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ON LACUNARY TRIGONOMETRIC PRODUCT

Katusi Fukuyama

Abstract.

We prove the law of the iterated logarithm for gap series under
weak regularity condition and apply to the lacunary trigonometric
product.

§1. Introduction

Let f be an R-valued function on R satisfying

(1) fE+1) = 1), / fydi=0, |2 = / PO di < oo,

Denote by S(f; N) the N-th partial sum of Fourier series of f, and put
R(f;N) = f = S(f; N) and || fll« = [[fll2 + 2252, IR(f; B)ll2/k.

We prove the theorem below:

Theorem 1. Let {ny} be a sequence of positive integers satisfying
ngy1/ng > q> 1. If

2) IR(f; N)ll2 = O((log N)*(loglog N) ™)
for some o > 0, then

N

— 1 1/2 1/2
| —_— t) < C * .e.
Jim ZNIOgIOgN];f(”k)_ AlFIEIf T ae

where Cy is a constant depending only on q. If ng1/ng — oo, then

3)

N

S fut) = Iflls e

(4) m -
N—oo /2N loglog N —

Received February 6, 2006.

This research is supported in part by a Grant-in-Aid for Scientific Research
(B) 17340029 from the Ministry of Education, Culture, Sports, Science and
Technology.



2 Katusi Fukuyama

If
(5) ferttte and
(6) IR(f; N)|l2 = O((log N) ™" (log log N) ™' ™)

for some a > 0, then the same conclusions hold.

We apply the above theorem to functions

o0 oo

log|2sinmz| = —Z , log|2cosma| = Z(_l)

v=1 v=1

cos 27y ,_1COs 2Ty

v

which are unbounded and L?-1/2-Hélder continuous. (Cf. Lemma 5 of
[11]) In case when ngi1/n; > ¢ > 1, we have

1/VRToglogk
< C < o0,

k—oo| -

k
(7) lim H 2 cos(mn;x)
j=1

and when ny11/n; — oo, we have

1/VkTogTogF
w/\/g

k
kllngo Jli[l 2 cos(mn;x)
These results remain valid if we replace cosine functions by sines.

The above gap conditions are best possible in the following sense.
It is proved in [10] that for any pg | 0, there exists {n;} such that
ng+1/ng > pr and the law of the iterated logarithm (7) does not hold.

Now we make a little survey on the studies of this fields. The central
limit theorem corresponding to (4) was proved by Kac [13] by assuming
uniform Holder continuity on function f, and later the condition was
weakened to (6) by Takahashi [15]. (The condition in [15] seems to
stronger than (6), but it is clear that (6) is enough to convey the proof
given by Takahashi.)

As to the law of the iterated logarithm (3) and (4), Takahashi [16]
and [17] proved by assuming Holder continuity. Philipp [14] proved
for functions of bounded variations and Berkes [2] proved for bounded
L2-Hélder continuous functions. Our conditions are much weaker than
these, which is clear from the inequality (10). Although extra integra-
bility condition (5) is assumed, it should be emphasised that the law of
the iterated logarithm was proved under the same regularity condition
(6) as the central limit theorem. And it is also noted that application
to product of lacunary trigonometric is made possible by our results.
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At the end we remark that functions satisfying conditions (5) and
(6) exist. Actually, by taking a sequence {a;} satisfying > o=y a7 ~
(log N)~2(loglog N)~272% and consider function defined by the random
series Y +a, cos 2rna then it belongs to L” for all r > 0 almost surely.
(Ch. 5 Theorem 8.16 of Zygmund [19]).

Our proof goes along with the direction given by Takahashi [17].
The uses of various truncation techniques make it possible to give a new
result.

§2. The proof of the theorem

We put 4, ¢, ¢, and p(k) as follows: In the case the condition
(2) is assumed, we put 6 = 1, 0 < 6" = & < 1/30, and pu(k) = k2.
In the case the conditions (5) and (6) are assumed, take ¢” between
1/(30 4+ 2a) and 1/30, and take 0 < ¢’ < 1/15 small enough to satisfy

1/(30 + 2a) < 8" — &', put u(k) = 26" and § = 8 — §.
In both cases, we have
(8) 3MYT MY S 0o, (M — 00).
We may assume ny.1/ng > 3. For M > 0, put
Ealt) = (EA M)V (=M) and nar(t) =t — Ear(8):

Lemma 2. If |R(f;N)|2 = O((log N)~(loglog N)~™7) for some
v >0, then supy; o | R(€as(f); N)ll2 = O((log N)~*(loglog N)~7). For
any My, we have

(9) > I REm (£):35)]2 < Coll £,
k=1

where Cy is an absolute constant.

Proof. Let us recall the notion of L2-modulus of continuity w(® (e, g)
of function g. It is given by w® (e, g) = supjy . lg(- +h) — g()ll2,
and have close relations with the decay order of ||R(g; N)||2: by (3.3) of
pp. 241 of Zygmund [19] and by (2.6) of pp. 160 of Bari [1], we have

N—1
(10) RNl < Clo® /N, 1) < Coxe 3 IR B,

k=0
where Cy and Cy are absolute constants. Thus ||R(Ea(f); N)|2 <
Crw@ (1/N, €0 (f)). Because of |Ex(t) — Epr(s)| < |t — 5|, we have

1620 (FC- +h) = Eaa(FC- D2 < NFC-+h) = FC)2
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and see w? (g, &x(f)) < w@ (e, f). We also have

2

Crw®(1/N, f) < C Z (f3k)ll2

N( kz > ) ((log k)~ *(loglog k)~7)

0<k<v'N  VN<k<N
= O((log N) " (loglog N)™7).

Thus we have sup,; w® (1/N, &y (f)) = O((log N)~!(loglog N)~7) and
eventually have the conclusion. The proof of (9) is given as follows:

e’} 3k_1
1
Z IR(Es, (£);38)]|2 < sz S RS DI2 < Coll£1].-
k=1 k= 1 1=0
Q.E.D.
Lemma 3. We have
(11) ana (nkt)) = o(/Nloglog N) a.e.

Proof. Let 3=1or 15+a, we have f € L'*% and § > 1/(23). Since
Ina ()] < |f11q 500y < [ fIMHP/MP, we have

/ Z ks (f (niet)) Z fo |f|PH dt
0 = \/kloglogk k55\/k10g log k
By Kronecker’s lemma, we have the conclusion. Q.E.D.

Lemma 4. We have
N
(12) ZR s (f); (k) (nit) = o(/Nloglog N) a.e.
k=1

Proof. For g € L?, put g(x) = 0 for x ¢ Z and denote Specg = {v |
g(v) # 0} and |Specg| = {|v| | g(v) # 0}. We first prove by assuming
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o~

(2). If 7 > k, then we have
\ [ nngtin dt\ - h(n)@(rm\ < S [h(—mi/K)am)|
kn+jm=0 meESpec g

(> |ﬁ<mj/k>|2)1/2( > far)

|m|>min | Spec g| me&Spec g

< [[R(R; min | Spec gj/k)l|2|g]l2-

1/2

Therefore if j > k, by Lemma 2 and nj/nk > 37—k we have

\ [ &0 1) (st Re€sa (1) ) () dt\

SNREs () D) 2l REps (f)5 12(5) 15 /10k) |2

= O((log j) *(loglog j)~*(logj + (j — k))~?).
Hence we have

B

/ ( :z: (f(lgl(og) log(g

2

Y

R(&es (f); p(k ))(nkt)R(g(k 1)° (f); p(k + 1) (ngyit)
= ng z_: / (klOglogk)l/Q((k—I—l—gloglog(k—kl))l/? dt
=A+11=0
B
1
O<k;1§ k(log k)?(loglog k) (log k + 1)? >
1
- O<k;+1 k(log k)3 (log log ]f)1+0‘> —0 (A, B — ).

Thus the series Y % converges in L?-sense. Thanks to

[, M)’

=2441

_O(Z 2 ke(log k)3 (liglogk)“fa)

A=0 k=24

o

1
— O(; k(log k)2 (log log k)1+a> =0(1),
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A .
we see that Zizl 4R(§(275122)1’£ Z;)l(/zkt)

For g, € L? and A,, € R satisfying ||g,m—gn |3 < A —A4, form > n,
Menchoff’s inequality claims || max,<y gn[3 < C3(log N)2(Ay — Ap),
where C3 is an absolute constant. Applying this, we have

U R () (k) (nit) | 2
/(2A<123)Q(A+1 Z (];cloglogk)l/z ) dt

k=24+1

converges a.e. as A — 0.

2A+1

1
=0 Z klogk(loglogk)“c‘)’

k=24+1
Since it is summable in A, by Beppo-Levi’s theorem, we see that the inte-
grand tends to 0 a.e. as A — co. Thus the series Y- | W

converges a.e. By Kronecker’s lemma, we have the conclusion.
Next, we prove by assuming (5) and (6). By noting Lemma 2 again,
we have the estimate

/ R(&;s (£); (k) (s ) R(€gs (£): (k) ()

=03~ (j — k)M (log(j — k)~ 7).

In the same way as before we can complete the proof. Q.E.D.

Lemma 5. We have

(13) 1S (Exs (f): (k)| oe = O fIl2E°").

Proof. When (2) is assumed, it is clear from the Schwartz inequality:
15(g: M)l < |lgll2M*/%. When (5) and (6) are assumed, it is derived
from the inequality ||S(f, N)|lco < Ca|lf|loc log N, where C4 is an abso-
lute constant. This inequality is proved in the same way as the proof of
Th. 11.9 of Ch. II in Zygmund [19]. Q.E.D.

Lemma 6. ¢ < (14 z + 22/2)el*l” for all z € R.

Proof. By expressing both sides by power series, it is clear for = >
0. Elementary calculus shows that e < 1 + x + 2 /2 holds for all
x < 0. Q.E.D.

Lemma 7. Put Z; = (VCo||fll2llf|l+)*/?. There exists My such
that, for all M > My, for all0 < A < M~'2log M, and for all N <
M/ we have

N+M

/ exp (A X Stsnmn) dr < zexp (202, 221)

k=N+1
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Proof. Let m”" <M < (m+1)", m(2L +2) < M < m(2L + 4) and

(I+1)m+N
Uty = Y S(&a(f);ulk)(ngt)
k=lm+N+1
Because of
max [S(6s (P ()l = O(N +20)%") = 0115/,
we have
N+M 2L+1
A 3 stew s mn - Y- 6
k=N+1 1=0
N+M ,
<A > 1S (& (£); 1)) [l oo = O(AmM 2/D7)

k=m(2L+2)+N+1
_ O(M71/2+1/7+(15/7)6” IOgM) _ 0(1)

Similarly, A max;<y, [Uy(t)| = O(M~/2+1/7+15/19" 165 M) and
14 )3 Z |U2l MS( 1/2Jr1/7+(15/7)6")+6/7(10g M) ) (1)

Thus for M > My, we have

N+M

/ 1 exp(X 30 (6w (0 ) et ) o

k=N+1
< f/ exp(/\2§1 Uy (t ) dt
<V?2 ( /0 exp (2)\2 Ugl(t)) dt /O 1 exp <2A§L: U21+1(t)> dt) 1/2.

1=0 1=0
By Lemma 6 and (14), for M > My, we have

L L
exp (2)\ > Ugl(t)) < V2] + 2002 + 2X°U3)

=0 =0
Denote the Fourier series of S(&s(f); u(k)) by

S (Nink) = > prwcos@avt+i.),

v<u(k)
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and denote

0<s<u(N+Ek),

[ng+ns — njpnr| < nlm+N7}
0<r<u(N+j7)

‘I)(kvj) = {(T,S)

(I+1)ym k-1

=2 > )

k=Ilm+2 j=Ilm+1 (r,s)e®(k,j)
PN+jrPN+k,s COS(2T (NN kS — NN45T)E + VN+k,s = IN+jir)

(I+1)m p(N+k)
Vi = 2\U; + \? (2Ul2 D D QWl(t))
k=Im+1 s=1

Let | <2L+1 and Im + 2 < k < (I + 1)m. Because of

(N +E)
1
S(E 1wy (f); (N + k) (nyyrt) — Z PN s

=2 Z

1<s<r<p(N-+k)

PN+k,sPN+jr COS(2TNN £t + YN4k,s) COSRTNN4£TE + YN 4jr),
if we expand into trigonometric polynomial, frequencies all belong to
[Nk 20kt N 4 5) ] C [Tt 35 2004 1) mes v (2M 57 |

We also see that frequencies of V; all belong to the last interval. By (8),

3]\41/7

T ey T 2 sy — 00 as M — oo, and
hence {Vo;} satisfies

1
(15) / Vor,(#) ... Vo, (0)dt =0 (k€ N,lp < -+ <ly)

0

when M is large enough. If Im 4+ 1 < j < k < (I + 2)m, we have
Mm+n /njen < 1/3 and @(k, j) C {(r,s) | |snksn/njen — 7| < 1/3},
and hence

1/2
Z |pN+j rPN+k, S| < <ZPN+ksZpN+] an+k/nN+J>

(r,5)€B(k.5) =1
<Nty (D2 RE N5y (f)s v /v 5) |2
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Therefore, by (9) we have

(I+1)m p(N+k)

> P Wil

k=lm+2 s=1
(I4+1)m k—1 ‘
<Ufle X (Wt 3 IR (i3l
k=Ilm+42 j=lm—+1

and hence 1+ 2X\U; + 2 2U2 < 1+ V; + 2(AEf)?*m . Thus by (15),

/Olexp(Q)\lzf;Ugl(t)>dt<\/§/ H 1+ Vit) + 2(AZf)?) dt

L L
=V2[J(1 +2(0=5)*m) < V2exp (Z 2(A5f)2m) :
=0

1=0
If we replace 21 by 20 + 1, it is still valid. Thus for M > Mj,, we have

1 N+M 2L+1
[ ew (A 3 s<ska<f>;u<k>><nkt>) it < 2exp( T 2<Azf>2m)7
0 k=N+1 1=0
which is less than 2exp(2(AEf)2M). Q.E.D.

Lemma 8. Let ¢)(M) < (2 log M)?. For all M > My and N <
M/ we have

N+M
Ht? Z S(Ers (f); (k) () >2“f\/7}‘<26 (2

k=N+1

Proof. By Putting A = 2(Z;)~Y/2¢Y/2(M)M~'/2, applying Lemma
7 and Markov’s inequality, we have the above estimate. Q.E.D.

Lemma 9. We have

lim S( nit) < 2Z¢ a.e.
m— oo \/2m+1 +E logm Z 5’“5 )( k ) — !

Proof. By putting M = 2™, N =0 and ¥(2™) = 2(1 + €) log m and
by applying previous lemma, we have

.
Ht; S 8 (s (1); 1) () > 22 /2777 logm}\ < om 1,
k=1

and Borel-Cantelli Lemma proves the conclusion. Q.E.D.
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Lemma 10. We have

2" 4N
lim max Z S(&ks (f)ip(k))(ngt) < 625  ace.

meeo N2y Qm“ logm 5274

Proof. Let 2l(7/15m] 5 My and (1 4+ 1/logm)/2 < 9/16. Let € > 0
and take m large as 2(m — 1) +2(1 +¢€)logm < (227 log2")? (m >1>
[(7/15)m]). Put

2™ 4 (r41)2!

Xi(t) =0 maxt N S(E(): ulk) (e,

k=2m4r2l41

Then l[(_7515)m]_1 1

> X, equals to a sum of at most 2[(7/1)™I=1 many terms
among S(&xs (f); u(k))(nt) (2™ < k < 2™+, Because of (13), we have

2Mm4+N

max 0 S(&s(f); p(k)) (nit)
k=2m41
m—1 m—1
< ZXl 9l(7/15)m]— 1Hf|| 96"'m )+ Z X,(t)

1=[(7/15)m]

Let us put ¢(2') = 2(m — 1) + 2(1 +€) logm (m > 1 > [(7/15)m]). Then
the condition of Lemma 2 is satisfied and we have N < 2(15/7!

N+2!
{63 st > 22200 || < 200Dt
k=N+1
By noting N < 2™ < 205/11 we see that |Fj| < 2m—FTle=(m=lpy—1-e
form>1> [(7/15) |, where E; = {t; X;(t) > 2Hf\/2lw (21)}. Thus we
have Y °_, l (7/15 my [E1| < oo and t ¢ Uiz, 7/15)m] E; for large m
ae. If t ¢ UL [(7/15)m] E;, we have

m—1 m—1
doooXit) <=, Y /2.
1=[(7/15)m)] 1=[(7/15)m]

Because of

24h(21) 1 1 1 1 3
\/M(Qlﬂ) = \/2<1+1/)(21+1)> = §<1+ logm> <1 (< m),
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we have

mz_:l J2l(2) < W(HZH%)ZJP-)

1=[(7/15)m]
<4/2m(1+ (1 + €)logm) < 34/2m+1(1 + (1 + €) logm).

Thus we have the conclusion. Q.E.D.

By Lemmas 9 and 10 we have

N
_— 1
li g —_—S sk t) < 8.
NE,I})O]CZI 2N loglog N (Sk‘s(f) H“( ))(nk )— I
Combining this with (11) and (12), we have

N

_ 1
fm ——— 1) < 85
Ngnoo«/—ZNloglogN;f(nk)_ 1

which is the first assertion of our theorem. By applying this to +R(f; A),

N
— 1
li —EiR s A)(npt) < 8ZR(f.4)-
NS 2N10g10gNk=1 (Fs A)(mt) < 8Zn(pia)

If ngy1/np — 0o, we have

T 1 N . J— .
A}EHOO /2N Toglog N kz::l S(f; A)(nit) = [[S(f; A)ll2-
3 f(mr) = £ S(f: A)mia) + 5 R(f: 4) ) implies
N
I(: A)la ~ $=nison) < Jin S < 5(f, )2 + 82

By letting A — oo, we have the second assertion.
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