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0. Introduction and results. In this note we will treat functional central limit theo-
rem, Strassen’s law of the iterated logarithms and mean central limit theorem for weakly
multiplicative systems. A sequence {ξn} of random variables is called a multiplicative
system if

E
(
ξi1 . . . ξir

)
= 0 (r ∈ N i1 < · · · < ir).

To extend the notion of multiplicative system, we must prepare some notation. Let
Br = (bi1,...,ir )i1<···<ir

be an infinite dimensional vector having bi1,...,ir = E
(
ξi1 . . . ξir

)
as its components and ‖Br‖δ be its `δ−norm i.e. ‖Br‖δ =

( ∑
i1<···<ir

|bi1...ir |
δ

) 1
δ

. Upper

bound part of the law of the iterated logarithms for weakly multiplicative system was
proved by Móricz [8].

Theorem A. Let {ξn} be a sequence of random variables satisfying

(0.1) |ξn| ≤ K (n ∈ N),

(0.2) ‖Br‖2 < ∞ (r ∈ N) and lim sup
n→∞

‖Br‖
1
r
2 = B̃ < ∞

Then,

lim sup
n→∞

Sn√
2(K2 + B̃2)A2

n log log A2
n

≤ 1 a.s.

where Sn = a1ξ1 + · · · + anξn and A2
n = a2

1 + · · · + a2
n → ∞ as n → ∞.

Berkes [1] proved Strassen’s law of the iterated logarithms for weakly multiplicative
systems satisfying (0.1),

∞∑
r=1

‖Br‖1 < ∞ and
∞∑

r=1

‖B′
r‖1 < ∞

1
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where B′
r is a vector defined in the same way as br using {ξ2

n − 1} instead of {ξn}, i.e.

B′
r =

(
b′i1,...,ir

)
i1<···<ir

and b′i1,...,ir
= E

(
(ξ2

i1 − 1) . . . (ξ2
ir
− 1)

)
.

We prove limit theorems under conditions much weaker than those of Berkes’. First we
state functional central limit theorem.

We define C[0, 1]−valued random variables Xn by

Xn

(
A2

j

A2
n

)
=

Sj

An
and is linear in

[
A2

j

A2
n

,
A2

j+1

A2
n

]
(j = 0, . . . , n)

where Sn = a1ξ1 + · · · + anξn.

Theorem 1. Let {ξn} be a sequence of random variables satisfying (0.1),

(0.3) sup
r∈N

‖Br‖
1
r

δ = B < ∞ for some δ ∈ [1, 2)

and either

(0.4) lim
i+j→∞

i 6=j

E
(
(ξ2

i − 1)(ξ2
j − 1)

)
= 0

or

(0.5) E
(
(ξ2

i − 1)(ξ2
j − 1)

)
≤ β|i−j| for some sequence {βj} with

∞∑
n=0

βn < ∞.

Let {an} be a sequence of real numbers satisfying

(0.6) A2
n = a2

1 + · · · + a2
n → ∞ and an = o (An) as n → ∞.

Then the distribution of Xn converges weakly on C[0, 1] to the Wiener measure as n →
∞.

Next we state Strassen’s law of the iterated logarithms. This is an extention of the
results of Berkes.

Theorem 2.
(a) Let {ξn} satisfy (0.1) and (0.3), and let {an} satisfy

(0.7) A2
n → ∞ and a2

n = o

(
A2

n

log log A2
n

)
as n → ∞.

Then {
Xn√

2 log log A2
n

}
is relatively compact in C[0, 1] a.s.
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(b) Let {ξn} satisfy (0.1), (0.3) and

(0.8) sup
r∈N

‖B′
r‖

1
r
2 < ∞.

Let {an} satisfy

(0.9) A2
n → ∞ and a2

n = o

(
A2

n

(log log An)
δ

(2−δ)

)
as n → ∞.

Then {
Cluster of

{
Xn√

2 log log A2
n

}}
⊂ K a.s.

(c) Moreover if we suppose

(0.10) A2
n → ∞ and an = o

(
A1−γ

n

)
as n → ∞ for some γ > 0,

then we have {
Cluster of

{
Xn√

2 log log A2
n

}}
= K a.s.,

where

K =
{
x ∈ C[0, 1]; x(0) = 0, x is absolutely continuous and

∫ 1

0

(
dx

dt

)2

dx ≤ 1
}
.

Finally we state mean central limit theorem. We define a sequence {Cn} of positive
numbers by

Cn =
max
i≤n

|ai|

An
.

Under the condition (0.6), lim
n→∞

Cn = 0 holds. Let Fn be a distribution function of Sn

and G be that of standard Gaussian distribution.

Theorem 3. Under the conditions (0.1), (0.3), (0.6) and (0.8), there exsists positive
constant L such that

‖Fn − G‖∞ ≤ LC
4
3 ( 1

δ −
1
2 )∧ 1

4
n

‖Fn − G‖1 ≤ LC
8
5 ( 1

δ −
1
2 )∧ 2

7
n .

Mean central limit theorem for ESMS was proved by Paditz-Šarachmetov [11].
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1. Proof of Theorem 1. To prove functional central limit theorem, it is sufficient
to prove weak convergence of finite dimensional distributions and tightness of {Xn}.
Tightness is easy to derive from the following lemma due to Móricz [8]. For details of
the proof of tightness, see Oodaira [10] or Fukuyama [2].

Lemma B. Under the conditions (0.1) and (0.2),

E exp(λSn) ≤ C exp
(

1
2

(
K2 + B̃2 + 1

)
λ2A2

n

)
(1.1)

and

P {|Sn| ≥ y} ≤ 2C exp
(
− y2

2(K2 + B̃2 + 1)A2
n

)
(1.2)

for all λ ∈ R and y > 0.

Next we proceed to the other part of the proof. Here we prove only 1-dimensional
case instead of multidimensional case using the following theorem due to McLeish [7],
but it is easy to extend this theorem to the case of multidimensional distributions.

Theorem C. Let {ζn,j ; 1 ≤ j ≤ kn} be a given triangular array of random variables
and put Tn =

∏
j≤kn

(1 + itζn.j). Suppose for all t ∈ R,

(a) ETn → 1, (b) {Tn} is uniformly integrable ,

(c)
∑

j≤kn

ζ2
n,j → 1 i.p. and (d) max

j≤kn

|ζn,j | → 0 i.p. as n → ∞.

Then the distribution of
∑

j≤kn

ζn,j converges weakly to the standard Gaussian distribution.

To apply this theorem to our case, we put kn = n and ζn,j =
aj

An
ξj . Then (a) and

(d) is trivial because of (0.1) and (0.6). To verify (a), we prove more general lemma for
convinience of the later use.

Lemma 1. We assume (0.3). Let {Λn} be a sequence of positive numbers satifying that

Λn ≤ 1
2B

C
−2( 1

δ −
1
2 )

n (n ∈ N).

Let {λn,j} be a triangular array of complex numbers satisfying |λn,j | ≤ Λn. Then

(1.3)

∣∣∣∣∣∣E
n∏

j=1

(
1 + λn,j

aj

An
ξj

)
− 1 −

n∑
j=1

λn,j
aj

An
bj

∣∣∣∣∣∣ ≤ 2B2Λ2
nC

4( 1
δ −

1
2 )

n
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and

(1.4)

∣∣∣∣∣∣E
n∏

j=1

(
1 + λn,j

aj

An
ξj

)
− 1

∣∣∣∣∣∣ ≤ 2BΛnC
2( 1

δ −
1
2 )

n

Proof. First we prove (1.3) in case δ ∈ (1, 2). Let ε be the dual of δ.

∣∣∣∣∣∣E
n∏

j=1

(
1 + λn,j

aj

An
ξj

)
− 1 −

n∑
j=1

λn,j
aj

An
bj

∣∣∣∣∣∣
≤

n∑
r=2

∑
j1<···<jr≤n

(2B)r |λn,j1 . . . λn,jr |A−r
n |aj1 . . . ajr | (2B)−r |bj1,...,jr | ,

using Hölder’s inequality,

≤

 n∑
r=2

(2B)rε
∑

j1<···<jr≤n

∣∣λn,j1 . . . λn,jr
A−r

n aj1 . . . ajr

∣∣ε 1
ε

×

 n∑
r=2

(2B)−rδ
∑

j1<···<jr≤n

|bji,...,jr |
δ

 1
δ

≤

 n∑
r=2

(2BΛnC
2( 1

δ −
1
2 )

n )rε
∑

j1<···<jr≤n

A−2r
n a2

j1 . . . a2
jr

 1
ε
 n∑

r=2

(
‖B‖

1
r

δ

2B

)rδ


1
δ

.

Since 2BλnC
2( 1

δ −
1
2 )

n ≤ 1,

≤

(2BΛnC
2( 1

δ −
1
2 )

n )2ε
n∑

r=2

∑
j1<···<jr≤n

A−2r
n a2

j1 . . . a2
jr

 1
ε ( ∞∑

r=2

2−rδ

) 1
δ

≤ (2BΛnC
2( 1

δ −
1
2 )

n )2

 n∏
j=1

(
1 +

a2
j

A2
n

)
− 2

 1
ε (

2−2δ

1 − 2−δ

) 1
δ

≤ 2B2Λ2
nC

4( 1
δ −

1
2 )

n .

Thus we have proved (1.3), and it is clear that

≤ BΛnC
2( 1

δ −
1
2 )

n
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and ∣∣∣∣∣∣
n∑

j=1

λn,j
aj

An
bj

∣∣∣∣∣∣ ≤ Λn

 n∑
j=1

∣∣A−1
n aj

∣∣ε 1
ε
 n∑

j=1

|bj |δ
 1

δ

≤ ΛnC
2( 1

δ −
1
2 )

n

 1
A2

n

n∑
j=1

a2
j

 1
ε

‖B1‖δ

≤ BΛnC
2( 1

δ −
1
2 )

n .

These two estimates imply (1.4). We omit the case δ = 1. (Cf. Fukuyama [3])

If we put λn,j = it and Λn = t in lemma 1, (1.4) implies (a) because of lim
n→∞

Cn = 0.

Finally we verify (c) under (0.4). It is sufficient to show that
1

A2
n

n∑
j=1

a2
jξ

2
j converges to 1

in L2.

E

 1
A2

n

n∑
j=1

a2
jξ

2
j − 1

2

=
1

A4
n

n∑
j=1

a4
jE

(
(ξ2

j − 1)2
)

+
2

A4
n

∑
1≤i<j≤n

a2
i a

2
jE

(
(ξ2

i − 1)(ξ2
j − 1)

)
The first term tends to 0 because of (0.1) and the second term also because of (0.4).
We omit the proof of the case that (0.5) is assumed. See Stout [15], theorem 3.7.2 or
Fukuyama [3].

2. Proof of Theorem 2. Relative compactness of the sequence

{
Xn√

2 log log A2
n

}
is

derived from (1.2) and theorem 1 of Móricz [9] using Ascoli-Arzera theorem and Borel-
Cantelli lemma. For the details, refer Fukuyama [2]. For the proof of (b) and (c), we
use the following theorem due to Kuelbs [6].

Theorem D. Assume that{
Xn√

2 log log A2
n

}
is relatively compact in C[0, 1] a.s.

and, for all signed measure ν with bounded variation on [0, 1],

(2.1) lim sup
n→∞

∫ 1

0
Xn(t) ν(dt)√
2 log log A2

n

≤ Kν,1 a.s.
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holds. Then we have {
Cluster of

{
Xn√

2 log log A2
n

}}
⊂ K a.s..

Furthermore, suppose that

(2.2) lim sup
n→∞

∫ 1

0
Xn(t) ν(dt)√
2 log log A2

n

= Kν,1 a.s.

holds. Then we have {
Cluster of

{
Xn√

2 log log A2
n

}}
= K a.s.,

where

K2
ν,θ = E

((∫ 1

0

W (t ∧ θ−1) ν(dt)
)2

)
=

∫ θ−1

0

(ν[x, 1])2 dx

(W (t) denotes the standard Wiener process)

First we prepare some notation. Put

φn,j =


0 if t ∈

[
0,

A2
j−1
A2

n

]
,

linear if t ∈
[

A2
j−1
A2

n
,

A2
j

A2
n

]
,

1 otherwise,

cn,j =
∫ 1

0

φn,j ν(dt) and A2
ν,n =

n∑
j=1

(ajcn,j)
2
.

Fix θ > 1 and we take p(r) ∈ N satisfying A2
p(r) ≤ θr < A2

p(r)+1 . We have

(2.3) lim
n→∞

A2
ν,n

A2
n

= K2
ν,1.

It is a consequence of

lim
n→∞

E

((∫ 1

0

Yn(t) ν(dt)
)2

)
= E

((∫ 1

0

W (t) ν(dt)
)2

)
which follows from functional central limit theorem and uniform integrability of {Yn}
where Yn is a C[0, 1]−valued random variables defined in the same way as Xn using
Rademacher sequence {rn} instead of {ξn}. Next we prove

(2.4)
1

A2
p(r)

p(r)∑
j=1

(
ajcp(r),jξj

)2 → K2
ν,1 a.s. as r → ∞
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Since |cn,j | ≤ N , (0.9) and (2.3) imply

(
ajcp(r),j

)
= o

(
A2

ν,n

(log log An)
δ

(2−δ)

)
as n → ∞.

Using (0.8) and (1.2), we have

∞∑
r=1

P


∣∣∣∣∣∣ 1
A2

ν,p(r)

p(r)∑
j=1

(
ajcp(r),j

)2 (
ξ2
j − 1

)∣∣∣∣∣∣ ≥
√

2(K4 + B′2 + 2)
Hp(r)


≤

∞∑
r=1

2C exp (−4 log log θr) < ∞

where

Hn =
A2

ν,n(
max
j≤n

|ajcn,j |
)

log log A2
n

→ ∞ as n → ∞.

By Borel-Cantelli lemma, we have (2.4).
Putting λn,j = cn,j

√
2 log log A2

n and Λn = N
√

2 log log A2
n in lemma 1, we have∣∣∣∣∣∣E

n∏
j=1

(
1 +

cn,jajξj

An

√
2 log log A2

n

)∣∣∣∣∣∣ ≤ L (n ∈ N)

for some L > 0.
Now we can prove (2.1) using the method of Takahashi [16]. Put µn = K−1

ν,1

√
2 log log A2

n.

Making use of ex ≤ (1 + x) exp
(

x2

2 + |x|3
)

(|x| ≤ 1
2 ), for large enough r,

E

exp

 µp(r)

Ap(r)

p(r)∑
j=1

ajcp(r),jξj −
µ2

p(r)

2A2
p(r)

p(r)∑
j=1

(
ajcp(r),jξj

)2 − (1 + 2ε)
K2

ν,1µ
2
p(r)

2


≤ E

n∏
j=1

(
1 +

cn,jajξj

An

√
2 log log A2

n

)

exp

µ3
p(r)K

3

A3
p(r)

p(r)∑
j=1

∣∣ajcp(r),j

∣∣3 − (1 + 2ε)
K2

ν,1µ
2
p(r)

2


= L exp

(
o(1) log log A2

p(r) − (1 + 2ε) log log A2
p(r)

)
≤ K ′r−1−ε.

Thus, by Beppo-Levi’s theorem,

lim
r→∞

µ2
p(r)

(
1

µp(r)

∫ 1

0

Xp(r)(t) ν(dt) − (1 + ε)K2
ν,1

)
= −∞.



SOME LIMIT THEOREMS FOR WEAKLY MULTIPLICATIVE SYSTEMS. 9

This implies

lim sup
r→∞

∫ 1

0
Xp(r)(t) ν(dt)√
2 log log A2

p(r)

≤ Kν,1 a.s.

For given n, take r satisfying p(r) < n ≤ p(r + 1). Then

∫ 1

0
Xn(t) ν(dt)√
2 log log A2

n

−
∫ 1

0
Xp(r)(t) ν(dt)√
2 log log A2

p(r)

=

∫ 1

0

(
Xn(t) − Xp(r)(t)

)
ν(dt)√

2 log log A2
n

−

 1√
2 log log A2

n

− 1√
2 log log A2

p(r)

 ∫ 1

0

Xp(r)(t) ν(dt)

= I1 + I2.

Obviously I2 → 0 as θ → 1 and

|I1| ≤
1√

2 log log A2
p(r−1)

(
Ap(r)

An

∣∣∣∣∣
∫ 1

0

(
Xp(r)

(
A2

nt

A2
p(r)

)
− Xp(r)(t)

)
ν(dt)

∣∣∣∣∣
+

(
Ap(r)

An
− 1

) ∣∣∣∣∫ 1

0

Xp(r)(t) ν(dt)
∣∣∣∣
)

→ 0 as θ → 1,

because of the equicontinuity. Since we have verified (2.1), the proof of (b) is completed.
Now we proceed to the proof of (c). We prove it in a similar way as Révész [13]. First

we prepare some notation.

Zn =
p(n)∑
j=1

ajcp(n+1),jξj , D2
n =

p(n+1)∑
j=p(n)+1

(
ajcp(n+1),j

)2

αn =
p(n+1)∏

j=p(n)+1

(
1 +

itajcp(n+1),jξj

Dn

)
,

βn =
1

D2
n

p(n+1)∑
j=p(n)+1

(
ajcp(n+1),jξj

)2
, ηn =

1
Dn

p(n+1)∑
j=p(n)+1

ajcp(n+1),jξj ,

φn,m(s, t) = E (exp(isηn + itηn+m)) ,

Fn,m(x, y) = P {ηn < x , ηn+m < y} .
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Since lim
n→∞

D2
n

A2
p(n+1)

= K2
ν,1 − K2

ν,θ , we have

1
D2

n

max
j≤p(n+1)

|aj | ≤ LCp(n+1) for some L > 0.

First we prove the next lemma.

Lemma 2. There exist positive constants L1 and L2 such that∣∣∣∣φn,m(s, t) − exp
(
−1

2
(s2 + t2)

)∣∣∣∣ ≤ L1C
4( 1

δ −
1
2 )∧1

p(r+1)

(
|t|3 + |s|3 + t2 + s2

)
if |s|, |t| ≤ L3C

−2( 1
δ −

1
2 )∧ 1

3

p(r+1) .

Proof. We use the following expansion formula.

ex = (1 + x) exp
(

x2

2
+ r(x)

)
and |r(x)| ≤ |x|3 if |x| ≤ 1

2
.

We put

Rn(t) =
p(n+1)∑

j=p(n)+1

r

(
1

Dn
tajcp(n+1),jξj

)
.

If
∣∣∣ 1
Dn

tajcp(n+1),jξj

∣∣∣ ≤ LNK|t|Cp(r+1) ≤ 1
2 , we have

|Rn(t)| ≤ |t|3K3

D3
n

p(n+1)∑
j=p(n)+1

|ajcp(n+1),j |3 ≤ |t|3K3LNCp(r+1).

Using above expansion formula,

∣∣∣∣φn,m(s, t) − exp
(
−1

2
(s2 + t2)

)∣∣∣∣
≤

∣∣∣∣Eαn(s)αn+m(t)
(

exp
(
− 1

2
(s2βn + t2βn+m)

+Rn(s) + Rn+m(t)
)
− exp

(
−1

2
(s2 + t2)

))∣∣∣∣
+ |Eαn(s)αn+m(t) − 1| exp

(
−1

2
(s2 + t2)

)
.

Since |αn(s)| ≤ exp
(

1
2s2β2

n

)
,

≤ E

∣∣∣∣exp
(

1
2

(
s2(βn − 1) + t2(βn+m − 1)

))
− 1

∣∣∣∣
+ E |exp(Rn + Rn+m) − 1| + |Eαn(s)αn+m(t) − 1|
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= E1 + E2 + E3

Using |ex − 1| ≤ |x|e|x|,

E1 ≤1
2
E

(∣∣(s2(βn − 1) + t2(βn+m − 1)
)∣∣

× exp
(∣∣(s2(βn − 1) + t2(βn+m − 1)

)
/2

∣∣))
≤1

2

(
s2E

1
2 (βn − 1)2 + t2E

1
2 (βn+m − 1)2

)
× E

1
2 exp

(∣∣s2(βn − 1) + t2(βn+m − 1)
∣∣) .

By (0.3),

E
(
β2

n − 1
)2 ≤ (K2 + 1)2

D4
n

p(n+1)∑
j=p(n)+1

(ajcp(n+1),j)4

+ 2
1

D4
n

∑
p(n)<i<j≤p(n+1)

(aicp(n+1),i)2(ajcp(n+1),j)2b′i,j

≤ 2(K4 + B̃)N2L2C2
p(r+1)

Using (1.1),

E exp
(∣∣s2(βn − 1) + t2(βn+m − 1)

∣∣)
≤ 2C exp

(K4 + B̃2 + 1)

 s4

D4
n

p(n+1)∑
j=p(n)+1

(ajcp(n+1),j)4

+
t4

D4
n+m

p(n+m+1)∑
j=p(n+m)+1

(ajcp(n+m),j)4


≤ 2C exp

(
(K4 + B̃2 + 1)L2N2C2

p(n+1)(s
2 + t2)

)
.

It is bounded because of the conditions on s and t. Thus

E1 ≤ L2Cp(n+1)(t2 + s2).

Similarly we have
E2 ≤ L1Cp(n+1)(|t|3 + |s|3).

In the same way as the proof of lemma 1, we have

E3 ≤ L2C
4( 1

δ −
1
2 )

p(n+1) st ≤ L2C
4( 1

δ −
1
2 )

p(n+1) (t2 + s2).

Thus we have proved the lemma.

Next we use the following theorem due to Sadikova [14].
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Theorem E. Let F (x, y) and G(x, y) be two dimensional distribution functions and
suppose that G has a bounded density function. Denote the corresponding characteristic
functions by f(s, t) and g(s, t) and put

f̃(s, t) = f(s, t) − f(s, 0)f(0, t)

g̃(s, t) = g(s, t) − g(s, 0)g(0, t).

Then

sup
x,y

|F (x, y) − G(x, y)| ≤ C1

∫ T

−T

∫ T

−T

∣∣∣∣∣ f̃(s, t) − g̃(s, t)
st

∣∣∣∣∣ dsdt

+ C2

∫ T

−T

∣∣∣∣f(s, 0) − g(s, 0)
s

∣∣∣∣ ds + C3

∫ T

−T

∣∣∣∣f(0, t) − g(0, t)
t

∣∣∣∣ dt +
C4

T

for any T > 0 where C1, C2, C3 and C4 are positive constants.

Using this theorem, we have∣∣∣∣Fn,m(x, y) − 1
2π

∫ x

−∞

∫ y

−∞
exp

(
−u2 + v2

2

)
dudv

∣∣∣∣ ≤ a

θhn

for some a > 0 and h > 0. Setting An =
{

ηn ≥
√

(2 − ε) log log D2
n

}
and using following

generalized second Borel-Cantelli lemma (Cf. Rényi [12] ),we have

ηn ≥
√

(2 − ε) log log D2
n i.o a.s.

For details, see Révész [13].

Theorem F. Suppose that the events A1, A2, . . . satisfy

∞∑
n=1

P (An) = ∞ and lim inf
n→∞

n∑
j=1

n∑
k=1

P (Aj ∩ Ak)(
n∑

j=1

P (Aj)

)2 = 1.

Then we have

P

(
lim sup

n→∞
An

)
= 1.

In a similar way as the proof of (b), we can prove

p(n)∑
j=1

ajcp(n+1),jξj√
(2 + ε)A2

p(n+1) log log A2
p(n+1)

≤ Kν,θ f.e. a.s.
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and now we have proved

p(n+1)∑
j=p(n)+1

ajcp(n+1),jξj√
(2 − ε)A2

p(n+1) log log A2
p(n+1)

≤
√

K2
ν,1 − K2

ν,θ i.o. a.s.

Thus for any ε > 0 and θ > 1,

p(n+1)∑
j=1

ajcp(n+1),jξj ≥
(√

(2 − ε)(K2
ν,1 − K2

ν,θ) −
√

(2 + ε)K2
ν,θ

)
×

√
A2

p(n+1) log log A2
p(n+1) i.o. a.s.

But √
(2 − ε)(K2

ν,1 − K2
ν,θ) −

√
(2 + ε)K2

ν,θ → Kν,1

as θ → ∞ and ε → 0.

This implies (c).

3. Proof of theorem 3. In this section, z denotes a complex number satisfying | Im z| ≤
1. Let Gn denote the distribution function of N(Mn, 1) where Mn =

1
An

n∑
j=1

ajbj , F̂n

and Ĝn denote corresponding Fourier-Stieltjes transform of Fn and Gn,

Tn(z) =
n∏

j=1

(
1 +

izaj

An

)
, Un =

n∑
j=1

a2
jξ

2
j ,

Vn =
n∑

j=1

a2
j (ξ

2
j − 1) and Rn =

n∑
j=1

r

(
izajξj

An

)
.

First we prove a lemma.

Lemma 3. There exist positive constants L4 and L5 such that

|F̂n(z) − Ĝn(z)| ≤ L4

(
Cn|z|3 + C

4( 1
δ −

1
2 )∧1

n |z|2
)

if | Im z| ≤ 1 and |z| ≤ C
−( 1

δ −
1
2 )∧ 1

3
n .

Proof. Using expansion formula,

|F̂n(z) − Ĝn(z)|
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≤
∣∣∣∣ETn

(
exp

(
−z2

2
Un + Rn

))
− exp

(
−z2

2

)∣∣∣∣
+

∣∣∣∣(ETn − exp(izMn)) exp
(
−z2

2

)∣∣∣∣
= E4 + E5

Since |Tn|2 ≤ exp
(
|z|2 − 2(Im z)Sn

An

)
,

E4 ≤ E

∣∣∣∣exp
(

1
2
(|z|2 − z2)Un − (Im z)

Sn

An

)
×

(
exp (Rn) − exp

(
z2

2
Vn

))∣∣∣∣
≤ E exp

(
(Im z)2Vn − (Im z)

Sn

An
+ (Im z)2

)
×

(
|Rn| exp (|Rn|) +

∣∣∣∣z2Vn

2

∣∣∣∣ exp
(∣∣∣∣z2Vn

2

∣∣∣∣))
≤ E

1
8 exp

(
8(Im z)2Vn

)
E

1
8 exp

(
−8(Im z)

Sn

An

)
×

(
E

1
2 |Rn|2 E

1
8 exp (|8Rn|) +

|z|2

2
E

1
2 V 2

n E
1
8 exp

(
4|z2Vn|

))
estimating in a similar way as the proof of lemma 2, we have

≤ L4Cn(|z|3 + |z|2)

if |z| ≤ L5C
− 1

3
n and | Im z| ≤ 1.

Next we estimate E5.
E5 ≤ e |ETn − 1 − izMn| + e |exp(izMn) − 1 − izMn|

By lemma 1, first term is less than L4C
4( 1

δ −
1
2 )

n |z|2 if |z| ≤ L5C
−2( 1

δ −
1
2 )

n . Since |Mn| ≤
C

2( 1
δ −

1
2 )

n ‖Bi‖δ, second term is also less than L4C
4( 1

δ −
1
2 )

n |z|2 if |z| ≤ L5C
−2( 1

δ −
1
2 )

n . Thus
we have proved the lemma.

Let Ct be a circle in C with center t ∈ R and radius 1
2L2 ∧ 1. Since F̂n(z) and Ĝn(z)

are entire functions, using lemma 3,∣∣∣∣∣ d

dt

F̂n(t) − Ĝn(t)
t

∣∣∣∣∣ =

∣∣∣∣∣ 1
2πi

∫
Ct

F̂n(ζ) − Ĝn(ζ)
(ζ − t)2ζ

dζ

∣∣∣∣∣
≤ L6

(
Cnt2 + C

4( 1
δ −

1
2 )∧1

n (|t| + 1)
)

if |t| ≤ L5

2
C

−2( 1
δ −

1
2 )∧ 1

3
n .

Now we proceed to the proof of the theorem. We use the next theorem by Essen.(Cf.[4]
).
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Theorem G. Let F and G are distribution functions. Then for some constants Ci (i =
1, . . . , 5),

‖F − G‖∞ ≤ C1

∫ T

−T

∣∣∣∣∣ F̂ (t) − Ĝ(t)
t

∣∣∣∣∣ dt +
C2

T

‖F − G‖1 ≤ C3

∫ T

−T

∣∣∣∣∣ d

dt

F̂ (t) − Ĝ(t)
t

∣∣∣∣∣
2

dt

 1
2

+ C4

∫ T

−T

∣∣∣∣∣ d

dt

F̂ (t) − Ĝ(t)
t

∣∣∣∣∣
2

dt

 1
2 (

1 +
1
T

)
+

C5

T

Using this theorem, we have

‖Fn − Gn‖∞ ≤ L

(
CnT 3 + C

4( 1
δ −

1
2 )∧1

n T 2 +
1
T

)
and

‖Fn − Gn‖1 ≤ L

(
CnT

5
2 + C

4( 1
δ −

1
2 )∧1

n T
3
2 + C

4( 1
δ −

1
2 )∧1

n T
1
2 +

1
T

)
.

Putting T = C
− 4

3 ( 1
δ −

1
2 )∧ 1

4
n or T = C

− 5
8 ( 1

δ −
1
2 )∧ 2

7
n respectively,we have

‖Fn − Gn‖∞ ≤ LC
4
3 ( 1

δ −
1
2 )∧ 1

4
n

and

‖Fn − Gn‖1 ≤ LC
5
8 ( 1

δ −
1
2 )∧ 2

7
n .

Using the estimate of Mn, we have

‖Gn − G‖∞, ‖Gn − G‖1 ≤ LC
2( 1

δ −
1
2 )

n .

Combining these estimstes, we can obtain the final resuls.
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