The law of the iterated logarithm for the discrepancy of
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Abstract We investigate the asymptotic distribution of perturbed geometric progres-
sion {Hkx—&—fyk} given by 6 € (—oo, —1)U(1,00) and 71, 72, ... € R. We prove that the
discrepancy obeys the law of the iterated logarithm with limsup constant sensitively
depending on 6 and {~v;}.
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1 Introduction

For a sequence {xy} of real numbers, we define its discrepancy by

Dn({zk}) = sup
0<a<b<1

N
% D A (@r) — (b—a);
k=1

where (z) denotes the fractional part x — [z] of z, and 1|, ;) denotes the indicator
function of [a,b).

For a sequence {U} of independent random variables uniformly distributed over
the unit interval, the celebrated Chung-Smirnov [3,17] result asserts the law of the
iterated logarithm for the discrepancy:

fm NOnvAUH) _ 1 o
N—oo /2N loglog N 2

Philipp [15] modified Takahashi’s method [19] and proved the bounded law of the

iterated logarithm for discrepancies of {nyz} by assuming the Hadamard gap condition

Ngy1/ng > q > 1. (1)
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For geometric progressions {#¥z}, the author [4,6] proved the exact law of the
iterated logarithm below. For any real number 6 € (—oo, —1) U (1, 00), there exists a
constant Yy such that

i NDy({0"z})

=Xy ae. (2)
N—oo /2N loglog N
We have Xy = 1/2 if 0 satisfies the condition
0" ¢Q forall reN. (3)

When 6% € Q for some k=1, 2, ..., denote
r =min{k € N : ok e Q} and 0" =p/q (p€Z,qgeN,gced(p,q)=1). (4

Then the value of Xy is independent of r and is determined by p and g, i.e., Xy = X,
The concrete values of X, /, are determined in the following cases:

q-

. [4] pq is odd and positive. [6] pq is odd and negative.

. [12] p is odd, q is even, and |p/q| > 9/4. p is even, q is odd, and |p/q| > 4.
-4l p/a=2.[T]p/qg=—2.

. [11] p/q = £13/6, 4/3, 8/3, 10/3, 12/5, 17/8, 19/10, 12/7, 8/5, [8] p/q = 3/2.

= W N =

In this paper we investigate the sequence {ka + v} and prove the exact law of
the iterated logarithm. The limsup constant sensitively depends on 6 and {7}, and it
takes various values. The result is similar to the case we studied in [9]. Now we are in
a position to state our theorem.

Theorem 1 Suppose that 0 € (—oco,—1) U (1,00) and that {v;} € RN, where RN
denotes the set of all sequences of real numbers.

1. We have .
H NDN({O il +’Yk}) = 29 {’Y } a.e. (5)
N—=oo  /2Nloglog N Tk

for some constant Xy ¢, 1 € [1/2, X depending on 6 and {vy}.
2. We have

{Zo. 0y [} € RN} =1[1/2, 24/ 1. (6)

In our previous paper [13], we proved (5) with Xy ¢,y = 1/2 when v ¢ Q.

2 Preliminary

We define functions by V' (a,b) = a A b — ab and

V(a,b,¢c,d) =V(a,c)+V(b,d) — V(b,c) — V(a,d)

for a, b, ¢, d € [0,1), where a A b = min{a,b}. Clearly we have Y7(:my,£,n) =
Vg nzy) ==V(y,z,&n) =—-V(z,y,n,€&) and we can verify (See [7])



For a, b, x € R satisfying 0 <b—a < 1, we put I, y(z) = >, .7 1[qp)(z +n) and
Ta,b(m) =Iup(x) —(b—a) 0 <a<b<1, weseeI,;(z) = 1) ((z). In [6], we
have proved the following. For relatively prime positive integers p and v, we have

1 ~
/ T T V({va), (vb), (uc), (ud))

I x)I ve)dr = 9
0 a,b(/rL ) c,d( ) v (9)

for 0<b—a<1,0<d-c<1. (There are typographical errors in the expression of
this formula in [6] and (9) is the right form.) We here prepare two lemmas.

Lemma 1 Fora, b, ¢, d € R, then we have
V ((a), (b), (), (d)) < V(0,(b—a),0,(d—c)). (10)

Proof We may assume that 0 < b—a <1 and 0 < d—c < 1 because it can be realized
by adding some integers to b and d. We use (9) with ;= v = 1. Note that

1 B 1
/ L)L, a(c) d = / L () Lq(x) dz — (b— a)(d — o).
0 0

By Ia,b(z)lc,d(x) < Ia,b(x): Ic,d(x): we have

/ (@) do < ( / @) &) 1 ( / (o) da:) —(b—a)A(d—o),

and hence we have the conclusion. O
Lemma 2 If u and v are relatively prime integers, then we have

1 1
/ Iy (ux + 7). g(ve + ) da < / Iop—a(Jutl2)Tg,g—c(Jv|) do (11)
0 0

for0<b—a<1,0<d—c<1,v,6€R.
Remark 1 By (9), we see that the right hand side of (11) is non-negative.

Remark 2 By the last argument in the proof below and the formula (7), we can see
that (9) holds also in case when one or both of ; and v is negative.

Proof By noting the next formula we see that it is enough to prove for v = § = 0:

1 1
/ Ia,b(p‘w + ’Y)Ic,d(ym + 6) dr = / Ia—’y,b—’y (Nx)Ic—é,d—ﬁ(Vx) d.
0 0

When g > 0 and v > 0, it is a direct conclusion of (9) and (10). We now show the
result assuming p > 0 and v < 0. The other cases can be proved similarly. By applying
(9), we have

1 1
/ T, o (u) T, a(ve) do = / T, (ua) Ty _o(—va) da
0 0

= V((—va), (=vb), (—pud), (=pc)) /u(=v).

By applying (10), we have the conclusion. 0O



For a bounded measurable function G, we define the mean value by

1 T
/RG( z) pr(dr) = hmooﬁ/ G(z)dx

if the limit on the right hand side exists.
For trigonometric polynomials g and h with period 1 with fol g =0 and fol h =
we have

/R 4(O2)h(z) pr(dx) = 0
if @ ¢ Q, and
1
/ o(P/Q)2)h(z) pp(de) = / o(P)h(Q) pp(dr) = / o(Po)h(Q) de
R R 0

if P and @) are non-zero integers.
For a function f of bounded variation over the unit interval with f(z 4+ 1) = f(z)
and fol f(x)dx =0, put

2(1,0) = fol F* () dx in case when 0 satisfies (3),
T fol f2(93 dx + 221 1 fo f(q z)dz in case when 6 satisfies (4).

In [4], we proved for 6 > 1 that 0(107,1, ) is continuous in a and

Ty = To.0,6). 12
o Orgggla( 0,a,9) (12)

We denote the d-th subsum of the Fourier series of Ia b by Ia b;d> and denote Ia b
by a,b;o00+ Clearly Iab(x+7) *Ia v,b— 'y( )7 Iabd(x""')/) *Ia v,b— ’yd( ) and

1 1
/ 2, (0% + v up(de) = / 2, (2t ) de = / 2, () de.
R 0 0

If 6 satisfies (4), then

/ ab:d (0% + 1) Lo p:a (0" 2 + vy ) up(dz) = 0 (13)
R

if r{l, and

/Rlabd(e @+ )0 b (0" 2 + Y1) g (da)

1
= / Lo b:a(d'z + 7)o a0z + vppr) de (1=1,2,...). (14)
0

Hence, for a set A of finitely many consecutive positive integers, we have

/R(ZT’I’Z’?CI(G%‘F%)) pr(dz) = (*4) /Olﬁ,b;d(:p) dzx

keA
+2 > > / ab:a(@'T + 7)o b (0 + Vi) da.
1<IS(#A-1)/r k€Aik+ire A

Denoting the right hand side of the above formula by ¥ (a, b;d, 0, {vx}, A), we estimate
the difference between ¥(a, b;d, 0, {1}, A) and ¥(a, b; 00,8, {71}, A). Put

p(0,d) = V2 (1 + 21og), g d)/ (xVd) +d~ Ew/al Pl /(201 — 1/|pq))).



Lemma 3 For0<b—a<1landd=1,2, ..., we have
|1[/(a7 b; 00, 07 {’yk}v A) - 'p(a’v b7 d7 97 {716}7 A)’ < (#A)p(97 d)7 (15)

and

2
/ (Zfa,b;dw’“xw)) unlde) < (F2)(0® o, 10]) + p(6,0))  (16)

keA
if 0 satisfies (4), and
2
/ (Z T,0a(0"z + m) pr(de) = (*2)0? (To,4-as0.0) (17)
R \ea
if 0 satisfies (3).
Proof If 0 satisfies (3), then we have (13) for [ =1, 2, ..., and thereby we have
2 1
T k _(# T2
(3 Taat0hs +00) atae) = () [ B pato) s
R \eea 0

which shows (17).

Since the absolute values of the frequencies of Ta,b;d(qlm + v%) belong to [ql, dql]
and those of fa,b;d(pl:r + Vk+1r) belong to [1p',dlp|'], (14) vanishes if d¢' < |p|' or
> log|p/q| d. For | > log‘p/q‘ d, we use the estimate

1
= C
‘/ Top(q 2 + 7)o (P2 + Yigir) d
0

1
Ipq]!

1

V(' (@ = 300, ' b = 1)) (0! (@ = g} g = )| < 4lpg|”

l2 < [T 0l

Since we have [Ty p;a(d’ - +9)ll2 = [Ta,p;a(p - +Yk420)ll2 = Lo pia 2 <1/2,

and 12
~ ~ 1 V2
I,p.a—1 < g — < =
H a,b,d a,b”? — ( (7T’I’L)2) — 71'\/87

n:|n|>d
we can prove the estimate below for I <log), /| d:
T l T l T l T l
‘/ Top(qd'x + 7)o p (P T+ Yigir) do — / Tob;a(q 4+ i) lapia (P @ 4 Yigir) d
0 0

< Tap 5T = Tapially + [Tab = Tl |[Ta.piall, < V277V
Thereby we can bound |!Z/(a, b;00,0,{V},A) —¥(a,b;d,0,{}, A)’ by
1

2’ 4|pq!
1>logp,/q) d

(#A) V2(1+2 log|:l7/q| d)

T < (*A)p(0,d).

Hence (15) is proved.
By applying the estimate (11), we see

W((M b; 00, 0, {’Yk}7 A) < ¢(07 b — a; o0, |0|7 {0}, A) < (#A)UQ (fO,bfcu |9|)7

where the last inequality is by non-negativity of fol To’b,a(qlac)ioyb,a(\p\laz) dz (See
Remark 1). This together with (15) proves (16) O



3 Martingale Approximation

In this section, we prove the following law of the iterated logarithm.

Proposition 1 For a real number 6 with |#| > 1, a sequence {yx} of real numbers,
0<b—a <1, and a positive integer d, we have

N
. 1 ~ X ~

1 —_—_— I,..4(0" =o(I, . 0 .e. 18
N N TosToa N kgl abid(07 T + )| = o(Tapsas {1k}, 0)  aee (18)

for some constant oLy p.q, {7k },0). It holds that

0 < o(@apa {7},0) < (0° (Top—a, |0]) + P(evd))l/z (19)
if 0 satisfies (4), and that
0 (Ta,pia {76}:0) = 0(T0 b as4, ) (20)
if 0 satisfies (3),

Proof The proof is by martingale approximation due to Aistleitner [1], Berkes [2] and
Philipp-Stout [16]. We denote (02 (fo7b_a, |9|) + p(@,d))l/2 by x. We divide N into
consecutive blocks A}, Ay, Ah, Ao, ... satisfying # A, = [91og|gi] and #A; =i
Denote i~ = min4; and i" = maxA;. We denote pu(i) = [log, i4\9i+H + 1 and
introduce a o-field F; on [0, 1) defined by

Fi=ofli27"D G+ 127Dy | j=0,...,2¢0 —1}.
Set

Ti(x) = > Tapa@z+y), Ti@)= > Tgpa@*z+y), and
keA; keA;

Y; = E(T; | F3) — E(T; | Fie).

Clearly {Y;, F;} forms a martingale difference sequence. Denote v; = [ T2 (x)pp(dz),
Byv = Zgl v;, and Vyy = Zgl E(Y? | Fi_1). In the same way as the proof in [13],
we can prove

= 7 3
1Y = Tilloo < (ILa psalloo + 2Ia,allo0) /3°, (21)

EYz‘4 = 0(1'2)7 and HVM - ﬁMHOo =0(1).

Denote Ijy = M(M + 1)/2. By (16), we have v; = ¥(a,b;d,0,{v}, A;) < k2%i and
B < K21y if (4) is satisfied, and v; = 02(Iy p_q.q,0)i and By = 02 (Lo p—aed, O)las if
(3) is satisfied.

We use the next theorem by Monrad-Philipp [14], which is a version of Strassen’s
theorem [18]. To apply the theorem, we modify our function Y; by adding independent
random variables in the following way to ensure that the conditional second moment
are not too small. We prepare another probability space (§2,G, P) on which a sequence
of independent random variables U, &1, &2, ...is defined. Here we assume that the law
of U is the uniform distribution over unit interval, and that P(§; = 1) = P(§ = —1) =



1/2. We take a product of this probability space and [0,1) on which our martingale
difference is defined. We define a filtration {]—' } on this space by Fi = Fo(=1,...,55)
and define a martingale difference by Y Y, +e=; where =; = ZkeAi & and € is an
arbitrary positive number. Put Bar = B + €21y and Vi = Zf\il E(fff | J?i_l). We
have

Ely < By (K + o By = (0" Top—aar0) +)ar,  (22)
EY? = 0(2). (23)
Vs = Bue|| . = 0(1), (24)

according as (4) or (3) is satisfied.

Theorem 2 (Monrad-Philipp [14]) Suppose that a square integrable martingale
difference sequence {Y;, F;} satisfies

M oo 1@21 N
VM:ZE(YF | Fic1) = 00 a.s. and ZE(W) <o
=1 i=1

for some non-decreasing function ¥ with ¥ (z) — oo (x — 00) such that ¥(z)(logz)*/x
is non-increasing for some o > 50. If there exists a uniformly distributed random
variable U which is independent of {Yn}, there exists a standard normal i.i.d. {Z;}
such that

S Yilpyicy = D Zi+o(tPw)/)V) (t—o0) as.

i>1 i<t

By putting ¢ (z) = z/(log #)®! and by noting (23), we have
A2
{y2>¢ )} i* (log1;)'%?
2 E< ) ZW oL ) <
> My i g

By(24)andVM—VM1—ﬁM ﬂM 1—|—O()>52M+O()—>oo we have
VM 1 < ﬁM < VM+1 for large M. Hence V < ﬂM is equivalent to i < M — 1 or
1< M. By HY||Oo = O(i) we have

ZY1{V</3 y = ZY +O(M

i>1

o(15r )5

\\Mg

where ¢, = v/2xloglog .

By applying Theorem 2 and putting t = B\ M, we have

ZY ZYl{V<BM}+o¢lM > Zitoldr,) as.

=1 i>1 l<5M

If (3) is satisfied, we have

hm d)lM ¢[3M)¢ ' = (02(io,b—a;d79) + 82)1/2 a.s.

lim ¢lM Bar

M—o0

>

M



By
M M M
Erome —1 — —1 kg — —1 = | _
WL O 2| = o b D Vi <€ Jm gD S =< s (9
1= 1= 1=
we see that
M
Fra —1 _ =~
]\4h~r>noo ¢lM lefz - U(IO,bfa;dve) (26)
=

a.s, i.e., for almost every (z,w) € [0,1) x §2. By Fubini’s theorem, there exists an w
such that (26) holds for almost every . Since the left hand side of (26) is independent
of w, we see that (26) holds for almost every z. By noting (21), we have

M M

T —1 T —1 | =l

Jm by, kE 1Tk = Jim ¢, Elyz =0(Igp—aid,0) a-e.
= i=

In the same way as the proof given in [13], we can prove Mt ~ 1y,

=o(M™®) ae and > |Tapal0® - +7)lee = o(dr,,)-

M
DT
k=1

k€A, UAN
By these we have (18) with (20).
If (4) is satisfied, then we have
M
Tim ¢! V:l= Tim (67 1o~ , 24 2
S| = s, X A S VRS, as 0D
= i<Bm

By zero-one law, we see that the limsup in (27) is constant a.s. and we denote it by
oe. By (25), we have

M
Mh_r)n ¢l;} ZYi —0e| <€ as.
o0
=1

Hence the difference between the essential supremum and the essential infimum of
above limsup is less than 2e¢. It means that limsup is constant a.s. By denoting the
constant by O’(’fmb;d, {7&},0), we have U(ia7b;d, {1},0) < 0e+e < VK2 + €2 +e. Since
€ > 0 is arbitrary, we have (19). By applying Fubini’s theorem as before, and by noting
(21), we have

M
Z Y| = U(fa,ln {’Yk:}, 9) a.e. (28)

k=1

-
lim
M Pt

T —1
= lim
M —o0 (blM

M
> T
k=1

As before, we have (18) with (19).



4 LIL for discrepancies

We can easily prove the proposition below by following the proof given in [10] in which
the case when 3 = 0 is proved. Recall that ¢, = ¢(x) = /2zloglog x.

Proposition 2 Let {n} be a sequence of real numbers such that {|ng|} satisfies the
Hadamard gap condition (1), and let {yi} be a sequence of real numbers. Then for a
dense countable subset S of [0,1], we have

N
im o' NDy({npz+v}) = sup  Tm o3> Lip(nga +)| ae
Nooo N S3a<bes N—o0 N k;l ©
For0<a<b<1, we have
N N
T —1 T . T —1 T
Aim ¢y > Tap(npz + )| = Jm  lLm ¢y S Topalnez +)|  ae
k=1 k=1
By applying this, we have
T —1 . e
Loy = Jim oy NDy({npz +y}) =  sup  lim ol pa, {7%},60) ae

S3a<bes d—o0

When (4) is satisfied, by (19), limg p(6,d) = 0, (12) and continuity, we see
Soy < sup ooy, |0]) = Zjg),
Ak} S3a<bes ¢ !

If (3) is satisfied, by (17) and limg o(Xp p—qd,10|) = 0(To,p—a,|0]), we see

Zoiyy = sup o(Ipp-—a,0)= sup Vb —a)(1—(b—a)=1/2.
S3a<bes S3a<bes

Here after, we assume (4) and prove Yy ¢, y > 1/2. First, we prove

1/4 1=0,

1 1
= ! = !
/ da/ Loav1/2(@ e+ 7)) g atr12(0'T + Vetir) do =
0 0 0 [ >0.

The case | = 0 is clear and we assume [ > 0. By (9) the left hand side equals to the
integral on the unit interval with respect to a of

V(' (a—v)), 0 (a+ & =) (d' (@ = vesir))s (d (@ + & = i) /(00)'. (29)

If p is even, then (p'(a+ S—m) = (p'(a—~1)) and we see that the value of (29) equals

to zero. If ¢ is even, then (¢'(a + % — Vitir)) = (¢"(a — Vk+1r)) and again the value of
(29) equals to zero. We assume p and ¢ are both odd, and prove that the integral of
(29) equals to zero. Denote the numerator of (29) by W(a), 1/2(p' — ¢') by ¢, and ¢'c
by d. By (8), we can easily see that W (a + ¢) equals to

V(P a+ L —v) +d), (' (a— ) +d), (d (@ — Tapar) +d) (@ (@t 3 — ) +d))
= V(P a+ L =) 0@ — ), (d (a—vequr)), (d (@ + 3 = 410))) = —W(a).



10

Hence the integral of W (a) on an interval with length 1/(p' — ¢') equals to zero, and
thereby the integral on the unit interval also equals to zero.

Let m be an arbitrary integer greater than 1. We use blocks A}, A1, ... defined in
the last section. Take I satisfying

Iy < mN < l[+1 (30)

and denote it by Iny. By 112\,/2 <lry < mN < liy+1 < (Un + 2)2/2, we see Iy =
V2mN/? £ 0(1),

iy =m™ +0m™?) and 15, =15, — 1y, ~(1—1/m)m". (31)
We have
L/ 1 & 1
/ ( 3 gv(a,ﬁ%;oqa{%},&)) da=1 3 Fa=li
0 . .
i=In_1+1 i=In_1+1

Because V((z), (), (z), (w)) is continuous with respect to (z,y,z,w) € R*, W (a) and
U(a,a+ %; 00,0, {7k}, Q) are also continuous with respect to a. Therefore, we can find

apn such that
In

1
> Wlan,an + 3:00,0, {n}, Ai) = ULE
i=In_1+1

Take % > ¢ > 0 arbitrarily and take d large enough to have 0 < p(0,d) < . By

(15), we have

In

1 1
(1-9) < > Wavay+hid o nha) < (3 +e)5. (32
i=In_1+1

Recall that Ij\} =max Ay, . For k € (Ij\} 114\}]7 put v(k) = N. Putting

—1

T k T k
Tz(w) = E Ial,(k),al,(k)+l/2;d(9 x+’7k)7 and Tz/(x) = E Ial,(k),al,(k)Jrl/Q;d(e £L‘+’}/k),
keA; keAl

we define Fj, Y;, v;, Bar, and Vi as before. By (32), we see
(1 —e)liy <Bry —Biy_y < (3 +e)liy and fry > (3 —¢)lry —oo.  (33)

Because we have T;(z) = 3 . A, To,l/z;d(ekar’yk —a,(k)), we can apply the argument
of the last section (Here, there is no need to add =; terms because of (33)) and prove
the existence of standard normal i.i.d. {Z;} such that

M
ZYZ-: Z Z; +o(d1,,) as.
=1

i<Bm

Hence we have

In
Yoovi= > Zi+o(dr,,) as. (34)

1=Iny-1+1 1€(Bry_1:B1y]
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Put 87, =#(Z0 (Bry_,,B1x 1) = Bry_, — Biy_, +O(1). We have
C(—e,m)m™ ~ (L =), +0(1) < B2y < (X +e)3, +0(1) ~ C(+e,m)m™, (35)

as N — oo where C(£e,m) = (% +e)(1 - %), and thereby
(T =

$€(By_q-Bix]
2 e o 2 —1+e/2
> exp(—(1— §)loglog 81 ) ~ {/ =57 N :

o o _ 2 o —z2/2
> /(2—¢)B7, loglog B7 | =4/ = e dz
T J, [(2—¢) loglog B3,

m(2 —¢)loglog B7 m(2 —¢)log N

By applying the second Borel-Cantelli Lemma, we have

> oz

1€(Bryy_q1:B1y]

> \/(2 —2)B3 loglog B3, io. as.

Note that I, = SV (FA; + #AL) = In(In +1)/2+O(In log In) ~ 13,/2 ~ m™ . By
applying (34) and (35), we have

In
Tm o7 Y w2 a- G -a0-2) ae
i=In_1+1

As the proof given in [13], we can prove

IN
lim ¢ (I3 T{[=0 ae.
Jio ] S w0 a
i=INn_1+1
By combining these, we have
%
T —1 T k
T 67D Y Tayansrza@ e 9| 2 /(-G -1 -2) ae.
k=I} | +1

(36)
We use the following theorem, which is implicitly included in [15]. For the proof,
see [10] or [5].

Theorem 3 Let f be a real valued function with

1 1
@+ 1) = (), /Oﬂx)dx, HfH%:/O () dz < oo, |f<n>|g%.

Assume that {|ng|} satisfies the Hadamard gap condition (1). Then there exist an
absolute constant § > 0 and a constant C' depending only on C and q such that

N

> fgz)

k=1

lim ¢ '(N) <CNfI3 ae (37)

N—o00




12

Take d large enough to have ||faN,aN+1/2 —LMNH/Q;ng < g/C’'. By applying
the above theorem, we have

%
— 1,4 = = k
ngnoo é (IN) ;(Iau(k),au<k)+1/2 - Ial,(k.),au(k)+1/2;d)(9 z+ ’Yk) <e¢ ae.

Because the above inequality is still valid if we replace Iﬁ by 114\}71, noting qb_l ([1—\?—1) <

qS*l(IX}), we have

%
T —1 T T k
ngnooqs ([]—&\_7) E (IaN,aNJrl/Z - IaN,aN+1/2;d)(0 T+ 7/6) <2 ae.
k=Ij_ | +1

This together with (36), we have

%
T~ . —1 T k
T 67| Y Tayanarp@ o) 2 /0 -5 -0 - 2)-2¢ ae
k=I}_ | +1
Since € > 0 is arbitrary, we have
1 CR. k 1
Im ¢ 1 (IF; sup L y(0"z 4+ )| > =4/1— & ae
N—oo ( N)ogagbgl é: an ) 2 m
k=IF_,+1
On the other hand, by (5) and I;{,/I;_l ~ m, we have
Iy
Iim ¢ '(IF) sup Z T,0(0%z + )| < el a.e
N—oo N70§a§b§1 = “ - vm
These imply
%
= T 1 o)
lim ¢11+ sup I bekl’JFWk >4 /1—L -8 g
ST e[S Tas0he o] 2 31— -

The left hand side is limy ¢71(I]'\~})I;DI+ ({6Fz + ~3,}) which is less than or equal to
N
Iimy ¢ Y (N)NDy({0%z + v }). Hence we have

X
1—i—ﬂ a.e.

1
2 m = m

To gy = Jim 6T NNDN ({02 +0}) 2

By letting m — oo, we can prove 297{%} > %
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5 The proof of the second part of the theorem

When 0 satisfies (3), there is nothing to be proved. Hence we assume (4).
By (12), there exists a ¢ such that o(Ip,c, |0]) = X|g|. We define a sequence {7} in

the following way. Put v, =0 if p > 0, and v, = (1 + (—1)k+1)c if p < 0. Note that r
is odd if p < 0.
Let {Fén)}keN be an i.i.d. whose distribution is defined by

P(r" e dt) = %1[_,]7,]] (t)ydt (p>0), and P =0)=1

We consider the discrepancy of the sequence {ka + 7% + I }. Note that

M

1 oo
—Zw a,b;d, 0, {vx + IV}, A) = / T, pa() do + 2 Ag (M, 1),
i=1 0 =1

where A, p.q.,(M,1) is given by

it—lr

lJVI Z Z abd q m+7k +F( ))Ia,b;d(plx‘I"Yk—Hr +F]£+)[r)d
1=lr+1 k=i—

Since we have
D 1:%((M—lr)(M—lr—i—l))vONlM (M = o),

and since {(F]g m Fk+lr)}kEN} is an Ir-dependent sequence of identically distributed

random variables, by the law of large numbers, we have

EX 20 if p >0,

a,b;
. 0, 0 .
Bapan(l) == Hm Aqpqn(M,1) = 3By pan D)+ Egp g (D) i p <0, 2[1
0, 0 .
%(Ea’g’d’n(z) +E . a,0) ifp<0, 241,

with probability 1, where
1
s T l T 4
EZ,Z;d,n(l) = E/O I palgx+s+ Fl(n))Imb;d(p r+t+ Fén)) dx

Because we have

1
/ Topsa(de + +F( ))Iabd(p T+ Vipir +F;5+)lr)d$

0

= > TP Hap(—Ag) exp (27r\/—1 A v+ 1) = ¢ (viar + ;EJF)ZT)))
1<[A<d/ |p|!

and

f@b()\) _ (6_27”/?1(1)‘ o 6_27“/?””\)/277\/—71)\,

we have
L1
|Aa,b;d,n(M7l)‘ < 1/3|p| q
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Since the right hand side is independent of M and summable in [, by applying domi-
nated convergence theorem for series, we have

M 1 oo
1 ~
v ZW((L b;d, 0, {v + F,ﬁ")}, A;) — /o I, () do + QZ Eq pan(l) = Ug,b;d,e,n»
=1 =1

almost surely as M — oo. For {ka + v + F,gn)}, we apply the proof of Proposition 1
and have Sy; ~ Ug,b;d,e,nlM~ As the derivation of (26), we have

M
>y
=1

with probability one. As before we can prove

lim 43;1 = 0Oab;d,0,n a-€
M

M—o0

T —1
lim
N —oc0 ¢N

N

T k
§ Ia,b;d(g T+ Y+ Flgn))‘ = 0Oa,b;d,0,n &
k=1

with probability one.
Because Eg p.q,(l) = Eqpioon(l), as d = oo, and 1/3|p|'¢’ is a majorizing
series as before, by dominated convergence theorem again, we have

1 [eS)
2 . 2 EY)
Ta b = 1M 0G b6y = / Lo p(z) dz + QZEaab;oo,n(l)-
d— oo 0 =1
Hence by applying Proposition 2, we have

e —1
lim
N—o0 ¢N

N

T k
Z Ia7b(9 T+ v+ Flin))‘ =0qb0,n ae
k=1

with probability one. By applying Proposition 2 again, we have

lim gb_lNDN({@kx—ka—FF(n)}) =  SUp Ogpon = 2, ae.
N—ooo N k S3a<bes a,0,0,m >1

with probability one.
Note that the characteristic function I’ én) of F,gn) satisfies

I\ (2rv) = sin2mvn/2mom (> 0), and T (2m0) = 1.

Here F,gn)(ZTrV) is bounded and continuous in 7. We see that Ug,b;e,n is expanded as

~

2(b—a)(1 — (b~ ) + 23" Ty (o p (g Yl VTP 2mAph TP (~2md),

I
where
1 if p >0,
P, A) = (1 4+ exprv/—=1 AR — ¢')e ifp<Oand2]|l
2
%(exp(%r\/fl Mple) + exp(—2my/—1 /\qlc)) ifp<0and 21l
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Here the absolute value of the (I, A)-th term of the last series is bounded by 1/72A2|p|'¢!,
which is independent of (a,b,n) and is summable in [ and A. Because each term is
continuous in (a,b,n) € [0, 1]3, we see that the series is also uniformly continuous in
(a,b,m) € [0,1]3. Hence we see that

29 = sup Oaq b:0.n = max Og p:@
i S5a<bes abiln = o ap<n C @00M
. . . . 1/2) . . . .
is continuous in 7. Since I 1( /2 is uniformly distributed over the unit interval, we

have Efavb(qlx + I‘l(l/z)) =0, anb;g’l/Q(l) =0, 0271);971/2 =((b—-a)(1-(b—a)), and
Xg1/2 = 1/2 in turn. Nextly, consider the case nn = 0. We first prove

1
Borcsoo0(l) = / To.o(¢'2)To o(lp'x) de. (38)
0

Since it is clear when p > 0, we prove in case p < 0. Note that To7c(—A:r +c) =
I_co0(—Az) = Ip(Azx) a.e. For odd I, by applying Io7c(plz) = IO7C(|p\lx + ¢) and
replacing x by —x, we have

1

1
EEO o) = / To.o(d'z + Toc(lple + ¢) de = / To o~z + To.o(—lpl'z + ) da
0 0

which equals to the right hand side of (38). By applying foﬁc(pl;r: +c) = fo’c(|p|lm), we
also have

1 1
EgC o o(l) = / Io.c(¢'0)o.c(p'z + ) de = / Io.c(¢'2)To o (|p|'x) da,
0 0

and hence we have proved (38) for odd I. When [ is even, we have

1 1
B eoll) = / To.c(q'a + oc(lpl'a + ) do = / To,0(—d' + o o(—lpl's + ) da
0 0

which equals to the right hand side of (38) and we have proved (38).

It shows g o > 00,¢;9,0 = 0(Io,c,0]) = X}g|- On the other hand, by the first part
of our theorem, we have Xy o < Xg|, and thereby Xy o = Xg. Because of continuity,
Yo,y takes all values between 1/2 and Zg|-
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