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1. Introduction

A typical result that we are to present here is

%N ST(FO™ g0 ) —m) =5 N(0,v) (N — o0),

where 6 > 1, and f and g are smooth functions with period 1.
This study was motivated by the polynomial ergodic theorem below:

Theorem 1. If the transform T' on a probability space is weakly mixing, and p,
.., px are polynomials with pix(IN) C N, pr(0c0) = 00, and (pxs1 — pk)(00) = 00,
then
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for any bounded measurable functions f1, ..., fk.

This ergodic theorem for non-conventional average was proved by V. Bergelson
[2], and the pointwise convergence for special cases were proved by J. Bourgain
[6]. Earlier than these works, limiting behavior of the average of this type was
studied by H. Furstenberg, Y. Katznelson & D. Ornstein [12] to give an ergodic
theoretical proof of Szeméredi’s theorem. For further results, we refer the reader
to H. Furstenberg & B. Weiss [11]. The term ‘non-conventional average’ is due to
them.

We give much simpler proof of the polynomial ergodic theorem for a transform
w +— Bw on R, where # > 1. When 6 is not an integer, iteration of this transform
can not be regarded as iteration of some transform on [0, 1] or other finite intervals,
and hence the next theorem is not included in Theorem 1.
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Theorem 2. Let p1, ..., px be polynomials with pi(oco) = oo and (px+1 —
pr)(00) = oo, and fi, ..., fx be functions on R with period 1 satisfying fi €
L*%([0,1],dx). Then we have
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in L*([0,1], dz)-sense.
Having the weak law of large numbers, it is natural to ask whether the central
limit theorem holds or not. In this note, we give an answer to this question.

Before stating our results, we introduce the results for K = 1. When p; is linear,
our problem is reduced to the following central limit theorem for Riesz-Raikov sums.

Theorem 3. Let 6 > 1 and let f be a locally square integrable function on R with
period 1 satisfying the following L?-Dini condition:

1/2
/1 wa(y) dy < oo where wy(d) = sup (/ f(x+h) (m)‘Qd;c> . (L.1)
0

Yy |h| <6

Then under any probability measure on [0, 1] which is absolutely continuous with
respect to the Lebesgue measure, we have the following convergence in law:

N
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Where f f— fo x)dzx. The limiting variance v is determined as follows: v =
fo 2dx if
0" ¢ Q forall neN,
and if else ) o
v = / F(z)? do + 2 Z/ Flq"x) f(r*z) da
0 170
where

l=min{neN|0"cQ}, 0 =q/r, and ¢,rcN.

This theorem was initially proved by M. Kac [15] and I. Ibragimov [14] in case
when 6 is an integer, and after extensive studies by S. Takahashi [23], I. Berkes
[3], [4], and R. Kaufman [16], it was established as above by B. Petit [17] and the
author [9].

On the other hand, in case degp; > 2, we have 9p1<n+1>/9p1<n> — 00, which
implies that this problem reduced to the special case of the following central limit
theorem for gap series with ‘large gaps’.



Theorem 4. Let f be as in Theorem 3 and {f3,,} be a sequence of positive numbers
satisfying
Bn+1/Bn — o0 (n — o0).

Then under any absolutely continuous probability measure on [0, 1], we have
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where f = f — fo r)dr and v = fo 2dzx.

This result is due to S. Takahashi [23] and I. Berkes [3], [4]. Actually, Takahashi
proved the above theorem by assuming that every (3,, is an integer, and Berkes
removed this condition by assuming a stronger regularity condition on f. But this
version can be easily proved by the method of Berkes, and also by some modification
of the method of Takahashi, which is similar to the proof found in [9].

Let us now state the results for K > 2. Assuming that fq, ..., fx are centered,
ie., )
/ fr(x)dz =0 (k=1,...,K), (1.2)
0
the author [10] have proved the following result:
Theorem 5. Let K > 2 and 6 > 1. Let p1, ..., px be as in Theorem 2, and let
functions fi, ..., fk on R with period 1 satisfy (1.1), (1.2) and
! 2K —2
/ | fi(2))| dr < o0 (k=1,...,K). (1.3)
0

Then, under any probability measure on R which is absolutely continuous with
respect to the Lebesgue measure, we have
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The limiting variance v is determined as follows:
1. If maxy degpr > 2, then

K 1
v = H f2(x)dx. (1.4)
0
k=1



2. When all py are linear, let us put py(x) = arx + bg.
a. If the condition
04" ¢ Q forall neN

is satisfied for at lease one of k =1, ..., K, then v is given by (1.4).
b. If else, let us take the smallest n > 1 satisfying 0“*" € Q for all k, and

write 0™ = qi /1 by using qx, rr, € N. Then

K 1 oo K 1
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In the case when fj are not centered, we could not give a complete answer as
above. Actually, we could not prove any results in case when some of the p;’s have

the same degree.

Theorem 6. Let K > 2 and 6 > 1. Let polynomials p, ..., px satisfy px (oo

and
degpi < --- < degpxk,

) =00

(1.5)

and functions fi, ..., fx on R with period 1 satisfy L?-Dini condition (1.1) and

(1.3). Set my = fol frx(x) dz and let a be the coefficient of linear term of p;
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where
K 1 K
b= H/ f2(2) do — T mi.
k=10 k=1

ifdegpy > 1 orif ™ ¢ Q for all n € N. If else
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v:H/ f,f(x)d:r—Hmi+2HmiZ/ fi(¢"x) fr(r"z) dx,
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where fi = fi — fol fi(z) dz,

l=min{necN|[§"cQ}, 6%=g¢q/r, and q¢,r e N.

. Then



2. Polynomial ergodic theorem for Riesz-Raikov sums.

We use the notation ||f||c = esssup|f(z)], ||fll, = (f01|f(x)|pdx)1/p, my =

fo fr(z) dx, fk = fr — my, and vy = Hﬁ”; Let s¢ 1 denote the I-th subsum
of the Fourler series of f. Let us put

B sin Az \ 2 B h1/2(f’3) + h1/2\/§(33)
hx(z) = ( gy > and h(x) = 2r (15 v2) :

Then h is a positive integrable analytic function on R which satisfies Tl(u) =0
(lu| > 1), [R(u)] <1 (u € R), and Jg M(u) du = 1. (Cf. L. Breiman [8] pp.218).
Let g be a probability measure on R whose density is h. Since h is positive
and continuous on [0, 1], L?(R, pg)-convergence implies L?([0, 1], dx)-convergence.
First let us prove Theorem 2 in the case when fi, ..., fx are trigonometric
polynomials whose degrees are less than I. Let us decompose the product as follows.
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Thus it is sufficient to prove L?(R, jg)-convergence + 25:1 Usn — 0, for each
k=1,..., K.

Since any frequency appears in the trigonometric polynomial expansion of Uy, ,,
is of the form

ep,i(n)iﬁ_'_epnfl(n)iﬂ_l_|_..._|_0p1(n)/l:1’ (lix]y ..oy lis| < 1),

and because of §P+(") = 0((91"“(”)) (k < kK, n — 00), for large n, modulus of any
frequency of Uy , belongs to J, = (P+~(™ /2 21P~(™))  Since p, is a polynomial
diverges to infinity, there exists ¢ > 0 such that p,(n + 1) — p.(n) > ¢ for large
n. Thus there exists ng, L € N such that, for n > ng and | > L, J, and J,4;
are disjoint and separated at least 1. Therefore U, ,, and U ,4; are orthogonal in
L*(R, o). Since ||Uy n|oo is bounded, we see that + 25:1 Uk.n converges to 0 in
L?(R, po)-sense.



Next, we prove the general case. Clearly, we have
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Note that [|F(¢ )| r2t(u) = [[F]l2t (¢ > 1) is easily verified for F' with period 1. It
is known that if F € L?([0,1],dz), ||F — sp1|l, — 0 and |sp|l, < C|F||, hold
for an absolute constant C. (Cf. A. Zygmund [24].) Using Hoélder’s inequality and
these relations in turn, we see that the summand in the above sum is estimated by

o K
1:[ ka(epk(n) : >HL2K(MO)H<fﬁ - Sfml>(‘9pm(n) ' )HL2K(uo) k_l—[JrlHka,I(Qp’“(") ' )HL2K(uo)
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and thereby have the conclusion.

3. The central limit theorem for trigonometric polynomials.

In this section we prove Theorem 6 in case when fi, ..., fx are trigonometric
polynomials whose degrees are less than I. We may assume that p; is linear, i.e.,
p1(n) = an + b. Actually, if degp; > 1, by putting pg(n) = n and fo = 1 the
following argument yields the desired result because of [ f§ =1 and ]70 = 0.

For v € R, let ., be a C-valued measure on R whose density is e\/__luxh(:c).
Clearly it satisfies UR x) o (d) | < fR|f {uo(dx) and

/ eVTIAT (de) =0 if [\ >U = |u| + 1.
R

The next two lemmas make our calculation simple. The idea of Lemma 1 goes back
to P. Hartman [13], and that of Lemma 2 originated to P. Révész [19] and R. Salem
& A. Zygmund [21]. Proofs are found in [10].
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Lemma 1. If a sequence {Xy} of real functions on R satisfies
/ eVItXN () |y (dx) — e_tQU/QlAz(u) (teR, N — ), (3.1)
R

for all w € R, then under any probability measure on R which is absolutely contin-
uous with respect to the Lebesgue measure,

Xy = N(0,v) (N — ).
Lemma 2. Let u € R and {& N }1<m<my, N>1 be an array of functions on R. If

By = sup ||&nnlec — 0 (N — 00), (3.2)
1<m<My

/5m1, o Ndpy, =0 (NeN, reN, mo<m; <---<my,), (3.3)

VN = Z §h.n — v in measure g (N — 00), (3.4)
m=myo

By = sup ||V |l < 0, (3.5)
N>1

are satisfied for some my, then (3.1) holds for Xy = 2%21 Em.N-

First, let us put & v = Uk Hi;ﬁ_l mk/\/ﬁ for kK > 2. By (2.1) we have

N K K N . K N N
ZH ka -):ZZ&,N@‘F\/—NHmefl(gpl(n).)_
n=lk=1 k=2  n=1

r=2n=1

aw

We define &1 v, as follows. Since the set {joP* (™) | j € Z,0 < |j| < I,n € N} is
symmetric with respect to 0, we can write it as a sequence ..., —Aa, —A1, A1, Ag,

..in increasing order. Note that A;11/A; > ¢ > 1 holds for some q. Let us take
19 > I such that

] 1 1 _1 1 1 (1 1> (36)
q qiotl g2+l T q(1- 1/qi°) 2 q '
QT ITI S NI DI S (3.7)
q qio—l-l q2i0—|—1 q(l _ 1/q7,0> - )
ol 2 21(1—1) (3.8)
q gttt T2 q



Let us take jo > T as $(1—2)X;, > U. Let us put <= Ty mu 3, f1(67 M) =
Ziez cn i exp(2myv/—1 \;x), and define

Jo io(n+1)+7jo
§1,N1 = Z ey exp(2nyv—1Nz), and & N, = Z cn i exp(2my/—1 \;x)
li]=1 li|=ion+jo+1

for n > 2. Since there are at most /N many positive frequencies, we have

N N K N
mi Z fl(epl(”>:v) = Z £1.nvn and hence Xy = Z Z £k Non-
n=1

| K
\/N k=2 n=1 k=1n=1

As we have explained in the proof of Theorem 1, when x > 2, modulus of any

frequency of &, n . belongs to (87=(™) /2, 216P<(")). Let us set n(1, N) = 2, and take

n(k, N) € N (k > 2) such that

gp=(nt1) /2 gpr+1(n(x.N)) /9
N
gres) S o0 and  Tim N g (3.10)

N—oo

Now let us verify the conditions of Lemma 2 for the sequence
{&nn | n(k,N) <n<N,1<k< K} (3.11)

Let us first verify (3.3). Let us take arbitrary subset of (3.11), and take an arbitrary
positive frequency ¢; of each function of x > 2, and \; of each function of x = 1.
By the definition of ig and jg, thanks to (3.6) and (3.7), we have

1 1

200" 220, 2 A EAr £ £ M 2 S (1-2)A 2 U
q

(3.9) assures that ¢1, ¢o, ...satisfies the Hadamard’s gap condition with ¢ = 3.
Therefore we can verify (3.3) by

bptdp 1t EdENE N £ N

Z¢p_¢p—1_"'_¢1_210p1(N)

1 1 1
015 )
> ¢p/2>U.



Next, let us verify the condition (3.4). Recall that Theorem 1 is originally
proved as L2(,u0)—convergence. In the case when x > 2, by applying this, we have

n=n(x,N) k=rk+1

in L?(ug)-sense, and hence in measure pg. To calculate the case when k = 1, we
introduce the following notation. Denote

/f uRdaz—lggoﬁ/ fa

whenever the right hand side exists. The right hand side is only a symbolic ex-
pression and does not mean integral with respect to the measure pur. Let us put
Bnm = Jg €1 N (x) pr(dz), where it is well defined since £F  ,, is an almost periodic
function (Cf. Besicovich [5]). Note that {£7 y 5, — O 2n} and {&3 N 2ns1— BN 2ns1}
are both orthogonal sequence under pg. Actually if n —m > 2, if £\; £ A; is a
frequency of E%’Nm — Bn.n, and if £, £ A, is a frequency of f’f’N’m — OBN,m, then
we have

12 1/ 1
\iAiiAjiAkiMzAiQ—g—qioﬂ) zxi§(1—5) >U > 1.

By definition, there exists a constant does not depend on n and N such that

€1, < C/v'N. Thus we have (£ v, — ﬁN,n)2 < (20?%)/N? and hence
= L*(po)
7
> (& nn = Bnn) =200,
n=1

By the orthogonality of & n ,, we have

;N:lﬁN,n_/ <Z§1 Nn) pr(dr) Hm’f/ (f: ﬁ(@an+bx)>2uR(dx)
%ﬁmii/ R0 ™) o () ()

k=2  n=lm
—ﬁmi(/f{ﬁ(xﬁu}z(da:)th;/Rﬁ(eana:)ﬁ(g;)m%(dxo
K o0
—>kl;[2m%< Rfl( )" pr(dx +2nz::1/Rf 0" ) f1( ),uR(dx)> (N — 00)

9



Here the last convergence holds since f; is a trigonometric polynomial and the sum-
mand equals to 0 except for finitely many n. If 0% ¢ Q, then the summand equals to
0. Thus in case #*" ¢ Q for all n € N, the sum reduced to [ f1(z)? pr(dz) = || f1]|3.

If 04! = q/r, where [ is a least n such that 9" € Q, the series equals to the sum of

/R 7 ((a/r)"2) i (@) pm(de) = /R Fi(q" ) Fa () e (dr) = / Fi(q" o) i () de.

Combining these, we can verify (3.4).

Since fi, ..., fx are trigonometric polynomials, condition (3.2) is verified as
By = O(1/V/N) and by this, (3.5) is clear. By Lemma 2, we have (3.1) for the sum
of (3.11). Because of the following estimate, (3.1) is also valid for X and hence
the central limit theorem holds for X :

K N K N
Z Z €N,n,f-§ - Z Z gN,n,/-e

k=1 n:n(n’N) k=1n=1

4. The central limit theorem for L2-Dini continuous functions.

In this section we complete the proof of Theorem 6. It is known that L?-Dini
condition (1.1) is equivalent to

o
D Nf = sran]l, < oo,
n=1

which implies an estimate of Fourier approximation

Hf - Sf,nHz = 0(1/logn) (n — 00).

The first equivalence can be proved inequalities (3.3) of pp. 241 of Zygmund [24]
and (2.6) of pp. 160 of Bari [1], while the proof of the second implication can be
found at the end of [10].

Assuming K > 2 and that fi, ..., fx are centered, the author [10] have proved
that
Ilim lim Sup/ | Xn(z) - X](\P(xﬂ po(dx) =0 (4.1)
— N—ooco JR
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where X](\P(a:) = \/Lﬁz,ﬁ:l Hszl sr.7(0P*Mz). In the proof of (4.1), fi, ...,
f K 1 need not to be centered, and we see that it is valid only under the condition
fO fK d:U = 0.

Let us now decompose X 5, () in the same way as (2.1), and define U, ,E ) naturally.
Then we have

K N K
Xgp_z 5 2 Unn =02 TT

ﬂ\

k=rk+1
By using (4.1), if kK > 2, we have
lim lim sup ! Z — U | pio(dz) = 0. (4.2)
[500" s \/— K,m K,n 0 .

In case k = 1, (4.2) follows from (1) of Lemma 1 of [9]. Combining these, we have
(4.1).
If we put the limping variance of X](\P by v(1), then we can easily prove that

v) — v, (Cf. 65pp of [9].) Thus we can derive the central limit for X by standard
argument.
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