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Abstract We try to determine the threshold of the validity of the formula describing
the limsup constant of the law of the iterated logarithm for the discrepancy of geometric
progressions with large ratio.
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For a sequence {z} of real numbers, its discrepancy is defined by

Dn({zx}) = sup
0<a<b<1

N
% > 1y (k) — (b= a);
h=1

where (z) denotes the fractional part x — [z ] of z, and 1[,4) denotes the indicator
function of [a,b).
For any 6 € (—oo,—1) U (1, 00), there exist a constant Xy such that

k
i D)
N—oo /2N loglog N
Some of the concrete values of constants are determined as below ([6-12]). It holds

that Xy = 1/2 if 0 satisfies ok ¢ Q for all k € N. When 0% € Q for some k € N, we
denote

a.e. .

0" =p/lq (p€Z, q€N, ged(p,q) =1) where 7 =min{k € N: ok € Q}.

In this case, Xy is independent of r and is greater than 1/2, i.e., Xy = g > 1/2.
If both of p and ¢ are odd, then

1 flplg+1
e =1/ .
P/ 2\ Jplg—1
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If p/q = +£2, then

Yo = %\/42 and Y_g = Ev910

When pgq is even, for p/q belonging to

O :={p/q:21p, 2|q, ged(p,q) =1, |pl/q > 9/4}
U{p/q:2|p, 21q, ged(p,q) =1, |pl/q > 4} U{£13/6},

we [11,12] proved the next formula.

I-1

_ | Uplo"+1 Pl —g—1 Iplq mlpl—q—1
*pla = (Iplg)t — 1 (2(|P|—Q)) (Iplg)t — 1 Z \plq ( 2(IPI—Q))’ @

m=1

where I := min{n € N | ¢" = £1 mod |p| — ¢} and v(z) := (x)(1 — (x)).

Generally, if positive p/q satisfies (1), then —p/q also satisfies (1) and ¥'_,/, coin-
cides with X, /. For positive p/q for which (1) is false, we still have X _p)q S Xy but
the equality does not necessarily hold as is known by the example X_o < X5. Since
analysis of negative p/q seems to be difficult, we restrict ourselves to the case p/q > 0.

The formula (1) is derived in the following way. For a, a’ € [0,1), put V(a,d’) =
aAad —aa and

=1
07 /4(a) = V(a,a) +2 ];1 WV(@’%% (d"a)). (2)

We have
0<V(a,a') <V(a,a)=v(a) <1/4=0(1/2), (3)

and we see V(a,a’) together with 012) 4(a) is continuous with respect to its arguments.
We [6] proved the following relation, which makes it possible to calculate the concrete
value.

Y g = sup o a). 4
P/q 0<a<1/2 p/q( ) (4)

We call that positive p/q is of type 0if X'}, ), = 0,,/,(1/2), and is of type N (N > 1)

if it is not of type N’ for N’ < N and there exists a positive integer i with

Ep/q = Jp/q(i/(pN - qN))
If 2 1 pg, then X

p/a = Op/q(1/2) and is of type 0. When 2 | pq, we have o,,,,(1/2) =
1/2 and we [11] proved X, /, > 1/2, and hence it is not of type 0. For positive p/q € ©
we see that (1) is derived from

Eprq = pse(l0—a—1)/2(p - q)). (5)

and it is of type L.

We [11] have evaluated Xy /q for the following p/q of other types: 2,4/3, 8/3, 10/3,
12/5, 17/8 are of type 11, 19/10 is of type III, 12/7 is of type IV, and 8/5 is of type V.
We [10] proved that 3/2 is of type VI. For 2 < p/q < 9/4 with even ¢ < 8, types are
determined. 13/6 is of type I and 17/8 is of type II ([11]). For 2 < p/q < 4 with odd
g < 3, types are determined. 8/3 and 10/3 are of type II ([11]).

By these results, it is natural to aks if the formula (1) is always false when p/q is
small. We are now in a position to state our result, which almost gives positive answer
to this question.
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Fig. 1 Graph of 0%3/6(0,). Maximal points are a = 3/7 and a = 4/7.

Theorem 1 Suppose that p > 0, ¢ > 0, 2| p, 21 ¢, and ged(p,q) = 1. The formula
(1) holds if and only if p/q > 4.

Theorem 2 Suppose that p >0, ¢ >0, 2{p, 2| ¢ and ged(p, q) = 1.
1. Suppose p—q =2 mod 3. The formula (1) holds if and only if
V6 216 — 47
P ( t)e> 38
2. Suppose p—q =1 mod 3. The formula (1) holds if and only if

p_(1+?)q>_6‘/1679_8::t2: —0.3523...

it = —0.1168...

3. Suppose p—q =0 mod 3 and p — (1 + @)q > 0. The formula (1) holds if and
only if
6 39 — 15/6
pe (145 )a> 2l -

1t =0.1188. ..
5 o =0.1188
4. Suppose p—q =0 mod 3 and p — (1+ @)q<0. Put

360v/6 — 1050
= 0.4658...
3, 192 0.4658.. .,
5v/6(210 — 72+/6) + 75v/6 — 309
t3,+:—f\[( IQ;H_ V6 = —0.0209...,

E={(pj,q;)1j>0, 1115,7(j —6)},

where integers p; and q; are defined by

g + @\/6 - #((2 F11VB) (5 + 2v/6) T899 790 350\/6).

Then there exists a C > 0 such that (1) holds if

6 C
t3_ <p— (1+§)q<t3,+ ~ and (p,q) ¢ E,



and does not hold if
V6

6
p—(1+§)q<t37_, t3,+<p—(1+7)q<0 or (p,q) € E.

We see that p;/q; is located just right of ¢t3 _ and converges very rapidly to t3, .
The set I is the exceptional set of ¢ in the right neighborhood of ¢3 _. As compared
to this, we do not know anything about the exceptional set in the left neighborhood of
t3,+.

Later on, we assume p > ¢ > 4 in the proof, since the results are already proved in
cases ¢ = 1 (Cf. [6]), ¢ = 2 (Cf. [12,10]), and ¢ = 3 (Cf. [12,11]).

1 Preliminaries

; -2
: ) Cl = q 7
3 1 1 P 2 2
. b~ N — . 9- . b~ —
c2 = % €3 = o, 04 = bp—g-1)/2, €5 = 5 ce = 2 and c7 :=
bp—q—3)/2- When p/q > 2, one can verify ¢; < ca < ¢4 < c3 and ¢5 < cg < c4q.

By p=¢q¢ mod p— g, we have

We introduce notation, a part of which is used in [12]. Put b; :=

(p"bi) = (¢"b;) and  V((p"b:), (d"bi)) = v("b:) = v(g"b;). (6)
Put
2 2 2 2
+1 1— 1— 2
cg = 7@ C;g =c4+ 7;)3 C4>, cg :=cq4 + 75}3 c4) <cr1:=cq+ 75}3 C4>7

where we used (p?cs) = (¢%cs). Clearly, ¢4 < cg < co. We introduce

2 _ 26 3 _ QC 4 _ 20
cs<c10::¢:4+#<012;:c4+#<014::c4+ <g 4)7

p p P

cg <c¢ c4 + ! c c+1_<q304> c cq + !
8 13 ‘= ¢4 5 9> 15 ‘= C4 3 16 ‘= C4 .
p? —¢? q3 p3—q¢3

J—(d’ca)
Put co04j :=ca + —s for j > 1. Clearly we have c21 < c15.

When p/q > /3, we have (2p2 - 4q2)/(p2 — q2) > 1 which implies <q264> <
(2p% — 46°)/(p* — ¢°) or c14 < c11.

Thanks to v(—z) = v(z), we have v(¢™ ™ cy) = v(£q™cy) = v(q™cy). Hence
0p/q(ca) equals to the left hand side of (1).

We denote

1
(pq)*

N
Xn(a):=V((a),(a) +2>_ V((p¥a), (¢"a)).
k=1

We denote the right derivative of f(t) at t = a by D f(a). Note that (p¥a) = (¢¥a) =0
does not hold for ¥ > 0 and 0 < a < 1. The function g(a) = V((pka), (qka>) is
k
)

(p"a) # (¢"a), If (p*a) < (¢"a), then Dig(a) = p" — p"(¢"a) — ¢"(p*a) =: h(a), and
if (p¥a) > (¢%a), Dig(a) = ¢* — p*(g"a) — ¢* (p*a) =: i(a). Hence at differentiable



point a, Dy g(a) is decreasing. If (¢¥a) = 0, then Dy g(a) = i(a) and Dy g(a — 0) :=
limp_,q_o D4 g(b) = h(a), and hence it is decreasing at this point. If (p*a) = (¢"a),
then Dy g(a) = i(a) and Diyg(a — 0) = h(a), and hence it is also decreasing at this
point. Therefore we can conclude that Dig(a) is decreasing if <pka) # 0. Especially,
we have
¢" — " (p"a) if (¢"a) =0,
DV ((0'a), (d"a)) = ¢ 0" — p*(d*a) if (pha) =0, (7)
7" — 0" +d")(d"ca) ifa=ca

We also note that (Dy)2g(a) = —2pF¢". We see ‘D+V(<pka), (qka>)| < p* and

23 DV () ()| < ®
k=N

(pq) gN-1qg—1)

By denoting the series (2) by Y. fx, we see fi is continuous, right differentiable,
Sfrlloo < 00 and > || D+ frlloo < oo, which implies that Y fx is continuous and
right differentiable with D4 3 fr = 3 D4 fi. Note that 0% (a) is strictly increasing on
the interval on which D1 o?(a) > 0 is satisfied. Also note that, if D+o?(ag) > 0 then
there exists ¢ > 0 such that o%(a) > 0 (ap) holds for a € (ag, ag + €).

By denoting Zn +(a) :== D+ Xy(a) £ ————
’ ) (g -1)

Zn,—(a) < Dyo*(a) < Zy 1 (a). )

and by noting (8), we have

From now on, we simply denote o/, and X/, by o and X.

Lemma 1 Ifp/q > 1, 2| pq, ged(p,q) =1, and is of type I, i.e., X = o(b;) for some
1 €{0,...,p—q}, then (5) and (1) hold.

Proof If p/q > 4, it is of type I and satisfies (1). The case ¢ = 1 is also solved. Actually,
(1) holds if p > 4, and p/q = 2 is of type II. Hence we assume 1 < p/q < 4 and
q > 2. Note that o2(cg) > v(eq). For i # (p — ¢+ 1)/2, by applying v(b;) < v(er) and
v(pFb;) < 1/4, we have

2 i v(C 3 1 = vl(C 1 1
o”(b;) < (7)+kz::12(pq)k (7)4—2pq_1
Thereby we have
2000y o2(p) > (1 H6(/0) — (0/a)®) — 4 Ag* - 1)
olea) —o"(b) 2 2(p — 9)*(pg — 1) " p—a2pa—1) o

Therefore we see that X = o(cq) if it is of type I. O

Lemma 2 If1 < p/q <2, 2] pq, and gcd(p,q) = 1, then o(ca) < 1/2 holds and (1)
does not hold. It is not of type I.

Proof By (¢*c4) € {b1,.. ., bp—q—1}, we have v(q¥cs) < v(cy) and

, =1 _ 1 @r-qgp—29—1
o (64)§“(C4)+2I;(pq)k”(c4)*4+ Ap—q2pa-1) °

Since the right hand side of (1) equals to o(c4), by noting 02(1/2) = 1/4, we see (1) is
invalid in this case. The previous Lemma shows that it is not of type I. O

1
T



2 Even/Odd case

Lemma 3 Suppose that 2 | p, 2t q, and ged(p,q) = 1. If 1 < ¢ < p < 4q — 6 then (1)
does not hold.

Proof By Lemma 2, we may assume p/q > 2. For 1/2 > a > ¢4 > ¢ > c¢5, we have
(pa) =pa—(p—2)/2> (qa) = qa — (¢ — 1)/2 and
1 1 1
X, (a) = —3a> (3—7) R
1(a) a” + . a+2q 5
By applying (9), we have
1 2 2 1 2
Dio*(a 2—6@—0—3—7—(——7) =—-6a+3+-— ——.
+o(a) g \¢g—1 ¢ g q-1
Hence at a = ¢4, we see
1 2

3
D02042 + - —
+o"(ea) p—q q gq-1

The left hand side is decreasing in p, and equals to 2{%((1%2 + %) — q_%} > 0 when
p = 4q — 6, where the last inequality is by convexity of y = 1/x. Therefore we see
D+02(C4) > 0 and ¢4 cannot be locally maximal when p < 4qg — 6. O

The next lemma together with the last lemma completes the proof of Theorem 1.

Lemma 4 Suppose that 2t q > 3. For p=4q—2 and p = 4q — 4, the formula (1) does
not hold.

Proof We may assume g > 5 since the case ¢ = 3 is already solved. By 4¢ —4 < p < 4q

and ¢ > 5, we have p > 3¢, p> — ¢* > 8¢% p/(p® — ¢*) < 4q/8¢° = 1/2q and

q/(p* — ¢*) < q/8¢® = 1/8¢ in turn. Since ¢4 = 1/2 — 1/2(p — q) < 1/2, we have
1 q/2

(pea) = (qea) = St (pc13) = <q04>+p2+qz’ and  (ge13) = (gea)+

q
p?—q

3

Clearly (pc13) > (ge13) and V ({pc13), (geis)) = (ge1s) (1 — (pe13)). We investigate the
fractional part of ¢g2c4. In case p = 4q — 4, we have ¢%cs = 1/2 — q2/2(3q —4) mod 1
and ¢%/2 = (q/6 + 2/9)(3q — 4) + 8/9. Hence,

5-3¢ 89

2 2
= = — d 1.
piea=qcy 5 34 ™
By noting 3¢ —4 > 11 and 0 < % < 1/9, we have

1/9—(8/9)/(3¢—4) if ¢g=1 mod 6,
(PPca) = (¢Pca) = 7/9— (8/9)/(3¢ —4) if ¢=3 mod 6,
4/9 - (8/9)/(3¢—4) if g=5 mod 6.

By p? = ¢®> mod p® — ¢2, and 0 < p;{qz < 1/8, we have
2

(pera) = (a"ens) = {aes) +

R



By applying (3), we have
v
2(pa)*(pa — 1)

By denoting T := (0% (c4) — 02 (c13))(96(q —1)%¢? (3¢ — 4)%(5q — 4)* (4¢> — 4g— 1)) when
p = 4q — 4, we have

o2(cs) < Xo(cy) + and  o2(c13) > Xa(c13).

—(7040¢5 — 27008¢° + 36605¢* — 17344¢> — 3136¢> + 4608¢ — 768) < 0,
T < { —(6080¢° — 24000¢° + 33773¢* — 16832¢> — 2880¢> + 4608q — 768) < 0,
—(6560¢° — 25504¢° + 35189¢* — 17088¢> — 3008¢? + 4608¢ — 768) < 0,

according as ¢ =1, ¢ = 3, or ¢ =5 mod 6. Thus we have verified that the formula (1)
does not hold when p = 4q — 4.

In case p = 4q — 2, we have ¢cq = 1/2—¢%/2(3¢ —2) and ¢?/2 = (¢/6+1/9)(3¢ —
2) +2/9. Hence we have

7—3¢  2/9

18 3¢—2

2 2 _
P ca=qgca=

By noting 3¢ —2 > 13 and 0 < % < 1/9, we have
2/9—-1(2/9)/(3¢—2) if ¢g=1 mod 6,
<p2C4> = <q204) =4¢8/9—-1(2/9)/(3¢—2) if ¢g=3 mod 6,
5/9—(2/9)/(3¢—2) if ¢g=5 mod 6.

By denoting 7" := (0% (ca) — 0”(c13))(24¢° (2¢ — 1)*(3¢ — 2)*(5¢ — 2)*(4¢” — 2¢ — 1))
when p = 4g — 2, we have
—(3040¢5 — 60644¢° + 3109¢* + 1056¢> — 1504¢> + 480¢ — 48) < 0,
T < { —(2080¢° — 4560¢° + 2581¢* + 928¢> — 1440¢° + 480q — 48) < 0,
—(2560¢° — 5312¢° + 2845¢* + 992¢> — 1472¢% + 480q — 48) < 0,

according as ¢ =1, ¢ = 3, or ¢ =5 mod 6. Thus we have verified that the formula (1)
does not hold when p=4¢—2. O

3 Odd/Even case

We assume p, ¢ > 0, 21 p, 2| ¢, and ged(p, g) = 1. We denote

V6 p t?

F:1+77 Y= t:p_Fq7 L= o
q 2(p—4q)

2
Let us consider the case ¢ < 6. By our previous results together with the previous
two lemmas, we see (1) holds if and only if p/2 > 5/2, p/4 > 9/4, or p/6 > 13/6. It
coincides the assertion of Theorem 2, and hence we may prove it by assuming g > 8.
In [12], we proved the following: under the condition p/q > 2,

and 7=t—rq.

1. o(a) < o(cq) holds for a € [0,¢1 ], a € [c1,c2], and a € [e2,cq].



2. o(a) < o(ca) is valid for a € [c4, c3] if the inequality below is satisfied.
A1(p,q) = 2p° — (4g +2)p° = (¢° — 2q)p +3¢° > 0.

3. o(a) < o(cq) is valid for a € [c3,1/2] if

Aa(p,q) == (8¢ — 6)p° + (164> + 4q + 24)p” + (—¢* + 10¢> — 24g — 24)p+ ¢ > 0.
4. We see Aa(p,q) > Az(p,q) := (8¢% — 6)p® + (—16¢° + 4¢)p — ¢*, and that As(p, q)

is increasing in p € [2¢, 00).

Hence we only have to prove that o(cs) = max,¢[c, 1/2) 0(a) to prove X' = o(ca).
Lemma 5 We have A2(p,q) >0 forp>ITq—1 and q > 8.

Proof Tt is enough to prove As (p,q) > 0. We see
Ax(Pq—1,q) = (3¢" — 8V64° — (4V6 +3)¢°) + ((6V6 +8)q — 6).

The second part of the right hand side of the above formula is clearly positive. By
g > 8, we see (The first part) > (3 - 8v6/8 — (4v/6 + 3)/82)q4 > 0. Hence we have
A\Q(Fq —1,9) > 0 for ¢ > 8. We can easily verify I'q — 1 > 2q by ¢ > 8. Hence by
monotonicity, we have A\Q(p, q) > A\Q(Fq —1,¢9)>0forp>T'gq—land¢>8. 0O

Lemma 6 Suppose that ¢ > 8. We have Ay(p,q) >0 ifp>Tq+ 1T —2.

Proof First we prove Aj(p,q) > 0 by assuming p > I'q + % By 2p —2¢ — 1 > /6,
taking the square, we have 4p2 — 8pq — 2q2 > 4p — 4q — 1. Since the left hand side is
divisible by 4, we have 4p2 — 8pq — 2q2 > 4p — 4q. By applying this, we have

2 2 2
Ai1(p.q) = (p—1(2p" —4pg — ¢~ — 2q) + 29" — 2q
> (p—1)(2p — 4q) + 2¢° — 20 = 2p” — (4q + 2)p + 2¢° + 2¢.
Regarding the last formula as a quadratic function of p, the axis is located at % =
q+ % < 2q. Because of p > I'q, it is increasing in p. Hence we have

1
A1(p,q) > 2p° — (4 +2)p +2¢° + 2¢ R
p=I"+3} 2

Next, we prove A1 (p,q) > 0 by assuming I'¢+1" —2 < p < I’q—i—%. We have p—q+1 >
@((H- 1) and hence 2(p—q+ 1)2 > 3(q+ 1)2 or 2p? —4pg—q®> +4p—10q > 1. Since q is
even, the left hand side can be divided by 4 and hence we have 2p2 —4pq—q2+4p— 10q >
4. Hence, as before, we have

A1(p,q) > (p— 1)(—4p+8¢+4) +2¢° —2¢ > (4 —6)g — 1> 0,
where the last formula is given by putting p = I'q + % O

By these two lemmas, we see that the formula (1) holdsif p > I'q+ I" — 2.

Next we prove that the formula (1) does not hold if p < I'¢— (I"—1)/2. In [¢2, ¢c3),
we have (qa) = qa — q;zz , {pa) = pa— p—gg, and in [cy4, c3), we have {qa) < {pa). Hence

we have

Xl(a):—Saz-l-(i’)-g—l)a—i—i—l—f—i

1
q p pg g 2 2 (a€leaes)  (10)



and it has axis at

=cy — —. 11
6pg(p — q) 47 3pg (1)

1(3_2_1) —20° +4pg+¢* 27

If a € [c4,c3), because of X1(a) = —3(a — a1)? + X1(a1), by putting a = ¢4, we have
X1(ca) — X1(a1) = =3(a1 — cx)? < 0. (12)
Lemma 7 Ifp < I'q— (I' —1)/2, then the formula (1) does not hold.

Proof We may assume 2q < p < I'q. Thereby we have 1 —v/6/2 < p/q < 1++/6/2 and
2p% — 4pq — ¢®> < 0. We can verify a1 € (c4,c3) by

—2p* + 4pg + ¢°
] —Cp = —————F 1

>0 and a1—03:u<0
6pg(p — q) pq

By (12), 02(04) < Xi(eq) + (cq), and az(al) > Xj(a1), we have

2
— =V
pq(pg—1)

o?(cs) — 0%(a1) < —(pg = 1)(=2p" + 4pg +¢*)* + 6pg((p—9)* = 1) _ A
- 12p%¢%(p — q)*(pg — 1) "B’

By assumption on p and ¢, we have p — ¢ < (¢/2 — 1/4)v/6 and hence (p — ¢)? <
6(q/2 — 1/4)2 which implies 8p® — 16pg — 4¢% + 12¢ < 3. Because the left hand side is
divisible by 4, we have 8p® — 16pq — 4¢° 4+ 12¢ < 0 or 2p® — 4pq — ¢> < —3q. By this
we have (2p2 — 4dpq — (12)2 > 9¢° and

A < —9¢%(pg — 1) + 6pa((p — 9)* — 1) = 3¢(p(2p° — 4pg — ¢°) + 3¢ — 2p)
< 3¢(—3pq +3q — 2p) = 3¢(=3(p — 1)g — 2p) < 0.

Hence we have 02(cs) < 0%(a1). O

Therefore we have to investigate p/q satisfying I'¢ — (I' —1)/2 <p< I'¢q+ I — 2. By
Lemma 5, to prove X = o(cy4), it is enough to prove o(cs) = max,, <q<e, 0(a).

We here prove the assertion of our Theorem for ¢ < 18. We find odd p € (I'q —
1,I'q+ 1) and calculate ged(p, q), p — ¢ mod 3, and ¢.

p/q ged(p,q) p— g mod 3 t validity of (1)
5/2 1 0 0.5505  valid due to [12] or Lemma 6
9/4 1 2 0.1010  valid due to [12]
13/6 1 1 —0.3484  valid due to [11]
17/8 1 0 —0.7979  invalid due to [11] or Lemma 7
23/10 1 1 0.7525  valid due to [12] or Lemma 6
27/12 3 0 0.3030 p and q are not relatively prime
31/14 1 2 —0.1464  invalid as below
35/16 1 1 —0.5959 invalid as below
41/18 1 2 0.9545  valid due to [12] or Lemma 6

We use the estimate (9). Evaluating the left hand side for N = 3, in case p/q = 31/14
and 35/16, we see Dy o2 (cq) > Z3,_(cs) = % if p/qg = 31/14, and Dyo>(cy) >
Z3 _(cq) = % if p/g = 35/16. Hence we see (1) is invalid in both cases.
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Since the table shows that the assersion holds for ¢ < 18, we assume ¢ > 20 and

I-1 r-1 r-2
te (77,1“—2) C (,7%7(])

2 40 20
From this, we can derive estimates below. We denote p;, _ := 0.
39r+1 p 21 —2
[, =—m < =< ——— =: [} I, —1 - Iy —1
b 0 ¢ b (L —Dg<p—q<(l}—1g
p1,— 5(I"—1) pr+ I'—1 79
2017} — <r < = — < —— -1 -2
T ¢ S0 med D<T<I=2
39 9\ 2 39 9
_1:2(13_7)>( r 7) >20( r —) —: 2015q,
pa T\q ™ ¢ 20" T100)7 =N\ 20" T 200 4
(13)
Because of ¢4 = % - 2(p17q) and L € N, we have (q cq) = < 5= q)> By q =
%—Sq = %(p—q—t), we see

2

pt—q)>'

1. 2
<(1204> =3¢ + 37 (14)

ey = (5 (- -2+

We now prove

where

if p—¢g=1 mod3 and t>—(I'-1)/2=:ty_,
if p—¢g=0 mod3 and t>0=:tg_,

if p—¢g=0 mod3 and t<ty_,

if p—¢g=2 mod3 and t>-1/2=:t;_,

if p—¢g=2 mod3 and t<t_.

N
Il
B = W O N

By (13), we have % + %T € (0,1). Hence we see i =2 in case p — ¢ =1 mod 3.
In case p — ¢ = 0 mod 3, by noting %7‘ € (—1,1), it is proved by the fact that
2?7':%t(lfm)ZOlfandonlylftEO.

We consider the case p—qg =2 mod 3. Ift < —%, then we have l—|—%7 < %—l—%t <0
and 7 = 4. Suppose t > f%. By Lemma 13 and (13), we have 0 < 5 +1t = %(Zp —2q+
1—+/6q). Hence we have (2p —2¢ + 1)2 —6¢% > 1, and we prove that the equality does
not hold. Actually, if it holds, we have (p — ¢)(2p — 2¢ + 2) = 3¢. By p— q¢ > ¢ > 20,
we see ged(p, ¢) = ged(p — ¢, q) > 1, which contradicts with the assumption. Therefore
we can apply Lemma 13 and have

2v2 -6 _ 5(I' —
2q >

1)
> .
39g !

1
+t:§(2p72q+17\/6q)2

N | =

It implies § + 27 = 2(3 +7) >0and i = 1.

Lemma 8 If

2T 1
C3>CL>d0 —C4*%+73q(q_1),

then Dyo”(a) < 0. We have c14 > do.
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Proof On [c4,c3), by X1(a) = —=3(a—a1)?+ X1(a1), we have D1 X (a) = —6(a —ay).
Applying (9), we see D+02(a) < Zi4(a) < —6(a—a1)+ q(q2—1) Hence Dyo“(a) <0
is derived from a > a1 + m = dp. By (14), we have c14 > ¢4 + p—z( — % %T)
By these together with (13) we have

l\')

2 3 (p )2T P q
— > — - —-1)— - =——
p~(c1a do)_3+ p 3 32q—1
8 279 220
>——F—17—F—1—7F— O
>3 (Ty )315( ) i19 >0

Hence, to prove (1), it is enough to prove 0'2((24) > o2 (a) for a € [c4,c14]. Put
, — 2 9 2 : 2 2
Yjk(a) = Xi(a) + qug(p (a—ca)+{qg"ca) = 5)(1 — q"(a—ca) — (q"ca) + k),
Ajy = {a€les,era] | [pPa] = [PPea] + 7, [dPa] = [gPca] + k}.
For a € A, we see (p°a) = p*(a — ca) + (g°ca) — 4, (¢°a) = ¢*(a — ca) + (q%ca) —

)

¥ k(a) if (p*a
Vit k—1(a) if (p?a

=

(AVARVAN

q°a
(¢*a),

Xo(a) = ¥ (a) ANbjpq p—1(a) = {

where the second case is verified by
(430 — ca) + (aPea) = WY1 = P20 — ea) — (gea) + )
= (p*(a—ca) + (¢%ca) = (G + 1)(1 — ¢*(a — ea) — (¢°ca) + (k — 1)).
(k+1)p*+jq” —(p +a*)(q® c4>

Since the axis of the second term of ; 1, is located at c4+ 2922
the axis of 1; ; located at

e e = 2T 1P 4@ — (0”4 a®) {aPea)
Pk 5pq 5p2q? '

By ¥ x(a) = —5(a —a; )% + ;. (aj k), we see ¥ k(ca) —j r(aj k) = —5(ca — aj1)>.
Let a € A; 1. For (o, 8) = (4, k) and (j + 1,k — 1), we have

2 1 1
o”(a) <vYq pla) + 20)2(pg — 1) < Ya,8(aa,p) + 2002 (pg —1)° (15)

On the other hand we have

Vinlen) = Xa(ea) + 5y ((aes) = 9)(1 = (aes) + 1)
= Xa(e) = 5 (k)01 = (dea)) + 4G = D). (16)

) 2 i 2 )
¥ klca) < o%(ca) — P ((k +J)(1 —3= 57') + k(- 1))~
By applying (14), we have

—(—27+hi’j’k(’y,7')), (17)

ajk —C4 =
J 5pq



12

where
1 2 . 2 i 2
hi (7, 7) ::f((k:-i-l)’y +i—( +1)(§—|—§7')).

2

On [cg,c8), we have (j,k) = (0,0) and (¢%a) < (p?a), and thereby Xo(a) =
Y1,-1(a) = =5(a — a1,-1)* + ¥1,-1(a1,-1) and

2
DiXo(a) =—10(a —a1,—1) < D1 Xo(cs) = ]Tq(_QT + hij1,—1(7,7)).

We consider the case 7 < 3. Put

= 220 .1
Z3 +(a) == Dy Xo(a) £ EEF’@'
Note that Z +(a) and Zg)i(a) are both decreasing on [cy, cg). By applying (9) and
(13) we have 227_(0/) < Zy._(a) < Dyo*(a) < Zai(a) < 227+(a), for a € [c4,cg).
If 2274,(64) < 0, then Dyo?(a) < ’ZVQHL(CL) < 0 for a € [c4,cg) and ¢4 is maximal on
[c4,c8). On the other hand, if 22,,(84) > 0, then D+0’2(C4) > 22’7(C4) > 0 and ¢4
cannot be locally maximal.
Put Z; 4+ as below. Note here that W > 0.

1*(72+1)%i7%Fﬁ%+ —'K—i-
27+(72+1)2 1T = W T1.
3

=i,q,E T

By 227i(04) = %(V — W), one can derive ZQ)i(Czl) S0 from Zj 4+ S t.

Put Bp :=2I, + (I} + 1) 3 and Cp := (21} + 51}y)/BF. By (13) we have

d1-(0P+D5 P -Di+2+ gy Cor (i<3)
dy2y+ (12 +1)3 v+ (2 +1)3)? LT
By’y—Fz%,wehave
pr- _ _Cr(=2) _ 1-("+1)5  1-(*+1D)§ _Cr(I'=1) _ p2s
q q T 2y+ (2413 2+ (I?2+1)3° 2 q

Note that t; (i < 2) is the solution of the equation h; 1,_1(I,t) = 2t, which is given by

1—(I?+1)% _39-15V6  31-9V6,

%

T+ (12 +1)2 19 38
By this we put t3 := —W = —0.5881. We have
02— _ — 02+ ~ I 20
t; + q’ < Eig+ <ti+ T’, where p2 + :=p1 £ +p2+ Br19°

Here we see pp— = —0.6795... and p2 + = 0.9102... It proves the following lemma.
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Lemma 9 Suppose that ¢ > 20,i=0, 1, 2, 3, and p— ¢ =2i mod 3. If

ti),<p—Fq<ti+p27’7,

then D4o”(ca) > 0 and the formula (1) does not hold. If

2
g4 P2t

<p—Ig<I -2,

then we have Dyo%(a) < 0 and 0% (cq) > o%(a) for a € (ca,cs8).

We investigate the behaviour on [cg,c14]. We assume ¢ =0, ..., 4, j =1, ..., 4,
and k =0, 1, 2. Note that § + %T = (¢%c4) € (0,1). We estimate

hij (v, T) = hij k(v T) = hi k(7).

By %hm,k(*y,r) =k+1- ,Yj—z -(1- ,32)(%’—1—%7'), we have %hi,j,k(’%T) <k+1- ,Y%
and %hi7j,k(7,7') > 7% - % > ,%2 —1— k. Hence by !%hm’k(’yﬂ'ﬂ <k+1- 712 and
Iy — I = |tl/g < (I — 1)/2q, we have

~ 1\ —1 k
|hi k(7,7 < (k+ 1= *2) = £alk).

rz) 2 g
We put
Ama  DH12 o0y A g 2 0= Ak,
I3 5 . 5 i 3
Cigp = —5h? a(,0)+ 20k + ) (1= £) + 2k — 1),

) = 1~
Uijk(s,R) = As” + Bijks + Cijr + R, higp(y,7) = Zhijr(y,7).

By (17) we see

1 =
ajp —C4 = %(A(T + i (7, 7)) + R e (T 0))~

For a € A; , by combining (15), (16) and ’l/]j’k-(C4) — zpjyk(ajyk) = —5(cqg — aj,k)Q, we
have

o2(e1) — o2(a)

> =5(cs = i) + oy (kD)1= 5 = 37) kG =) = 5o

2(pq)?(pqg — 1)

1 1, ~ 2 . i 2~ . _

= W(fg(m + hi gk (1,0))" 4+ 2(k + §) (1 — 3 gt) +2k(—1) + Ri,j,k,q)
1 ~

= a2 ik (b R jgeg):

where

fi=t+hiju(y,7)—r1, and Ry, = 3k +Dhi k(1) £ 5
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For a € A; i, we also have

2 2 1 ~
o%(ca) —0%(a) 2 I)TqQWi,j—‘y-l,k—l(t7Ri’j+17k71’q)~

We introduce two functions s; ; . 4+ and &; ; 1 as below.

1 1/2 -1/2
Si,j,k,:l:(x) = ﬂ (_Bi,j,k F (BZQ,]’]c — 4A£L‘) / ) and fz’ka(ﬁ) = (szvk—élAm) / .

Note that :I:s’i’jykyi(ac) = & jk(x) is decreasing in x. Since s; ;1 _(Cyjx + R) <
5i,j,k,+(Ci jk + R) are roots of ¥; ; 1.(s, R) = 0, the inequality ¥; ; (s, R) > 0 holds if
and only if

Sijk,—(Cigk + R) <5 <sijr4(Cijp + R).

By denoting
Si gk, (Rox) = 8 5 5+ (Ci 51) £ RE; j1(Cy j ke + ),

the mean value theorem claims s; j 1, 4+ (C; j k+R) = 5; j k. + (R, 9R) for some 9 € (0,1).
Note that Rﬁi,j’k(C’iJ,k) > Rfi,j’k(Ci,j’k + 9R) > Rfi’j’k(ci’j,k + R) provided that
R #0, §i7j,k((]i7j7k +9R) € R and fi,j7k(ci,j7;€) € R. Hence we have

5 5kt (R R) < %84 55,4+ (Ci 51 + R) < £5; 51,4+ (R, 0)
and it shows the following two implications.
Sigk,— (R R) <8<8;jr+(RR) = ¥ j(s,R) >0, (19)
s < Fsvi,j,k,f(R7 0) or gi,j,k7+(R7 O) <§ — Wi,j’k(S,R) < 0. (20)

Lemma 10 Let¢q>20andi=0,1,2. Ifp—q=2i mod3 andt; <p—I'q< I —2,
then 02(cq) > 02(a) for a € [cg, c14).

Proof For a € [cs,c14), we see a € Aj ;. for some (j,k) = (1,0), (2,0), (3,0), (1,1),
(2,1), (3,1). We prove o%(cq) — 0%(a) > 0 by showing Wi,j,k(t,Ri_j kq) > 0 fori <2
and (j, k) = (1,0), (2,0), (3,0), (4,0). By putting

ot 4 . Fes(k) 1 )1
. = = + p
Ri,j,k,q (3(k+.7) A 40Fo q:
we see R, > E074,0)20 =: R* and Ll7i7j7k(£ R;j’k’q) > Wi7j,k(£ R*). Hence we are to

prove J/w-,k(tN, R*) > 0 by proving the hypothesis in the implication (19) for s = ¢ and
R = R*. By noting 7% <t-—t< %, we see that it is sufficient to
prove

S (R0 R+ TEREE O o gy - T WE
fori <2, k=0,1<j<4and q=20. The intervals determined by this inequalities
are, (—0.1530,1.1218), (—0.5384,1.2790), (—0.8589,1.3713) and (—1.1461,1.4302) in
case 1 = 0, all of which include (tg, " — 2). In case ¢ = 1, we have (—0.2841,0.7816),
(—0.6273,0.8966), (—0.9151,0.9561) and (—1.1745,0.9873), all of which include (¢1, I'—
2). In case i = 2, we have (—0.3890,0.4153), (—0.6804,0.4783), (—0.9276,0.4974) and
(—1.1524,0.4939), all of which include (t2,I'—2). O
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If Xo(ajy) = ¥;k(ajy), we have o®(aj k) > ¥jx(ajk). By o?(cs) < Xaleq) +

W and (16) we have

2 2 1 > .
o”(cs) — 0% (ajk) < WWi,j,k(t,Rij,k,q) if Xo(ajk) =vjk(ajk) (22)
By R} i,4,k,q = R;tj,k‘,q and ¥ ; i (1, Rij7k,q) < Wi jk(t, R;Tj,k,q)’ we have
1 .
o*(ca) — o(aj ) < pquJ/J R(B RS, ) i Xo(aje) = vjk(aj)- (23)

Lemma 11 If2t{p, 2| q, ¢ > 20, ged(p,q) =1, p—¢g=2 mod 3 andty_ <p—1Iq<
t1,—, then the formula (1) dose not hold.

Proof We have i = 4, cg < cg and we prove c¢g < a2 < ci19. By (17), we have
5pg(ag0—cyg) = =27+ % + (—4’y+ %) (1 - % - %T) By differentiation, we see that the
right hand side is increasing in 7 and decreasing in . Hence it is bounded from below

by M > 0 which is the value at 7 = %(F — 1) and v = I'. Hence we have
cg < a2,0 In the same way, we have 5pg(as,0—c10) = =27+ — % — (’y— %) (% + %7’),

and we see that the right hand side is decreasing in 7 and increasing in . Hence
it is bounded from above by 7378\[% < 0 which is the value at v = I' and
T= —%(F — 1). Hence we have a2 < c10-

For a € (09,010) we have a € Ay 1. Here, (¢%a) < (p*a) is clear by (¢%co) = 0 <
(p?cg) and (g%c10) < 1 = (p*(c10 — 0)). Therefore X2(a) = t2,0(a). When ¢ > 20,
we see that ¥y 2 o(s, R4 2.0 q) <Yy 9.0(s, R4 2.0, 90) < 0 for all s. Actually, it is verified
by the evaluation of the discriminant B4’2’0 = 4A(C4’2’0 + R4’2’0720) = —4.3821 < 0.

Because of ag,o € (co,c10), by (23) we have 02(cq) < 02(a270) and conclude that (1)
dose not hold. O

Lemma 12 If ¢ > 20 and p— ¢ =0 mod 3, there exists a constant C > 0 such that

1. ifta— <p—Tq<tz4 — % and (p,q) ¢ E, then o2(cq) > 02(a) for a € (c4,c14);
2. ifto_ <p—Iq<ts3_, t34+ <p—1Iq<tyg_, or(p,q) € E then the formula (1)
does not hold.

Proof We have i = 3. By Lemma 9 we see 02(c4) > 0(a) for a € (¢4, cg) if t > 153—|—F7§—’0+
and hence if ¢ > ¢3 _, since t3 + p2 55 = —0.5504 < t3 .

By——<t<0 WebeeO<r1 ( )2(;tq)_( )Q(F;t 57 <

_ 2 7942
w<izd, 0>t>r=t-r>t— 7 =123t and t* <7t < B

Note that cg < cg < c12 when g > 20. Actually We already proved cg < cg, and we

r-i__ —
T2 2(T,— 1)20

here prove cg < c12. It is equivalent to (q cq) > p . By (13), we have

2 2
2 p° —3q 2 2 279 2
P9 _= > 2 -1+ —"—>o.
o) = =57t 12 3l VT~

Hence for a € [cg, c14), a € A}, can occur only for (1,0), (2,0), (1,1), (2,1), and (3, 1).

For a € As1, the interval given by (21) with ¢ = 3, (j,k) = (3,1), ¢ = 20, R* =
Ry 3190 equals to (—0.9198,0.7448) which includes (t3,—,t3 ). Hence we see that
02(04) > UQ(a) holds if a € A3,1, ¢ > 20, and t3_ <t <t3 4.

For a € A3, the interval given by (21) with < = 3, (j,k) = (3,0), ¢ = 20, R* =
Ry3 3 090 equals to (—0.8300,—0.07153). And the interval given by (21) with i = 3,
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(k) = (2,1), ¢ = 20, R* = R34 cquals (~0.3913,0.4445). Since the union of
these two intervals includes (t3 —,t3 ), we see that o%(c4) > 0%(a) holds if a € Ag 1,
g>20,and t3 - <t <t3.

For a € Aq,1 U A2 g, the interval given by (21) with i = 3, (4,k) = (2,0), ¢ = 20,
R* = R34 50 equals to (—0.6489, —0.02434) which includes 3 _ inside. By denoting

. ~ S— o= —p3(0)/A
the right end §3.2,0,— (Rs,z,o,qv R3’2’O’q)—7p3(q )/
holds if a € A11UAz0, ¢ > 20,and t3 — < t <3 4 4. Note that tg | 4 = t3 4 — 23204,
which is proved by s32,0,4(Cs,2,0) = t3+ and 0 > R;Z’O,q§372,o(0372,0 + R3_72’07q) -
—02(0)/A ~_ =5— —p3(0)/A
7’33((1 /A R35.0,463,2,0(C3,2,0 + R3 50 90) — pg(q ya - —0'3364-

For a € A;, the interval given by (21) with ¢ = 3, (j, k) = (1,0), ¢ = 20, R* =
R3 1 .90 equals to (—0.4444, —6.4189 x 10~*) which includes (—2/5, t3,+). Hence we see
that 0'2((34) > 02((1) holds ifa € A21,q > 20,and —2/5 <t < t3 1.By %h37170(7, T) =

by t3,+ 4, we see that o2(cq) > 02(a)

—(1=57)57 > 0, we see ha10(y.7) = Aabhan0(T)(v=1T) = 253(1-55) 5 >0
for some 7y € (v,I") C (I}, I"). Hence

1 2 1\t = 1 2 79 2
— 1 =)=< — (1=
—AS( r2) h3,1,0(7:7) < AS( F2)78 q

By assuming ¢ < —2/5, we can verify the estimates below

112 Ly L)L oo,

3-A3 I? 5 400 ) g ¢ ’

- 41 2 79 I'-1\21
<5 ——(1-=)=(-——5—) == Rg=0. :

Rg,l,o,q_3hs,1,o(% 7)< 3 A3( F2)78( 5 ) Ry = 0.003560

20
Put Hy := _R3:1,O,q’£371;0(03 1 0+R3 1,0 q) h3,170(’y, 7)+7r1 and note 5371)0,,(03)170) -
t3—, 53,104+ (Ci,10) = 0, and —2 + 3Ry < 0 < 531,04+ (R31 0,40 B31,0,4)- 1 t3,— +
Hy<t< —%7 then we have §371707_(R3:1,07q7 R?:l,(),q) <t< §3,1707+(R?:1}0’q7 R?:I,O,q)’
which implies ¥31,0(t, 3  ,) > 0 and 02(cq) > 0%(a). By Rg 10,4 > 0, we see

R31,0,

4= 1 =
Hy < (3h3,170(% ) — m)§3,1,0(03,1,0 + Ry) —hga0(y,7)+11

4 =
= (*35(03,1,0 + Ry) — 1)h3,1,0(% T)+ 711+ €3,1,0(C3,1,0 + R4)

1
2(pg — 1)

4 12 1 1 t?
<((-z¢ 1) —Z(1- =)+ =
< (( 363,1,0(03,1,0+R#) ) 43( Fbg) +2(Fb_1)) 7

1 0.03906
q q

——63,1,0(C3,1,0 + Ryg)

I

4OF

where the last bound is given by ¢ = t3 _ since the coefficient of t? equals to 0.1410 > 0.
By (34) of Lemma 15, there is no (p,q) ¢ E satisfying t3 _ < p —ql" < t3,— + Hp. It
completes the proof of the first part of Lemma.

We prove the second part. First we prove cg < c13 < c19 < ¢g when t9 _ <t <
t3,— + 156 tA3 —,and cg < cg < c1p when t3 <t <0. We assume tp _ <t < ?3’,.
Since cg < c13 is trivial, we prove c13 < c19. By noting 7 < t < t3 _, wWe see

(PQ—QQ)(Clo—Cw):(1—%)(1—27’)—12 (1—%)(1—2%7_)—1>0.
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We show that c1g < cg if ¢ < ?3 _, and that ¢g < cjg if t3 4 < t < 0. Note that

c19 < cg is equivalent to 272‘1 (q cq). By t < ?37,, we have p272qq (q cy) =
ﬁ gr > —ﬁ z tg,, > 0, on the other hand, by t3 1+ <t <0, v < I' and

79 1 2 1 279
TZﬁt37+,We have _ﬁ_§7—<_ﬁ 378t3+<0

Here we assume t3 — <t < tAg _and a € [c8,013] We see a € A1 and we can

verify (p?a) < (¢%a) by (p?cs) = 0 and (p®c13) = (¢%c13). Therefore Xa(a) = 11 0(a).
We verify a1,0 € [cg,c13]. Let [ =8 or 10. We see

= 571 — 2
5pq(ajo —c¢) = A(T + hz,j,o(%T)) + h3 j0(I,0) — 5 (T - gT)o (24)
Note—f§T>0ande<’y<F ByA+ <0 h3,1,0(1,0) =0, and7—<t<t3,,

we see 5pq(a1 0—c10) > (A-F )T+h37170(’y, T)+h371,0(]1, 0) > (A—Ff)tg __9327(0@ >
0 and 5pq(a170 —c13) = AT+ hg,lyo(’y,T) + h37170(]—’, 0) — 57 < A( 156 (F — 1)) +

p32(00) — FE;I:1 < 0, since —75’11 is increasing. Hence XQ(aLO) = 1,0(a1,0)-

Put Hy := —R;l’o,q§371,0(0371,0) — h3,170(’y,7') + r1 and note 8371707_(037170) =
t3,—. We have Hy = —2%3,170(7,7') +7r - 4m < 11561 Ift <t3,—+Hi < 2\37_,
then we have t < §371,07_(R§r’170,q,0), W37170(t, R37170,q) < 0 and 0'2(04) < 0'2((1170).
We see

12 1\79 1 2 31 0.01733
Hi > 2—7(17—) L g3t 1y ,
1—( —A3 2 78+2(F—1))q 8201, q q >0

where the last evaluation is given by ¢ = 2\37_. We see t < t3,_ + %:33 implies
02(ca) < 0%(a1,0). By (35) of Lemma 15, we see every (p,q) € E is located in this
region and we have the conclusion.

We consider on (¢3,4+,0). By c¢g < cg < c10 < c14 < c11, we see [cg,c10) C A1,1. By
(¢%co) = 0 < (p?co) and (g%c10) < 1= (p?(c10—0)), we see (¢%a) < (p*a) and X3 (a) =
1/)2,0((1) for a € [Cg,clo). ‘We prove a0 € (Cg,clo) to have XQ(G/Q,O) = ¢2,0(a2,0)- We
see

= 10
5pq(ag,0 — ¢cg) = A(T + h3.2,0(7, T)) + h3,2,0(,0) + =7

3
10 Pr+Y _ p3(0)
> (a —F)( ——’) r,
_( +3 3.+~ 5 50 T h3.20(10) >0
since v < I, A+1OF>O and 0 > 7 > i3, —— . Byt >t3 4, (24), A+ 42 <,
0l + Yy + 3T,

and v > [}, we have

0 o1, 0
5pq(az,0 — c10) < (A+3T) (t3+ B 20+) + p2(0) oll’

Recall that 8372707_;,_(03,270) =t3,4.Let i34+ <t <0 and Hy := R;2)07q§3,270(037270) —

Fl;3,270(’y,7') + r1. If we prove ¢34 + Ho < t, then we have §37270,+(R§r2 0 q,O) < 1,
W372,0(£ é;:Z,O,q) < 0, and 02(04) < 02(a270) in turn.



18

We divide into two cases, i.e., the case t32‘+ <t < 0 and the case t3,4 <t < tBTJr

If we prove t3 4+ + Ho < %T’*', then we have ¢34+ + Ha < t for all ¢ with tSTJr <t<0.
We have

t34 B3+ | [+ —p3(0) 1
- tH2= = {R3,2,0,q5372,0(c37270) + (T + p1,+) 5}«

Since the second term of the right hand side is decreasing in ¢, and is proved to be
negative when ¢ = 48, we see that t3  + Ha < t32'+ holds for ¢ > 48. We also see that

there is no even 20 < ¢ < 48 such that ¢ € (t32'+ ,0). Therefore we see 02(c4) < 0 (az,0)
holds if ¢ > 20 and t € (t3’+ 0).
In the other case, we see 3a,yh3 20(7,7) = (% — 1) “/% — %T < (%T— 1) % — %T since

it is 1ncreasmg invy. By 7> 78t and h3 2,0(7,7T) = 8@ 20T (v—=T) (v € (v,I)),

we have h3’2,0('y, 7)< —A(% + ( )% ;g ) We see Ho is less than
1 /1 279 €3,2,0(C5,2,0) t2
— (= 17—)7—15)( C 71) 2, ,
—A(F2+( 378t \3820(Ca20) —1)o+ =255 YT — g

It is negative for t = t3 , t = %T’*', and g = 700. Since it is a quadratic function of ¢

with positive leading coefficient, it is negative for all ¢t € [t3 4, t32’+ ] and g > 700. For
such t and g, we see Hy < 0, and t3 4 + Hao < t is valid.

For 20 < ¢ < 700, only p/q = 703/316 satisfies 2 { p, gcd(p,q) = 1,p—¢ =0 mod 3,
andt3 4+ <p—Ig=1t< t32’+. As to this, we calculate directly o2(cs) — 0%(ag,0) <
Xo(cq) — Xg(ag,o) + W =-6.047Tx 107 <0. O

4 Liouville type results for Diophantine approximation

In this section, we use the technique originated to Liouville [15].

Lemma 13 For positive integers u and v with u? — 602 > 1, we have

“ V6> 72‘/%};‘/6.

Proof We assume % — \/6 < Q\f - \/6 Then we have % +v6 < 2\/§+ \/6 and

v

u u? — 60> 2 2\f7\/6

2 _ V6= > = .0
v

V(5 +V6) T (2v2+ VE)? v?

Lemma 14 Suppose that positive integers p and q satisfy 21 p, 2 | q, gcd(p,q) = 1,
q>20,i€{0,1,2}, and p— q =2i mod 3. If

P

7 i
then the formula (1) does not hold. If
t; <p—Iq<ti+ 2%,

then the formula (1) holds.
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Proof We have the expression below:
t—t; = ((38p — 38¢ — u;) — V6 (19¢ — v;)) /38, where u; —V6v; =38t;. (25)
By p<I'q+ I' —2, we have

38p—38q—u2-SZF_2+(2F—2)U¢+38F—W—76S\/6+62F—116

19 — v; 1920 —v; 368

where the left hand side is the value of the middle part with ¢ = 2. By noting

(38p — 38¢q — ;)% — 6(19¢ — v;)?

38(19q — v;) (255221=1 1 /6)

t—1t;, =

and by denoting the numerator by v, we see

v 1 v 1
> - or t—t; < ——r—
38-19(2v/6 + 920116 ¢ ' 738-19-2V64

38p—38q—u;
19qg—v;

t—t;

according as v > 0 or v < 0, since < /6 in the latter case. Therefore it is

sufficient to consider the cases

21" — 116\ ~ ~

O<V§38~19(2\/€+%)p27+ and 0> v >38-19 2v6 5 .

Hence we consider the case —2403 < v < 3258. ) )
_ )2 = __e__ __ e _ e _ _=t

For 0 < € < 1, we have (6 —¢)'/? = /6 NI (RS > 6 NPT

and (64 ¢)"/2 < 6+ —5~. By 19¢ — v; > 19- 20 — 30 and ‘W’ < 1, we have

26
38p — 38¢ — u; ( v )1/2 v V2.
= (64— > V6 + -

19 — v; (19q — v;)? - 26 (199 — ;)2 40v/5(19q — v;)4

if v <0, and

38p — 38q — u; v

it e e

19q — v; - 26 (19¢q — v;)2

ot

if v > 0. By 19¢ — v; > 19¢ — 30 > 19¢ — 3045 = 3¢, we have
1

1 1 1 30 12

< 19¢ —v; 19 — 19¢—30 19¢  (19¢ —30)19¢ — 7-19¢2%’
and hence

19q — v; (38p —38q — u; )

t—t; = -
¢ 38 19q — v; V6

> v . 1/2
T 38-2v6(19¢ —v;)  38-40v5 (19 — v;)3
> v " 12v _ V2 < v B 3
T 38-2v6-19¢  38-2v6-7-19¢2  38-40v5(35/2)3¢3 ~ 4-192V6q 4°

if v < 0, and

t—

< v < v n 12v < v +3
T 38-2v6(19g—v;) T 38-2v6-19¢  38-2V6-7-19¢2  4-1926q ¢>
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if v > 0. Hence

v 2
t—t)— ——| < —
alt =) 4-192v61 ¢
and
[v| 2 2
D) —ti|=t—t)| < — — + =2 < =2
lg(y ) il = Z|_4~192\/6q o p

By |t] < % and [t +t;] < |t — t;] + 2t;] < 1, we see

2 2 t -1 1
|2 =] < Zlt+t;] < = and \7—F|:u<7<7,
q q q 2q q
Therefore
1 1 1 1 1 1 1 1
I'--<~y<TI'+- and 0< = =< = <=
q q p—q¢ v-lg " I'-1-549 ¢
By applying these, we see |’y3 - F3| <3(I'+ %)2|'y — I <3(I'+ %)25,
1 1 1 1 1 1 1 3 1 1
RANRY PPN N N W AN Y P
S Ay 0 A T/ A L A e A B
‘ 11 ‘< 3(I + 55)° 1_1
S A L (S T TR Ay
1 1y, ti|_|=Tlay=1)—t;) +(y = Ditil or+1 1 1
gl (I' = 55)I (I'—55)I%q «q
and
'19q—vi38 _‘19—vi/q 19 ’< v; 191" — 1]
p—a V6 =1  I=1|7 (I'-1-45)q @T-1)(I-1-5)
By putting
v 2
Mo(i,v) := - 2
we have
‘ v 62 —t2|(F = 1)+t —~| 3
T —t;) — M Z,V‘S’ t—1t;) — L L <=,
ar —ts) = Mo(i, V)| < Ja(t = ta) 4-192v/6 2y - = 1) q
. 3258 t3
and hence, by |My(i,v)| < Tioevs T 2(F72—1) < 1, we have
1 3 2 2 1
T—t]| < |Mo(i,v)|-+ =5 < -, and |7| < |G+ < 2.
fr il < IMoGn)| |+ 3 < r < Il + 2 < 5

By putting

. t; t; % 2 1\2 .
M) i= =5 = (1= 75) (5 36) - (04 1) gMoio),
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andbynoting0<%+%ti<1,wehave|M1(i,u)\§3and
lq(hi1,—1(7,7) = hij1,—1 (1 t5)) — My(i,v)|
11 t; 11 t;
N R
‘q(7 F)+F2+‘q(v a5 7)) - (- 7

till2 2
-5

L2
3 3

1\2 .
sr st (P4 5 )5 lat = 8) = Moo

8 1 1\\1 10
<(1+c+2tl(1- =) +2(l+=))-<—.
_<+3+\t2|( F2)+( +F))q<q

By noting pgD4 Xo(cq) = 2(—27+hi’1,,1(’y, T)—(—2t;+hi 1,1 (T, tz))) and by putting

. 1 . .
Mo (i,v) := f(—4M0(z,u) + 2M; (i, v)),
we have

‘ 4 ‘
|> Dy Xo(cq) — Ma(i,v)| < ;|q(7’ —t;) — Mo(i,v)|

2 . 1 1 . 21
+ = Jalhi1(nm) = haa (5 8) = MaGion)| +2] 5 = [t < T
This yields important estimate below:
3 2 < 3 < , 21 2q
q¢"Di0”(ca) S ¢ D+ Z2 1 (ca) = Ma(i,v) & " + -1 (26)

where + stands for + when § stands for <, and =+ stands for — when § stands for >.
By the definition of v, we have v = (38p — 38¢ — u;)? — 6(19¢ — v;)%. Here we can
verify 19 | u? — 6v?, and hence 19 | v. Therefore we have

v/19=4-19(p — q)2 —4u;(p—q)—6- 19¢% + 12v;q + (u? - 61}1-2)/19,
and thereby
(V - (u? - 61)1-2))/19 = —du;(p — q) + 12v;qg = (—4u;)p + (4du; + 12v;)q mod 19.
By applying the definition of v, we have
(19q)3 = (19q — v; + vi)?’ = (19qg — vi)2 ((19q —v;) + 3’UZ'> +v? (3(19(] —v;) + vi)
= (5080 - ) —u)® = £) (19— v) + 3u3) + 0 (3019 — v3) + v3)

6

_ 2. 192(p _ q)2 —2-19u;(p — q) ((19q —v)+ 3%)

3
7 - (2 —
+ (199 — ) (307 + ) 4 (o + w)
Therefore
Fom—U90° __(pog_ )19 du
! 2-19(p—q) 3 3.19 19 19

— 2 2 _ 3 (w2 —
_ Mgz 18vidur —v 2viA vl = V) g mod 1
p—q 12193 4-193(p —q)
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Since p — ¢ = 2¢ mod 3, 3 | v;, 3| 38 — u;, we have

p—q—2i (38:—u;)/3 20; (38i —u;)/3 p—q u;/3\2v;
1=—( )(a+ 35 ) = (50
3 19 NS, KT 3 19 /19
_ 12y 38 —u; —2v; 2uivi/3)
- 19(3er 3 q 19 mod 1.

We can verify 7(—4u;) = 2§i mod 19 and 7(4u; + 12v;) = 3817%7172“ mod 19, and

hence we see the mod 1 relation

—7(1/ — (u? — 61)1-2)) + 2u;v;/3
192 '

1
19

I= =

_ Zuivl-/?))

<7((74ui)p + (du; + 12vi)q) S

By 1807 + u? — v| < 1803 + u? + 3258, we have

1802 +u? —v
66 192 pP—q NG 12193 q’
334260

and by 203 +v; (uf —v)| < 203 +vo(ud+3258) = 334260, we have [IT1| < T (T <

%. ‘We here denote

1+ _‘19qu’ 38| 1807 +u? —v| _ 13

M (i, v) = <—7(V — (uf - 67;2)) +2ui/3 1807 +uf — 1/>.
19 616192
By these we can conclude the following implication. If
24 24

2 M) <1-22 27
. = 3(4,v) 7 (27)

holds, then we have
. 24
[(aPca) = Ma(i,v)| < R (28)

When this condition is satisfied, by noting

1-(¥° +31)<q304> _2 (1 — (I + 1) M3 (i, u)) ‘
p
. 53 55

F3
<2‘7_ i‘h—<q3C4>]+2(1+i)]<q3c4>—M3(i M2 B
¥ I3 rs3 e A

IV = ’q32
and by putting
. . 2 3 .
M4(7'7V) = M2(7'7V)+ﬁ(1_([‘ +1)M3(7'7U))7

we have

. . 21 55 76
l¢> D X3(ca) — Mu(i,v)| < |¢° Dy Xa(ca) — Ma(i,v)| +1V < Tt

By (9) for N = 3, we see
. 76 2
By assuming (27) and 1 < 5 < 8, we prove
24

3 < _ 21 ( 1 1)( . ) 2q
Z ) = M- + — —10( = F - — M- — ) 30
q"Z2,x(c20+;5) = M2(i,v) p 73T PIAY 3(6,v) F q g—1 (30)
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together with the following implication: the condition (27) and cz94; < c15 imply

. 76 2
¢°Z3,+ (ca015) S Mu(i,v) + " + 1

31
+2(1—(%$$)(6j+1—7M3(i,u)ﬂF$)). oy
We here prove cog < cg. For i = 0, 1, 2, and f% <t < I'—2, we have <q264> =
§+37 < 3+ 3(I'—2). Hence p*(cs —cas) > p(§ — §(I'—2)) -8 > 252201, -8 > 0.
On [c4,c8), by Dy Xa(a) = —10(a — a1,—1) = —10(a — c4) + Dy X2(cq) we see

¢* D1 Xa(e20+7) = ¢*D4-Xa(eq) — 1055 (j — (¢°ca)), which proves (30).
Because of q3(020+j —c15) = 713(] —(¢3cs)) — (1 — (¢®cq)), we see it is increasing

in 7, ¢>(c21 — c15) € (—1,0), and hence q3(020+]~ —c15) € (—1,0) by assumption. From

3
this we see (q3020+j) = <q304 + g—g(j — <q304>)> = <q304> + % (j — (q304)), since the

right hand side equals to q3(020+j —c15)+1€(0,1). By (7), we see

q3p3iqu+V(<p3c20+j>? (@®c2045)) = 2(1 —{(ges) — 713(3 - <q3c4>))

3 2 3 3 1. 3 (32)

=q @Dﬂ/((p ca), (q°ca)) + 2(1 - $(J +1-2(q C4>))~

Therefore we have ¢° D4 X5(c20+;) = ¢° D4 X3(ca)+2(1— 5 (65+1—7(q%c4))), which
proves (31).

[The case i = 0.] Since p is odd, ¢ is even and p — ¢ = 0 mod 3, we can write
p=6S+2T+3 and ¢ = 2T. Then we see v = —24((197 — 15)% — 6(195 + 3)?) and can
write v = —24 - 19C by noting 152 -6-32=32.19. We prove 31 C. Actually, if 3 | C,
then 3 | (197 —15)2, 3| T, and 3 | ¢ in turn, which contradicts 3 | p— ¢ and (p, q) = 1.

We solve (197 — 15)% — 6(195 + 3)? = 19C, i.e., find solution of Pell equation
z? - 6y2 = 19C with x =4, y = 3 mod 19. Solutions of the Pell equation are given by

Tn + ynV6 = (z0 +y0V6)(5+2v6)" 1, (33)

where o + y0v/6 is the fundamental solution. We denote the field Q(v/6) by K, and
its integer ring by Ok. For m = 1, 2, 6, and 12, we can verify that (5 + 2\/6)4 =1
mod 19mOy if and only if 18 | £. Hence =y, +ynv6 mod 19mO is a periodic sequence
with period 18, and we see that =5 +ynv6 = 44+3v6 mod 19mO holds periodically
with period 18 if there exists such n. In this case, there exists an £ = 0, ..., 17 such
that xp1gk—1) + ye+18(k._1)\/(§ (k > 1) give our solutions, and we define S(k) and
T(k) by (19T(k) — 15) + (19S(k) + 3)V6 = x4 18(k—1) + Yer18(k—1) V6 (k > 1) and
put p(k) = 6S(k)+2T(k) + 3, q(k) = 2T'(k) (k > 1). We find the fundamental solution
xo + yo/6 using a recipe in section 8.8 of [1] and then check the first 18 terms of
Tn + yn\/é to decide if there is a solution of our condition and to determine /.

By —2403 < —24 - 19C < 3258, it is enough to consider C satisfying —7 < C' <
—1lor 1 < C < 5. Among these C, there exists an integer solution of Pell equation
z2— 6y2 =19C if C = -6, —5, —2, 1, 3, 4. Since C' = —6, 3 cannot be candidates, we
will consider the cases v = —456, —1824, 2280, 912. As we show later, we have q(k) >
262 and see % < 0.0916. Hence M3(0,—456) = 0.1405, M3(0,—1824) = 0.4090,
M3(0,2280) = 0.6036, and M3(0,912) = 0.8720 satisfy (27) and we have (28)—(32).
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We consider that case C = 1 or v = —456. We have (zg,y0,¢) = (13,5,15),
g > 1141090950502840 and My (0, —456) = 0.3046. Hence ¢®Dyo2(cs) > 0 and cs
cannot be the maximal point.

When C = 4 or v = —1824, we have (zg,y0,¢) = (26,10,2), ¢(1) = 262 and
M4(0, —1824) = 1.0342. Hence ¢*D40%(cq4) > 0 and ¢4 cannot be the maximal point.

For C = —5 or v = 2280, we have (z0,y0,¢) = (17,8,4) and (43,18, 16). Since
(1) = 18496 or q(1) = 28964180210424124, and M>(0,2280) = —2.2008, we have
¢>Z2. 4 (c4) < 0 by (26) and Z3 1 (a) < 0 on [c4,cs). Hence ¢4 is the maximal point.

For C' = —2 or v = 912, we have (z9,y0,¢) = (4,3,0), ¢(1) = 2, ¢(2) > 10'8. We
prove coa < c15 < c23. By denoting M3(0,912) simply denote by M3z, we see

q3(022 —c15) < (% + 1) (2 — M3 + %) — (1 — M3 — 274) = —0.0254,
r q q q

q3(623 —c15) > (L — 1) (3 — M3 — %) — (1 — M3 + %) = 0.0653.

s q q q
Since D+V((q3a), (p3a>) decreases on [ ¢4, c21), [ c21, c22), and [ c22, ¢15), and D4 Xo(a)
is decreasing, Z3 1 also decreases on these three intervals. We have Z3 4 (c4) < 0 by
My(0,912) = —2.6064, and ¢®>Z3 1 (c22) < ¢°Z3 4 (c21) < —0.7691 by (31). Hence
Z3,+(a) is negative on [c4,c21), [c21,c22) and [c22,c15), and thereby 02((1) is de-
creasing on each interval. If we prove Zs 1 (c15) < 0, then we can also see Za 4 (a) is
negative on [c15,cg) and o2 (a) is decreasing there. By this argument we can conclude
that o2 (a) is decreasing on [ ¢4, cg), and the proof is complete in this case. The estimate
Z3,+(c15) < 0 is proved by

2 2
q°Z 1 (c15) = ¢° Dy Xa(c15) + qfql = ¢’ Dy Xa(ca) — 10¢°(c15 — ca) + qfql
2
= ¢® Dy Xo(cq) — 10(1 — (¢°cs)) + Fql
21 24\ 2
< Mx(0,912) + -~ 10(1 — M35(0,912) — ?) + q_—ql = 0.1648 < 0.

[The case i = 1]

By putting p—q = 6S+5 and ¢ = 2T, we have v = (38-6S5 + 143)2 —6(38T — 21)2.
Since 1432 —6-212 = 19-937, the right hand side is divisible by 19. By putting v = 19C,
expanding and dividing by 19, we have —456T2 4 504T + 272652 + 34325 = C' — 937.
Hence we see 24 | C' — 937. By —2403 < 19C < 3258, we have —126 < C' < 171.
We investigate the solution of z? - 6y2 = 19C satisfying * = 143 mod 38 - 6 and
y = 17 mod 38. Because zp, + ynv6 mod 19mOg for m = 2 and 12 has period 18,
we see the orbit of (xn, mod 38 - 6,y, mod 38) has period 18. By investigating the
fundamental solution for each C, we have the following. We can find the solution of
above type only for C' = —95, —71, 97, 121, and 145. Solutions are given by 38-65(k) +
143 + (38T(k}) — 21)\/6 = '7:@—‘,-18(16—1) =+ yg_i_ls(k_l)\/é, p(k}) = GS(k‘) =+ QT(I{,‘) =+ 5, and
q(k) = 2T(k), where (z9,y0,¢) = (107,47,8) if C = —95, (zo,y0,¢) = (55,27,1) if
C = —71, (0,0, ) = (203,81,12) if C = 97, (z0,0, ) = (143,55,0) if C = 121, and
(0,70, €) = (59,11,10) if C' = 145.

We have p(1)/q(1) = 31/14 for C = =71, and p(1)/q(1) = 9/4 for C = 121.
Other than these, all solution satisfies g(k) > 10%. Hence M3(1,—1805) = 0.0963,
Ms(1, —1349) = 0.3401, M3(1, 1843) = 0.0470, M3(1,2299) = 0.2908, and M3(1,2755) =
0.5347 satisfy (27).
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By applying (29), we see ¢>Z3, _(cs) > 1.7684 for C = —95 and ¢>Z3 _(ca) >
0.7980 for C' = —71. Hence c4 is not the maximal point in these cases. We can verify
q3Z27+(C4) < —0.5871 for C' = 145, and q3Z2)+(C4) < —0.1487 for C' = 121, and see
that ¢4 is maximal in these cases.

We consider the case C' = 97. Note that ca1 < ¢15. By (29), we see q3Z3’+(C4) <
—1.6313 and see that 0%(a) is decreasing in [c4, c21). By (30) we see q3ZQ,+(021) <
—0.5757 and see that 02((1) decreases on [ca1, cg). Therefore ¢4 is the maximal point
also in this case.

[The case i = 2]

Since p — ¢ = 1 mod 3 is odd, we see p — ¢ = 65 + 1 and ¢ = 2T. Hence v =
4((19- 65 +11)% — 6(19T — 6)?) which is divisible by 19.

Consider 4((19-6S +11)% — 6(197 — 6)?) = 4-19C. Expanding and dividing by 19,
we have 196252 +2.6-115 — 6 - 1972 + 2- 62T = C + 5. Hence we have 6 | C + 5.

If we investigate the equation z? - 6y2 = 19C. By —2403 < 4-19C < 3258, we
see —31 < C < 42. Tt has a solution with z = 11 mod 19-6 and y = 13 mod 19, if
C = —23, —5, 1, 19, 25. Solutions are given by 19 - 6S(k) + 11 + (19T(k) — 6)v/6 =
Tp18(k—1) + Yer1s(k—1) V6, p(k) = 6S(k) + 2T (k) + 1, and g(k) = 2T'(k), where
(.'Eo,y(),f) = (47,21,16) if ¢ = 723, (:L’(),yo,é) = (17,8, 8) if ¢ = 75, (:r(),y(),f) =
(13,5,1) if C = 1, (z0,y0,¢) = (19,35,12) if C = 19, and (zo, yo,£) = (23,3,4) and
(z0,v0,¢) = (31,9,15) if C' = 25. As we see below, we have ¢(k) > 6262. Hence
M3(2,76) = 0.5689, M3(2,1444) = 0.3004 , M3(2,1900) = 0.5443 satisfy (27).

When C = —23 and —5, we have q(k) > 108, My(2,-1748) = 0.9129, and
M4 (2,—-380) = 0.1833. Therefore by (29) we see Z3 _(cs) > 0 and verify that c4
is not the maximal point.

For C =1, 19, 25, we see q(k) > 10'* except for the following two cases. One is
C =1 and p(1)/q(1) = 13/6 which can be omitted here, and the other is C' = 25,
(z0,y0) = (23,3) and p(1)/q(1) = 13931/6262.

The right hand side of

i(eas—c19) < (75 +2) (4= M62.19-40) +2) = (1- 22,19+ 40) - 22)

equals to —0.1194 if C = 1, —0.3635 if C = 19, —0.1418 if C = 25 and q # 6262,
—0.1357 if C = 25 and ¢ = 6262, and we see c24 < C15.

By My(2,76) = —0.7870, My(2,1444) = —1.5165, My(2,1900) = —2.4869 we see
that ¢® D4 Z3 4 (c4) < 0 and that o%(a) is decreasing in [c4, c21).

Next, we verify c15 < cg. By t < 0, we see 7 < 0, <q204> = % + %7’ < %, and hence
08204+#ZC4+(%32015~

We consider the case C' = 25 and ¢ # 6262. We have q3Z37+(021) < —1.0663 by
(31), and ¢*Za_ (c22) < —0.8030 by (30). Hence o*(a) is decreasing in [co1,ca2) and
[c22,c8), and thereby cg is the maximal point. In case C = 25 and g = 6262, we see
¢ Z3 1 (c21) < —1.0479 and ¢°Z2 4 (ca2) < —0.7936 to have the same conclusion. In
case C' = 19, we see q3Zg,+(021) < —0.4059 and q3Z2’+(622) < —0.5861 to have the
same conclusion.

We consider the case C' = 1. By (31), we have ¢®Z3 1 (co2) < —0.4248 and
q3Z3’+(c23) < —1.5146. Hence 02(a) is decreasing in [ca2,c23) and [ca3,c24). By
(30), we have qug7+(024) < —0.8433 < 0, and we see that o2(a) is decreasing in
[ 24, cg). Hence we only have to prove o2 (a) < 02(04) for a € [c21,c22). We first verify
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ca1 < c16 < e22. By ¢*(ca04j — c16) = 55 (j — (g ca)) — s, we see

Bt
3 1 1)( 24) 1 1
— 1— M3(2,76 — — =—-0.06074 < 0
q°(ca1 —c16) < (Fg + 3(2,76) + . i p <0,
5 1 )( 24) 11
— > —= 2 — M3(2,76 — ——— — — =0.003007 > 0.
q°(co2 — c16) = (Fg p 3(2,76) — p -1 g >

By (31) we have Z3 _(c21) > 0.6649 and now we prove Z3 4 (c16 — 0) < 0. Note that
p’ci6 — g’ is an integer. By (g°cs) < M3(2,76) + 21 = 0.5689 and 0 “/3171 &,

we have

3 _ /3 _ /3 1 >: 3 1
(p”c16) = (¢"c16) = <q e (¢°ca) + ST

Combining ¢° Dy X2(c16) = ¢* D1 Xa(ca) — 10g° (c16 — ) = ¢° D4 X2(cs) — 5327 and

qugiqu-Fv(Q)S(ClG —0)), (¢*(c16 — 0))) = %(pg —p*(g°c16) — q3<q3616>)

p
2(73+1)( 3 1 3 4
=2—-— ——((¢"cs +7)—q — D1V ((p"ca),(q"ca)) +2— 5,
73 < > 73_1 p + (< >< >) 73_1
we have
3 3 2 3 14 2
Z —0)=¢" D4+ X — —— =q¢" D1+ X 2 — —
0" Z3,+(c16 — 0) = ¢" D4 X3(c16 O)Jrq_1 q" D4 X3(ca) + |
76 14 14 2
< My(2 — +2-— —+ —— =-0.1854 .
< 4(,76)+q+ F3—1+q+q—1 0.1854 < 0

By 0 > Z3 4 (c16 — 0) > Z3 1 (c16), we see that o%(a) is decreasing in [c16,c2). We
denote the zero of D1 X3(a) in (c21,c16) by c17. It is the maximal point of X3(a)
n [c21,c16), i.e., X3(a) < X3(c16). By denoting Dy X3(a) = —14a + 7 in [c21, c16),
we have c¢17 = n/14. By D4y X3(c21) = —14co1 + 1, we see n = D4 X3(c21) + 14ca1,
Dy X3(a) = —14(a—c21)+ Dy X3(c21) and c17 = 7Dy X3(ca1) +ca1. By integration
we have X3(c17) — X3(c21) = —T(c17—c21)? + D4 X3(ca1) (c17 —c21) = 55 D4 X3(c21)?.

2
In the same way, we have X3(c21) — X3(cq) = 77(17213:;6@) + 1= <I§13 C4>D+X3(C4).

3
Applying D4 Xo(c21) = D1 Xo(cq) — 10%304> and (32), we have Dy X3(co1) =
3
D+X3(C4)+2(i—7m) Combining these and |X3( —o%(a)| < W =
¢ %R, and applying 28(D+2 14F)2 TF24FD = 28 + +L = —2F, fora € [c21,c16),

¢®(0°(a) — 0*(ca)) < ¢°(X3(a) — X3(ca)) + R < ¢°(X3(c1r) — X3(ca)) + R

1 5 1 134 31— <q c4)
- D.X S 4 23Dy Xy(ey) — 28— 4l
28((1 +X3(ca))” + o+ 2q" Dy X3(ca) — 29 p +R
1 76 1 76
< (M2, 7) (M 2 )
_28< 4(2,76)+ 7 ) + 5+ 7 (Ma(2,76) + 7
11 24 1
_2(7 )(1—M 276——>+7:—0.02574<0.
s q 3(2,76) q v3(pg — 1)

Hence we have proved o2(a) < 0% (c4) for a € [¢a1,¢16). O
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Lemma 15 For positive integers p and q with2+tp, 2| ¢, p—qg =0 mod 3, ged(p,q) =
1, (p,q) ¢ E, and 0 < p — qI" — t3,_, we have

0.03976

p—ql —t3,_ > (34)

For (p,q) € E, we have

. 2
O<p—qF—t3,_§%. (35)
Proof We consider the case ¢ > t3 _. We may assume ¢ < 0, since (34) is trivial
otherwise. We have

—6((19%¢ + 720)% — 6(19% 239 + 350)?)

2192 (p— ’
2 192(192q + 720) (2L G0 E2100 1 /)

p—ql’—t3 - =

192 (p— . _
where W > /6 by t > t3 _. By denoting v = (19%¢ 4 720)? 76(19217—3(1 +

350)2, we have

—6v
gl —ty < — "
Pt == = 5 00 96

By 7202 — 6-350%2 = —23 - 3.52.192, v is a multiple of 192. We put v = —192C.
By p—q=q(y—1) <q(I'—1)=qV6/2 we have

2-192(p — q) + 2100 < 19%2v/6¢ + 2100 < 192v/6 - 20 + 2100
192¢ + 720 = 192¢4720 — 192204720

For ¢ > 20, we have 19%¢ + 720 < (19% 4 36)q and

1 192 )
p—al—t3— = 2102 - 1992\/05 20+2100 = L
72-192(192 4 36)(“ygr501 730 + V6) q

if ¢ > 26.

Because of 2 | g, we see 2 | v and 2 | C. We see 3 { C, because 3 | C implies
31 (19%2¢+720)? or 3 | ¢ which contradicts with (p,q) = 1. We see 4 { C, because 4 | C
implies 2 | (192% +350)2 and 2 | p — ¢ which contradicts with (p,q) = 1.

Hence the possible values of C are 2, 10, 14 and 22. Among these, C' = 2 is the only

2
having solution. In thi h —ql —t5_ < 061972 _ 0.003392
case having solution. In this case we have p — ¢ t3,— < 57101.2v/84 4 We

examine the values of p/q in this case. We have (19%¢ + 720)2 — 6(1921)—?1 + 350)2 =
~2.192. We see 2 | (192q + 720) and 2 ¢ 192% + 350, and hence 2 | ¢ and 2 1 p.
Expanding, we have 192(12—1—1440q—6(192 (%)2—1—700%) = 2-13-23. and we see 3 1 q.
Common factors of p and ¢ are those of ¢ and p—q. Hence common prime factors except
for 3 are those of ¢ and %. By the above formula, common prime factors of ¢ and 1’3;‘1
are 3, 13 and 23. Hence we see only 13 and 23 can be common prime factors of p and q.
By noting (5—|—2\/6)19'18 =1 mod 192OK, we see the orbit of the solution has period
18-19 and can be calculated concretely by using the fundamental solution. The solutions
of 22 — 6y = —2- 192 are given by z + yv6 = 20(5 + 2v6 )7, j € Z, zo = 2 + 116,
38 4 19v/6, 122 + 51v/6. Among these, positive solutions satisfying & = 720, y = 350
mod 192 can be expressed as = + yv6 = (2 + 11V6)(5 + 2¢/6)171H1918 (5 > ().
By x = 192q + 720 and y = 192% + 350, we see the expressions of p; and g;. By
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calculating it for 7 < 11, we see ged(p,q) = 13 if £ = 6, ged(p, ¢) = 23 if £ = 11, and
ged(p,q) = 1 for £ # 6, 11. By (5+2v6)7 = 1 mod 130k and (5 + 2v6)! = 1
mod 230, we see that ged(pj,q;) mod 13 has period 7, and ged(p;,q;) mod 23 has
period 11. Hence we can conclude that 7{ (j — 6) and 111 j imply ged(pj,q;) =1. O
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