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Abstract

In Noro (2010) we proposed an algorithm for computing primary ideal decomposition by using
the notion of separating ideal and showed that it can efficiently decompose several examples
which are hard to decompose by existing algorithms. In particular the number of redundant
components produced in the algorithm is zero or very small in many examples, but no theoretical
explanation for the efficiency was made.

In this paper we define a more sophisticated class of separating ideals: saturated separating
ideal. By using this notion we modify the algorithm in Noro (2010) so that it directly outputs
a minimal primary decomposition without producing any intermediate redundant component.

By modifying the process of extraction of a primary component via pseudo-primary decom-
position proposed in Shimoyama, Yokoyama (1996), we find a method for intermediate decom-
position of an ideal and propose a variant of the new primary decomposition algorithm based
on this intermediate decomposition. Our experiment shows that this variant efficiently decom-
poses many examples which are still hard to decompose even if we apply the original version of
the new algorithm. Furthermore, in this algorithm we can bypass the computation of primary
components and obtain directly the set of all associated primes of an ideal.
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1. Introduction

There are two well-known algorithms for computing primary ideal decomposition
based on zero-dimensional decomposition: the GTZ algorithm (Gianni et al., 1988) and
the SY algorithm (Shimoyama, Yokoyama, 1996). Let I be an ideal in a polynomial ring
k[X] = k[z1,...,2,] over a field k. The GTZ algorithm extracts some of primary com-
ponents Q1,...,Q of I via a reduction to a zero-dimensional case. As a by-product of
this operation, one obtains an element f° ¢ I such that

I={:f)NT+(f), [:f=1:f°=Q1N---NQk. (1)

Then this procedure is applied to I + (f*) to obtain a primary decomposition of I. The
SY algorithm first computes the set of all minimal associated primes {P, ..., P} of I.

By using them, ideals Ql e Ql and elements f1, ..., f; satisfying 4/ Qi = P, and

I=(@Qin-- Q)N+ (fi,..o s fi)), dim(I+ (f1,..., f1)) <dimT (2)

are computed. Each Qz contains only one isolated primary component @Q; of I and we
can compute an ideal I’ such that Q; = Q; NI’ and dim I’ < dim I. Then this procedure
is applied to I’ and I" = I+ (fi, ..., fi) to obtain a primary decomposition of I. Each Q;
is called a pseudo primary component and (2) is called a pseudo primary decomposition
of I.

These algorithms have the following common structure: Let ) be the intersection
of known primary components of I. Then these algorithms find an ideal J satisfying
I =QnNJ. Jis called a remaining ideal. In general a remaining ideal contains com-
ponents which do not appear in the final minimal decomposition of I. Although these
components are removed after or during the decomposition procedure, there are cases
that the number of these useless components is very large. SY contains a mechanism for
detecting a redundant component soon after it is produced and SY works efficiently for
a wide range of input ideals. However there are cases that SY produces an intermediate
component which is very hard to decompose because of redundant components included
in the intermediate component.

In order to efficiently decompose such examples we proposed the following algorithm
in Noro (2010).

Algorithm 1.
Input : an ideal I;, C R
Output : a minimal primary decomposition of I;;,
QLin, < 0; Qin + R; It < Iy,
RESTART: Q < R; I + I; C = {0}
do
if I, = R goto LAST
PL; < Minimal Associated Primes(I;)
QL + Isolated PrimaryComponents(I;, PLy)
Qi+ () J
JeQLy
if Q@ C Q¢ goto RESTART else Q + QN Qy



if an¢Qt then {Q’LTL — an N Qt; QL’LTL — QL’LTL U QLt }
ifQs=1; or Q=1 or Q;, = I, goto LAST else Cy + I : Q
if Cy = C goto RESTART else C «+ C}
I, + I+ Separatingldeal(I,Q,C)

end do

LAST: QL;, < RemoveRedundancy(QL;y)

return QL;,

In this algorithm, Minimal Associated Primes(I) returns the set of all minimal associ-

ated primes of an ideal I. Isolated PrimaryComponents(I, PL) (PL = {Py,...,P:})

computes the set of all isolated primary components {Q1,...,Qx} of an ideal I, where

PL is the set of all minimal associated primes of I and P; is the associated prime

of Q;. Separatingldeal(I,Q,C) (C = I : Q) finds a separating ideal J for (I,Q),

that is an ideal J which gives a non trivial decomposition I = @ N (I + J). Finally

RemoveRedundancy(QL) combines primary components with the same associated prime

and removes unnecessary components. Compared with GTZ and SY, Algorithm 1 differs

in the following points:

e While GTZ and SY simply try to decompose remaining ideals, Algorithm 1 keeps the
target ideal I as long as possible and I; is used only for extracting its isolated primary
components.

e Algorithm 1 constructs a “large” separating ideal J to make I; large. In GTZ and SY,
a remaining ideal is also constructed by adding a generator set to I. However the set
are chosen so as to satisfy (1) or (2) and the “size” of the set has not been considered.

In Noro (2010) we showed that a careful selection of separating ideals makes the al-

gorithm very efficient. In particular the number of redundant components produced in

Algorithm 1 is zero or very small in many examples, which is realized by large separating

ideals. However Algorithm 1 is still unsatisfactory because it often produces completely

redundant set of primary components and we have to restart the computation in such a

case. In this case the target ideal I is replaced by the current remaining ideal I;, which

tends to incorporate redundant components. Also there is no criterion of the size of a

separating ideal. Here we regard a separating ideal sufficiently large if it does not pro-

duce any redundant component. In this paper we give a clear criterion of the size of a

separating ideal and propose an algorithm for computing a minimal primary decomposi-

tion without producing any intermediate redundant components. In section 2 we define

a more sophisticated class of separating ideals: saturated separating ideal. By using this

notion we can modify Algorithm 1 so that it produces no redundant components and

the obtained primary decomposition is a minimal primary decomposition. This explains
the reason why the number of redundant components is small in Algorithm 1. That is,
if a separating ideal is close to a saturated separating ideal, then we can expect that the

number of redundant components is small. But the obtained algorithm (Algorithm 3)

is not necessarily efficient because the computation of saturated separating ideals and

isolated primary components are often very hard. In section 3 we propose an interme-

diate decomposition and apply it to reduce the costs of these computations. Let Q;_1

be the intersection of all primary components of an ideal I found before the i-th step in

Algorithm 3. Then the algorithm finds the primary components Q;1, ..., Qin, of I such

that {v/Qi1,--.,+/Qin, } coincides with the set of all prime components of I : Q;_1. By

analyzing the process of extraction of each @);; via pseudo-primary decomposition pro-
posed in Shimoyama, Yokoyama (1996), we find that @; and Q;—1 NQ;; can be computed



by applying the same extraction process without computing @);; itself. Then Q;; can be
computed as a component of Q;—1 N Q;; and we obtain Algorithm 5, which is a variant
of Algorithm 3. At the same time we also obtain Algorithm 6 for computing the set of
all associated primes of an ideal without computing primary decomposition because they
can be computed if we know @;’s. In section 4 we give some remarks on implementation.
In section 5 experimental results are shown.

2. An algorithm for computing a minimal primary decomposition

In this section we modify Algorithm 1 so that it directly produces a minimal primary
decomposition of an ideal in a Noetherian ring R. We assume that we have an algorithm
Minimal Associated Primes(I) for computing the set of all minimal associated primes
of I.

2.1.  Saturated separating ideal

Definition 1. Let I, @ be ideals in R satisfying I C Q. An ideal J is called a separating
tdeal for (I,Q) if I = QN (I + J) holds. If a separating ideal for (I, Q) satisfies /I : Q =
VI + J then J is called a saturated separating ideal for (I, Q).

If J is a separating ideal for (I,Q) then J C I+ J C I : @ holds. Therefore a separating
ideal J is a saturated separating ideal if and only if /I : Q C VI + J.

Example 2. There exists an integer m satisfying I = @ N (I + (I : @)™) (c.f. Noro
(2010)). For such m (I : Q)™ is a saturated separating ideal. For the same m, J =
(f1, .. f™) C (I : Q)™ is also a saturated separating ideal, where S = {f1,..., fi} is
any generating set of I : Q. However, from the viewpoint of efficiency it is desirable to
find a saturated separating ideal (fi"*,..., f;"") with each m; as small as possible.

We can remove elements in v/T from S to construct a saturated separating ideal of the
above type.

Proposition 3. Suppose that /T : Q = /(S). If a separating ideal J for (I, Q) satisfies
(S\VI) C v/ J then J is a saturated separating ideal for (I, Q).

Proof. (S\ vI) C VJ implies S C /I ++/J and thus T: Q = \/{S) ¢ VVI+J =
I+J. O

The following theorem enables us to construct such a saturated separating ideal incre-

mentally.

). If f € /I:Q then there exists a
).
Proof. f € \/T: @ implies that there exists k > 0 such that (f*)Q C I. By Artin-Rees
lemma there exists an integer ¢ such that (f™)N(I+J+Q) = (f"™ ) ({(fO)NIT+J+Q)) for
any integer m > c¢. We show that I = QNI +J+(f™)) if m > c+k. If m > c¢+k we have
(™NI+T+Q) = (" )(fHINUT+T+Q)) C (fF)YI+T+Q) CI+J+(fF)Q C I+.
Ifqge@@nN I+ J+(f™)), then there exist a € R and j € I + J satisfying ¢ = j + af™.
Then af™ = —j+q € I+J+Q and af™ € (f" NI +J+Q) C I+ J. Thus
g=j+af"el+Jand wehaveqe QNI +J)=1. O

Theorem 4. Let J be a separating ideal for (I, Q
positive integer m satisfying I = QN (I + J + (f™)



Corollary 5. If I = QN(I+J) and VI + J # /T : Q then (I : Q)\VI + J # 0. For any
fe:Q)\VI+J,there exists a positive integer m satisfying I = QN (I + J + (f™))
and I +J 4+ (f™y #I+J.

The following algorithm computes a saturated separating ideal incrementally.

Algorithm 2. SaturatedSeparatingldeal(I,Q,C)

Input : ideals I, Q,C C R satisfying I ¢ Q and vVC = /T: Q
Output : a saturated separating ideal for (I, Q)
S <+ a generating set of C
SOZ{flv"'afl}%S\\/j
J ={0}
fori=1tol do
j+«0
doj j+1while QNI+ J+(fI)#1T
JE T
end for
return J

Proposition 6. Algorithm 2 outputs a saturated separating ideal for (I, Q).

Proof. QN (I +J) =1 and f; € /I :Q imply that there exists an integer j satisfying
QN(I+J+(f])) =I by Theorem 4. The output .J satisfies the condition of Proposition
3 and it is a saturated separating ideal for (I,Q). O

Theorem 7. Suppose that I = Q N J and vJ = /T: Q for a proper ideal J. Let

Q1,...,Q, be the set of all isolated primary components of J and we set Q' = QN ﬂ Q;.
i=1

If I =Q NnJ and vJ' = /T:(Q for a proper ideal J', then any minimal associated

prime of J’ is a non-minimal associated prime of .J. In particular any minimal associated

prime of J' properly contains a minimal associated prime of J.

Proof. In general if T is primary then U¢T implies VT : U = /T and UCT implies

T:U =(1). Let
J={Qin (S
i=1 i=1

be a minimal primary decomposition of J. S; is an embedded primary component of J.
Then

S
1:Q =S:Q)= ) (Si:Q)
i=1 Q¢S
implies VJ' = /I: Q" = ﬂ v/ S;. The minimal prime decomposition of v/ J' is ob-
Q'ZS;
tained by removing redundant components from {/S; | Q' ¢S;}. Therefore all minimal
associated primes of J’ appear in 1/S7,...,v/S;. Since S; is an embedded primary com-
ponent of J, there exists a minimal associated prime of J which is properly contained in

V8. O



Corollary 8. For J and J’ in Theorem 7, v/.J' properly contains v/.J.

Proof. Each prime component of v/J/ properly contains a prime component of v/J. Thus
VJ C v/ J" holds but v/J = v/J’ cannot hold because of the uniqueness of prime compo-
nents of a radical ideal. O

2.2.  An algorithm for computing a minimal primary decomposition

We assume that we have an algorithm Isolated PrimaryComponents(I, PL) for com-
puting the set of all isolated primary components of an ideal I from PL, the set of all
minimal associated primes of I. By using the notion of saturated separating ideal, we
propose an algorithm for computing primary ideal decomposition.

Algorithm 3. SY C_PrimaryDecomposition(I) T

Input : an ideal I C R
Output : a list of sets of primary components of I
QL+ 0; Qo+ R 1+ I;C; «+I;i+ 1
do
PL; < MinimalAssociated Primes(C;)
QL; + Isolated PrimaryComponents(I;, PL;)
Qi+ Qian () J
JeQL;
If Q; = I then retwrn (QLy,...,QL;)

Cig1¢1:0Q;
Jit1 < SaturatedSeparatingldeal(I,Q;, Cit1)
Iigy 1T+ Jipa
14— 1+1
end do

Remark 9. In Algorithm 3, we can take any ideal C;y; such that /C;11 = I :Q;
instead of I : Q;. See Section 4.2 for details.

Theorem 10. (1) Algorithm 3 terminates.
(2) In Algorithm 3, all primary ideals in QL;’s are distinct and U QL; gives a minimal

K3
primary decomposition of I.

Proof. (1) If i = 1 then /C7 = /I;. If i > 2 then J; is a saturated separating ideal

for (I,Q;—1) and \/C; = \/I : Q;—1 = \/I; holds. Therefore PL; consists of all minimal

associated primes of I; and is valid as the argument of Isolated PrimaryComponents.

We also have I = Qj,_l ﬂL; = QZ ﬁ]i+1 and QZ = Qi—l N m J. By COI‘OH&I‘y 8, \/Iz'-&-l
JEQL;

properly contains 1/I;. Therefore the algorithm terminates because R is a Noetherian

ring.

T SYC stands for Shimoyama-Yokoyama with Colon ideal.



(2) Set QL; = {Qi1,...,Qin, }- If the algorithm terminates in ¢ steps, then we have
t ny

I = ﬂ ﬂ Q;;. We first show Pj; = /Q;; are all distinct. Suppose P;; = Py;. We may
i=1j=1
assume i < k. If ¢ < k then there exists a strictly decreasing sequence

Prt = Prj, O Pe—1,j,, D - D Py,

starting from Pj; by Theorem 7. Then P;;, is a proper subset of P;;, which cannot happen
because /I; = P;1N---N Py, is the minimal prime decomposition of v/I;. Thus i = k and

we have j = [ by the same reason. Suppose that Q; is redundant, then I = ﬂ Qij-
(4,9)#(k,1)
k—1 n;
In the algorithm Qz_1 = ()| (| Qij» I = Qk—1 NIy and \/T: Qx—1 = v/I hold. Then
i=1 j=1
we have [ : Qg1 = ﬂ (Qij : Qr—1) and

i>k,(4,7)# (k1)

VI:iQp_1= m VQij i Qe-1= m P

ik, (1,5)#(k,1) ik, (4,7)#(k,1),Qr-1Z Qij

Thus Py; does not appear in the prime decomposition of /I : Qr_1 = /I because all
the P;;’s are distinct. But this contradicts to the fact that /I = Py NN Pgp, is the
minimal prime decomposition of \/I. O

2.3.  Computation of isolated primary components

In this subsection we set R = k[x1,...,x,], an n-variate polynomial ring over a field
k. According to Shimoyama, Yokoyama (1996) we can compute isolated primary compo-
nents of an ideal I via pseudo primary decomposition. For Y C X = {x1,...,z,}, we
set Ry = k(Y)[X\Y].

Algorithm 4. IsolatedPrimaryComponents(I, PL)

Input : an ideal I C R; the set of all minimal associated primes of I: PL = {Py,..., Py}
Output : the set of all isolated primary components of I
for j =1tom do

f <+ an element of (ﬂ P)\ P;
1#j
Y < a maximally independent set for P;
T+ {I:f*)RyNR
end for
return {771,..., T}

By the following theorem this algorithm computes the set of all isolated primary com-
ponent of an ideal I.

Theorem 11. Let {T1,...,T,,} be the set of all isolated primary components of an ideal
I and P; = /Tj. Let Y; be a maximally independent set for P;. If f; € (ﬂ P,)\ P; then

1#]
Tj=(I: f)Ry, N R,



m q

Proof. Let I = ﬂ T N ﬂ S; be a primary decomposition of I such that S;’s are em-
k=1 1=1

bedded primary components of I. Then we have

q
(I:f°)Ry,NR= ﬂ (Ti : f5°)Ry, NR) N ﬂ L f°)Ry, N R).
k=1 =

Since f; ¢ Pj and f; € Py (k # j), Tj : f7° =Tj and T}, : f7° = R (k # j) hold. Thus we

have ﬂ ((Tk : f;°)Ry,; N R) = Tj. For each S there exists Ty, such that Py, is proper
k=1

subset of \/S. If k; # j then f; € Py, C /S and S; : f7° = R. If ky = j then /S

properly contains P; and Y; cannot be an mdependent set of S;. Thus k[Y;] NS, # {0}

and (S, : f2°)Ry; N R = R. Thus we have m((Sl : f;°)Ry; N R) = R. Therefore we have
=1
Tj=(:f°)Ry,NR. O

Remark 12. I : f>° in Theorem 11 is called a pseudo primary component of I and it
contains only one isolated primary component T; whose associated prime is P;.

3. Application of intermediate decomposition to Algorithm 3

By introducing the notion of saturated separating ideal, we have obtained Algorithm
3 which directly outputs a minimal primary decomposition. However, if we execute the
algorithm we observe that the cost for computing saturated separating ideals and isolated
primary components are often very high. In this section we propose a variant of Algorithm
3 based on an intermediate decomposition. In that variant each saturated separating ideal
is computed for extracting only one unknown primary component and it makes both the
computation of the saturated separating ideal and the primary component easy.

3.1.  An intermediate decomposition of an ideal

Algorithm 3 introduces a decomposition of the set of all associated primes of I:
Ass(R/I) = PL; U---U PL,. We first show that this decomposition has a definite
meaning which depends on only [

Definition 13. Let A = Ass(R/I) be the set of all associated primes of I. We define
A; C A for ¢ > 1 recursively:

i1
A; ={P € A| P is minimal with respect to the inclusion relation in A\ U Ag}.

k=1
An element of A; is called an associated prime of level 3.
t ng
Proposition 14. Let I = ﬂ ﬂ Q1 be a minimal primary decomposition such that
k=11=1
{Pi1, ..., Pin,} coincides with A;, the set of all associated primes of level i fori =1,...,¢
i ng
and Py = /Qri. Set Q; = () [|@w and S; =R\ | ) P.Then Qi =1IRs, NR.
k=11=1 E<i,PEA,



Proof. Although this proposition is a corollary of Lemma 2.19 in Shimoyama, Yokoyama
t ng

(1996), we show a proof for convenience. From I = ﬂ ﬂ Q1 we have
k=11=1
t ng
IRs,NR= ([ )(@QuRs, NR).
k=11=1

If k£ <4 then Py NS; =0 and QpRs, N R = Qyy. Suppose k > i. We show Py N S; # 0.

If P,yNS; =0 then Py C U P. By the prime avoidance Py; C P, for some a < 4
a<i,PEA,

and b. Then Py; is a proper subset of P, because a < 7 < k. But this is a contradiction

because P, is minimal in A\ U A, = U A; and P € U A;. Thus if k > ¢ then

1<a a<i a<i

PN S; # 0 and Qi Rs, N R = R. Therefore

i Mg
IRSiﬁR:ﬂﬂle:Qi. O

k=11=1

Corollary 15. Let I = ﬂTk be a minimal primary decomposition of an ideal I and Q);
k
the intersection of all primary components T} such that the level of \/T} is not greater

than 4. Then @Q; is independent of a minimal primary decomposition.

Theorem 16. PL; in Algorithm 3 coincides with A;. In particular PL; is independent
of saturated separating ideals.

Proof. If i =1, then PL, is the set of all minimal associated primes of I and PL; = A;.
i—1

Assume PLy = Ay for all k < i— 1. If P € A; then P is minimal in A\ U A, =

k=1
i—1

AN\ U PL,. If P € PL;, for some k > i then there exists P’ € PL; which is properly

k=1
i—1 i—1

contained in P. Then P’ ¢ U PLy implies P,P" € A\ U PLy, which contradicts to

the minimality of P. Thus P € PL Conversely suppose P E PL;. If P ¢ A; then there
i—1

exists P € A\ U PLj, which is properly contained in P. If P’ € PLj (k > i) then there
k=1

exists P” € PL; satisfying P C P'. Then P,P"” € PL; and P” is a proper subset of

P, which is a contradiction. Thus P € A; and we have PL; = A;. By induction we have

PL,=A4;(i>1). O

Remark 17. @Q; in Algorithm 3 is independent of saturated separating ideals I;. I; only
affects the shapes of primary components in QL;.

In the rest of this section we set R = k[X] for a field k and X = {z1,...,z,}.



Theorem 18. Let I be an ideal in R. We retain the notations in Proposition 14. Let
Y; C X be a maximally independent set for P;;. Set S; ; = R\ (P;; U U P). If

k<i—1,PE€A
fj € (ﬂ -le) \sz then
1#
(1) Qi-in((: fi°)Ry; NR) = Qi—1 N Qij,
(2) Qi[5 £7)Ry, N R) = Qs
j=1
(3) Qi-1NQyj =IRs, ,NR.
t ng
Proof. Let I = ﬂ ﬂ Qi be aminimal primary decomposition such that 4; = {P;1, ..., P, },
k=11=1
1—1 ng t ng
Pij = W/Qij for i = 1,...,t. Then Qi—l = ﬂ ﬂle, I = Qi—l N m kal and
k=11=1 k=il=1
t ng
Qi1, - - -, Qin, are all isolated primary components of ﬂ ﬂ Q. Thus
k=il=1

(I : fJDO)RyJ NR= ((Qi—l : fJDO)RyJ N R) N Qij
by Theorem 11. Since Q;—1 C (Q;—1 : fJ‘?O)Ryj N R we have

Qi1 N ((I : ijO)RyJ n R) =Qi_1N Qij and Q;_1 N ﬁ(([ : ijO)RyJ N R) =Q;.

j=1

The proof of (3) is similar to that of Proposition 14. O
3.2.  An algorithm for computing primary decomposition via intermediate decomposition

Theorem 18 means that the intermediate components @;—1NQ;; and Q; can be computed
recursively without knowing individual @;;. Furthermore (3) of Theorem 18 means that
Q;i—1NQ;; does not depend on a particular primary decomposition and is determined only
by F;;. Since @;; can be obtained as a component of Q;_1 N Q;;, we have the following
algorithm:

Algorithm 5. SY CI_PrimaryDecomposition(I)*

Input : an ideal I C R
Output : a minimal primary decomposition of I
i< 1; Rg < R
do
PL; ={Pq,..., P, } < MinimalAssociatedPrimes(I : R;_1)
for j =1 to n; do
Y;; + a maximally independent set for P;;
fij < an element in (m Pik) \ Pij
k]

t 8YCI stands for Shimoyama-Yokoyama with Colon ideal and Intermediate decomposition.
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Rij — R,_1N ((I : fZO)Ry” M R)
Cj; < an ideal satisfying \/CT] =P
Jij < SaturatedSeparatingldeal(R;j, Ri—1,Cij)
Tij = (Rij + Jij) By, N R

end for

QLi = {Th1, ..., Tin.}

R; (—Rilﬂ"'ﬂRmi

If R; = I then return (QL4,...,QL;)

14 1+1

end do

Theorem 19. Algorithm 5 outputs a minimal primary decomposition of I.

Proof. We fix a minimal primary decomposition of I as in the proof of Theorem 18.

Then it is easy to see that R; = @y, Rij = Qi—1 N Qy; and PL; = A;, the set of

all associated primes of level ¢, for all ¢,j. If J;; is a saturated separating ideal for

(Rij;Rifl) then \/R” + Jij = \/Q” : Qi,1 = Pij and Tij = (R” + JZ])RY” N R is the
S

unique isolated Pjj-primary component of R;; + J;;. Let R;; + Ji; = T3 N ﬂ U, be a
=1
minimal primary decomposition of R;; + J;; such that U;’s are embedded components.

i—1 Nk S
Then R;; = ﬂ ﬂ leﬂTijﬂﬂ U, is a primary decomposition of R;;. Since v/U; properly
k=11=1 1=1

i—1

contains /1;; = P;; and Ass(R/R;;) = U PL; U{P;;}, /U, cannot be an associated

k=1
prime of R;;. Thus all U;’s are redundant and we have R;; = Q;—1 NT;;. Thus T;; is valid
as the P;j-primary component of I. O

Remark 20. For computing a saturated separating ideal for (R;;, R;—1), we need /R;;.
Fortunately it coincides with v/T and it is sufficient to compute it only once after com-
puting PL;.

If we only want to know Ass(R/I) then Algorithm 5 is simplified as follows.

Algorithm 6. SYCI_AssociatedPrimes(I)

Input : an ideal I C R
Output : the set of all associated primes of T
i+ 1; Ry <+ R
do
PL; ={Pq,..., P, } < MinimalAssociatedPrimes(I : R;_1)
for j =1 to n; do
Y;; + a maximally independent set for P;;
fij ¢ an element in (ﬂ Pip)\ P;;
k#j
Rij — ((I ZO)RYU ﬂR)
end for
R+ R,_1NRy1N---N Rznl

11



If R; = I then return (PLq,...,PL;)
1+—1+1
end do

4. Efficient implementation of the new algorithms

In order to realize an efficient implementation of Algorithm 3, Algorithm 5 and Algo-
rithm 6, we need efficient implementation for computing saturated separating ideals, ideal
quotients and isolated primary components. In this section we propose several methods
for each part. Again we set R = k[z1,...,%y).

4.1.  Computation of saturated separating ideals

If we apply Algorithm 2 for computing a saturated separating ideal, we often observe
that the computation of j satisfying QN (I +J+ (f/)) = I becomes harder as J becomes
larger. From our experiments we guess that adding f} with a large j makes the subsequent
computation harder and we propose the following variant so that we can find f;* with
smaller s; earlier.

Algorithm 7. SaturatedSeparatingldeal2(I,Q,C)

Input : ideals I, Q,C C R satisfying I ¢ Q and vC = /T: Q

Output : a saturated separating ideal for (I, Q)

S + a generating set of C

So={f1,-- -, fi} + S\VI

J={0}; U+ Sp; j+ 1

while U # 0 do

(x) foreach fi e Uit QNI+ J+ (f])) =1 then {J+ J+ (f]); U+ U\ {i}}
j—Jj+1

end while

return J

Since a large part of U satisfies the condition in () as j becomes large, we may apply
such a strategy that if QN (I +J +T) = I for asubset T C U’ = {f! | j € U} then we
try to find 7/ C U\ T with QN ((I+J +T) +T') =1 and |T'| = 2|T|.

In Algorithm 7, We have to compute many ideal intersections of Q N (J + (f))-type.
Suppose that we have a Grobner basis G of tJ + (1 — ¢)Q with respect to an elimina-
tion order < such that {t} >> {x1,...,2,}. We can apply the following methods for
improving the efficiency.

e Incremental computation

For computing Q N (J + (f)) it is sufficient to compute a Grébner basis of (G U {tf})

with respect to <. Since G is a Grébner basis, we don’t have to consider S-polynomials

constructed from G when we execute the Buchberger algorithm for G U {tf}.
e Early termination

If @ N J = I then G contains a Grobner basis of I. Therefore if an element g €

R is generated during an execution of the Buchberger algorithm to check whether

QN (J + (f)) or not, then it means that g ¢ I and thus Q N (J + (f)) # I.

Thus if a function for computing Grobner basis allows incremental computation and early
termination, we can reduce the cost for necessary Groébner basis computations.
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4.2.  Computation of ideal quotients

Ideal quotients are used in two ways in Algorithm 3 and Algorithm 5.
(1) We need the set of all minimal associated primes of I : Q;.
(2) We need a generating set of an ideal C' satisfying v/C' = +/T: @ to compute a
saturated separating ideal.

k
For (1) we can compute the required set via \/I : Q; = ﬂ V1;gj, where {g1,..., g1} is
j=1

a generating set of @);. However, for (2) it is not clear whether we can use a generating
set of v/I : Q instead of that of I : Q) from a practical point of view. If we use the former
one, then it is possible that the required exponent m in Theorem 4 is high, which may
make the check of I = QN (I + J+ (f™)) hard. In general, in Algorithm 3 the cost
for computing ideal quotients is not dominant and it will be safe to set C;11 = I : Q.
However, in Algorithm 5 the cost for computing ideal quotients tends to occupy a large
part of the whole computation. If we set C;; = \/R;; : Ri—1 = P;;, then we can bypass
the computation of R;; : R;—1. In our experiment the computations become faster by
setting Cy; = Pj; in Algorithm 5. Therefore we set C;; = P;; in our implementation
unless an option to set Cj; = R;; : R;—1 is specified.

4.8.  Computation of isolated primary components

In Algorithm 4, J = I : f°° and JRy N R are often hard to compute. The following
two remarks may be useful for improving Algorithm 4.
e Change of the order of two localizations
The order of two localizations can be changeable, that is @); can be computed as
Qi;= IRy NR): f>.
e Computation of JRy N R
This type of localization can be computed as follows: Let G; be a Grobner basis of J Ry
in kK(Y)[X \ Y]. Set h = LCM(the square free part of LC(g) | g € G;), where LC(g) is
the leading coefficient of g as an element in k(Y)[X \ Y]. Then JRy N R = (G;) : h*™.
G, can be computed in two ways: direct computation in k(Y )[X\ Y], or computation in
k[X] with respect to an elimination order. It often happens that the efficiency greatly
differs between these two methods.
In both cases it is hard to predict which choice is faster than the other. Again in these
cases a competitive computation will be useful.

5. Experiments

In this section we will show the performance of the new algorithms in Risa/Asir
(Noro et al., 2011) and Singular (Decker et al., 2010). The implementation in Risa/Asir
is an improved version of noro_pd.rr described in Noro (2010), which is contained in
the OpenXM package (OpenXM committers, 2011). The implementation in Singular is
an ongoing work and it uses a function for computing minimal associated primes in
primdec.lib. The file primdecSYCI.1ib is available from Noro (2011).

In order to measure the performance of Algorithm 3 and Algorithm 5, we need exam-
ples which have many embedded primary components and are hard to decompose by SY
or GTZ. In addition to the examples used in Noro (2010), we use ideals T; generated by
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monomials, binomials and trinomials. We randomly generate such kind of ideals and use
for our experiments. The input ideals are as follows:

A m.n denotes the ideal generated by adjacent k x k minors of m x n matrix X with
indeterminate entries (Diaconis et al., 1998). I, I3 are ideals related to local b-functions
introduced in Noro (2010).

Ty = (cdefghiz + cdefhjz + bedeijz, 3cdf ghz® + 4bdefghj + 4bdehjz?,

2 fghijz + fhjz3, dbcefhz + cfgijz, cdjz, 3egjz* + bedgij + 2edhjz?,
3defiz 4 2defz? + 4dbcei, 4bce fiz + 3dfhjz?, cefhjz + befiz? + gizt,
dceghiz + beejz)y C Qlb, ¢, d,e, f,g,h,1, ], 2]

Ty = (3bcegz? + 4bcghi + 2bcez?, beez + 3dhi, cfgiz® + bedegh, cf g2* + 3cdef gh,
2bcfgiz? + bedegh + 25, behz + 4beg, 4bedgiz + 2¢fhiz? + 3bdfhi, bde fhz + bz,
3befgiz + 2cefgz® 4 4cfhz?, 3bfh + Afhi + b2?) C Q[b, ¢, d, e, f, g, h, i, 2]

Ts = (4befjkmz> + 2bcdhijlm + cdegkmz?, cdeghjlz, 2def ghilz + 4j12° + defjl22,
beghjlmz + 4ceghiz® + bdef12%) C Q[b, ¢, d, e, f, g, h,i,j, k,1,m, 2]

Ty = (2cfhiz? + bdefh, befijz + 4beghi, 2cdejz + dedfj + ij22,
bedf gijz + cdijz®, 3bceijz + 3cgijz® + beiz?, 4bchjz + cgiz?, behy,
3cdefhiz 4 2bdfgjz + 2bchjz*) C Qb, ¢, d, e, f, g, h,i, j, 2]

Ty = (4bc2d?e?gh%iz? + b%ciz® 4 2bceg®h2®, bed?e® g?h?, befhz® + b2df g2iz,
4bc*e? f2h2i? 22 4+ b2 fh2iz3, 2b%de? f2hi 2 + 3b*c?e*h?i?)

C Qlb, ¢, d,e, f,g,h,i,z2]

Ts = (4bcdf ghlz + 3befhlz3, befhkl + defghz, 3bdefhijklz + 2¢fhjkz® + bdehkz*,
dbefijkl + dgklz®, bede fghj + 2bedegijz + 2bedhjklz,
cdegijz + 3bedefk + 4fhklz?, 2bdeghjkz + cdez® + 3eghjz3,
bedghijz + cdfhklz + 2bedhkz?, 2bedefi + bhijkl, eghjkz® + 2bce f ghjkl,
gilz® + 2beil, g, 3cde fijkl + 4bedgj 23, cdehijz + dcegjz®, behkl,
cdfghklz + befhilz + cdf gjlz, fiz® + 2cdf ghk + bdf hiz, be fijklz* + 3bedghijl,
2bgijklz 4+ 2bcghil + cefhjz,2defghjz + 3cefhijz + 3bdghiz)

C Qb, ¢, d,e, f,g,h,i,7,k,1, 2]

Ty = {(cfghijklz + cdz", 3bdikz" + 3bedefghikl + 4bfghkz®, 3be fghijkz + 2bcegij 2,
3c¢fhjlz + dfhjlz + 4bdfkl, 3bejz* + bdf gjk + 2begjz2,
cdefgjikz + 3efgjlz® + 4delz®, bede fghjk, dcehjlz* + 3ceghijkl, efghjklz, ik,
dbeghijkz> + 3bdeghijkl, cdefkl 4+ dgjklz, 2bghijlz + bedgiz + deghjkz,
beehijklz 4+ cdghijlz?, 2bede fglz + 2cfgijlz? + chzS,
4bdefhjlz + bdhijlz + 2defgklz, 2cdgiklz + cehklz? + deghilz, chjkl,
2bcdhijlz + cgijzt, bdf hijkz + 4bdijkz> + 2dhlz*) € Q[b, ¢, d, e, f, g, h, i, ], k.1, 2]

Ty = (3bejz* + bdfgjk + 2begjz?, cdefgjkz + 3efgjlz? + 4elz®,
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bedefghjk, dcehjlz® + 3ceghijkl) C Qb, ¢, d, e, f, g, h,i, j, k1, 2]
Ty = <3hz4 + 2cdfg,bdefgh + cfgz® + cgz*, begz® + cdef + defz,
3efgh + beez 4+ 2bf 22, 3defh + 2cegh, dehz + 4cgz?, 2cdefhz + chz®,
3cdefhz + 2cfghz, 3df ghz + 2efhz? 4 2bcgz, bdhz + 2efz + 2bhz)
C Qlb,c,d,e, f,g,h, 2]

Tho = (4cdf hjkz + defhijz® + cehiz? bedfiz, 3bdefhj + 4cdeghz, cdegkz + bdiz®,
bedkz? + 2begjk, 2cdefhijz 4 3cehijz® + bedhz*, efhjkz + 3befhz,
2bcegiz + 3dghijz + 3fghiz, bdf jz + df jkz,4efhikz + 3be fhi + 2df ghi,
cdhijz + 2efgkz?, bedgikz? + bedf gik, 00, df gikz, 2bedghiz + beegiz? + bdfijk,
cdefghijz, bedegijkz + cdefkz*, 4bdf ghjz + bdgkz>® + 2bcdeij,
cefghijkz + 4defgikz® 4 4eghkz*, bedgijkz + ceghjkz? + dcefghz®)

C Qlb,c,d,e, f,g,h,i,7,k, 2]

As to the sub-algorithms called in each algorithm, we fix them according to preliminary
experiments as follows:

e In Algorithm 3 we use Algorithm 7 for computing a saturated separating ideal because
the number of generators of I : (Q; tends to be large and the trick explained after Al-
gorithm 7 often takes effect. In Asir the competitive computation explained in Section
4.3 is applied for computing a Grobner basis with respect to an elimination order. This
is realized by the OpenXM reset protocol described in Maekawa et al. (2001).

e In Algorithm 5 we use Algorithm 2 for computing a saturated separating ideal since the
number of generators of R;; : R;—q or its radical F;; is relatively small. In Algorithm
2 we set Cij = .P”

o BEach extraction of @;; in Algorithm 3 or R;; in Algorithm 5 is computed by (IRy NR) :
f°° in Asir and (I : f*)Ry N R in Singular for appropriate I, Y and f (see Section
4.3).

e In Singular minAssGTZ is used for computing minimal associated primes.

e The incremental Grobner basis computation and the early termination in Section 4.1
are used in both algorithms in Asir. These are available in Risa/Asir after version
20110112.

Two functions noro_pd.syc_dec(Ideal,Vars) and noro_pd.syci_dec(Ideal,Vars)
are available in noro_pd.rr. These functions implement Algorithm 3 and 5 respectively.
Ideal is a list of polynomials with variables Vars. a list [L1, ..., L;] representing a min-
imal primary decomposition of Ideal is returned, where L; = [QP;1,...,QPF;,,] and
each QP;; is a pair [Q;;, P;;] such that P;; is an associated prime of level i and @Q;;
is Pj;-primary component of Ideal. A function primdecSYCI(ideal I) is available in
primdecSYCI.1lib. This function implements Algorithm 5.

Timings were measured on a 64-bit Linux machine with Intel Xeon X5570, 2.93GHz.
We show elapsed time in seconds. In Table 1 the time for Algorithm 5 by noro_pd.syci_dec
in Asir is shown with the time for Algorithm 6 in parentheses. We also show the timings
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of Algorithm 5 by primdecSYCI and SY by primdecSY in Singular. The last column
shows the number of components in each QL;. In that table ‘—’ means that the timing
was not measured because it is expected that it takes very long time.

Ideal Asir Singular |QL1l, ..., |QL¢|
Alg. 3 | Alg. 5 (Alg. 6) SY Alg. 5

I 0.4 0.5 (0.4) >1h 5.9 1,11

I3 11 36 (16) — 230 1,2,1,1
Aszs 1.3 1.0 (0.6) 42000 | 1.9 10,5,3,1
Asze 12 5.4 (3.2) — 8.9 18,12,8,2,1
Asz 7 330 33 (20) — 54 32,26,20,7,2,1
Aszs || 17000 220(130) — 390 57,56,46,19,7,2,1
Aazo — 1800(1100) — 3500 102,116,103,46,21,8,5,1
Az 310 — 14000(9200) — | 31000 | 182,236,224,110,55,26,19,2,1
Az aa 5.5 3.8 (2.4) >3h 5.6 15,12,4,1
Az 1200 100 (67) — 135 35,30,19,9,2,1
Az || >100h |  6400(4300) — 6500 82,89,73,36,18,10,4,1
Az aq — 300h(260h) — — | 193,254,236,136,74,63,35,16,1
Asss — 38000(24000) — | 39000 | 100,107,80,61,35,32,18,4,1

T 950 48 (30) 1800 75 49,36,26,23,17,12,5,1

T 26 13 (12) 40 26 15,22,15,7,4

Ts 1900* 80 (43) >5h 140 46,68,64,19,3

Ty 57 25 (14) 2000 | 46° 40,34,25,17,18,6,4,1

Ts 7500 34 (20) >5h 67 14,28,30,27,7,2,1

To 4.5 3.6 (2.4) 210 5.0 48,42,18,8,4,2

Tr 580 180 (97) >3h | 330° 55,58,66,62,56,44,37,12,1

Ts 1.5 1.3 (0.9) >3h | 2.0°% 37,16

Ty 8.0 4.6 (3.3) 44 | 86° 15,14,12,10,4,1

Tio 1000 280 (160) >1h | 290 76,49,54,47,39,33,28,10,1

Table 1. Timing data for computing primary decomposition

I ‘ I3 ‘ Aszs ‘ Aoz ‘ Az 3.7 ‘ Az3g ‘ Ao a4 ‘ Az as

0.9 ‘ 17‘ 5 ‘ 133 ‘ 3540 ‘ 146h

31 ‘ 12700

Table 2. Timing data of Algorithm 1 (from Noro (2010))

In Table 3 we show the timings for the examples in Decker et al. (1998) which do
not necessarily have many embedded components but were taken from a wide range of
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sources. In this table the timings by Singular primdecGTZ, primdecSY and primdecSYCI
for non zero-dimensional ideals are shown. All computations are done over Q. Here we
omit zero-dimensional ideals because primdecSYCI calls primdecGTZ for zero-dimensional
ideals.

No. 1 2 3 4 5 6 7 9 12 14 16 19 20

GTZ || 003 13 01 04 74 12 02 0.1 0.3 0.03 0.2 01 0.1
SY 52 0.5 004 02 04 02 02 077 129 01 04 017 1.0
SYCI | 02 03 01 01 08 40 01 0.6 36 01 13% 01 01

No. 21 22 23 24 25 27 28 29 30 31 32 33
GTZ |01 03 02 03 11 001 003 55 6.6 004 1.0 0.04
SY 01 02 2 02 097 01 02 497 06 001 03 0.02

SYCI | 02 04 07 01 0.8 0.1 01 23 07 01 06 0.1
Table 3. Timing data in Singular for examples in Decker et al. (1998)

6. Discussion
6.1. Evaluation of the new algorithms

Our initial purpose was to clarify the reason of the efficiency of Algorithm 1 and it has
been satisfied by introducing the notion of saturated separating ideal. As a result we could
propose Algorithm 3, which is simpler than Algorithm 1 and produces no intermediate
redundant components. However, from a practical point of view we cannot expect a
significant speed-up by Algorithm 3 because the number of redundant components is
already zero or very small in Algorithm 1 and the most time-consuming part is the
computation of separating ideals in both these two algorithms. Nevertheless Table 1 and
Table 2 show that Algorithm 3 is more efficient than Algorithm 1. There are two possible
reasons of this improvement: one is that we have introduced various techniques to speed
up the computation of saturated separating ideals, and the other is that we compute the
minimal associated primes of I; from not I; itself but I : Q;_1.

Table 1 clearly shows that the performance of Algorithm 5 is remarkable for harder
problems. Let us examine the results in Asir for As 35 for example. If we apply Algo-
rithm 3 it takes 4.4 hours to compute saturated separating ideals. In Algorithm 5 each
saturated separating ideal is constructed for extracting a single primary component and
it is relatively easy to compute them. In fact it took only 90 seconds. Consequently the
total time is greatly reduced.

¥ Primary components are computed as (I : f>°)Ry N R.
§ noFacstd is specified in minAssGTZ.

9 minAssGTZ is used in primdecSY.
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6.2. Comparison with other methods

Table 1 shows that SY can decompose some of the input ideals. However the comput-
ing time of SY tends to be longer than that of the new algorithms. We guess that this
is caused by a large number of redundant components. For example the number of em-
bedded components of Aj 35 is 9. But Singular SY produces 411 redundant components
during the execution. In SY we cannot predict how many redundant components will be
produced. Our new algorithm not only produces no intermediate redundant components
but also it produces components with a definite property in a definite order: in the i-
th step all the primary components whose associated primes are of level i are exactly
produced.

Ag mn’s are binomial ideals and we can apply a special algorithm based on cellular
decomposition (Eisenbud, Sturmfels, 1996) to them. An implementation of the algorithm
is available in Macaulay2 (Grayson, Stillman, 2011) but it took 85 seconds and 115
minutes to decompose Ag 35 and Ag 44 respectively and it could not decompose the
other ones in reasonable time.

Table 3 shows that the performances of primdecGTZ, primdecSY and primdecSYCI
are comparable except for a few examples. The reason is that the dominant part in these
functions is often the zero-dimensional decomposition if the computation of embedded
components is not hard and that subroutines in primdec.lib are commonly used in
these functions. In particular GTZ performs best for zero-dimensional ideals and there is
no reason to apply Algorithm 5 for such ideals. However, as shown in Table 1, Algorithm
5 can surely decompose some examples which are hard to decompose by GTZ and SY.
Since Algorithm 5 is an improvement of SY, it is practical to choose either Algorithm 5
or GTZ depending on an input ideal.

6.3. Computation of associated primes

We also presented Algorithm 6 for computing all associated primes of an ideal I
without computing primary decomposition. Since it does not contain the computation
of saturated separating ideals, we expected at first that the computation would be much
faster than Algorithm 5. However Table 1 shows that Algorithm 6 is not significantly
faster than Algorithm 5. The reason is that the extraction of @);; from @Q;—1 N Q;; is done
very efficiently compared with the extraction of @;; from I; in Algorithm 3.

An algorithm for computing the set of all associated primes of an ideal I has already
been presented in Eisenbud et al. (1992). It is based on equidimensional decomposition
and the radical of each equidimensional component is first computed by homological
algebra. Then the associated primes are obtained by the prime decomposition of the
radical. In our algorithm the radical decomposition of I : Q; is first computed and the
algorithm proceeds with the knowledge of the prime components of I : @;. It is an
interesting future work to compare two methods from a practical point of view.

6.4. parallel computation

Finally we mention an application of parallel computation. There are several parts
where we can apply parallel computation: computation of the radical decomposition of an
ideal quotient, extraction of isolated primary components in Algorithm 3 and extraction
of Q;; from Q;—1NQ;; in Algorithm 5. If the cost for non-parallelizable parts is not large,
we can expect that the parallelization of these parts reduce the total elapsed time.
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