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Abstract For § € (—oo,—1) U (1,00) and for almost every z, it is known that the
sequence {Ok x} is uniformly distributed modulo 1. The speed of convergence sensitively
depends on algebraic nature of 8. In this paper we prove that such dependence vanishes
if we perturb the sequence by adding irrational rotation {kv}. The speed becomes
identical with that of uniformly distributed i.i.d.
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1 Introduction

A sequence {z} of real numbers is said to be uniformly distributed modulo one if

N

. 1

ngnoo w Z lgp)((zk)) =b—a forall 0<a<b<1,
k=1

where (z) denotes the fractional part 2 —[z | of real number z and 1, p) is the indicator

function of [a,b). It is equivalent to the convergence of the empirical distribution

+ Efcvzl 0z, of the sequence {z} towards the uniform distribution, and the following
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discrepancies are used to measure the speed of convergence;

Dy{zr} = sup
0<a<b<l

LN
~ Z 10,0)((zk)) —a
k=1

’

1 N
¥ 2t () = (b= )

Dy{zx} = sup
0<a<1

As to the arithmetic progression {k~v}, Bohl [3], Sierpiriski [21] and Weyl [25] proved
independently that it is uniformly distributed modulo 1 if « is irrational. Khintchine
[17] determined the speed of convergence of discrepancies for almost every 7. See also
Kesten [16].

For a sequence {U} of uniformly distributed i.i.d., Chung [4] and Smirnov [22]
determined the speed of convergence by proving the law of the iterated logarithm

tm NOn{Us} g NDnAURE 1
N—oo v/2NloglogN N—oo /2NloglogN 2

Philipp [19] studied the discrepancies Dy {ngx} when {n;} satisfies the Hadamard’s

gap condition ng41/ng > ¢ > 1, and proved the bounded law of the iterated logarithm

1 < Tim _NDn{ngz} <C(q) < 0, ae. (1)
44/2 ~ N—o /2N loglog N
by modifying a technique developed by Takahashi [24].
For geometric progressions, the following exact law of the iterated logarithm was
proved in [6,9]: For any 6 € (—oo, —1) U (1,00) there exist constants Xy and X such
that

k * k
— NDx{0 *
Iim _NDy{0%x} =Yy, Iim M =X, ae .
N—oo /2N loglog N N—oo /2N loglog N

The concrete value of Xy is determined in some how a complicated way as below (See
[6,7,9,10]). One has Xy = X7 = 1/2 if 0 satisfies

0" ¢ Q forall reN. (2)
When 6% € Q for some k=1, 2, ..., denote
0" =p/q (p€Z,qeN,(p,q) =1) where r = min{k € N : ok ¢ Q}. (3)

In this case, Yy is independent of r and is greater than 1/2, i.e., Xy = Ep/q > 1/2.
Here Xy = X holds if and only if p is positive.
If both p and ¢ are odd, then

1 [lplg+1
2 == .
la =2\ plg—1

5y = %\/42 and Y_o = 5\/9 0. (4)

When pgq is even, for p/q with large modulus, or more precisely for p/q belonging to

{p/a:2tp, 214q, Ipl/a>9/4yU{p/q:2]|p, 21q, Ipl/q > 4} U{£13/6},

If p/q = £2, then



the next general formula was proved in [14,15]:

I-1

_ | plo"+1 Pl —g—1 Iplq mlpl—g-1
217\ (pla) —1 (2(|p|—Q)) (Ipla)’ 1mZ:1 Iplq oo 2(Ip|—q))’

where I = min{n € N | ¢"* = 1 mod |p| — ¢} and v(z) = (z)(1 — (z)).

Note that the last formula does not necessary hold when modulus of p/q is small.
Indeed, the above formula yields Xy = X9 = Y3,5 = X3 = 0 by v(0) = 0, the
actual values of X5 and X'_9 are as (4), and the actual values of 232 and Xy 3 are as
below (See [11,14]):

o2 \/305671451762616889661445636790873 5 .18 /117609
3/2 7 665 10314424798490535546171949055 ° /3~ 7\ 2085983
Besides, examples Yg/3, X10/3, L1275, L1778, 219/10, 12,7, and Xg 5 can be found

in [14].
Although the value of Xy, the constant determining the speed of convergence toward

the uniform distribution, sensitively depends on algebraic nature of 6, such dependence
miraculously vanishes if we perturb the sequence {Hkx} by adding an irrational rotation
{k~}. Actually the law of the iterated logarithm for discrepancies of {0¥z + kv} coin-
cides completely with that of the uniformly distributed i.i.d. Now we are in a position
to state our main result.

Theorem 1 If |0] > 1 and v ¢ Q, then
= NDy{0"z +ky} _ = NDj{0*z +ky} 1
N—oco /2NloglogN ~ N—oo +/2NloglogN 2’
Moreover if 0 satisfies (2), then it holds for every v € R
After having this result, it is natural to ask whether this phenomenon occurs for

every sequence {nj} satisfying the Hadamard’s gap condition, i.e., if

. — ND3}
Tim w: Iim le ae. T

N—oo +/2Nloglog N N—oo +/2Nloglog N 2’

holds or not. Unfortunately the answer is negative as the following counter example
shows.

Theorem 2 There exist a strictly increasing sequence {m(k)} of positive integers, an
irrational number v, and real numbers X > X% > 1/2 such that

_ m(k) L % rom(k)
lim NDy{3 v+ k} =X and lim NDy{3 il =X* e zx
N—oo /2N loglog N N—oo /2N loglog N

We also have the complex version of Theorem 1. For a sequence {z} of complex
numbers, define the discrepancy by

Dn{zc} = sup
0<a<a’<1, 0<b<b’<1

Z Loty (R2p)) Lpar 1) (S24)) — (b — @) (' — ),

DAz} =
0<a<1 0<a’<1

Z 1g,0) ((Rzi)) Lo 01y ((S2)) — ad’|.



In [12], when a complex number 6 satisfies |#] > 1, the law of the iterated logarithm for
discrepancies of {#* 2} was proved. For {#*z + kv}, we have the following result which
can be proved in the same way as Theorem 1 and the main theorem of [12].

Theorem 3 If Ry and v are linearly independent over Q, if 6 € C, and if |0] > 1,
then

i NDn{0*z+ky} o NDM{0"z+k} 1

im = lim =—, ae zeC.
N—oo +/2Nloglog N N—oo +/2Nloglog N 2
Moreover if 0 satisfies 0" ¢ Q[\/—l] for allm =1, 2, ..., then it holds for every

v e C.

Before closing introduction, we make a remark. We consider any sequence {nj}
of real numbers and a uniformly distributed i.i.d. {£x} on the probability space (0,1)
equipped with the Borel o-field and the Lebesgue measure. Then for any z € (0, 1), the
sequence {(npz+£&;(-))} is again a uniformly distributed i.i.d., and by Chung-Smirnov
result, we have

i NOn{me+&GW)} - NDn{me +&G(y)E 1 (5)

N—oco /2N loglog N N—oco /2N loglog N 2’
for almost every y € (0,1). By applying Fubini’s theorem, we have (5) for almost every
z € (0,1), for almost every y € (0, 1). It means that for any sequence {ng}, there exist
sequences {ay} such that

— — NDj}

G NOv{mzta} | pn NDy{mpzdar} 10

N—oco +/2Nloglog N N—oco +/2Nloglog N 2

By this argument, we cannot determine concrete sequence {ay} such that the abobe
law of the iterated logarithm holds. Our result asserts that the sequence {kv} is such a
concrete example. It is interesting that the discrepancies of the sequence {kv} behaves
in completely different manner as compared to {{x}, i.e., NDy{ky} = O((log N)1+5)
for almost every v for any € > 0 ([17]). We thank the anonymous referee for this
valueable remark.

2 Preliminary

Put e (v) = exp(2my/—1vz). In this section f denotes a trigonometric polynomial with
degree d and period 1 satisfying fol f = 0 whose Fourier expansion is given by

d

flz) = Z(a,, cos 2mvx + by sin 2rvz) = Z cvez (V). (6)

v=1 1<|v|<d

Lemma 4 Let f be a function given by (6), {yi} be an arbitrary sequence of real
numbers, A be any real number, and {n} be a sequence of real numbers satisfying the
generalized Hadamard’s gap condition

Inil =1, |ngya/ngl >q>1 (k=1,2,...). (7
Then there exists a constant Cy depending only on q such that

d

/A+1< MiN flngz + V,c)>4d1: < Cq<z(‘ay| N |by))4N2~

A k=M+1 =1



Proof Clearly it is enough to prove for A = 0. By applying the triangle inequality, we
see that the L*-norm of 22/12-11-\}[\/4_1 f(ng - 4+ ) is bounded from above by

Z (|al,\ Z cos2mv(ng - + k)| + byl Z sin 27w (ng -+ + k) )
v=1 k=M+1 4 k=M+1 4

When {ny} is a non-negative sequence satisfying Hadamard’s gap condition, we proved
(Lemma 1 (1) of [5]) that there exists a constant Cy depending only on ¢ such that

1 [e’e] o] 2
/0 <Z(aj cos 2mnjx + B sin 27Tnjac)) dzx < Cy (Z(a? + B?)) . (8)
j=1 j=1

4

For general {ny}, by noting the relation
aj cos 2mnjx + B sin 2mnjx = aj cos 2mw|nj|z + (£06;) sin 27 |nj |z,

we see that (8) is valid under the generalized Hadamard’s gap condition. Hence

M+N 4 M+N 4
Z cos2mv(ng - +yi)|| V Z sin2wv(ng - + )| < CqNQ.
k=M+1 4 Wp=m+1 4

By combining these, we have the conclusion. O

Lemma 5 Let g be a bounded measurable function with period 1 satisfying fol g =0.
For all a < b and A # 0, we have

/ab g(Az) dx

Proof 1t is enough to prove by assuming A > 0. By changing variables y = Az, the
integral is expressed as below and the above inequality is proved:

< gl

Al

1 [ 1[A@*aﬂfl Aa+k+1 1 [
1 dy =+ / dy + + / dy. O
A/M 9(v) dy = ’;0 - 9(v) dy + N 9(y) dy

For a measurable function g, we define the mean value fR g(z) pr(dz) by

[ s@ i) = i [ oL

T—oo 2T -T

if the limit on the right hand side exists. If g is bounded and if the mean value of g
exists, then

/ oz + ) p(de) = / o(@) pr(dz) (yER), (9)
R R
/ 9() p(dr) = / o) pr(dz) (6 #0). (10)
R R



6

For trigonometric polynomials g and h with period 1 satisfying fol g =0, we have

/ 9(O2)h(z) pp(de) =0, (11)
R

1
/ o((P/Q)x)h(x) pup(de) = / 9(P)(Qz) g (de) = / o(Pr)h(Qz) dx,  (12)
R R 0

for © ¢ Q and P,Q € Z*.

Lemma 6 Let |0] > 1 and v ¢ Q. For a trigonometric polynomial f with period 1
satisfying fol f =0, we have

1 M+N 2
lim  sup \ / (— f(9kx+k7)> ur(de) — 1FI3l =0, (3)
e\ 2

where || f||3 = fol f2(z)dz. In case when (2) is satisfied, (13) is valid for all v € R.

Proof First we apply (10) and expand the square in the following way

1 M+N X 2 1 N 9k
/ <mk_%+1f(0 i) ) i) = 5 32 [ 04 4 M) )

N-1 1 N-—1 . .
+22N2/Rf(9w+(k+M)v)f(9 @+ (k+ M + 1)) pp(dz)
=1 k=1

=: J1(M, N) + Jo(M, N).

By applying (10) and (9), we have

1
BOLN) = [ @ prd) = [ (@) da,
R 0
By applying (10) we see that the summand in J2(M, N) equals to

/R @+ (k4 M)7) 0+ (k + M+ 1)) pr(de), (14)

and (11) shows that it equals to zero if #' ¢ Q. Hence (13) is proved when (2) is
satisfied.
Secondly we assume (3). Then (14) equals to zero if [ is not a multiple of r. By
putting | = rm and applying (12) we see that Jo(M, N) equals to
N—1

1
2 Z %Z/ F@"z+ (k+M)y)fp"w + (k+ M +rm)y) dz
1<m<(N-1)/r  k=1"9

1 1 N—1
/ / m /. m /
=2 E c,,cV/eA,((u—i-y)M—i—yrm)(/(; es(vqg" +V'p )dm)NkE:l ey ((v + V)k).

m,v,v’!

Hence we have the next estimate where the right hand side is independent of M:

¥ 2 el +R)

k=1

[a(M,N)[ <2 ) Jevey|

m,v, v’

1 N—-1
/ ex(vg™ + V™) da .
0




Since v and ¢/ vary in a finite set, we have vq"™ +1/'p™ # 0 and fol ex(vg™+v'p™) dx =
0 except for finitely many m. Hence the summation for (m, v, ') is a finite sum. When
vg™ +1'p™ = 0 we have v + v/ # 0 which implies

=

-1
e (v + ' )k) =0,
1

lim 1
N—oo N
k

since v ¢ Q. Hence (13) is proved. 0O

Lemma 7 Put C = min({(logm v — logg VY vy =1,...,d,}\ {0}) € (0,1/2]
and D = (|0]° — 1) A2 > 0, where (z)* = min,cgz |& — n|. Then for any L € N, we
have

10"v +6''| > DIo)" if k,1>L, |v],|V|<d, 6Fv+6' #£0. (15)

Proof 1f 0%10'' > 0, then [0Fv + 6''| = |0Fv| + |0'V] > 2|0|L > D|6|. Assume that
0%v0'V < 0. By 0%v +6'v' # 0, we have [0¥1| # |0'0/]. When logg| [v| —logyg || ¢ Z,
we have

k !
[logjg| 0" v| —logjg |0°V'|| = |(k = 1) + (log|g) [v| — logg| [V'])]
> (logg) [v| — logjg| IV'|)* > C.

If logjg| [v| — log|g V| € Z, by |00 # |0'| we see that log|g| 0% — log|g| 10!V is a
non-zero integer and |log,g| 0% v —logg 0'|| > 1> C. When [0*v| > |0'1/], we have
|0¥0/6'| > |6]€ and hence |0%v + 61| = |6Fv| — |0'] > (|0]€ — 1)|6"| > Do*.
When |6Fv| < |61, we have |6 /6% 1| > |0|¢ and hence [0Fv 460" | = |61 |—|0%y| >
(16 = 1)|6*v| > Do, O

3 Martingale Approximation

In this section, we prove the following law of the iterated logarithm.

Proposition 8 Let f be a trigonometric polynomial with period 1 satisfying fol f=0.
For a real number 0 with |0] > 1 and v ¢ Q, we have

N

F 1 L
Ngnoo 2N loglog N ];f( z+ky) =|fll2, aez (16)

The proof is by martingale approximation, which is a simplification of the proof
given by Aistleitner [1] and originated with Berkes [2] and Philipp-Stout [20].

Although we can prove (16) on [A, A + 1) for any A, we prove it on [0,1) for
simplicity.

We divide N into consecutive blocks Af, Ay, Ab, A, ... satisfying # A} = [9 log|g) 1]
and #Ai = i. By putting i~ = min 4; and T = max A;, we have

|91"/9(i—1)+| > |6]9108101 — 9,



We denote p(i) = [logy i4|t9i+ |]+ 1 and introduce a o-field F; on [0, 1) defined by
Fi=o{[527", G+ 127D [j=0,..., 2" 1},
Note that 4|07 | < 2#() < 2i4|0i+|. Set

= > O atky), Ti(x)= > f(0*a+ky), Yi=E(T| F)-E(T; | Fioy).
ke, keA!

Clearly {Y;, F;} forms a martingale difference sequence. We prove

1Y; = Tilloo < (I1f oo + 21| flls0)/3®, (17)
1Y = T lloo < 301 flloo (I1f oo + 211 fllo0) /3°, (18)
1Y = T loo < 150136 (I1F oo + 21 flloo)- (19)

For k € A; and z € I = [527*9) (j +1)27#()) € F;, we have
|f(0%x + ky) — B(f(0" - + kv) | Fi)| = \m*l /I (F(0"z + k) — F(0%y + k7)) dy
—u(i it
< ma | £(05z + k) = F(0%y + )] < I oo 0127 < 1 f locl0" /107 16"

-4
< 1F oo /3%,

and hence we have
Ty — E(T; | F) < 1f oo™ Ai/i* = |1f oo /i

On J = [jQ*”(’;l), G+ 1)27"(1'71)) € Fi—1, by Lemma 5 we have

BUO" -+ k) | Fioa)| = \|J|*1/]f<eky+k7) ”

N o
SUFC A+ B2 /16%]) < (I flloc2(i — 1)*16° 1" /6" | < 2| flloo /3°,
and hence we have
|E(T; | Fiz1)] < 2l flloo™ Ai/° = 2| flloo /i,

which shows (17).

By |Tilloe < illfllsc, we have [|E(T; | F)llocs IE(T; | Fi—1)lloo < illflloc, which
imply [Yilloo < 20l flloc and [[; + Tiloo < 3illf]loc- Similarly we have [V + T2 |loo <
5i2 | £I%. By applying these to [ Y2 —~T7||s < [|Yi—T3 oo ¥i+Ti]lso and [V~ T oo <
[V = T [|o|[Y7* + T7 [0, we have (18) and (19).

Expanding 77 into a trigonometric polynomial, v; = IR T?(x)up(dz) gives its
constant term. Hence Tf — v; has the trigonometric polynomial expansion

Z Z CuCyr €Xp (277\/—71 ((V@k + V/QZ).T + (vk + Vl)’y)).

k€A v w0k +v' 0140

By applying Lemma 7 and Lemma 5, we have

22;4(1 1) 9., 49(i*1)+ 1
|B(T7 — v | Fimy)l < <Z|le|) DI | O(l (-1 01~ )20(73)'




By putting By = sz\i1 v;, we have

M
Z E(T7 | Fi1) — ﬁMH =0(1). (20)
=1 oo

Denote Vay = XM E(Y? | Fi_1). By (18), we see

M
S (BY? | Fior) — E(T7 | Fim))

i=1 Hoo

=0(1) and |Vas —Bul,, =O(1). (21)

Denote Ip; = M(M + 1)/2. By Lemma 6 we have v; ~ i||f||3 and

Bar ~ L F1I3. (22)

By these we see that there exists My such that Va; > ly/||f]13/2 for M > My. By
Lemma 4 we have ET = O(i?), and by (19) we have EY;* = O(i?).

We use the next theorem by Monrad-Philipp [18], which is a version of Strassen’s
theorem [23].

Theorem 9 Suppose that a square integrable martingale difference sequence {Y;, F;}
satisfies

M , N o )]
Vg = ;E(Yz | Fic1) — o0 a.s. and ;E(w(m) <0

for some non-decreasing function ¥ with ¥ (z) — oo (x — o0) such that ¥(z)(logz)*/x
is non-increasing for some o > 50. If there exists a uniformly distributed random
variable U which is independent of {Yn}, there exists a standard normal i.i.d. {Z;}
such that

S Vilpyen = D Zi +o(t P () /1)), (t— o) as.

i>1 i<t

To apply this theorem, we prepare a probability space (£2,G, P) on which a uniformly
distributed random variable U is defined. We regard the product [0,1) x {2 as a prob-
ability space in natural manner and consider a filtration {F, ® G}. We here abuse
notation and denote by E the expectation on [0,1) x {2, denote Fr, ® G simply by Fr,
and regard {Tn}, {Yn} and U as defined on [0, 1) x 2. Then {Y;, Frn} is a martingale
difference sequence which is independent of U, and the estimates so far we have proved
are still valid.

Hence by putting ¢ (z) = z/(log x

Y21 4 -2 102
i H{Y2>(Vi)} EY; (logl;)
2 E< o(Vi) ) <2 I - O(Z o ) <o

1> Mo [ i

)51, we have

By (21) and Vs — Vg1 = By — Bur—1 + O(1) = vpy + O(1) — o0, we have Vi1 <
Bar < Vargy for large M. Hence V; < Bjr is equivalent to ¢ < M — 1 or ¢« < M. By
IY;]loo = O(4) we have

M M
D Yilgvcpuy = 2 Y +O(M) = D Vi + olén,,),
i>1 k=1 k=1
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where ¢, = v/2xloglogx.
By (22) we have )y = O(lps). By applying Theorem 9 and putting t = 3/, we
have

M
Z Vi =) Yilpycpyy +oldn,) = Y Zi+o(dn,), as.

i>1 1<Bm

Hence by the law of the iterated logarithm we have

=712, (23)

hm d)lM

for almost every (z,w) € [0,1) x 2. By Fubini’s theorem, there exists an w such that
(23) holds for almost every x. Since the left hand side of (23) is independent of w, we
see that (23) holds for almost every x. By noting (17), we have

M M
T —1 I reen —1 _
LG T = iy Y| =l s o 24)

By applying (4), le\il (9 log)g| 1] = O(Mlog M), and Beppo-Levi theorem, we have

E(‘Mwsiﬂ 7/SZT
k=1

and hence

< oo ae.

4) = O(M73/2(10g M)Q) and Z

M=1

=0, a.e. =z

M
> T
k=1
Therefore, by MT = I + Zﬁ\il[Qlogw‘ i] ~ Iy, and (24), we have

M
S ke

i=1 k€ AJUA;

M
DT

k=1

—o(M™/® d Tm ¢!
o( ) an Ml—r>noo¢lM

= fll2, ae. .

— -1
o
Moreover we have ZkeA’ UA 1£(0% )]loo = o(dps+) and (16).

4 LIL for discrepancies

To begin with, for a, b, x € R satisfying 0 < b —a < 1, we put

x) = Z 1[a,b) (Jj +n) and Ta,b(x) = Ia,b(m) - (b - a)'
neZ

We see Ta,b = 1[(a>,<b>) — (b— a) if (a) S <b>, and Ta,b = _1[(b),<a>) —+ (b — a) otherwise.
Therefore we have

ZIOa xk

DN{J”I@}* I, p(z;)| and DN{%}* S
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By this expression of Dy{zy}, we can verify

Dy{zy+t} = Dn{zr}, and hence Dn{(2k—1)v} x> = DN{(2k—1)v}r>1- (25)

We can easily prove the proposition below by following the proof given in [13] in which
the case when ~; = 0 is proved. Recall that ¢, = /22 loglog x.

Proposition 10 Let {n;} be a sequence of real numbers satisfying the generalized
Hadamard’s gap condition (7), let {yx} be a sequence of real numbers, and w be a
permutation of N, i.e., a bijection N — N. Then for a dense countable S C [0,1), we
have

N

lim ¢71NDN n x4+ = sup lim qul I p(n x4+ ,

Aim ¢y {new(k) w(k) ) G5 NI 9N 1; ab (Mo (k) w(k))
N

T —1 * T —1 T

Aim &y NDN N (k)2 + Veo(k)} = sup Aim > To.a(ng iz + 7w(k))‘v

k=1

for almost every x € R. Denote the d-th subsum of the Fourier series ofia,b by ia,b;d-
Then

N
N@w N > Tapsa(ngpz + 'Yw(k))’

k=1

N

~ . Fr— —1
S Taslnmgo + o] = Jim i o
k=1

for almost every x € R.

Py noting |ﬁa7b;d|\2 — \|fa,b|\2 = \/(b —a)(1—(b—a))asd — oo, by applying (16)
for I, p.q, and by using Proposition 10, we have

Iim ¢ Y(N)NDy{npz+ky}= sup +/(b—a)(l—(b—a))=1/2, ae. .
N—oo S3a<beS

Thus we have proved the first part of Theorem 1. The second part can be proved
similarly.

5 Construction of a counter example

In [9], we have proved the following. For relatively prime integers pu and v, and for
0<b—a<1,0<¥ —da <1, we have

1o = V(va), (v a' /
[ Tttty = L0 D 0), (26)

(There are typographical errors in the expression of this formula in [9] and (26) is the
right form.). Here the function V' is defined as

V(E,x)=Enz—¢Ex and V(& n,z,y),= V(&) +V(ny) — V() - V(Ey).

We already proved in [9] the second inequality of the next formula.

—V({n =€), (=€) <V((), (), (&) () <V((n—&),n— &) (27)
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The first inequality is proved in the following way by using the second inequality.

V(@) (), (€, () = =V (@), (), (), (€) = =V (& =), (€ = m))
=—VA-n=8&,1-n—=8)=-V(n-§,n-¢)

Assume that 2y € (1/8,7/8). If ((2k — 1)) € [0,1/8], then ((2k + 1)v) € (1/8,1)
and ((2k+1)7y) ¢ [0,1/8]. Put K = {k: ((2k—1)v) € [0,1/8]}. We have proved that
k € K implies k + 1 ¢ K. Define a sequence {m(k)} of positive integers by m(1) = 1,
m(k+1) =m(k)+1for k € K, and m(k+ 1) = m(k) + k for k ¢ K. Clearly we have
m(k) +k <m(k+2) < B ~

When letting d — oo, by L2-convergence Lo p;a — Lap, we have

1 1/8
02(a,b;d)—/ 1 e d1’+2/ dt/ ab:d ()1 pra (37 — t) da.

1/8
—>/ ap(® d39+2/ dt/ ab(® a+tb+t(3$)d

1/8 _
=V ((a), <b>7<a>,<b>)+§ ; V((3a), (3b), (a+t), (b+ 1)) dt = o*(a,b)

y (27) and XN/((a>, (b), (a), (b)) = V({b—a),(b—a)), we have

1/8
@b > V(b—a)b-a) =3 [ V(b-a)(b-a)r
0
Thus, for any 0 < a < b < 1, we have o(a,b) > 0 and hence o(a,b;d) > 0 for
large enough d. Here after we denote I, ;4 simply by fg. Note that the frequencies of
fa(3™ k)erk'y) belong to [3m ), ggm(k )}. For k' > k > logs d, by d3mk) < gmk)t+k,
we have L
/ FaB™ Pz 4 k) f23™ ) 4 Ky) da = 0
0

if k+2 <k orif k¢ K. Hence for M > logs d, we see

1 & (k) ?
I(M,N) := — 3™y 4k d
(M, V) /R(mk_%ﬂfd( o +9)) ()
M+N
Y /f 3"V + k) da
k M+1
9 M+N-—1
N2 / Fa@3" Pz + k) f13™ Va4 (k4 1)7) da
k=M+1
M+N 1
/fd dm+— > h((2k—1)y),
k=M+1

by changing variable y = 3mk) g 4 kv, where h(t) := 1[0,1/8 fO faly) fa(By —t) dy.

By noting fol f§ + 2f01 h = ¢%(a,b;d) and by applying Koksma’s inequality and
(25) we have

[1(M,N) = 0*(a,b;d)| < V(R)Dn{(2k = Dy }esnr = V() DN{(2k — Dr}ps1 — 0
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and hence I(M,N) — o2(a,b;d) uniformly in M > logs d. By applying triangle in-
equality, we see that I(M, N) — o2 (a,b;d) holds for M < logs d, and hence uniformly
in M >1.

In the same way as the proof of Proposition 8, we can prove

N
T 1 k
1 _ g (k) k) = b;d .e.
Ngnoo \/2N10glogNk§1fd( z+ky) =o(abid), ae

As before, by applying Proposition 10, we can prove the equalities in Theorem 2 with

Y= sup o(a,b) and X* =supa(0,b).
S3a<bes bes

To calculate X%, we investigate o2 (0, b). Firstly we consider the case 3/8 < b < 1/2.
For ¢t € (0,1/8), we have (t) =¢, (3b) =3b—1,t <1/8<3b—1and 3b—1<b++¢.
Hence _

V((0), (3b), (t), (b+1t)) = —t+ (1 —b)(3b—1)
and 02(0,b) = —(5/4)b% + (4/3)b — 17/128. We see that ¢2(0,b) is increasing in b €
(3/8,1/2).

Secondly we consider the case 1/2 < b < 2/3. Since b+ ¢ < 3b — 1 if and only if

t < 2b—1, we have

. _ [b-b(3b—1) (t<2b—1),
V(<0>’<3b>’<t>’<b+t>)_{(3b—1—t)—b(3b—1) (t>2b—1).

In case b < 9/16, by noting 2b — 1 < 1/8 we have 02(0,b) = —(31/12)b% + (8/3)b —
27/64, which has maximum at 16/31 € (1/2,9/16) taking the value ¢2(0,16/31) =
1585/5952. In case 9/16 < b, we have ¢2(0,b) = —(5/4)b% + (7/6)b, which is decreasing
in [9/16,2/3).

By applying (27), we have 02(0,b) < (13/12)b(1 — b) =: h(b). Since we can verify
h(3/8) < 1585/5952 and h(2/3) < 1585/5952, we can conclude o2(0,b) < h(b) <
02(0,16/31) outside of (3/8,2/3). Therefore we have proved (X*)? = 1585/5952.

Finally, we calculate o?(1/32,17/32). Since

~ t+3/16 t<1/16
V(3/32,19/32,1/32+ t.17/32 4 1) = 4 T3/ (t = 1/16),

—t45/16 (t>1/16),
we have 02(1/32,17/32) = 103/384 and hence X2 > 103/384 > 1585/5952. Therefore
r> 5
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