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Abstract
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Notations

Letr € Z,1,d € Cand

P=im=(m,....m)eZ |m>--->m >0},
6 =r-1r-2,...,21,0)e P,
i

6:=(0,...,0,1,0,...,0),

«@:= > 7,z (KeZ),
1<ip<--<ig<r
r

Ex2) = > 20y (K€ Z0),
=1

Vs
D) := z‘fafj +d Z : _J 0z (K€ Zx).
=1 1A 44
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Jack and interpolation Jack

For any partitonm = (my,....m)ePandz=(z,...,z) e C",
Jack polynomials Py, (z; %) are defined by the following two
conditions.

(1) D2(2)Pm (z: ) = Pm (2 ) X'y my (my - 1 - d(r - j)).

(2) Pm (2 9) = Mn(@) + Zkam Sk Mk (2)-

Similarly, interpolation (or shifted) Jack polynomials PIO ( ) are
defined by the following two conditions.
()P PP (m+35;9)=0, unlesskcme®

(2)P P'p( 9) = Pm (z 9) + (lower terms).
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Further, we put

. d . d
@ . M (z9) @y . Fm (z9)
Ony'(2) = I av Yin'(2) = Pl dodV
Pm (1, ?) Pm (m + 7(5, E)
2@ PP (z+95:9)
( ) == (generalized (or Jack) binomial coefficients).
k Py (k+96:9)
r=1

z)(d) _#z=1)---(z-k+1)

Z"
W@ =2 w@=Z. (k .
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Special values

pafu)- [] P
"2

I<i<jzr (g(J - i))m—m
(3G -i-1)+1)

m+ T(%e -+ 1) —.
( ) D( mj 1sli<_j[sr ( (-1)+ :I')m—mJ
Therefore,
(8G=0)pym, d
(@) = " : Pm(Z: —),
1<i<ij<r (E(J =+ 1))m_mj 2
: ($G-n+1) d
NG [ [ — o P”‘(;_)'
z g(%(r_j)+1)mj 1s1i:jlsr (g(j_i—1)+1)m_mj Z5
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1. Sekiguchi operators (Sekiguchi, Debiard, Macdonald,

Let
© > 2\ 1
W@ =2 (3) X T(]‘[ Zaz.]A(Z) IEAL
=0 I1c[r], iel Jc[r]\I, \ jed
=l |3I=p-|
r
$(u,2) = Y HY@uP,

p=0

where A(2) := [Ti<i<j<r (g — Zj). We have

SO (U, 2P (z; g) = Pn (z; g) 19, m) W
d d d

H{(@)Pn (z; 2) Pm( Z)ak(m + 26) 2)

where

Iﬁd)(u,m):zﬁ(u+r—k+§mk) ()rﬁ(mk+ (u+r—k))

k=1 k=1 10/39
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2. Pieri type formulas for Jack polynomials (Lassalle,

Eo(2)0(2) = gqngd_)a 2) (>q + g(r - i)) AYx), 3)
E@¥0@ = > ¥ @AY - a), (@)
1<izr,
X—6EP
20{ (z) = Z o). @A), (5)

i=1
d .
|z|‘I’§(d)(z) = Z ‘I’fgr)ﬂ (2 (xi +1+ E(r - |)) A(_d}(x +q), (6)
1<izr,
X+geP

where

r s X — X— 9(i —K) = ¢
2= > 2, Eo@ 1= )05, A0 =] | = e
-1 -1 1skdicr X~ %= 3(1=K)
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3. Binomial formulas (Knop-Sahi, Okounkov-Olshanski,

For any partition x, k

(@ PP (x + 45; 9
X k 27 2
oP(1+2) =) (k) @) =) (—_d)w(kd)(z) (7
kex kex Pk (1’ §)
or
d x\@ P:f (X + 56, %) d
SCOEDY (k) @)= o — 0. ®
kcx kcx Pk (k + 56; §)
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4. Mysterious summation

Forany | c [r] and X = (Xg,..., %) € C", we have
149020 a@ ) A@
Z X+ 1+ E(r —1i) —,i,I\i(X+e') +,i,|\i(X)
iel
d .
- (>q 50 - .)) A= @AD =1l (@)
iel

where

ayzrlm—ﬁ—%ﬁ—ni%

A©@
jeni X Xji— 1)

+,1,1\i
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The proof of the mysterious summation

We recall
[Eo(2), 12100 (2) = P )r

and Pieri type formulas for the Jack polynomials

[Eo(2). 1210 (2)
= Zl] Eo@0, @A (x) - Z; 202, (2 (x,- v S j)) A9 ()
i= =
= 0{(2)

. Z ((x, +1+ g(r - i)) A + a)A (%)

i=1

- (>q + g(r - i)) AN)AD (x - a))-
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5. Twisted Pieri formulas for Jack polynomials (difficult)

Forl=0,1,...,r, we have

(- ad|z|) (d)( ] (kd)(z) _ Z o@ (z)I(d)(u k)A(d (k), (10)

|| k~+63
Jc(r]
3=l

(—adiz))
T

= > ¥, @10 A%k +a)| | (kJ +1+ (r - ])) (11)
Jc[rL.1I=! jed
k+ejeP

(0.2 ¥z

ki-k—3(-N=$
AW = [ | ——4

jedlede kj —ANT i(J -

902 [](l+ Gor )

leJe
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Sketch of the proof of the twisted Pieri formulas

These formulas are proved by induction on p.
The case of p=0is

SO, 209 2) = (21 (u, m),
SO 2¥? @) = ¥ 21D (u, m).

This is (1)

s, 2P, (z; g) = Pm (Z; g) 19 (u, m)

exactly.

(12)
(13)
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If p=1, then
[ad (2)S? (u, 2] 0@ (2)

r
= |Z|CD(kd)(Z)|'§d)(u’ k) — S'(d)(u’ 2) Z CD(d) (Z)A(d)(k)

K+
i=1

= Zr: o @A) k) - 1Pk + &)

1
2)s .2
(_a); q)(k(i(Z)A(d)(k) 1_[ (U +r—j+ aki)

j#i

bl

d d d
21: O DAZ Iy (W ).
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Assume the n = | case holds. Hence,

(ad (2))"**
(+1)

s, z)] o (2)

1 (ad (1))’
L T

[(ad <IZI)) SOz )] )

= —( 1) Z Z P . @

Jc[r] v=1
[JI=!

(AD(k + e P )AD () - 150 (U k + &)AY (k + €)A9(K)).

s9, z)] o9(2)

Put q
Sj ;= kj + E(r =)
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[(a(d qZ|])-;|I+1 Ssd) (U, Z)] (D(kd) (Z)
= (-1 Z 7% @10 AT ()
Ic[r]
|=1+1

d\ @ @)
. (_1)2‘ {(s +1+ Eu) A ik + @ADL ()
le

=(- 1)I+1 Z o@ (z)I(d)(u k)A(d)(k).

k+e€
Ic[r]
= I+1
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0. Difference equations (Knop-Sahi)

Let
T f() = fx—g). T3 =] [Ty
jed
. _d¢; + d
A9 (x) 1= l_l (i - )—2’
jelkede - Xk — _(J k)
r
@Dy (2
3¢ (U; x) 1= (a) |L_J[C(Xk+ é(u+ r— k)).
Put
DIPPWx) = ) CHMPne| | (xJ + 5= J))TJ-
Jc(r] jed
We have

D@ ip(, d.dy_ pf ,d.d 1@
(U x)P, (x+26 2) Pk( +26 (u; k).
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The proof of the difference equations for interpolation Jack

From the twisted Pieri (10) and the binomial (8),

[ead () Sﬁd)(u Z)]e|z|lIl(d)(Z)

P:f (X + d6 )[ead qzl)S(d)(u z)]\P(d)(z)

91

kcx ( % 2)
Pe(x+ 5018) [+ ad @) @ @
= _ SO
ko Py (k+ ds; g) [; T (U 2)|¥x"(2)
= PE (x+ $0:9)
& PP (k+96:9)

Z( 1) > v @12 xAY (x+ej)ﬂ(x, +1+ - (r— J))

Jc[r],|d|=l jed
X+€1EP
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B X—€3+ 5, 2)
kzc:‘( 'p k+ g6 )
: Z(—l)' > @@ QuxA%00 [ | (x, 5= J))
1=0 Jc[)g,7|51|:l jed
= > 9@
kcx
pP (x -5+ 95 9)
131 (d) (d) _ K 272
JZ[;( D15 (u; X)AT (x)l;[(xj+ =(r J)) P:f(k+%5;g) .
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On the other hand, from the binomial formula (8) and (1),
[€9@sO(u, 2)]e?¥ D (2) = 4S9 (u, 26w (2)
=59, 2% ()
= e'Z"P(d)(z)I(d)(u k)

=Y 00— P 2o
Ip %

kex (

%)
)

19D k).

I\.)IQ_ NI

Then we have

P(x—¢;+ 95 9
Z( 1M (d)(u x)A(d (x)l_[(xJ + = (r - j)) it (_X 1+ 20 2)

ip de d
Jcr] jed Py (k + 36, ?)

22 ) 1D (u; k).
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S

.
x

HEEFD RIMS TRAEEL D AEESE L=, ZDEFDEEBA &I TIE
RBEBEDTHDZEIERET 5. 20, Al

SO, 291+ 2)

% binomial formula (7) & twisted Pieri T2@Y DAETEHEL T,
fifE Jack DEDLARXZ2EH LD, SEIE

[€9@5(u, 2)]e7¥?(2)
% binomial formula (8) & twisted Pieri TETE L TW 5.
BV SO0FE qBRUN’ D D ATEEELH S,
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SEDOHE: g, gandq (277 ---)

SE OB EdRDFER, #%, $5IC2 5. twisted Pieri (7Y 5) D q
FALEZEH L.

BR DADRES - -1 BoNFEATLE -
LMD RWDTREN (ETH) I AL 21D ERET S.
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2. Considerations on
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qBEERX (fEm

SR AT

. Sekiguchi operators

. Pieri type formulas for Jack polynomials

. Binomial formulas

. Mysterious summation

. Twisted Pieri formulas for Jack polynomials
. Difference equations for interpolation Jack

o~ WNEPE

qQIELOBEICOVWTIIUTDEY.

[1.]2 ]34 ]5 0]
r=110,0]0O0|O0|0O0|O
r>110O|a?|a?2|O| x|10O
SAElEr > 1 DFBAD 5. twisted Pieri D qEBLUCDWTET DD

Y7ot
LU, SWICEL > TIIAM—ED ICH RS RWGATE > 72!
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r=1

On(z g t) = 2",

zZ"
Iz 60 = g g
(@ Q= (1-a)l-ag---(1-ag™) (n=0)
RAE (=0)’
(m) — M — (—1)K -k pLP(qm; g.t) _ (9; Dm
Kae  PRday @Dk (@ D Dk’

1 o 2
(@ = oo = é Ta
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1. Macdonald operators

TqzPm(z 0, 1) = Pm(z g, 1)q",
Toz2¥m(z 0,1) = Ym(z 0, t)g™

=7 L,
Tq2f(2) := f(02).

2. Pieri formulas

Eo(9®m(z g, t) = Pm-1(z g, t)[mM]q,
Eo(d¥m(z a.t) = Ym-1(z Q. 1),
Z0m(z 0, t) = Pmia(z 0, 1),
2¥m(z 9. 1) = Pme2(z 0, )[M+ 1]g.
7=7=L
Tgz—1

Eo(2) .= — .
0@ az-q
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3. Binomial formulas

[[a+d™2 =) (:(() D(z . 1),
j=1 at

k>0

'D X
a@t(za = () wEay- > B v @an
gt

x>0

4. Mysterious summation

[X+1]g—[Xlq = v

5. Twisted Pieri formulas

1
(?S]Z: (1+ Tq,zU)] O(z 0. 1) = (1 - P Ulk1(Z G 1),
1
(?dlz) (1+Tq zu)] Pz 6.9 = (1- 4D Uiz 6. 0).

SEIZZDSE ZZFEHELES R ok,

30/39



#g,gandq # BB 65

1. Macdonald operators

EbH T &7z Macdonald YEF% (M, M and M)!!

Dy(2) := Z t(g)A|(z;t)T('q.
I<[r], =k

272U Tgi R I ZEICEAL TO gshift IFAERT

tz, — z;
Az =tE) [ a°4 o= ] Tai
icl,jgl 4-7

P,(z; ,t) = Macdonald I8 (W2 HD) & T 5 &
Dk(2)Pa(z 0, 1) = Pa(z 0, e(t’a’).

i€l

&

r r
D(u,2) = Z Dr(2)uk,  1(u,2;q,t) := 1—[(1 +tIgliv)
k=0 i=1
ERVWNIE
D(u, 2)Pa(z; . t) = Pa(z; g, 1)1 (u, 12).
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2. Pieri formulas

09 (z2) » q | L T 1E, Macdonald ZTER O ERHILIC & 5
ERIE

an . Pazgt)
PR = B gt g, b
ERAVNE
[21a(z; 0, t) = Z ©1(Z 0 DA 1), (14)
Eo(@)®@a(z 1) = Zdn oot T Awqty  as)

i=1
NMEonsd. =L,

Bo@ o) 1= 5= = Z (AZ AT - 1)|.

LA L Y2 0 qEBUCREL TRERS ERROIPDTVS?
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3. Binomial formulas

ES3%

PP (x + 95: 9)

(d) X@(w k
ot g a5 G
k(b2

kex kex

DAD g\ RV VT & HRVHE & HED?).

7=72L
(d P( d5 Q)
Zhp(@) () _ X @y _ k 2) \p(d)
Wﬂ@—z@)%cwij%k%ﬂfua
kcx kex Tk 2

DHED_IBFEE I

ﬂ%@wmqn—ﬂ(J)%@qo

BEZDETVF v Y S B (Lassalle)?
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4. Mysterious summation

Z ik (Weyl B D q 2B DS ZHAR)
[Eo(z; 0,1), e1(2)] = D1(2)

EFFED (2, 0,t) ICDWTD Pieri (14), (15) =AW, Jack D
EEEEFICLTESNS.

(@ - A E; HAEG ;1)
=1

~(L- g tOAET DA D)
= (1- ot e t’q).
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5. Twisted Pieri formulas for Macdonald

[(ad (2)))'D(u, 2)]Pa(z; 0. t) D | = 1 DIFEIE
[lzl’ D(U, Z)](D/l(Z; g, t)

r
=(1-qu) Pz HAE O [ ] @+t gl)
i=1 jelr\ii)
DEDICIFETETEZ S (DS 1EHDFZEIEEDI FL W2 TW3B)
B, =D | > 1ICDWT I Jack DB & I ZUTHUDHBKRESE
MOFICKR>TLEY (TR ABIAETESHLWL)N

FZ (Z DFD)Macdonald D twisted Pieri (& 72 LD Tl?

KR, 8 Jack DEDHEADIAD qFELE LTHERAIHEL
£ D BK/NT B (rational DIBE IFIL&H Lie theoretic I ad N &
BTN, qDBEIZE S Ao TUARL).

72D T Macdonald EBRFZ = BHREHBOHEEZ & > IERAFR %
Macdonald ZIERICH TR I EXEKRISHY ZIEN, 2B FH
Macdonald fEfi%& % ad T2 Z EICIERY BRI LR VOHH?
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0. Difference equations (Okounkov)

DP(u,z q,t) ILI

i=1

DNl

Z( D [ -zt [ Ja-uat)

iel jel
. t_“ [(r=I |)AI (téz; t—l)Tq—l
& 9 % & Macdonald ZIEX Pif (z,g, ) ICDWT
r
DP(u,z a, )PP (z;a.t) = PP (z q. 1) ]—[(q"“t"1 —ut ).
i=1
q DI3%A, 5. twisted Pieri & Y £ 0. & Macdonald DZE2HER
037575\’? T LLw?
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Jﬁtuugb%ﬁjuc\:’c twisted Plerlo"}t\,\f&%@?b\ HTER
WhH? 7= & Z 1E Macdonald #fEf% % Cauchy % CTH&ZE > 7=

T (7 Deo , 1 (az; Qoo
l-_ll (az; 0o P74 l_[ (7j; Deo

= > U= 1-2 t(")A.(z T}

Ic[r] i€l

_]—[(1 az) y W' Ja-2)[ [a-az)t@azyT,

Ic[r] iel j¢l

D& S fEBZE (%D DP(u, z g, t) ICL T W 3?) % Macdonald %
H3 12 H T/ Pieri(Z B 5 AIE L L twisted Pieri D g hR?)

r (ZJ, q)oo J q)oo )
g (azj;Q)oo bz ’t)l_l @:q Pz 0.t)

b EFBH?
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SO~ WNEPE

qBLERK (B

 J[i[2]3 450 ]
r=1/0, 0|0 |O0|0O0|0O
r>110 |22 aA?210O0 | x|0

. Sekiguchi operators

. Pieri type formulas for Jack polynomials

. Binomial formulas

. Mysterious summation

. Twisted Pieri formulas for Jack polynomials
. Difference equations for interpolation Jack
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TEBHYDNEDTTVELE.
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