ON THE CENTRAL LIMIT THEOREM FOR SOME GAP SERIES
Katust FUKUYAMA

0. Introduction.
In this paper, we shall be concerned with the central limit theorem for gap series
> arf(Brw) where f is an a-Lipschitz continuous function (0 < a < 1) with period 27

satisfying
27 27

f(z)dz =0 and f2(x)dr = 2m,
0 0

and the sequence {fy} of positive numbers has large gaps, i.e.
Br+1/Bx — o0 as k — 0.

As to this problem, Kac [5] noticed the following result.
Theorem A. Let 2 = [0,27] and P be the normalized Lebesque measure on Q. If a

sequence {ny} of positive integers has large gaps and a sequence {ar} of real numbers
satisfies

(0.1) A2 =at+---+a® —o00 and a,=o(A,) as n — 00,

then the distribution of Ayt > 1_, arf(ngw) converges weakly to the standard normal
distribution.

There are various extensions of this result. For example, Takahashi [8] extended
the class of functions of f and Berkes [1] studied the case in which {nj} have smaller
gaps. Our aim is to extend Theorem A to the case in which 2 = R and the probability
measure P on {2 is not necessarily absolutely continuous with respect to the Lebesgue
measure but may be singular measure satisfying one of the following conditions:

[P(w)| = O(Ju|7#%) as u— oo,

P{lw,w+hl} < Mh? (we, h>D0).

Here M and p is positive constants and P is the characteristic function of P. One can
find some important and interesting examples of probability measures satisfying above
conditions in [7], [11] and [12].

Let us now state our results.
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Theorem 1. Let P satisfy (0.2), {ar} satisfy (0.1), {vi} be arbitrary and {Br} have
large gaps. Then the distribution of At > "7 anf(Brw + k) converges weakly to the
standard normal distribution.

Theorem 2. Let P satisfy (0.3), {ar} satisfy (0.1), {vi} be arbitrary and {fr} have
large gaps. Then, for almost allt € R with respect to the Lebesque measure, the distribu-
tion of A1 ZZ:1 ar f (tBrw + i) converges weakly to the standard normal distribution.

Theorem 3. Let P satisfy (0.3), {ar} satisfy (0.1), {v} be arbitrary and {¢(k)}
satisfy

(0.4) »(1) >0 and  ¢p(k+1)—¢p(k) >0 as k— oc.

Then, for almost all x > 1 with respect to the Lebesque measure, the distribution of
Al > ory akf(x¢(k)w + k) converges weakly to the standard normal distribution.

Remark. Under the condition (0.4), the sequence {z®®*)} has large gaps if z > 1.

In the special case f(x) = v/2cosz, the gap series is called a lacunary trigonometric
series. As to the lacunary trigonometric series, the corresponding results to our theo-
rems were first proved by Takahashi [10], [9] and Kaufman [6] respectively, assuming
Hadamard’s gap condition:

Br+1/Brk > q > 1.

Recently the author [2] extended these results to the case of weaker gap conditions and
the author [4] also proved functional law of the iterated logarithm both for lacunary
trigonometric and gap series assuming the same conditions on P.

1. Approximation by trigonometric polynomials.

We shall first prove Theorem 1. In this section we shall approximate the gap series
by some series of trigonometric polynomials, by modifying the method of Takahashi.

Let L denote the absolute constant which may change line by line.

Let us put f(t) = Y7, dj\/icos(jt-i-’y;-) and 0, (t) = > ., djﬂcos(jt-l—”y;-). Since
f is a-Lipschitz continuous, classical results in Fourier analysis claim

(1.1) |f — onlleo < Ln~“logn,
(1.2) > dF < L’n,

j=n
(1.3) [ flloos [lonlle <L (n€N).

Using (1.1) we can easily prove

n

Zak (f(Brw + k) — 0p1/a (Brw + &) | = 0(Ay) as n — oo.
k=1

Thus it is sufficient to prove the central limit theorem for {o1/a (8w + %) }. Without
loss of generality, we may assume

Br21, Brt/Be 24(k), 224¢(k+1)/¢(k) =21 and  lim (k) = oo,

k—o0



for some sequence {1 (k)}. We shall here prove the following convergence in probability:
1 n

(1.4) 1 Zak (okl/a(ﬁkw + ) — o¢p/4(k)(ﬁkw + %)) —0 as n — oo.
" k=1

By expanding into Fourier series and putting 7,;’7 ;=J7+ ’yg-, we have

. 2
E (Z ag (Ukl/a (Brw + k) — Uq/;ﬁﬂ(k:)(ﬁk:w + %)))

k=1

<>a > 4

E<n  or/4(k)<j<kl/«

+ 2 Z Z |ak1ak2| Z |dj1d72|

e=+11<ki<ks<n PP/ (k) <jq<ky/®
— q

a=13)
|Bro 2 +€Bky 311> By

X | E cos ({Brd2 + B g }w + (Vi jo + €71, 1)|

+2 > ak,ax,| > |dj, dj, |

1<k; <ka<n PP/ (kg) <jg<kb/®
(¢=1,2)
Brep 2261, k1

x [Bcos ({Brydo = Bruin}o + (W ge — Vo))

+2 Z |, Qs | Z |djydjs |

1<k <ka<n VP4 (kg)<jq<ky'*
(q:172)

By <261, by’

|Brod2+elry ji11>Br, /2

X | E cos ({Brod2 = Bradi}w + (Vi — Vv ju 1)

+2 > ak,ax,| > |dj, dj |

1<ky<ka<n PP/ (kg) <jg<ki/®

(¢=1,2)
|Brg 2 t+€Brq J11<Prq /2

x [Bcos ({Bryds = Brudt}o + (W go = Vo )|

=Y 42Y 0 42D 42D 42y (say).

Since (k) diverges to infinity, trivially we have Y, = o(A2). Using the estimate
|ECOS(5W + ,Y)| < |P<ﬁ)|7 (02) and ﬁkz = V ﬁklﬁkw we obtain

1/2
ZZSL< > odd Y didz)

1<k1<k2<n PP/ (kg)<jq<ky'*
(q:172)

1/2
X ( Z Z (ﬁk16/€2>_p/2)

1<k <ka<n yP/4 (k) <jg<kl/*
(q:1,2)



AR SR N ID DD DR 1

1<k<n WP/ (k) <j<kl/@ I<SkSn gr/4(k)<j<k/
=0(A}) ) kVe2mkel? = o(A2).
k<n

In )., we have Bi,j2 — Br,J1 > Bro — 6;“]@%/0‘ > Bk, /2 > \/ Bk, Bk, Thus we can prove
> s = 0(A?2) in the same way as the proof of >, = 0(A2). In }_,, we have

Bradz — Brdt = By /2 = k" Bra /4 > kT /By Bra /2.

Thus we get

24 =o(A2) Y > KV (Br) P2 = 0(A2) > KP27Re2 = o(A2).

k§n¢P/4(k)<]‘§k1/a k<n

In >, we have |By,j2/0k, — j1| < 1/2. From this, introducing the notation [z]* = {n €
N : |z —n| < 1/2}, we have

1/2 1/2
2 2
ZSS > lak,an,| >, 4 > s
1<ki1<k2<n P(ka)<ja<ki'* P(ka)<ja <k
1/2 1/2
< Y ananl | Y. & >, &
1<k <ka<n P(k1)<j Bro /Bry <J
Here, using (1.2) and Bk, /B, > 2F27%1 we get
1/2
2 —a(ka—k
ST SERTRN] I i) RPSRE
1<k1 <k2<n P(k1)<j
1/2
SO0 ] Do
k=1 Y(k)<j

1/2

n—i 1/2
<L22 o Zak Z d2 (Zairk)
k=1 (k)<j k=1
1/2

n n 1/2
<L Z a; Z d3 (Z ai) =o0(A2).
k=1

k=1 (k)<

Thus (1.4) is verified.
By (1.4), it is sufficient to prove the central limit theorem for {o,,/4(x) (Bkw + Y) }-



2. Method of weakly multiplicative systems.

To prove the central limit theorem, we shall use the method of weakly multiplicative
systems.

For the sequence {&} of random variables, put

Dkyvoky = By . &, and  [[Bll= > |be, k-
k1<...<kr

If sup,.cn || Br||/" < 0o, we say that {€;} is a weakly multiplicative system.
We use the following theorem in [3].

Theorem B. Let {{,} be a weakly multiplicative system in the above sense satisfying

(2.1 [éale B (nEN),
(2.2 Jim B (€ -1 -D) =0,
1#£]

and {a,} satisfy (0.1). Then the distributions of {A;1 > 1 _, arék} converges weakly to
the standard normal distribution.

Put &k = oyp/agr) (Bew + k). We get (2.1) by (1.3). Now let us verify the bound of
| B || and (2.2). Usual calculation yields

by oo e | = Z V2'|E cos(Bi, jrw + Yir g ) -+ co8(Biy jrw + i 4,
Ja<t(kq)
(¢=1,...,7)
. . —p/2
S L Z (ﬁkr]r _ﬁk»,«fl]?"—l _..'_5k1j1) p/
g <P’ % (kq)
(¢=1,...,7)
p/4 —p/2
< L((kr) - (k)" (B, — Bryy 0 (kr1) = - = By (k1))
Using the condition on {f;} and {#}, we have
Bre = Bro s b(kp—1) — -+ = By (k1) > B (1 — 47—+ —47F)

> LaFrop(k, — 1) ... 4(1).

Thus we have |bg, . x| < L2757 and this yields

1 [oe)
B, <L o~ kre < [, kr—lo—ke < 7.
EAES Y <L) <
k1< <k k=r

It implies that {{x} is a weakly multiplicative system.
Next let us verify (2.2). We have

Blg- > djs2 Y gtk

J<epr/4(k) J1<g2<yr/4(k)



and in case k1 < ko we obtain

Be- ¥ e)(a- ¥ @)

J1<epr/4 (k1) Ja<pr/*(kz)
<4 Z ‘d.jl di, dedlé’ Z
Ja<iq <P/t (ky) ca=*1(g=1.2)
(q=1,2) e=*1
e#£—1if jo=i4

|E Ccos ({Bkz (’iz + 62j2) + eﬁkl (il + 6ljl)}
+{71/€/2,i2 + 627’/6/273'2 + 67/,6/1711 + 661’)/7,6/1 ,J1 }) ‘

<L ) (Be)P< Lok
Jq<iqg<yP* (kq)
(¢=1,2)

By these estimates we have

B, — D&, — 1)

<p(e- ¥ a)(e- X &)

J1<yr/4(ky) Joa<yr/4(ks)

+ Z d?lE(giz B Z d?z)

J1<epr/4 (k1) Jo<yr/4(ka)

HOY ep(g- ¥ el X & ¥ oa

Jo<yr/4(ka) J1<yr/4(ky) J1<er/t(ky) G2 <epP/4 (ko)

< L (9P RaVED) el )omphs el (Yo P g e A Ry el ()

—0 as k1 + ko — o0.

This completes the proof.

3. Lemmas used in the proofs of Theorems 2 and 3.
In the proofs of Theorems 2 and 3 we use the following lemmas due to Takahashi [9]
and Kaufman [6], respectively.

Lemma C. Let P satisfy (0.3). Then there exists a constant D depending only on p
and M satisfying

v+1 .
/ |P(ut)|dt < D|u|="/?>  (u,v € R).



Lemma D. Let P satisfy (0.3). There exists a constant D depending only on p and
M, such that for any g € C?[v,v + 1] satisfying fnin ]g”(:zr) > 0,
xe|v,v+1

of

o o/t
/ P(gla))ide < D min ¢"(@)) P,

x€lv,v+1

Using these lemmas and replacing the all estimates of |ﬁ(ﬁ)] appearing in the proof

v+1 R v+1 N
Theorem 1 by / |P(t3)| dt or / |P(p(x))|dx where p(x) is polynomials, we

can prove Theorems 2 and 3. For details, see [3].
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