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e Energy dependent Schrodinger equation
"k = U(x)+2kQ(z)]f =0, —oco<m< o0,
U(x), Q(x) : real-valued, decreasing at x — +oc.

e Scattering matrix (Heisenberg 1943~1944)

_( su(k) sia(k) e ~
S(k) = ( sou(k)  ss(k) ) : <k <.
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RN AL A (U, Q)] ~—— |S(k)

Scattering Matrix

Z;), —o00 < k < o0.

e Unitarity S(k)S(k)* =1 = [su(k)]* + |sau(k)]* =1
e Symmetry s11(k) = sa2(k)
e Analiticity s11(k) is analytically continued to C;

.]{1
ok, <— poles of s11(k)

oky (bound states)

fo(z, k) =dufi(z, k), (fe(z, k) ~ e as 2 — F00)



Historical Note

Schrodinger equation
£+ [ = U()lf =0

f// +

Energy dependent equation
[k* — (U(x) + 2kQ(x))]f =0

Marchenko, 1955
Faddeev, 1964
Deift-Trubowitz, 1979

Jaulent-Jean, 1976 (N = 0)
Sattinger-Szmigielski, 1995
Kamimura, 2008 (N = 0)

N >0

The inverse scattering for energy dependent equation in the

presence of bound states (/N > 0) is still open.
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BRHEEL so(k) = s (k) =0 DEEDRTF YV vIL (U,Q)
EHELITIINSED K D.
ZDEHDT—FELT, ROEHREZA :
cn = —i1Res g, s11(k) xdp,, n=1,--- N.
EH c, IETTH Schrodinger D & & DRIRILER DGR .

=DOfEH
{0, kp, e}
ERELT—YELTAHWS. .



BHET—9 {0, ky ey} 5, T B ERI ML v %

__ (iR +iky)e __ (R tiky)e

L oL ¢ ikiz
1 STk 1l Tk ik ©
B := : : NCRES :
. (W-Hkl)x . (W-ﬁ—ik’l\;)x cN_ iknx
ey &—— N &——— ik €
ik +iky ikn+ikNn

EED, ROBEY Alr) £HAT 5.
A(z) :=det(I — BB) + (€™ .. ¢**)(I — BBY (Bv — ),

772U, (I - BBY & I — BB. D&RF175



FEH

Theorem 1  {0,k,,c,} : prescribed

o {0,kn,c,} D3I, Q) eSS xS DHEAT—4
< A(x) #0 on R.

o LORBEDTT (U.Q) RDFARXTRESND

{ Qz)=—1a gﬂ()
Ulz) + Qx)* = — 5 log | A(z)].

Here S denotes the Schwartz class on R.
The reflectionless scattering is completely controlled by A(x).

A data {0, k,,, ¢,,} is said to be regular if A(z) #0 on R.



Reduction

764l Schrodinger DIBE IE
c, >0, 1k, <O.
ThHhd. TOE&ZEIF B IXETHT
A(r) = (det(I — B))? > 0.
&%, LD >T, Theorem 1 KW R%EES ::
Corollary ¢, > 0, ik, <0DEE, Q) =0,

2

d
U(z) = —Q@IOg det(I — B).

This is a well-known representation of reflectionless potentials
in the Schrodinger equation via Hirota's transformation. In
other words, Theorem 1 gives a (complex) generalization of
reflectionless scattering theory for the Schrodinger equation.



FeH 1 (ErFwatalEm

Schrodinger equation | Energy dependent equation
kn, on imaginary axis in C,
Cn ¢, > 0, any ¢, € C\ {0}, regular
(U,Q) (U,0), single (U, Q), system
Formula Real Inversion Formula

U(z) =

—2%10gdet([ — B), {

Qx) = % arg A(x )
Uz) + Q(z)? = d:c2 log |A(z)|
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—M&IC, ARV NIVEET, RERE L, 2 FREICHRDIFRE
HKEABRRXZZDARY MUVBEBEDZFEIARY MUEWD.

T RJLF¥—&TF Schrodinger AERDFEI R MILFRIL,

1970 FEXIC, Jaulent and Miodek IC & » THERAMIIC (Lax
pair DA ERT) RoOFonhTsY, £

u = _4Q7 w :4(U+Q2)a
DHEET, ZTORBEBROEDEEL &, ROWICKS.

Uy + Wy + utt, = 0,
Wy — Uggr + (uw), = 0.

ZhhY, Ju#l Schrodinger ARRXDFERARY MLRTH S
KdV AR u, — 6uty + Ugyy = 0 DR E 1S,



ﬁ%&ﬁlﬁf for { up + wy + vty = 0,
Wi — Ugge + (Uw), = 0.
BEARERICK Y, ZOFBREEERIE, BNMIIRILF—
{&7F Schrodinger ARRXDERIRY MUK TH S Z &EMEEAT
5. LI, BRFHERFTS. ZDERE Theorem 1 %
HAEDLEZZEICE ST, ZORRRD N-V b UiR%ER
HBDDRDFEEEENEIIINS.

Cauchy data Thm 1 | Scattering data at t = 0
(u(z,0),w(x,0)) {0, kpn,c,(0)}
Time Evolution Time Evolution
Solution Thm 1 Scattering data at ¢

(u(z, 1), w(x,1)) {0, ki, ca(0)e**31}




Theorem 2 :
lt) = ca(0)H £ T BEE, BEK

u(z,t) = g arg Az, 1),
w(z,t) = _%lOg|A([p’t)|,

IEBRREHT-T.

Here B
_ (ikg-i-ikj)m .
B = Cz(t) e_— , U= ( C.ET(t)ezkgm )
Zke + Zk?] (7

A(x,t) = det(I — BB)+ (¢™7 ... ¢™*) (I - BBY (Bv — ),




Example (N = 1) 1-soliton of { up + Wy + utty = 0,

Wt — Uggr + (Uw)y = 0.
u(z,t) = 8b x
(1 —(%)?)sinh&sing — 2% (cosh& cosn + 1)
(14 (%)?) cosh®¢ + 2 (cosh & cosn + ¢ sinh & sing) + 1 — (¢)2

w(z,t) = =16(a® + %) x
{( 3(% )?) cosh® € cos ) + 73— (%)2) sinh® € sinn

+3(1 — (2)%) cosh? € + 3(1 + (£)?) cosh & cosn + cos 2n + 3(%)%} /
((1+ (%)% cosh® € + 2 (cosh & cosn + ¢ sinh Esinng) + 1 — (4 )2)27

€ :=2b(x — xg + 4at),
= 2a(x — xo + 4at) (4(a® + b*)t — ©).

kl = qQ —'— bZ) Ty = log ICIQ(b )l’

0 = arge(0)+ 2tan § + log P, O € (-
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Figure: Profile of u(x,¢) for —m < ¢ < m in the case a = — 3,

b= %, xo = 0, ® = 0. The life span of the solution
(u(x,t),w(z,t)) is finite; it exists only in the interval

tmin = % <t< % =: tmax, Since it has a singularity

T = xg — 4at at t = tymax, tmin (& c0s(© — 4(a? + b)) = —1).



Schrodinger equation

Energy dependent

Isospectral flow

single, the KdV eq
U — O6UUL + Uggy = 0

system

cn(?)

¢, (0)e3#7t  positive

n(0)e’# 1 : complex

Life span

infinite

no longer infinite




Future Works

e To develop a complete inverse scattering theory for the
energy dependent equation, involving the case with reflection.

e To develop a reflectionless inverse scattering theory for other
energy dependent Schrodinger equations.

e To show the life span of N-soliton solutions of the system is
necessarily finite.

e To obtain inverse scattering methods for higher order
isospectral flow of the energy dependent equation.



