autonomous cases

In this section, we give explicit integrals of autonomous q-Painlevé equatins. In the Fig.(2)-(12), the
parameters (bi) are given in additive notation.

Case E
(1)
8 . (Fig.12) Autonomous condition : b0b

2
1b

4
2b

6
3b

5
4b

4
5b

3
6b

2
7b8 = 1. The integral is

H =
1

f2g3





6
∑

i=0

6−i
∑

j=0

cijf
igj



 . (28)

Where

c0,0 =
k

l23
, c0,1 =

2kl1
l23

, c0,2 =
k(l21 + 2l2)

l23
, c0,3 =

2k(l1l2 + l3)

l23
,

c0,4 =
k(l22 + 2l1l3)

l23
, c0,5 =

2kl2
l3

, c0,6 = k, c1,0 =
3(k + l3)

l23
, c1,1 =

4kl1 + 4l3l1 +m1l3
l23

,

c1,2 =
l21k

3 + 3l2k
3 + l21l3k

2 +m1l1l3k
2 + 3l2l3k

2 +m5l
2
3

k2l23
,

c1,3 =
l1l2k

3 + 3l3k
3 + 3l23k

2 +m1l2l3k
2 + l1l2l3k

2 +m5l1l
2
3

k2l23
,

c1,4 =
l1k

3 +m1l3k
2 + l1l3k

2 +m5l2l3
k2l3

, c1,5 =
m5l3
k2

,

c2,0 =
3(k2 + 3l3k + l23)

kl23
, c2,1 =

2(l1k
2 +m1l3k + 4l1l3k +m1l

2
3 + l1l

2
3)

kl23
,

c2,2 =
l2k

4 + l21l3k
3 +m1l1l3k

3 + 4l2l3k
3 +m2l

2
3k

2 +m1l1l
2
3k

2 + l2l
2
3k

2 +m5l
2
3k +m5l

3
3

k3l23
,

c2,3 = 6, c2,4 =
m4l3
k2

, c3,0 =
(k + l3)(k

2 + 8l3k + l23)

k2l23
,

c3,1 =
m1k

2 + 4l1k
2 + 4m1l3k + 4l1l3k +m1l

2
3

k2l3
,

c3,2 =
l2k

3 +m2l3k
2 +m1l1l3k

2 + l2l3k
2 +m2l

2
3k +m5l

2
3

k3l3
,

c3,3 =
m3l3
k2

, c4,0 =
3(k2 + 3l3k + l23)

k2l3
, c4,1 =

2(km1 + l3m1 + kl1)

k2
, c4,2 =

m2l3
k2

,

c5,0 =
3(k + l3)

k2
, c5,1 =

m1l3
k2

, c6,0 =
l3
k2

,

(29)

and
k = b0b1b

2
2,

(1 + z)(1 + b2z)(1 + b1b2z) = 1 + l1z + l2z
2 + l3z

3,

(1 +
z

b3
)(1 +

z

b3b4
) · · · (1 +

z

b3b4 · · · b8
) = 1 +m1z + · · ·+m6z

6.
(30)

Case E
(1)
7 (Fig11) Autonomous condition: b20b1b

2
2b

3
3b

4
4b

3
5b

2
6b7 = 1. The integral is

H =
f3

g2
+

b20
fg2

+
2f2(1 + b0)

g2
+

2b0(1 + b0)

g2
+

f(1 + 4b0 + b20)

g2
+

b20m1

fg
+

b20m2

f
+

gb20m3

f

+
g2b20m4

f
+

f2m5

g
+

b0(m1 + b0m1 +m5)

g
+

f(b0m1 +m5 + b0m5)

g
+ fm6 + gm7

(31)

where
(1 + z)(1 + b3z)(1 + b2b3z)(1 + b1b2b3z) = 1 +m1z + · · ·+m4z

4,

(1 +
z

b4
)(1 +

z

b4b5
)(1 +

z

b4b5b6
)(1 +

z

b4b5b6b7
) = 1 +m5z + · · ·+m8z

4. (32)
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Case E
(1)
6 (Fig.10) Autonomous condition: b0b1b2b3b4b5b6 = 1. The integral is

H =
f2

gb1b22
+

(b1b2 + b2 + 1)f

gb1b22
+

(b4b5 + b5 + 1)f

b1b22b3b4b5
+

b2b1 + b1 + 1

gb1b2

+
g(b5b4 + b4 + 1)

b1b22b
2
3b

2
4b5

+
g2b0b

2
6

f
+

gb6(b6b0 + b0 + 1)

f
+

b0b6 + b6 + 1

f
+

1

gf

(33)

Case D
(1)
5 . (Fig.9) Autonomous condition: b0b1b

2
2b

2
3b4b5 = 1. The integral is

H =
1

b5fg
+

1 + b5
b5f

+
g

f
+

1 + b1 + b1b2
b1b2b5g

+ b0g +
(1 + b2 + b1b2)f

b1b22b5g
+ b0b3(1 + b4)f +

f2

gb1b22b5
. (34)

The q-Painlevé equation with D
(1)
5 symmetry is the q-PVI [10], which is originally given in P

1 × P
1

rather than P
2. The coordinates (f̃ , g̃) for P

1×P
1 are given by f̃ = f, g̃g = f+b1b2 and the corresponding

amoeba is given in Fig.8.

Case A
(1)
4 . (Fig.7) Autonomous condition: b0b1b2b3b4 = 1. The integral is

H = g +
1 + b1
b1b4f

+
g

b4f
+

1 + b3
b1b3b4g

+
1

b1b4fg
+

f

b1b3b4g
. (35)

Case (A2 +A1)
(1)

. (Fig.6) Autonomous condition: a0a1a2 = 1. The integral is

H =
1

a1b1f
+ f +

a2

g
+

a2f

g
+

g

b1
+

g

a1b1f
. (36)

Case (A1 +A1)
(1)

. (Fig.5) Autonomous condition: a0a1 = 1. The integral is

H =
1

a1bf
+

f

a1
+

1

a1bg
+

1

a1bfg
+ g. (37)

Case A
(1)
1 . (Fig.4) Autonomous condition: a0a1 = 1. The integral is

H =
a1

f
+ f +

a1

fg
+ a1g. (38)

Case A
(1)
1

′
. (Fig.3) Autonomous condition: a0a1 = 1. The integral is

H =
a1

f
+ a1f +

1

g
+ g. (39)

Case A
(1)
0 . (Fig.2) Autonomous condition: a = 1. The integral is

H = f +
1

g
+

g

f
. (40)

Normalize the above integrals H as H̃ = NH with the normalization constants in Table 1. Then H̃
is invariant under the affine Weyl group actions.

The Newton polygons of the integrals for Mul.4-Mul.10 cases are given in Fig(1). These polygons can
also be interpreted as toric diagram which reflect the blowing up structure of the corresponding rational
surfaces.
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Case Normalization factor Case Normalization factor

E
(1)
8 1 E

(1)
7 b

−3/2
0 b

−1/2
1 b−1

2 b
−3/2
3

E
(1)
6 b

2/3
1 b

4/3
2 b3b

2/3
4 b

1/3
5 D

(1)
5 b

2/5
1 b

−1/5
2 b

1/5
3 b

3/5
4

A
(1)
4 b

−1/2
0 b

−1/2
3 b

−1/4
4 b

1/4
5 (A2 +A1)

(1) a
1/3
0 a

2/3
1 b

1/2
1

(A1 +A1)
(1) a

1/2
1 A

(1)
1 1

A
(1)
1

′
a
−1/2
1 A

(1)
0 1

Table 1: Normalization factor
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Figure 1: Newton polygons
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Figure 2: A
(1)
0 amoeba
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Figure 3: A
(1)
1

′
amoeba : (a0, a1) = (2,−2)
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Figure 4: A
(1)
1 amoeba : (a0, a1) = (−5, 5)
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Figure 5: (A1 +A1)
(1) amoeba : (a0, a1, b) = (2,−1, 3)
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Figure 6: (A2 +A1)
(1) amoeba : (a0, a1, a2, b0, b1) = (1, 2,−3,−4, 4)
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Figure 7: A
(1)
4 amoeba : (b0, · · · , b4) = (4,−5, 4, 3,−6)
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Figure 8: D
(1)
5 amoeba (P1 × P

1) : (b0, · · · , b5) = (3, 1, 4,−3,−2,−3)
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Figure 9: D
(1)
5 amoeba (P2) : (b0, · · · , b5) = (−4, 2, 4,−3,−2, 3)
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Figure 10: E
(1)
6 amoeba : (b0, · · · , b6) = (12, 31, 22,−43, 24, 84,−45)
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Figure 11: E
(1)
7 amoeba : (b0, · · · , b7) = (37, 21, 28,−23,−17, 14,−11,−34)
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Figure 12: E
(1)
8 amoeba : (b0, · · · , b8) = (41,−52,−43,−54,−41, 112, 63,−41, 127)/10
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