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Introduction

Weight Functions & Elliptic ¢-KZ Equation

Face Type Elliptic ¢-KZ equation (Foda-Jimbo-Miki-Miwa-Nakayashiki '94
Felder '94 )

F(z1,-+ ,2n;II) : meromorphic func. valued in V1 @ --- @V,
F(z1,--,q%zi,- -+ 203 10)

_ ) _ _9 n:l h(k)
_ RU+D (@ﬂq—zzz‘:ﬁh(’”) .. RGm) (Mﬂq i )

Z; Zi
xT; R(1) (i{n) ... R (L*l Tlg—25k=1 h““)) Fz1, 21, 2 T0).
zZ; Z4
where
o R (2,1) € End(V; ® V;) : elliptic dynamical R-matrix
(& face type Boltzmann weight of the SOS model)
o II : dynamical parameter

o I'if(Il) = f(Ig* ),  hDu) = wt(v,)v)”

Cf. (Trigonometric) g-KZ equation - - - Vertex type
Smirnov '92, Frenkel-Reshetikhin '92, Jimbo-Miwa '95
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Weight Functions & Elliptic ¢-KZ Equation

Formal Integral solutions: (Felder-Tarasov-Varchenko '97 : sl case)
Fop oy (21, 2 1) = j{dtl coedty D(t,2) Wy ey, (T, 23 11)
C

where z= (21, ,2n), t=(t1,"-+ ,tx)

@ ®(t,z) : phase function, symmetric in ¢ and z, respectively

— b(t,z) = ®(¢"t, 2)/D(t, z) defines

the ¢-difference twisted de Rham cohomology
ft, 2 1) — f(¢"t, z; IT)b(t,z) ~ O ( Cf. Aomoto '90 : trig.case)

® Wy, . un(t, 2z : ) 1 the weight function

— Wy zipn, 2,0 ) = R(zifzip, I w(e - 21y 201,00 0)

— Triangularity w.r.t. a certain specialization in ¢

— The shuffle algebra structure, etc.

Cf. Trigonometric cases:
Tarasov-Varchenko '94,'97, Matsuo '93 : sl> case, Mimachi '96: sly case
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New Interests in the Weight Functions

Gorbounov-Rimanyi-Tarasov-Varchenko '13 showed in the rational case:
@ the weight functions = Maulik-Okounkov's stable envelops
Stabe : Hi((T*Fa)*) — HH(T*Fy),  €:chamber of LieA
T=AxC*
s.t.

— Triangularity w.r.t. the restriction to the fixed point classes {[I]} ez,

@ Finite dim. tensor product rep. of Y(gly) on the Gelfand-Tsetlin basis
~» geometric rep. on Hi(T*Fy)

Rimanyi-Tarasov-Varchenko '13 extended to the trigonometric case

Finite dim. tensor product rep. of Uq(a[N) on the Gelfand-Tsetlin basis
~» geometric rep. on Kp(T*F))
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Introduction

Why not the elliptic case ?

Aganagic-Okounkov '16

X: Nakajima quiver variety

Ellp(X): T-equivariant elliptic cohomology, T'= A x (qu2
EpiCT(X) := Picp(X) @z E

Elliptic stable envelopes Stabe  (€: chamber of LieA)

Stab sheaves on . sheaves on
[
Ellr (X4) X Epiep(x)  Bp(X) X Epiep(x)
— Triangularity w.r.t. the restriction to the fixed point classes {[I]} ez,

Stabg are the face type ( i.e. dynamical ) ones !
Kahler parameter of Epjc,.(x)+> dynamical parameter
Stabg,1 o Stabe = Rere : elliptic dynamical R-matrix !
We show : elliptic dynamical weight functions <> elliptic stable envelopes,
geometric action of Uy ,(sly) on Er(X) = Ell7(X) X Epie,(x)
Elliptic QG & Elliptic Stable Envelopes Feb. 19,2020 5/ 78



Introduction

SUSY Gauge Theories | Quantum Int. Systems
4d Moduli sp. of Nekrasov-Shatashvili | XXX, rRS model, Toda
5d Instantons Corresp. XXZ, RS model, g¢-Toda
or VEV's —~— XYZ  Ruijsenaars 77
6d \ (Higgs, Coulomb) ~8VSOS,  model,
AGT Jimbo-Miwa
Corresp.\t / R-matrix, ¢-KZ eq.
Modules of
Quantum Groups .
. I
Nakajima DY (g) Giventa
et.al.
Uq(9)
G R Uqp(9) q
eom.Rep. 27 uantum
Theory / ANV Diff. eq.
Equiv. Cohom.
HA(X) Maulik-Okounkov QuanI’EIu*m)léquw. Cohom.
S
Ep(X) Kahler parameters — 0 27
X: Quiver Var. QEr(X) 77
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Introduction
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This talk : part 1

Derivation of the elliptic weight functions of type sly by using
representation theory of the elliptic quantum group U, (sly)

Properties of the elliptic weight functions such as
triangular property, orthogonality, transition property, shuffle alg. str.

Elliptic hypergeometric integral solution to the elliptic ¢-KZ eq.

@ Connection to the nested Bethe ansatz for the Ag\l,)_l type face model

Tensor product rep. of Uq7p(f/!\[]v) on the Gelfand-Tsetlin basis.
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This talk : part 2

@ ldentification of the elliptic weight functions with the elliptic stable
envelopes

o Correspondence between the Gelfand-Tsetlin bases and the fixed
point classes, and finite dimensional reps. of Uy ,(sly) on

ET(X) = EHT(X) X gPicT(X)v X = T*]'—)\

e Drinfeld coproduct AP

@ Triality among Hopf algebroid twistors, weight functions and stable
envelopes
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This talk : part 3

e Elliptic quantum toroidal algebras Uy ,(gior). 8 = gly, gy

o g-Fock reps. (semi-infinite tensor product reps.) of Uy ,(gtor) and
their geometric interpretation

e VO's of U, ,(g) and deformed W-algebras W), ,+(g)

@ VO's of Uy (gl 4,r) and deformed affine quiver WW-algebra
Wpp- (T'(Ao))
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The Elliptic Quantum Group U,,‘,,(g) Definition

Elliptic Dynamical R-matrix : the ;[N example
(Jimbo-Miwa-Okado'87)

Rt (z,5) = +(2)§(z s), s=PorP+h

ZEJJ ® Ej; + Z ( 2,851)Ej; @ Eu +b(2)Eu ® Ej;
1<j<I<N
+c(z,85,1)Ejn @ Eiy + c(z,—s51) B ® Ejl)v

0, (*¢*)0p(q26%%)0p(2) € Mau-[[pllllz, 2~ Y]

b(zas) =q

Op(q**)?0p(q°2)
oy Op(2) _ 9p(£12)9p(q252) Mg~ : field of merom. fnc.
b(z) =4 2z)’ olz,9) = 0,(q22)0p(q%2)’ of P,P+h
0p(2) = (D)o (D/2:D)oe,  (ziP)oo = [ (1 = 20™)

Dynamical Yang-Baxter eq. (Il = ¢2%)
R (21 /20, P+ hPYRT®) (21, PYRT®Y (2, P+ hM)
— R+(23)(zz,P)R+(13)(z1,P + h(2))R+(12)(zl/ZQ7P)
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The Elliptic Quantum Group U,,‘,,(g) Definition

Definition of U, ,,(g), @ : untwisted affine Lie alg.

e H=hoP,®Cc, H*=5"®Q;®CAg
o F = My~ : the field of meromorphic functions on H*

e U, ,(9) is a topological algebra over F[[p]] generated by €; m, fjm.
o, Kg; (je{1,2,--- ,l=rankg},m € Z,n € Zyy) , d and the
central element c.

Set the elliptic currents :
D= emz " fi(2) =) fme " K = KIS (KG,) e,

mEZL meZL

c _ Qjn
wf(qHZ)—Kf:exp{i(q—q DY T p }
n#O

Set also p* = pg~%¢, ¢; =q¢%, D =diag.(d, - ,d)), B= = DA
[TL] _ q - q*TL
T g—q

Elliptic QG & Elliptic Stable Envelopes Feb. 19,2020 12 /78



The Elliptic Quantum Group Ugq »(g) Definition

Defining Relations: g(P, P+ h) € My~
g(P +h)ej(z) = e;(2)g(P + k), g(Pe;j(z) =e;j(2)9(P— < Qa;, P >),
g(P+h)f;(2) = f;(2)9(P + h— < Qay, P+ h>), g(P)f;(z) = f;(2)g9(P),

9(P+hKF = K¥g(P+h— < Qa;, P+h>), g(P)Ki =K g(P—<Qa; P>),

[bijm]g[em]q 1 —p™
1—p*m

b;jmlg 1 —p™ _
%W‘J MzMe;(2), [@i,m, fi(2)] = —

—cm

[@i,m> @jn] = Om+ . the elliptic bosons,

[ovi,m, €5 (2)] = [bigm]q

(¢"922/21;P" ) oo _ (¢"921/22;p" ) oo
r—— ei(z1)ej(22) = —2z2———
*q i 20 /215 0% oo (p*q ™" 21/22;0%) oo

ej(22)ei(21),

(p
N TSy PN S C B Vi T N Y

(pd% 22/71; D)oo fi(z1)f5(z2) = T fi(z2) fi(z1),
(

lei(21), f5(22)] = % (5(11_621/22)1#]»_(4522) *5(11621/22)1#;(!17522)),

qi i

+ Serre relations

q Lm
m fj(z)7

The coefficients in z1, zo are well defined in the p-adic topology.

Elliptic QG & Elliptic Stable Envelopes Feb. 19, 2020
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The Elliptic Quantum Group Ugq »(g) Definition

Remark 2.1

U,p(8) is a face type elliptic analogue of the quantum affine algebra Uy (g)
in the Drinfeld’'s new realization.

Remark 2.2

One can formulate the central extension of Felder’s elliptic quantum group
E. ., (gly) as a topological algebra E, ,(gly) over F[[p]].

Then
Theorem 2.3 (H.K '16)

Ugp(8ly) 2 Eqplgly)
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The Elliptic Quantum Group U,,‘,,(g) Definition

Remark 2.4

In practical calculations, we take ¢ as a real number, say k € R (the level-k rep.),
and also treat ¢,p as |g| < 1, |p| < 1. Then in the analytic continuation
22 0p(q " 21/ 22)

21 0p(q Y 22/ 21)
* —2k

22 Oy (¢"9 21/ 22)
— =2 T e (z0)ei(z =
21 Op= (qb”ZQ/Z1) J( 2) ( 1)7 p pq

fi(z21) fi(22) = fi(z2) fi(z1),

ei(z1)ej(22) =

Moreover introducing ,7* by p = ¢*",p* = ¢*" (r* =r — k € Rsg), we set
Bi(2) = ei(z)z oD/ Fi(2) = filz)2 (eI

Then we have = — by /2]
Fi(z1)Fj(22) = ml’j(%)Fi(Zﬂ,

[ur —ua + bi; /2]

[ur —u2 — by ;/2]* Ej(z2)Ei(21)

Ei(z1)E;(22) =

where z; = ¢*%i (i = 1,2),
u

= (2). wr=on(®

* _ 2w/t % _ _—2mi/T"
T s p=e€ ,p =¢€ .

Elliptic QG & Elliptic Stable Envelopes Feb. 19,2020 15 /78



The Elliptic Quantum Group Ugq »(g) The L-operator and the half-currents

The L-operator & the Half-Currents : ;[N case

Dynamical RLL-relation L7 (z) € End(CY)® U,,
R (21 /20, P+ R)LTW (21) LT (20) = LT (20) LT M (21 )R (21 / 20, P)

Define the half currents ElJrJ(z), F;“l(z), K;r(z) by (R™ = RT[ppv)
1 Ff (2) Ff (z) - Ff (2)
. 13 F&Z(z) F&Z(z) K (z) 0 0
L) = . 0 Ki(z)
0
+
0 o N 0 0 kG
1 0 0
Ef(2) 1

x EQ—J(Z) E;:2(z)

: : - 1 0
E;J(z) E;g(z) E;{',’Nil(z) 1
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The Elliptic Quantum Group U,,‘,,(g) The L-operator and the half-currents

Realization of the Half-Currents (Kojima-H.K '03)

@ =™ e, g T
Kf(z) =texp | 3 T p™ e (09T | e YU (g T T (1SS N)

m#0 P

where £,,7 denote the orthonormal basis type elliptic bosons defined by

ajm = —lmPa—a") (&7 —aen""Y) a<j<N -1, qu Dmg i = o,

=1
-1 dt
m
z = a; Fi_1(ti—1)Fi_o(tj—2) - Fi(t;
Fi2) J,lji(MH] S P (o) Fia(tioa) - By (1)
[U*Ul—1+(P+h)]z+l%1*1][1] 2 [mt1 = vm + (P4 h)jmer — 3101
[w—va + 5P +R) =1 52 Wmer —vm + 5P+ h)jme1]
-1 dt
EF. = *.}{ — T F;(t tir1) - Ei_q(t—
15(2) aj, e ) H Tmite (t5)Ej41(tj41) 1—1(ti-1)
Jem v = Pt 5 Sy e+ 11 55 omir — vm — Pimyr + 31F[1]*
[u—v— 1+—+C] [P,z—l] ey [vm+1fvm 11*[Pjmgr — 1]*
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The Elliptic Quantum Group U,,‘,,(G) Hopf algebroid structure

Hopf Algebroid Structure

(Etingof-Varchenko'98, Koelink-Rosengren’01, H.K'08)

@ Modified tensor product @ defined by adding the extra condition:
f(Pp)a@b=a® f(P+hpb  (p=pq")
@ Two moment maps py, it : Mp+ = (Ugploo
p(f) = f(P+hp), pe(f)=f(Pp")
Theorem 2.5 (H.K '08, '16)
The following (A, e, S) gives an H-Hopf algebroid str. of Uy ,(g).

° A(Lf(z ZL

Au(f)) = z(f)®17 Apr () = 10 (f),
0 ¢(Li(2) = Sije %%, e(u(f) = fF(P+hp), e(u(f)=F(Pp")
® S(LT(2) =L (2)"", SGu(f) =p(f), Sur(f)) = mlf)

Elliptic QG & Elliptic Stable Envelopes Feb. 19, 2020
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The Elliptic Quantum Group Uq,p (8) Definition of the (type |) vertex operators

The Vertex Operators ( Type | )

Let A\, \ be level-k weights of g H=h&P;&Cc
° V(\,v), V(N,v) : level-k irr. hw. U, ,(§)-modules /"= /==
- f(P+ h)v
e W: fin. dim. rep. of U, ,, W, = W]|[z,271]] = f(<ANP+h >

dw(z) : VN v)— W@ VN,v)
st. ®(z)r = A(x)®(2) Ve e Uyp(@) - (%)
Note that
(x) & Pw(2)L"(w) = Ry (w/z, P+ h)L* (w)Pw(2),
Examples :
1. U(M)(;[N), V : level-1irr. haw. rep. & W =V : N-dim.rep.
2. qup(;';\[Q), V : level-kirr. hw. rep. & W =V® ;] 4 1-dim.rep.

Elliptic QG & Elliptic Stable Envelopes Feb. 19, 2020
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The Elliptic Quantum Group U,,‘,,(@)

The vertex operators of the level-1 Uq,p(;[N )-modules

Example 1. The level-1 irr. h.w. U,,(slx)-modules
Let Aq (a=0,---,N — 1) : the fundamental weights of sly
Theorem 2.6 (Kojima-K'03, Farghly-K-Oshima '13)

The following realizes the level-1 irr. h.w. rep. of U, p(sA[N)

_exp{ }exp{ Zajn "}@Z;r(z),

Fj(2) = exp {— Zoa[i;]qnz"} exp {ZO ?Z]’:z_”} ® Z; (2),

P; (P+h)
Z;L(z) —id® e T @ ey Z i (z)=id®e Yz —hg+14——t

? J

® 1.
The level-1 irr. h.w. Uq7p(;[N)—module with the h.w. (Ag +v,v) (v € h*) :

V(Ao +1,0) = F @c (Far © e C[Q)) ® e C[Re] = D) Fanl(&n)

£,meQ
where Q = ®;Za;, Rq = ®;ZQa,. The h.w. vec. is given by 1 ® eha @ eQv.

o
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RILCR SN ONER I NG RN )M  The vertex operators of the level-1 Uq,p(sAlN)—modules

The Vertex Operators of the Level-1 qu(g[N)—moduIes

Theorem 2.7 (Kojima-H.K '03  Cf. Asai-Jimbo-Miwa-Pugai '96)
The intertwiner @y (z) : Fa, (£,1) = Vo® Far(€,m), where

a' =cyclic permutation of a € {0,1,--- , N — 1}, is realized by
N

Dy (2) = ZUM® D, (2), V= EBle(Cvu , Va=VaCzz Y
pn=1

(I)N(z) =:exp Z (qm _ q—m)g;ﬂ—N(qN—lz)—m . e—éNzth Z—%(P—i—h)gz\,7
m#0

(I)#(z) :F:LF,N(Q_IZ)(I)N(Z) (M: L. 7N_1)

N
Cim = =[mlila—a ") (€27 = a"€.0) > UTImE =0
j=1
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The Elliptic Quantum Group U(,‘,,(g) The vertex operators of the level-1 Uq,p(sAlN)—modules

Explicitly,

= z)F t F t CF(t
() ?q{wu}__[ 2mt JEN -1 (tn—1)Fn-2(tn—2) - Fu(ty)
X(,p#(z,t#,,... 7tN71;{H/J.,7n})7

where I1,, ,, = 2P +Mum ¢, = g?0m 5 = g2

N—-1 1
[1’m+1 Um, (P + h)uﬂn+1 - E][l]
thv"' tN ; IT m - - )
99#( I 1 { m }) m];[u [Um+1 — U + %H(P + h)p,erl]
UN = U

Proposition 2.8 (Kojima-H.K '03)

By (22), (1) = Y Rlz1/22, P+ Witz ®,0 (1)@ (22)
1

v
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Derivation of Elliptic Weight Functions Combinatorial Notations

Combinatorial Notations

For @y, (1) - Py (20) (uj € {1,---, N})
@ Forie{l,--- N}, I :={diec[l,n]|pu =1} X\:=|I|€Z>o,
A= (A1, -+ ,An). ThenI=(I,---,In) is a partition of [1,n]
i.e. I1U~‘~UIN:[].,TL], Ikﬁlliw(k‘#l).
@ We often denote resulting I as I,,...,.,,

@ For A= (A1,--- ,AN), Al =M+ -+ Ay =n,
T, : the set of all partitions I = (I,---,Iy) of [1,n] with |I;] = X;.

o Setalso A\ =\ + -4+ N, IO :=[u-uL =Y < <l

Remark 3.1
Each partition I € 7 specifies the coordinate flag for the partial flag variety Fx

consistingof 0 =Vo C Vi C--- CVy =C" withdimV;/Vi_1 = \;.
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Derivation of Elliptic Weight Functions Combinatorial Notations

Example: sl3, n = 5 case

Po(21)P1(22)P3(23)P1(24) P2(25)

~ I ={2,4}, I ={1,5}, Is = {3}, A=(2,2,1)

IW =1 =424, 1@ =10l =/{1,24,5},

Nl I [
igl)iél) i§2)ié2)i§2)if)

(1) .
I®) = UuLUlz=1{1, 2, 3, 4, 5} hte
H(3) ‘(3) ”(3) (‘3) ( )

|

HOHORERONC
[ I
HONEO)

~  0C VI =<wy,v4 > C Vo =< v1,v9,04,05 > CC5 6‘7:(2’271)
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kel
Label of the Integration Variables

(I)Q(Zl)q)l (22)@3(23)@1(24)(132(Z5)

IW=15=4{24, I®=nUl= {1 2,4, 5}

I
D4 <2)2<22>Z§2>2<2>
1l
S(1) (1)
I®) = uLulz={1, 2, 3, 4 5} ity
ol I
HOHONS) <3) i®

Il H H
ng)zéQ) i(32)i4(12)

igl) i<21>
Assign t,(cl) to the argument of Fj appearing in the i,(cl)—th vertex op.
dtt?
P2 (21) Zjé. L ®a(z0) Fa (11 ) (21, 4175 D)
2mity

1(22) = 74 2 Ly ®a(22) Fa (15 ) i (11 ) p (2, 11 4575 T0),
etc. 2mity’ 2mity
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Derivation of Elliptic Weight Functions Elliptic weight functions

Theorem 3.2
By (20) ) = f By (82,10,
T
° EI;(t,Z):Z‘I)N(Zl)”"bN(Zn)i : symmetric in
(N-1) (N-1) ) ) z and {t1)},
X: Fn_1(ty Yo Fn_1(t N )i Bty Fa(t (1)) for each I,
N_1 respectively
x JI  <exGnen(m) > ] < R R ) >5Y
1<i<m<n =1 1<qa<b<a(®
o w.. . t,z, 1) = o7 “(N—1)/rN T(@*21/2k3 P, d° x Wi(t, z, 10
2= Tl St 1,2,
W[(t, z, 1) o
77 (e = ol + (P4 1) = Crus i [1]
= Sym, ) -+ - Symyv-1) H =) 0
=1 ami\[vp " —va’ + [P+ ") 141 — O]
SN 0
s b a
(1+1) (1)
T )
I+1 1 1 1 J
R C R L | PP (VS v£>1
D L0
b a
where v( ) = =us, Cu,i+1= Z < Eﬂj7hﬂs»l+1 >.
j=s+1
W
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Derivation of Elliptic Weight Functions Elliptic weight functions

n
Combinatorial Formula for ¢, ;11 = Y <&, by >
j=s+1

For a partition I = (Il,- .- ,IN) eIy, let I, = {ikJ << ik,Ak}
(k: 17 aN)
Proposition 3.3

O\ oy = Mg — N1 — 5+ my1(8) if s< il+1,Al+1
s,t+1 — ~ H .
s Aps — 8 if s> i1,

S

where § and my1(s) are defined by i, s = s and

myg1(s) = min{l <j < Nyq | s <idpgj )

Remark 3.4

In the trig. and non-dynamical limit Wj(t, z;1I) coincides with the one
obtained by Mimachi '96 and used in Rimanyi-Tarasov-Varchenko '14.

v
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[DETGVEY I M STl M ST The vertex operators of the level-k Uq,p(;& )-modules

Example 2. The level-k(&€ Z~g) irr. h.w. Uq,p(glg)—modules
Let R
Ao = (k—a)Aog+al; (a=0,1,--- k) : the level-k dominant int. weights of sls.
Theorem 3.5 (K'98, Kojima-K-Weston '05)

The following realizes the level-k irr. h. w. rep. of qup(,‘;b).

E(z) =exp {Z [(z;izn} exp {— Z Uj&zzn} ® 21(2),

n>0 n>0 }
/ “n
F(z) = exp { Z [;:ni}z"} exp {Z [;i]qz”} ® Z7(2), an= 11:2" an
n>0 n>0

ZH(2)=V(2)® 2 E T @ e 9,

Z (2)=0'(2)® e B g 1,

W(2),U'(2) : q-Z parafermions , et e C[Q], e*? e C[Ro],

Q=Za, Ro =ZQ
4
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[DETGVEY I M STl M ST The vertex operators of the level-k Uq,p(;& )-modules

The level-k irr. h.w. Uq,p(;[Q)-moduIe with the hw. (A, +v,v) :

2k—1

V(Aa + v, 1/) =F ®c Fa,k ® @ @ Hf‘j\?/l ® e(M+2kn)a/2C[Q] ® BQVC[RQ],

neZ M=0 mod2k

M=a mod2

Fa,k : the Fock space of {a}

PF

Ha,nr : the irr. g-Parafermion modules

The h.w. vector is given by 1 ® e** @ .

We write
V(Aa +1v,v)
Fi (m,m)

Remark 3.6  For generic r

2k—1

@ féf\f) (m,n) =

M =0 mod2k
M=a mod2

2k—1

DPp P FlVmmw,

MEZ nEZ M=0 mod2k
=a mod2

foc,k ® H(I:II& ® e(M+2kn)a/2 ® eQ,,me.

Verma module of the coset Virasoro alg. ass. with

(512)k @ (512)r—r—2/(512)r—2

Hitoshi Konno
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[DETGVEY I M STl M ST The vertex operators of the level-k Uq,p(;& )-modules

Let v = @ Co! i+ 1-dim. rep. of Uyy(sh)
pe{-l,—1+2,--- 1} (1=1,---,k)

Theorem 3.7 (K '98, Jimbo-K-Odake-Shiraishi '99, Kojima-K-Weston '05)

The vertex op. Py, (2) : féf‘ff%m, n) — vihg FM) (m,n) is realized by

k—a,v

oz = Y. B ou(e),

pe{—=1,=1+2,---,1}

[lm] ol L-m 1, 1
®;(2) = ¢ru(z) : exp Z[Qm a=m LT (_p) 2k p 72 (PR

®,(2) = Fila(q'2) " ®x(2)

LI u—vj+P4+h—Lt—14+pu+2j
:?{ I_®,(2)F(t1)- - F(tm) || [ J 1+ 2j]
C

3y 2mit; i [u—v; — %}

where m = (1 — p)/2, z = ¢**, t; = ¢*¥9
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The vertex operators of the level-k Uq,p(;& )-modules
The Vertex Operators of the Level-k U, ,(sl2)-modules

P, (zn) - - ®,,(21) : V(Ao +1v,v) = Vg .. -@V(h)é)}()\a/ +v,v)

Zn 21

(hj € {=js =l + 2, . lj}),
Let
@ my = (lj —p;)/2€{0,1,--- ,I;} : # of F'(t)’s attached to @, (z;)
@ m:=my + -+ my, : the total # of F(t)'sin ®,, (zn) - Py, (21)
o [ =(Iy,---,I,) is a partition of [1,m] = {1,--- ,m} such that
LU---UI, =[1,m], |I;| =m,;.
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[DETGVEY I M STl M ST The vertex operators of the level-k Uq,p(;& )-modules
Theorem 3.8

By (21) By (30) = it D21) (2, 8510)

Here
B(z,t) =: Dy, (2n) - By, (21) 1t F(t1) -+ Fltm) :
<[] <®u(z)®u(z) > [ < Flta)F(ts) >
1<s<t<n 1<a<b<m
[Va — ]
Wy ey (2, 65 11) HGl 1 (zi/z5) H —
1< 1<a<b<m [Ua B 1}

1 —vq + K +ms — [ujfva*lj/Q]

X — 2 :

m' Iyu---Ulp=[1,m] sl_[lule_!s ( — Va + l5/2 1:[ [uj — Vg + l]/Q]
Tsl=ms (5=1,-" m)

[Va — vy — 1]
) By

1<s<t<n
a€lg,beEly

with Ks = P+h —1s/2+ 325, .

The weight function wy,, ... ,u, (2, t; 1) agrees with Felder-Tarasov-Varchenko '97.
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DEIGVEN IRl S| [T M TG  The vertex operators of the level-k Uq,p(;[2 )-modules

2/r (@%t5/ti;P)oo (tj/ti5 D)oo

(Pt /ti;p)oo (Pq™ 2t /ti; D)oo
_ (q%t5/ti;P) oo (Pa™2ti /15 P) 0 (ti/tj;p)oo(tj/tisp)oo

! (Ptj/tisp)os(ti/tisP)oo (PG 2ti/tjiP)oc (Pq™ 25 /tis D)oo
—a/r O0p(pq—2ti /t;) (ti/tj3p)oo (t5/tisP)oo
: Op(ti/t;)  (Pa=2ti/tj;P)oo(Pa—2t; /tii P)oo

symm. by t; <> t;

o <O (2)Py;(25) >= G, (2i)2)< i, (20) P (25) >0,

o < F(t)F(tj) >=t;

where
ll42

;1 /2r 1 (pg~ "2 /Zyp, ) oo 2(k+2)

Gy (=i/25) = 2, T — AT
D(qitit22/z55p,qY) (7'Mt 22/255p,9
l;—1 2 —1 l 2
< @y, (2) Py, (25) >5Vm= (¢ 225 /2,7 22 /255 p, ¢ ) o / —>q2(k+2))
20 -\ 25 = - -
! (@225 /21,1922 /25 p,4%)

symm. by z; <+ z; with li 1
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Uy G
Properties of the Elliptic Weight Functions

It is convenient to consider

Wi(t, z,T1) = Wi (t, zél/\'l()l;h(it, z)

—20, ;) l+1

O w1y,
1 'Uzg)(t((z),t<l+l)7n,u,7‘“),l+lq Qg )

N-1 A
=1 Ha

N-1 1 Dir. (1 1
=1 H1ga<bgw> [Uf(l) - Uzg )][v£> - - 1]

= Sym, 1) - - - Sym,v-1)

where
No1 A A+ N—1 A)
mz) =TT IT IT w0 = +1,  Eax@ =TT I ” o +11,
I=1 a=1 b=1 =1 a,b=1
and
ugl)(tgl),t(l+1),ﬂj,k)
AU +1) _ ) AUHD
— I+1) ©) [ve —va’ + (P +h)jk (14+1) 0
= [v< —vg’] X X [v — v’ +1]
I P+ )] [T -
;D) (1) (141) _ (1) (1) _ (1)
iy >ig T, iq " <ig

. .. l O
e Foreach | (1 <1< N —1), Wy is symmetric in tg) =g (1<a<A®).
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The Ty type
Quasi-periodicity

Proposition 4.1
For I € T, the weight functions Wi(t, z,I1) have the following quasi-periodicity.

AUHD A 0=1)

WI(.“’pth?'“ ZH) ( ) WI("',tgl),"',Z,H),

—2mi (1
WI(“’,G tg),"‘,Z,H)
( efriT)A(l+1)72)\(l>+)\u71)+2

i AO+D) AD A(=1)
o SR N S S
b=1 b=1 b=1

—(P+h)i+1 — Al+1>}
)W (- D 2T (1<i<N-1,1<a< ")

v

o For each [, Wy has the same quasi-periodicity for all tgl).

e This and symm. property indicate that Wr's are merom. sections of
. . N—
certain line bundle over EA™) x ... x EAY™) where E* = EF/6y,.
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Properties of the Elliptic Weight Functions NS ;[N type

e This is consistent to the structure
Ellp(X) — Ellp(pt) x EOM) oy E()\(N—l)),

arising from the construction of X = T™*F), as a hyper-Kahler quotient
N—-1

by H GL(AY). (Aganagic-Okounkov '16)
=1

This suggests :

(1) {tfll)} < the Chern roots of the tautological vec. bundles {V;} over X

(2) 21, ,2n,q* < the equivariant parameters in Ellp(pt) = E" x E

(3) Wy(t, z,II)'s are meromorphic sections of certain line bundle over

Ell7(X)(XEpicy(x))

Remark 4.2
Felder, Rimanyi, Varchenko '17 and Rimanyi, Tarasov, Varchenko '17 based themselves

on a different tautological bundles {V;/V;_1} and structure
Ellp(Fy) — Ellp(pt) x EAY x ... x EON)

where Ay = A — A=Y given in Ginzburg, Kapranov, Vasserot '95.
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Properties of the Elliptic Weight Functions NS ;[N type

Triangular Property :
Define the partial ordering for I, J € T, by
I<J & iV <O fori=1,--- N, a=1,---,\D
Then the specialization ¢ = z; i.e. tl(ll) =2z yields

(%) Wy(zr, z,1I) = 0 unless I < J.

Wi(zr,z ) = T[T | TT1w — wal I [we —a+1]

1<k<I<N a€ly bel,; bel;
a<b a>b

Remark 4.3
Noting {I}scz, labels the (C*)"-fixed points of T*F), (x) suggests
t = z; < the restriction to the fixed point [

and (x) should correspond to the triangular property of Stabg(Fy) w.r.t
the restriction to the fixed points.

v
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Properties of the Elliptic Weight Functions NS ;[N type

Transition Property :

For I =1. i g1

Wsi(I)(ta Tty R, Ryt 71_[)
1—1 h( ) !
= Z R(Zi/zi+17 HqQZ )515111 WI(ta Tty Ry Rl ,H)
KKy
By () -+ By (1) = 74 dt B(t,2) W (1,25 T0)
o LHS: @y (2i11)®u(2i) = Y Rlzi/zis1, I @y () Dy (2i41)

PR
o RHS: &(t, z) is symmetric in z; > zit1
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Properties of the Elliptic Weight Functions NS ;[N type
Matrix Form

For o € ©,,, define

Wei(t, z,11) := W,—1(py(t, 0(2),11)

and the matrix

P

Wy (z,10) := (WUJ(Z[,Z,H))LJGI)\ .
We put the matrix elements in the order

maex EINH.N.A.l‘..l > e >ImanI1.4.1...N4..N.
——— ——— —— S——
AN A1 A1 AN

Then
o the triangular property < Wiq(z,1I) is lower triangular
o the transition prop. < W, (z,II) = R(z, g 2= " ) Wiq (2, II)

_ g 1 '
Hence tWSi(Zv H) (tVVid(za H)) = R(Z, Hq72 25 h(]))

This should correspond to Stabg,1 o Stabg = Rer ¢
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The sty type
Orthogonality

From the transition property
Woo(2,11) = R(=z,Tg 2 "") g (2,10)

Due to the property of the elliptic dynmical R matrix, b(z, II"!) = b(z,II)
and ¢(z,IT71) = &(z,II), the matrix R(z,11) satisfies

"R(z,Tg 2 Xi= h(j)) = R(z,II ).
Therefore

upper triangular lower triangular

= diagonal matrix
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Properties of the Elliptic Weight Functions NS ;[N type

Orthogonality :
For J,K € I\, 09 € G, : the longest element

Z WJ(va Z, H71q2 Z;l:1<€uj 7h’>))/v0'0(l() (’217 00(2)7 H)
Q(z1)R(z1)

=K

I1€Ty
where
Qo= [I TII ITluw—ua.+1,
1<k<I<N a€ly bel;
R(zr) = H H H[ub — Uq].
1<k<I<N a€ly bel,
Remark 4.4

Felder, Rimanyi, Varchenko '17 and Rimanyi, Tarasov, Varchenko '17
missed the dynamical shift. This shift will turn out to be important to get

a consistent geometric picture.
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The sl tpe
Shuffle (Feigin-Odesskii) Algebra Structure :

Let A, N e NN, AN =m,|N|=n,Te€TII€Iy.
The following *-product of WI(t, z,17) and Wr (t', 2/, I1},) gives again
an elliptic weight function WI+1/ Ut zUz2 e p).
(Wi W) (tUt', 202 TI; UIT})
1

I Ao

22;1:1<€u;_,h>

XSymt(l) e Symt(Nfl) [Wf(t7 Z, HIq_ ) WI/ (tly 2,7 H,I’) E(t7 tla Z, Z/) P

where I’ :I’/ v, and
Hy»

Z1a0 /) e+ "
1A A [v{)(z“) -~ v((ll)] A [v! O _ 0 4 1]

2tz 2) U I 1 oD — o 4 1] 1]1 e — o)

=1 a=1 b=1

This probably correspond to
Stabe = Stabes o 7(¢”*det ind  4r)*Stabe ¢,

¢ ce¢ as A= ((Cx)n/ CA=(CH" (Aganagic-Okounkov '16)
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Properties of the Elliptic Weight Functions NS ;[N type

Derivation

Dy (1) P (2m) @yt (21) -+ - @y (2)
A O (t, 2)wr(t, 2, 1)@, 2 Nwp (¢, 2/, T1})

—2> <€ 1 j,h>
Z] EM;] )wf’(t,aZ,aH,I’)

dt’ (tUt, 2 UZE(tt, 2, 2)

faf
:?{ty{tf (t, 2)®(t', 2 \wr(t, 2, 111q
faf

—2> . <€ 1 ,h>
le(t,Z,H]q Z] Euj )wl’(tlvzlvnl’)

Elliptic QG & Elliptic Stable Envelopes Feb. 19,2020 43 /78



Solution to the Elliptic ¢-KZ Equation

Elliptic g-KZ Equation (Foda-Jimbo-Miki-Miwa-Nakayashiki ‘94, Felder '94)

F(z1,--+ ,2n; 1) : meromorphic func. valued in V1 ® --- @V,
F(Zl,"' ’qnzh... ,Zn;H)

i q "zis1 i1 5,(6) oo ((a "z 20 b
— R(zz+1) ( i+ 7l—[q2 Ek:l h ) . R(zn) n 7 Hq i
) Zi

K3

XFzR(Zl) (?,H) s R(iiil) (zlz;l, HqQE;;zl h(k)> F(Zla Tty Ryttt Zng H)
where

o R()(z,1I) : elliptic dynamical R-matrix

o IT : dynamical parameter

o IV f(I) = f(1Ig2™), B = wt(v,,)o))
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Solution to the Elliptic ¢-KZ Equation

Solutions (Foda-Jimbo-Miwa-Miki-Nakayashiki '94)
Let F;fh,,, i (21, 2 ) := trz,, (q_”“d@m(zl) Dy (20)),

where Fo., = Fa(&,m) (level-1 U, p(sly)-module)

Then Fg ., (z;1I) satisfies the elliptic ¢-KZ eq.
Lemma 5.1
(1) Fgl,uz,“- N7 (Zl7 22y 7qnzn;H) = F:nnulv”' sHhn—1 (va 1y 5 2n—1; Hq

2) F »M+11Miv“("' ) Zit1s 2y 1)

i
= Z R(Z’/ZZ'H’H)ﬁiﬁzE F('l"“'/i‘“;Jrl"“(.” ) Ziy Zig1, o3 1)

I
Hikiqa

2h (1)
)

I

(1): cyclic property of trace, TI®,,(z) = CI’M(z)HQO<j) ,
Du(q"2) = ¢ " Pu(2)q"

(2): Py (z2)Pv(21) = R(z1/22, 1) Py (21)Pv (22)
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Elliptic Hypergeometric Integral Solution

Theorem 5.1 (H.K '17)

tr]:a,u (qimd(bul (Zl) o (I)Hn (Z")) = dt (I)(tv Z)wulw” 7#71,(#:7 Z, H)7
™
where with ZE“J =0
O(t, z) =trr,, (qimd(ﬁls(t z))
AD N—1 /(D At=hay
O] O]
~ exp logp Z log I, lo al;[lta X llj[l al;[lta
N—1 [ A A0+D) 0,0 ), 0,0
I (t >/t< Vip,g") Lt /6 vty /159, a")

X
E 1:[ wr DOt /1 imam) oo T /6080 605p,0%)

[(z;p,q) = i)

This is an elliptic and dynamical analogue of Mimachi '96. Geometrically,
this can be identified with Okounkov's vertex function with descendent .
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Solution to the Elliptic ¢-KZ Equation

Cf. Quantum ¢-Langlands Correspondence
(Aganagic-Frankel-Okounkov '17)

Correspondence between

Solutions to the ¢-KZ eq.

ass.w. Us(g) and

Conformal block of
Wq,t(Lg)

Geometrically a vertex function with descendent (trig.case) yields

Filz) = / dt 771D (¢, 2)Staby(t, )
v
This corresponds to our formula

tr]‘—am <q*’€d(1)/“ (Zl) e q),un (Zn)) ~ fﬁ (P(ft? Z)Wf(ta z, H)

In fact
o O(t, z) <" elliptic conf. block” (Igbal et.al.’15, Nieli '15, Kimura-Pestun '16)
o Wi(t,z,1I) < Stab(t, z)
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Dictionary of U, - W,

level-1 Uq7p(;[N) Woi(sly) 5= 7‘;1
p=q” © q
p* — q2(r71) o t
¢*(=p/p*) < q/t
Fj(z) < S;(2)
Ej(2) <—> S;(2)
H @ﬁ(qum) ~ Vi(z) (Awata-Yamada '10)
m=1
[[v G o Ve(z) a=1,- ,N—1
)
T 125G P « Vi(z) u=p
m=1 k=1
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Relation to the Nested Bethe Ansatz

Cf. Tarasov-Varchenko '94 trig.case
The elliptic ¢-KZ eq. :

Ki(qH)F(Zly"' s Rgy )ZTL;H) :F(Zlu"' 7qnzi7'” )ZTL;H)a
where
—1 k)

. Ry, i—1 5 (k . R 2321
Ki(qn) _ R(zz+1) (q %1+17Hq22k:1 n( )) - 'R(Zn) (q ZlZn’Hq i

(3

x D RV (ﬂ,n> ... pU=D (ZH TS h<k>>
Zi Zi

On the other hand, the transfer matrix of the A%ll type face model:

n—1
T(z) = ey (FoR(Ol) (271]) R(02) (Z—Q,Hq%(l)) O ~CED) (Z—",HqQ pojnh h(k)))
z z z
We have

R = om [T 0y

k=1

£i
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q® — 1 Limit:

F(z, - ,2p310) = 7{ dt d(t, Z)ij(ft,z,ﬂ)v[,
™ T

O(t,z) ~ eV (t:2)

where vy = v, ® - @y, for I =1, .. ,..

Saddle points:
W?ﬂ(z‘t,z) =0 (1<I<N,1<a<AD)&s nested Bethe egs.
Otg,

Then

F(Zla"'7Zn;H)NZwI(t727H) vr
I t=t,

where ty denotes a Bethe root.
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q® — 1 Limit:
Similarly,
F(le... ’q"zi’... ,Zn;H)

O, ¢z, )
= dt @t t ’{iy"‘7]'_‘[ 9
ﬁ]\/] q:)(ft7Z) ( 72);(’0]( b 7q zZ )UI

., AND (N1
@ lim e(t, 1472 = —[va ui — 1] =: E(t<N71),2i).
v =1 ®(t, z) [N — )

a=1

@ lim w](tf" 7q’iZ'L'7"' 7H):w1(t7"' IR Z R 7H)
g —1

Hence

F(Zl7 e 7qnzi> to 7ZTL7H) ~ E(t(()N_l)v Zz) wa(ta Z,H) vr.
I t=t,
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Relation to the Nested Bethe Ansatz

Therefore

KZ(qK)F(Zh y Ryt )ZTL;H):F(Zlv"' 7qmzia"' )ZTL;H)

J ¢ =1
T [ue —wi +1] dz
H [ur — ui] B:ZZ T Z) ~ Z wl(t’ Z, H) Ur
1;_1; T bt
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Representations on \"31 R - *;\'; n Action of the elliptic currents on the Gelfand-Tsetlin basis

Representations of Uq’p(g[N) on V., ® - QV,

The vector representation : V, =V ® C[[z,271]],

Proposition 7.1 (Kojima-K ‘03)

The following gives a level-0 (i.e. ¢ = 0) U, ,(slx)-module str. on V.

[v[;qji]l] ieiQaj Un (1 =17)
* jw Vy = v—u— — .
’(/}] (q ) g : [vfu]l] ie Qa; m (/’[’ =7+ 1)
o (,U #3.5+ 1)
. C.6 Qo =j+1
g (P
; C_6(z/w)v w=7j
= { OO =)
where (P42 D)oo
Cy=—"—"
(3 P) oo
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Representations on \"31 ® 7% Action of the elliptic currents on the Gelfand-Tsetlin basis

Representation on V., @ - -- @V,

Problem :  Find an level 0 (i.e. ¢ =0 ) action of the elliptic currents
Bj(2), Fj(2), 45 (2) of Uyp(sly) on Vo, &+ BV,

e Dynamical L-operator : LT (2) = LT (2, P)e” 22 he; Qe

[Pe; s Qe] = 0jk — 1/N
@ Vector representation: V= @ —1Cv,

T (L (), = m (L (w, P)e %), = 37 R(z/w, P)¥u,

o Then L*(w) acts on V,,@V,,®---®V,, by
Ty ® - ® wznA’(”*”(ﬁ( )

= RO (2, /w, P+ Z RO)ROMY (2 fw, P+ Z n@) - RO (1w, P)

Jj=1 j=1

A’ : the opposite coproduct: A’ LJr ZL (2)
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Action of the elliptic currents on the Gelfand-Tsetlin basis

Representations on \':1 73 “ee \ %

The Half Currents & the Quantum Minor Determinants
Define also L™ (2) := L (2p) ~» E;(2), Fji(2), K (2)
Theorem 7.2 (H.K'16)

+
K;

g-det LE(2); ;
g-det L*(2q72) 11,541

() = const.

+ () = q-det Li(z)kyj
g g-det L*(2)y,

-ae iZ'k .
o= T (<R

PR gedet LE(2) gk
Theorem 7.3 (H.K'16)
Set wji(z) = CO”St'KJi(Z)KjiH(z)*le*Qaa‘,
Ej(2q'~"?) = const.e%+1 (B (2472, P) = By (24 %, P))e” %,
Fj(zq"~ /%) = const.(F ;1 (2a~/, P) = F; ;11 (2q7%, P)).
Then d}ji(z)’ E;(2), Fj(z) satisfy the defining relations of Uy ,(gly ).
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Representations on \"31 w}?; Cee ‘;\',: n The Gelfand-Tsetlin basis

The Gelfand-Tsetlin Basis

@ The Gelfand-Tsetlin basis
& the eigenbasis of the Gelfand-Tsetlin subalgebra

o The Gelfand-Tsetlin subalgebra & of Uq7p(gA[N) at level O:
a unital commutative subalgebra generated by K;L(z) (j=1,---,N)

Remark 7.4 (H.K '16)

Even ¢ # 0,
K (z) K (2q72) € Z(Uy,(a)) (=1,---,N)
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The Gelfand-Tsetlin basis

Representations on V., R RV,

Zn

Construction of the GT Basis in V., ®---®V.

(Gorbounov-Rimanyi-Tarasov-Varchenko'13,'14 : rational & trig. cases)

o Realization of &, in terms of the elliptic dynamical R:

Define S;(P) by S;(P) := PUHDREHD (2 /20y P+ Sh(j>)sf,
P oQuw — w@@v, 571z <—J>:,lzi+1

Then DYBE and the unitarity of R yields

(P)Si+1(P)Si(P) = Si11(P)Si(P)Sis1(P),

(P)S;(P) = S;(P)Si(P) (li—jl>1)

S;(P)* =1

o For A= (A1, AN), I = 1pyp, € Iy, et vf i= 0, @+ - Uy,

Define GT bases {{;}1ez, by

gjmaz = Upmaz, Where Imax:IN...N..‘l...l
N—— [ ——

AN A1

S;
S;

Esy1) i= Si(P)ér
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Representationson V., ® - - - QV, The Gelfand-Tsetlin basis

Explicit Realization :
Theorem 7.5 (H.K '18)

&= Ejlz Py,

JETLy

01(,P) = Wylap, 2, I T <),

the transition property of WJ(Z], z,1II)
+ recursion formula for = obtained from &, () = gi(P)fl

Remark 7.6

Su '17 obtained the same recursion formula for Stabe(F)|F, for
Hp(T*(G/P)).
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Representations on V>, ® - QV, n The Gelfand-Tsetlin basis

Key Property:

Proposition 7.7

Si(P)A "V (LE (w, P)) = AV (LE (w, P)S;(P + )

DYBE.

Hence it suffices to construct an action of A~V (L*(w, P)) on &mas.
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Representations on V>, ® - QV, The Gelfand-Tsetlin basis

Action of the Half Currents on the GT Basis

Theorem 7.8 (H.K '18)

N
ua =] [up — v —1]
w)ér = H I1 I = &
k=1acly [u —v+1] L l=i+1b€en [us —v] N
P;; 17u¢+v][1] [ui —ug + 1]
Ei ) P — [ 7,7+ M
sl PIEr= 2 [Pjj+a]lui —v] |4 [ui — ux] &
ZE[].Jrl kelj+1
Zi
P, 1+)\4—/\~+1+ui—v—1][1] [uk—ui+1]

. w, P _ [Ps.i+ J J /

sl P)E [Pig+1+ A = A = [ws =] |, k16_£ [ur — il éI

icl;
#i

where w = ¢*¥, z; = ¢>%i (i=1,---,n), and [ = (I1, -+ ,In)

Uy =Lu{iy, (M) =L —{i}, (Me=5 (k#5j+1),
Iy =L —{i}, TNrr=Lnu{il, e=I (k#5j+1)

v
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The Gelfand-Tsetlin basis

Representations on \"31 &‘ RV, "

Since L™ (w, P) = Lt (pw, P) (at ¢ = 0),
K_(w) = K;(pw)’EJ+1 J(w P) EJ+1 J(pw P) FJTjJrl(w’P) FJ Jj+1

J

(pw, P).

We define |1 by

[s + ] - ws Qp(qu) xpand in w
] |, by (02) By () expand
stul| s Bngw)
S P a6, w)
- —wr Op(q~* /w) expand in 1/w etc.

Op(q~%°)0p(1/w)

where w = ¢**, p=¢
Furthermore note the formula

S+ u

Feb. 19, 2020
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Representations on V>, ® - QV, The Gelfand-Tsetlin basis

Action of the Elliptic Currents on the GT Basis

Corollary 7.1 (H.K '18)

+ _ [ua — v +1] [up —v —1] ~Qa,
1/)]' (w)gf - H [ua _ ’U} H [ub _ U] € §I
a€l; 4 bEIj+1 +
Z 0(zi/w) H — Uk + 1] e Qe &
i€ljp ke[ﬁ—l
Fi(w)ér = a; 6(2i/w) kll % £t
1oy J -
where aa :—q_q_lm. )

Remark 7.9

In the trig. and non-dynamical limit, the combinatorial str. coincides with
the geom. rep. of Uq(:‘:\[N) on the equiv. K-theory of the quiver variety of
type An_1 obtained by Ginzburg, Vasserot '98 and Nakajima '00.

v
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Equivariant Elliptic Cohomology
X =T"Fx, A=(A1,---,An), |\ =n (Aganagic, Okounkov '16)
T=AxC* A= ((C*)"
XA = Urez, Fr : A-fixed points locus with connected comp. F7

E = C*/p” : elliptic curve, a group scheme over C.
Ellp(X) : T-equiv. elliptic cohomology, a scheme over

Elly(pt) = T/peochar(T) = B x B,
Due to a construction of X as a hyper-Kahler quotient

N-1 N-1

N A AU+1) 0

7" [ @ Hom(C™ ,C )/ T 6L, o),
=1

=1

3 tautological vector bundles {V;} of rank A®) (1=1,-.. N —1) over X
and a map

embedding near
the origin of Ellr(pt)
(McGerty-Nevins'16)

Ellr(X) — Ellp(pt) x EQM) o L O

l
° t((l) (a=1,---,A) : the Chern roots of V]
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Geometric Picture Equivariant Elliptic Cohomology

Kahler Parameters ( = Dynamical Parameters)

Let
Epicp(x) = Pier(X) @z E.
Define
E7(X) := Ellp(X) X Epicy(x)

as a scheme over

Br x := Ellp(pt) X Epicp(x)-
/ 1
2,0z g® T (1<j<N-1)
(the equiv. parameters) (the Kahler parameters)
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Equivariant Elliptic Cohomology
Universal Line Bundle

In general, an equiv. rank r complex vector bundle V' over X defines
Chern class

- EHT(X) N EHGL(T) (pt) ~ R(r) coordinates on the target

are symm. funcs on E”

For line bundles (r = 1 case), this Chern class gives a group hom.
Picp(X)—Maps(Ellp(X) — E),

which can be viewed as a map

¢: Ellp(X) = Epiep(x):
where

Epier(x) = Hom(Picr(X), E)
is the dual abelian variety of Epic, (x) = Picr(X) ®z E.
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Geometric Picture Equivariant Elliptic Cohomology

. . \/
Note 3 a universal line bundle Upgincare Over EPiCT(X) X Epicp(X)-

e.g. Sections of Upeincare on EY x E are analytic functions of the form

0p(zw)
Op(2)0p(w)

Therefore
Ep(X) = Ell7(X) X Epicy(x),
¢: Ellp(X) = Epiepx)

~ U = (¢ x 1)* Upoincare is a line bundle on Ep(X).
Hence
6y (211) N [u+ P+ h)
Op(2)0p(11)  [u][P + A

can be regarded as a part of a section of U
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Bl lecees
Elliptic Stable Envelopes

o ¢ € LieA ® R be a chamber of LieA s.t. z;/z; > 0 (i < j).
e For Fix in X4 = Urez, Fr, define an attracting manifold

Attre(Fr) = {z € X | lim p(t)z € Fg, p(t) € € }

and a partial ordering for 7, Fy € X4 by

F;<Fr & Attre(F)NEy#0Q.
Definition 8.1

The elliptic stable envelope is a map of Op;. ,-modules

ot Stabe : O(TY2XY) oU - O(T?X) U ® - -

(i) (triangularity) If Fx < Fr, Stabe(Fk)|r, =0
(i) (normalization) Near the diagonal in X x Fk, we have
Stabg = (—1)™ 1 j 7% where Fx +— Attre(Fx) > X

are the natural projection and inclusion maps.
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Abelianization formulas for Stabe (Fr)
Direct Comparison Between W, and Stabe(F7)

Abelianization of X:
@ M : a vector space v\ GG : a reductive group
@ S C G : the maximal torus
@ i . the moment map
® g :=mg o ug by a projection 7g : (Lie G)* — (Lie S)*
For the hyper-Kahler quotient
X =pg'//G,

the abelian quotient
Xs=pg'//S
is called the abelianization of X.

Elliptic QG & Elliptic Stable Envelopes Feb. 19,2020 68 / 78



Successive Construction of Stabg (Shenfeld'13, Aganagic-Okounkov'16)

e T*P(C") case: F, =Cuv, (a=1,---,n): A=diag(z1, - ,2,)-fixed pts.

T*B(C™) = ua+v+(P+h)1z+n
Stabe(") (Fo) = H[ub X [(P+4h)12+n—d x H[ub —utl

b b>a
o X =T*Gr(k,n) case : S®) c GL(k), pu: [1,k] — [1,n],
k) =
~ Xgm = (T*P (C”‘))k I = {u(1) <--- < p(k)}

Stabyh 98 (Fa) H Stab” F (Fy) with dynamical shift "

¢(n)

Vv

o X =T*Fy case: S = [[V;' SO c [N GLOAD), T = (I, -+, Iy)

,, - 1+1) \\A(D
~ Xg =" TN (TP )N
N=1a0 (A(F1)
Stabg s (Fr) = ] J]* stab” o5, N(Fasn) with dynamical shift
=1 a=1 e R PO
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Abelianization formulas for Stabe (F7)
Abelianization formula yields Stabe for X = T*F) as
Stabe(FT)
X
Stabg *(Fr)

- ] ]
l]\ill H1§a<b§>\(l) [Uc(z) - Ué )][Ub — v’ — 1]

= Symyq) - - - Symyv-1)

Then we find

(1) Stabe(Fy) = Wy (F,00(z 1), 1170, 10, =1+,

oy (a)
(2) StabC(FI)|FJ = Wao(])(zjla UO(Z_l)a H_l)

ot = (t,(ll)) (l=1,---,N—1,a=1,---,AY) : the Chern roots of

the tautological vec. b'dles on X
© z=(z1,--,2n),q* : the equiv. parameters
o II=(II;;41) 1=1,---,N —1) : the Kdhler parameters
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Wir(t, z,II)

Ne1 A ® @) ) a1 ~2Cu (1) tH1
=1 oz (ta 1 )>Hﬂi(l),l+1q ‘a )

N-1 ! ! l l ?
=1 H1§a<b§)\(l) ['Ut(l) - 'UIS )”Ué> - Ut(z) —1]

= Sym, 1) -+ - Symy (v —1)

ugl) (t((ll)7 t(l+1)7 IL,.1)

NGaY (1+1) 10) NG
_ +1) . e —va’ + (P+h);k] )
= v — v, | X X v —v, +1
g s ] (P + h)j.k] bl:[l & )
;1) (1) (1+1) _ () (1) _ (D)
iy, >ig 7y, =1q T <ig
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Toward the Geometric Representation
The Stable Classes and the Fixed Point Classes in Ep(X)

By definition, “the stable classes” Stabg(F);) are triangular w.r.t the fixed
point classes {[I]} ez,

Stabe(Fy) = Z M[I] Cf. A.Smirnov '14
R(z")
I€T, 1

Here we take R(z; ") = [ ] IJlwa —wl-

1<k<I<N a€lj bel;
Under the identification

Stabe(Ey)|r, = aO(J)(zl Loo(z 1), 07,
the orthogonality of W; yields

=3 Wylzr' 27! 11g* =i <%") Stabe(F)).
JETy

This is identical to {5 = Z Wj(zl_l,z* Mg 25 <% ">)p; (Thm 7.5) |
JETy
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Geometric Picture Toward the Geometric Representation

Hence
the Gelfand-Tsetlin base £ < the fixed point class [1],

the standard base v; < the stable class Stabg(Fr)

Remark 8.2

For different algebras and geometries, the same correspondence has been studied by

Nagao'09, Feigin, Finkelberg, Frenkel, Negut, Rybnikov'11l, Tsymbaliuk'10.

Theorem 8.3 (H.K '18)
The following gives an action of Uy ,(slny) on Ep(X).

*(w)[1] = H [ua —v+1] H [up —v —1] e~ (1]

’ a€l [ud - U} bel, [ub - U]
+ Jjt+1 +
Ej(w)[] =a" Y o(zi/w) ] % ~Qu, (1]
iEI]Jrl ke[jj»l 7
Bl =a Y a/uw) [T Mt )
ZEIj kii]
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LLEDYRRET- R ST IS e M I A - RS Tl Stable Envelope as Hopf Algebroid Twistor

2nd Hopf Algebroid Structure : the Drinfeld Copro. AP

Theorem 9.1 (H.K '14)
The following (AP, SP eP) gives an another H-Hopf algebroid str. of U, ,(3).

AP(u(f) = m(H)®1, AP (ur(f) = 18u-(f),
AP (2)) = v (@ PBuE %) - group like !

AP (ej(2)) = 1®e;(z) + Ej(Zq_C(Q))@’lﬁj_(q_cmmz),
AP(f5(2)) = £5(2)81 + 47 (¢~ 22)B i (2q ")
eP(¢°) =1, e7(g(IT", p")) = g(I1", p*), ”(g(I1,p)) = g(IL,p),
P(WF(2) = e %, eP(ej(2) =7 (fi(2) =0
SP(q)=q°, SP(g(II",p")) = g(IL,p), S"(g(IL,p)) = g(II",p"),
SPWF(2) =) (g 2) 7"
SP(e;(2)) = —v; (a%2)e;(q°2),
SP(e;(2)) = —fi(a°2)b) (¢7%2) "
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Triality : Weight Func, Stab and Hopf Alg. Twistor Stable Envelope as Hopf Algebroid Twistor

Hopf Algebroid Twistor
(Drinfeld '89, Khoroshkin-Tolstoy ‘93, Jimbo-K-Odake-Shiraishi '99)

(Ugp, A&, S, R(IT)) and (U, ,, AP PSP RP(11)) give two different
quasi-triangular co-associative H-Hopf algebroids.

3 a twistor F(II)e Uq,pﬁéUq,p, invertible, s.t.
FID(M)(AP&id) F (1) = FEI(ID) (id®AP) F(IT)

and

Aw) = F(INAP () F (1),
FEVI)RP () F (1)~

=
g
I
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Stable Envelope as Hopf Algebroid Tuistor
Two Actions of U,, on V,,®--- &V,

It turns out that the action
(AP)Y(=1)(z(w)) on T coincides with A= (z(w)) on &;,
for x = %i,ej,fj. Here

fﬁ[ = N](Z)’U[,

where N;(z) satisfies, for i € I 41

Ni(z) H 0(qzi/ 21,) H 0(zi/z)
0(q

Ny (z) ey 0(zi/zr) e —2zi/2k)
i+1<k k:<z 1

g (w) are diagonal on v, AL(vE(w)) = v (w)EvE(w).
Hence (AD)(”_l)(de (w) are diagonal on vy = v, @ - - @,
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Stable Envelope as Hopf Algebroid Twistor
Weight Function as the Hopf Algebroid Twistor

One finds

& o= (my,® - @my, ) FU ()N (2)vr,
where F("=U(T1) ¢ (qu)é” is the Hopf algebroid twistor s.t.

A (z) = FODI(AP) D (@) F D
Comparing this with &; = Z Wy(z;', --- ) vy (Theorem 7.5),

JEIy
one finds

W‘](zl—l7 ijl7 Hq2 Z?’:1<€uj,h>) _ ((ﬂ-Vzl S (’gv)ﬂ,vzn )]:(nfl)(H)> y N](,Z)
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Triality : Weight Func, Stab and Hopf Alg. Twistor Stable Envelope as Hopf Algebroid Twistor

Triality in Hypergeometric Integrals,
Hopf Algebras (-roids) and Equiv. Cohomologies

Weight Function

@ a basis of Aomoto twisted
de Rham cohomology

o .f[ = ZWJ(Z;l, e -)’UJ
J

178 D\

Hopf Algebra (-roid) Twistor

® Az) = .FAD(x)}—_l =
@ & = Z(f)JINI vy

J

e [I]

@ a’

Stable Envelope

‘basis” of equiv. cohomology

=) Stabg'(Fy)| Stabe(F))
Fr
J
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