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1 Closing Lemma

X ZA7fHZER], Homeo(X) %2 X EDOHMEBRO KD THLETS. f €
Homeo(X) B n 12X LT, f* € Homeo(X) % f =1dy (X LOEEE
), n>1IZNUT, fP=Ffofu1, f"=(f")"TEDS. zeXIZHL
T, BE5O(@, f)={fY2) | n€eZ} & fIZLDz DEE LS.

reXMWfla) =2 %2ATLE ol fOFRERTHLE VD, X7z,
HBn>1IZHLUT f(z) =2 &RbLE, 23 fORPRTHD WD,
Fix(f), Per(f) TENEN, fOAHREAE, FAHEBEORTESEZRDT.
Lefschetz DA REH 2 RWHIT £ TH 4 <, Fix(f), Per(f) D LS %
HETHDED, TOEDT fHREDEIRIEHENE L TWENIE, fOEE)
ZHB ETROEAZELILD—DOTHS L. LrL, X BRIy 7 MESD
BaTH, —RIZ AR ZR D EIEES .

Example 1.1 (rigid rotation). S' = R/Z &34 %. § e RIZX LT, Ry €
Homeo(S!) %, Ry([z]) =[x+ 0] TED S ([z] & x € RDBMREKT 5 St D).
O WHEEE q/p DL FIE, Per(Ry) =Fix(R)) =S L»L, 6 PO &
S, Ry AR ZR 220,

AL D 5V EREZ R OMRDOESZERL LS. 2€ X ITHLT,
a(z, f), w(z, f) ZE0Zh, &8 (F(2)n>0, (f"(2))n>0 DEBAEED
BIRELT L. BA Uex oz, [)Vw(z, f) % f OWBRESG L F\W2, L(f)
TEDT. z e L(f) TH2 I LIF, ROz DEHEUIIHLT, ye X T
UNO(y, f) DWERESL B2 00H2Z L ifETH L. X NIV T b

USSR A SRR & T A NFERHEEIT P WT, AEEPAEES, REHE L W\ 7
MFELRWE D2 RO REEE2RZTI LIz, ELEFIEEDLIIBREDEB/LZ L 22D
%,

2STSCcXoMaEzrEby.



molE, L(f)IXEEATIERY. e X WEEERTHL LI, TEDz D
HEEUIZH LT >1TUNU) £ D E2AZTEONFIETEHILEED.
f DI 2R E Q(f) TRDT. IS DEEITAR f-RET,

Fix(f) C Per(f) € L(f) < Q(f)
EW S WEBRAEIZE D 3D,

Example 1.2. Ry % Example 1.1 TEH L7z S! EOMEEHE T 5L, 3
RTDHOERIHLT, L(f) = Qf) = 5.

(X,d) a3 v R MEMZER OB GIZIE,
deo(f, ) = sup [d(f(x), g(x)) + d(f~ (x), g7 (2))]

zeX
& LT Homeo(X) £ CO-FEBE# @D NIX, Homeo(X) IZAAHREDHEE % F7
D, BEZFROBITIE, 0 2 GEE q/p TIELLS 2 Z & T, Ry ZAMIRPEEIZ
HBEHR,), T(COAMHT)EMTES. TR, —D5HAEDS f € Homeo(X)
i”ﬂﬁﬁlj—iﬁ‘ BIZHDEBRTHEMTE DA M. TOERBIAD—DDME
DYRD C° closing lemma T® 5.

Theorem 1.3 (C? closing lemma). M % 3 > /827 MRfifHZ K S, f %
M 5 ZNHEANORMEMSEE T 5. x, € Q(f) I LT, fi2 CO AT
RS DEHH (fr)r>1 & 2 ITHRT D M DG (2)5>1 T, TARATDE>1
IZDWT zp € Per(fy) L7225 DMPFIET D, SN, Q(f) DRDEL
WEE4EE CO-EBHTLZeT [FALS) ZenTES.

FERHIEfE R TH D, GRAOoNTZe > 0ITRUT, 2, ZHDE T 5 EEN
€2 X DENIVERIRU 2525, BEROSIXeZ2LD/NIVHDITHDZE
Z5HZLT, UlddIEESEFHFEIZA->TWSELTEW. 2, € Q(f) DT,
N>17T, flUNU =0 (0<n<N-1), »>2, Un fNU) ;é(bt
REEDNDH L. x) € fﬁN(U)ﬂU £ 0 ZHY, yp = fN(JZk) b
(
)

yr €U TH 5. h € Homeo(X) I LT, supp(h) ={x € X | h(z) # x}’i’
hDBEELED. h € Homeo(X) T hi(yg) = g, 22, supp(hy) C U
5%@7&HXD, szhkof Kl%”’ti, dco(fk,f):dco(hk,IdM) €. if:,
f"(U)nsupp(hg) =0 (n=1,...,N—-1) TH5B I eh o,

FV (@) = (o YN (wr) = b o [N (k) = hi(yr) = -

bbb, zp € Per(fy) £72 0, Theorem 1.3 AVGEIH T & 7=.
CY closing lemma D& & UTIRERT DIFZMELEHL <20

SEEHHZE RAEb N5 L5123 87 MMEZEETRL.
Y89 % Pugh 12 & % C' general density theorem DFERA ([16]) % [ &.




Theorem 1.4 (C° general density theorem). M % 2 >3 27 s 2 AHZ BRIK
L35, ZOLE,

{f € Homeo(M) | Per(f) = (f)}
1% Homeo(M) @ residual 72 ¥R A .

M %Z3a2N7 b (BERZER DD LN WV) 2K TS. 1<r<c
IZXRLUT, Mo BEAND C il GO 2RO 23] DIt (M)
X CT i WS BRI 2R D, Pughldr =1 D& IZIRE xR LU T-.

Theorem 1.5 (C! closing lemma [15, 16]). f € Diff!(M) & z, € Q(f) 2
HUT, fi2 O RMTIURT 2585 (fi)re1 &z (IDURT 2 M O 5351
(xn)k>1 T, TRTDE>1IZD2WT x4, € Per(fy,) &% 5 L OGS S

Corollary 1.6 (C! density theorem [16]).

{f € Diff'(M) | Per(f) = Q(f)}
IZ Diff! (M) @ residual 2 ERIEE.

C! closing lemma OFEHHDOIA ST EHIFMEGEDGZE L HA U TH EH, hdd
RS DEIMIZEERFED, h & 1dy O CL-FEED e R D & 121, deo(h,Idyy) =
O(8¢) 720 6. ZD7=, z, DELH OEF 2 TIHAMPLEEZES Z L %
WRHFTERN. TIT, o ZEYNTEORBUT 2y, f(), ..., fI/)(2,) 21H
D& U2 DERRIZB 1T 2 EEVRHEWZ T ULHbRWESIZL, 0o
TOEIZIE 5T, &2 de-(1/e) =5 K LVEDRT, WD DA Pugh DT 1
T 7 Thb. Pugh DFHEIIMARZED C ARG, C! Hamiltonian
WMAFEMHBHIZH U THEAEMTH D, THNoIiZF L TH C! closing lemma 727
FEFH X TV B ([17).

r>2DLEITIE, PRI DERRIZEZRD, h & Idy O CL-HEED € PA
TTH2E57% h e Diff" (M) 1I22WTIE, dpo(h,Idy) = 0(07e) 720, —
I IE 6 DHIEIT E 2072012 CL DIFED Pugh D7 A 7 7 Tlk D £ L f7H
2, EEE, IR £ 512, 1> 2D flow DEEITIEW L D DRI T K
BIDHERR X T WD, K M ED flow & i L TH, FMHEHRDEGEL
[FIRRIZ B SRS Per(@), FEilEERES Q(f) WEHI NS, XD Gutierrez
DfllE, CO% C D& LIERRD, NS EERD C-EHTIE—HKIZIX
FZJEHEERED Z RN TERNVWI L EZRLTWVWS.

SRIAHZEM Y O ES R Y residual TH B &1, V OFEFRLLDESDH (Us)i>1 T,
Nis 1 U CR ERDEDNHZZE%ED. Baire DEFLLD, ZOLE R ITY OFIEHL
E£E5en5.

SBIZIE M P 1 IRTTOGEIIEHERHEL S b2 5.



Theorem 1.7 (Guttierez [4]). 27R56 b — 7 X T? E®D C® 27 bV X
T, MaeAhl-TELONGFHET S :

1. X OEREA%ES, XWERTSlowxk @2 Lz E, Q@)\S #0.

2. FREOIAVNAZ MELE K Cc T2\ S LT, AR K IZEEND LD
2 C?P R MVGY B0 CP AT ML, X+Y BERT S
flow & K %85 B RBE % K72 70\,

—7, Herman I, Hamiltonian flow &\ §&EIZH VT, Pugh-Robinson
2 & % C closing lemma ([17]) & W HEIZ, » > 71286 LT C" closing
lemma 2% D L7272\ 2 & % /R U 72, Hamiltonian flow 13K % RA7 T 5 7=
¥, Poincaré DEIFEM T L0, Q(f) IEHAEREE LD I LITERTS.

Theorem 1.8 (Herman [6, 7). T3 % 3ot b—F &2 & L, T3 x [0,1] k
DO H % Hy(z,s) = s TEDD. T3 x [~1,1] ED symplectic EA w &,
CT(T® x [-1,1)) 28135 Hy D CT5065U T, REHATZTHEDIWELET S -
HcU PEKRT S (T x [-1,1],w) E® Hamiltonian flow % &y 235 &,
TARTDce [-1/2,1/2] 12 LT, Per(®y)NH (c)=0.

closing lemma % ¥ X 7z Maié @ C! ergoding closing lemma [13] %,
% Bonatti-Crovisier @ C! connecting lemma [5, 2] 1%, C! #kJ177 R DA
FIIRPER DD Lo TWD. ZD—HT, ETRAEXSIZCHHRUL
DESLMITIEHPugh DT AT TEMES ZeBTET, W ORI TI
BB & % 71z, J3F 2D R AMFISIZ AT U X3 Bl B o flow
D6 (Peixoto [14, Lemma 4]) ZFR\WT, r > 2 DHED C closing lemma
BRI B T 2 HH B RIFRIED —DTH D TWwa 9.

2 3Rt Reeb flow ICX 3 % C™ closing lemma

2015 £E1Z, X DS D RIFERIIIT B closing lemma (2D T O [ #AK) 72
FERPAIL 0] 12 &> THEA LNz, REITIEZ DR Z RN, KEITREA
DHoHELEBRRS.

(2n 4+ 1) WICDEHAR M LD 1-F RN DB EMERXTH S & 1%, AA (d\)"
MIRTORTOTRVWILEZSY, Z0EE, fl (M) 2EMSEREL
AR
Example 2.1. symplectic ZHIA (X, w) & V DRIRIC 1 ALK M 12D
WTC, M DEHETERZINZRI MUV X T, Lxw=uw, D, TRTD

"Bl zIE, [8] D 1.4 i Theorem 3. % £ % 2.

SHofer-Zehnder|[8] @ 4.5 #ilZ % AR TV H 5.
9Smale 2 &5 21 ICOBFEOME 18] ILHZET 50T W5,




reMTX(2) €T, M ERBEDNBBEE, A= 1xwld M EOBHER
ERBIEDPHLENTED IV, Zoe &, MIEMEEHMEEIFIENS. #
ZIE, R?" LML symplectic IER wp = Y1 do; Ady; IZDW\WT, R
DA MR OER & 7o TV & D RIRIE L BB SRR M 12 Z D
GMEARTZL, (M, 1x)) 1 (2n — 1) IoLEMZ kA L 705 1L

(M, \) BEMEZHKRTHELE, M EORZ MVE X\ TixA = 1,
ix(d\) = 0 LB DRI —2FETSH. TOXNZ ML%E A D Reeb
Ry NMVHBERER, £72, ZNHERT 5 flow % Reeb flow &\, &) &
FH<. LD symplectic ZK V (V, w) OERIBEERIE M O5&121, ERHE
cDYWBRNREM &b L5V J:O){‘%b 7B H @ Hamiltonian X2 k)L
B Xy %&EZ5E, XgldReeb X7 MG X, DIEOERE L5, T4b
5, ZORWTIX (M, \) D Reeb flow & H ® Hamiltonian flow ® H~!(c)
DHIPRIERHE DOHL D B X ZFRWT—39 5. Reeb flow DH 5 —DDHEER
Bili%, FHIRTH 5. e 78 Riemann ZHRIK (M, g) DR T M 12 IEREEHR
T*M L@ B3R symplectic #i& D> 5 FFE X 115 symplectic G A S, H
Bk SM = {v € TM | o] = 1} W TM OBMBBIE 750, SM LD
Reeb flow &\ DVE £ 5%, ) IXAHTE, bbb, t— dl(v) 2 MIZHEL
T2HED0 v ZHHEEL T AR TH 5 &5 4 flow & —EHT 2 Z LMo N
TW5.

AJL [10] i Reeb flow IZB89 % closing lemma %X DE THEIH L 7=.

Theorem 2.2 (AL [10]). (M, \) %= 3RouPABMZ K, [ % M LOEE
FIZ 0 TIEZRW C® IEEBEE L 35, s € [0,1] 1T/ LT, M EO#E X
As Z As=(1+s- [N TED, ZTD Reeb flow & @), EEL &, s€]0,1] T
Per(®),) Nsupp(f) #0 L7255 DWBEIET 5.

r€MDEMHEU &, C®fkl-form DR ZEMITBIT 5 N DEFHEUITH L
<, f’?\_’*supp(f) C U, TRTDse[0,1]ITLT A eUd 725 LD ITHN
X, BEOG aiﬂéi9&¢A®%é?%¢AeU#U%@éﬂ%
Bz KD, \,0) ERT EDOEMIX, Reeb flow (Z2X3 5 C* closing lemma
(DD7% D R version) & LT N TE 5.

Example 2.1 TH Hl7z X 512, 4RIC symplectic ZRRIR D £Z Al ALt -
® Reeb flow (%@ % Hamiltonianian flow D5 T 3 )L F —HADHIFR & [F—HH
T&%. Herman O A5, H.IZ Hamiltonian flow O HIRTH 5 721F Tl
closing lemma (X% D 27272\ . D% D, Theorem 2.2 23K D L D72 DT,
flow 2% Reeb flow TdH % & WS REDPREIZEINT WS,

Pugh 23k- 72 C! Di5& L [FRKIZ, closing lemma D% & U T general den-
sity theorem 23350 5.

WLxw i w D X &5 Lie 4y, tx X\ 1IENEEL.
HZDBYDILIZo2WTIE[8] D 43 fizSEOZ L.




Corollary 2.3 ([10]). (M, \) = 3 XouPAEfIZ kAL $ 5.
{f € C°(M,R) | Per(®,sy) = M}
& C°(M,R) O residual 72 ¥R EA.

GRS HALEER ED Reeb flow TH B Z e BT &, K2FH L
WTES.

Corollary 2.4 ([10]). (X, g) & 2{XJuf] Riemann Z8k{k & 5. f € C°(Z,R)
XU T, Riemann #t& efg 12T 2 2 EDOTRTOHMMERDOIES %
I(efg) &Lk &,

{fec=(=R)|T(Tg) =3}
X (%, R) @ residual 22 HEA.

HIHIFRIZ A3 5 O closing lemma A3EERH X 1172 D28 2010 FRUZ A - TH
5(12) THhBILaEFEZDL, ZOHMBADIRHITEIREEDNH 5.

3 Embedded Contact Homology

AHiTlE, Theorem 2.2 DFEHDH L F L EARNRDL. FELWI L IFANIT X
DENfFEH (1] BT TICHZDT, TEoHE, b L IXHRX[10] 22H
LTIELWV. AJLAHWZFEE, Reeb flow 123 % enmedded contact
homology (ECH) & X IE9 2 RZ8 & & i XAVE 2 LR DR % K5O
D1} % Cristofaro-Gardiner-Hutchings-Ramos DR [3] IZED K LD TH D,
Pugh 3B U 7z C! closing lemma DFEHH & 134 < B 5.

(M, \) % 3IRIGEAHEEMZ RRK, @) % X\ D Reeb flow £ 9%. x € Per(®,)
IZOWT, T2Z0 (/N A, $72b0%, T = min{t > 0| ®(z) = x}
£95L, (DOL), : T,M—T,M 3 ®\ OBGESFIZEAE 1 OFEA~RZ b
VaFED. 72, O\ IFEBIER AN AN 2RO, det(DPL), =1Th 5.
W>T, (DPT), DFED D DDFEHMEI (a) & HITERT, ZOHIEIE—
FNR1TEDREL, MAIE1E0/NIW, (b) &HITHIHE T DHWZEZR S
BRHT, —HPMMAGOERILE, (c) &HIT1, 2K, &HIT -1, OV
Thhed, A (a) DL ESWEAE, (b) D& EHEHBE LV, §
RTOAERINSDZDDHEDNT NN TH B L E, ) IFIBBILTH
W05, MR, D7D, o) BIEELARGAETH D LINET 5 12

D)\ DFEMHED 2EE P(M,\) £ EL ZLIZT 518 4y e P(M,\) IZxL
T, Y] Ty MREKT B H(M,Z) Dii%, Aly) TyOR/NAEZRDS. IE

2generic ML RITH LT, Reeb flow ZIERILIZRE Z e BMSNT WS,
BRI EEA TR < {O(x, y) | @ € Per(@)}.




DEBD2KRE 7, LEE, Z, xP(M,\) ODERFAEET = {(mi, i) }ier
TR%EH723HD% ECHEMRT L TS :

1. z#gtﬁ%éi, O[Z'#Oéj.
2. o A ELEIHELE 2 51K, m; = 1.

ECH Eﬁkfna = {(mz, ai)}ig C:;@bf, [04] = Zie[ mi[ai], A(a) = Zie[ 'mZ.A(aZ)
LD D, EEAS ECHAKITT, [0]=0, A0) =0Td5. &, »IHEILT
HDEVIENS, L>01K]UT, Ala) < L &725 ECH Aot i3 A FRAHE
THBIehbhrd. T e Hi(M,Z) £ L>0Z%HLT, [a] =T, A(a) < L%
A7z F BECH ARt/ &M ERT 5 Bl Z/2Z- % ECCE(M, A\, T) b EL<.
EF M xR ={(x,t) | 2 € M,t € R} I& symplectic ER d(e!)\) DD T,
TS LU M xR LOBESRESG J CTEWHEEOEDEES &, J-1EH]
MR 5T, 02 =0 & ATHEREL G, : ECCE(M,\,T)—»ECCE(M,\,T)
EEDDHIEMNTES. 512, ZORERY—FECHY (M, \T) 13 J DH
DHIZE SRV LR, LIZDWTORMIER lim ECHY (M, \,T) * A Tl
ml, TNDBEDDVEYG & = Ker A\ DAIEET S ZEERTIENTE
5. £TZTIHh%EECH(M,ET) &EL.

L>0zxLT, f: ECHY(M,\T)—=ECH(M,&,T) % HARZHER R &
5. 0 € ECH(M,E,T) )\ {0} 126 LT, ECHRRY MULAREE ¢, (M, \)
%

co(M,\) =inf{L > 0| o € Tm."}

TEDBD M, 2L XML LD,

1AM, N) ¢ = {0} +{A() +- - A(w) |k > 1y, € P(MA)} 2
EDDBE, TRTDo € ECH(M,E,T)IZDWTC, ¢o(M,\) € A(M,\),.1°

2. (fi)k>1 DSEBBEIBLIC CONRT 272 518, limg oo ¢ (M, fr\) = co(M, N).

c1(§) TE=Ker A DH— Chern ¥i%, PD(a) Ta € H1(M,Z) ® Poincaré
Mt EKRDT LT BE, ¢1(€)+2PD(T) » H2(M,Z) DR UNTTH S
& EITIE, HARRAETECH(Y,ET) 2 (FINAR)Z XA ED D Z EHT
5. ZDLE, 0 € ECH(Y,,T) OFIRNLITCIIN U TEDIRE % |o| TH
D9 L, ECH(M,E,T) DILDFIRIIES (04)k>1 Ty 0f # 0, |op| =00 E705
LEONRHDILHHOENT WS, ECH ART MVRZERE A A d\ DN %
FEODUT BIROEERDY, Theorem 2.2 DL 72 5.

42 DA R Hutcinhs[9] (2 & > THEAX 1172,
5%, 0T RTOEAMADIBEL S, AWM A) PR OBEHAIESLRDEZEHh5HES
ns.



Theorem 3.1 (Cristofaro-Gardiner-Hutchings-Ramos). ECH(M, &, T) D&
IREN 780D F| (Uk)kZI T, ok 75 0, |O’k|—)OO ERBELEDIZONVT,

2
lim W:/ AN dA.
M

k—o0 ’O’k’

AL ED¥ERED S £ 12, Theorem 2.2 DIEMDH 5 F LERRL S, %7,
A(M, N, ER OHE 0 EATH D Z EARSNTH Y, ZOHENS, AM,N),
I¥ nowhere dense 72 R DA EETH S, RIZTRXTD s € [0,1] 1T LT,
Per(®, )Nsupp(f) =0 THhd L T5L, &, OEMHHEIZET BHEHRIT )
DENEEDLST, TRTDLc[0,1] 12 LT AM, Ny =AM, N, &7
B, AR PIVAZEED s IZBS 2kt L, A(M, ) 7 nowhere dense T
BBZEDD, co(M, ) = co(M,\) BT RTD s € [0, 1] 12 DWTHED WD
Theorem 3.1 &0, M Ad\s DM EDFEDIFAAINDEFNEESTN, L
DU, fOEATsupp(f) #DRDTAAdN = (1+5-f)2AAdA\D M E
DESIFIANINDENL D HRELRSE., ZHIEFETRAEZZLEEFELTE
D, Per(®y,)Nsupp(f) #0 L7225 s (0,1 BHDI LIT5.

4 BAHIE L O Hamilton o2 BEHEERICT T B C> clos-

ing lemma

(FEHRZFROH LNV &2 a 237 MR, w %% D L) symplectic 1
X&T25. 8 LD C®HEABAITHLT, £D Hamilton X2 bV X, %,
dh = —1x,w TEDD. L »oZNEHENDOMIFEHEEGH ¢ 2° Hamilton
PEBEBERTH D L1, [0,1]xX EOBEEH & X DAY bE— (o)1 T
Hy(x) = H(t,z) LBz L E, o) =1ds, o =@, Ol = Xp, (t €[0,1])
CRBEDNPFHETHILES S, ZDX S B FAMHEHRD 2K Ham(X, w)
O FHIZ K DAERE L 725, f € Ham(2, w) 1 symplectic B A w Z££D
72, Poincaré D[EJREIEN S, Q(f) =X AR Y LD.

AJLD Reeb flow (ZX)3 % C™ closing lemma Dt & U T, FEE & A
JLIZEARGTE © Hamilton #8423 FIFHEAMRIZA 5 C closing lemma % 157z

Theorem 4.1 (¥&- AL [1]). ¥ ZFAdhMN, w %% D LD symplectic JEX
&35, feHam(X,w) & 2, € DITH LT, fIZIEET % Ham(XZ,w) DG
DI (fi)k>1 & 24 WTHRT B X DRF (2)p>1 T, TRTDE>1ITXHLT
x € Per(fy) L7225 X5 BREDNPFET 5.

Corollary 4.2 (C* general density theorem [1]). {f € Ham(X,w) | Per(f) =
Q(f)} & Ham(XZ, w) @ residual 2B HEA.



X2 DD AT Y Sz osng. Y RAEREFOME O AEERa Y
N N, W % ZF O ED symplectic B & $ 5. ¥ LD Hamilton {4 [F
MEH{T, BHRODLEHETIHEFEGRTHL L5002 EKOLTHELS%E
Ham (Y, 0%, w') TERDLT. BHIDOAT v 7 TiE, RO Ham(X', 0%, ") 128
I7% C closing lemma % 739"

Lemma 4.3. f € Ham(X2,w) £ 25 TRV Y OFIEBAES U LT, fIZPER
T % Ham(X, w) DILDF (fi)g>1 T, TRTDE > 1T U Tsupp(frof 1) C
U, Per(fr) N\U #£0 &705 X570 DBFIET 5.

Z O lemma CIHEESHHALTESL Z L2 ERLTWASZ LICHER. FF
B f @ suspension flow 733 2% 3 IXTGEH#EEANZ BRIKD Reeb flow 12 C™ Bl
EFRMEOERTHDAL Z N TES 2\ HE ([1, Lemma 3.3]) Z#H21E
ZTNIEEHL <RV, 22T, f D suspension flow &%, BB r—F A
Mp =% xR/(z,s+n) ~ (f*(z),s) LD flowl; T, ¥'([z,s]) =[z,s+1t] T
EHEINDEDES . BV TIE, Y PERE2RDZ EBAREN Tl
bhTwad, FEE, EdhE _Eo Hamiltonian 4 FHH 544 D suspension flow
13% < DA Reeb flow & IZHERMEIZ 1372 S 72\ 16,

2 OHDAT v 7Tk, Hli Y kO Hamilton 43RG % 2K L T,
R R OHBHEOBEICRESIES. f € Ham(Z,w) L H5 & 3Rl
IZBWTIE Arnold PRI NT WS 720, fIIAEMNp 2FD. f%2p
DE Y CTEEITZZ 2T, p DD TIXEMFI I, D, pldwdhil, *
721%, MHMEZARE R THLI L UTEIW. 72, UZNSKEORBELT, p
XU DBHEIZA>TWaRWE LT, p2iEHRAR L I KAMBEHZ, p
IR 72 & & 1Z Birkhoff @ normal form O¥iRZ2H W52 & T, U 2&L
b5 D [fAEBAREGV &, BRAZEEOHE Y, g € Ham(Y, 0% ,0'),
COMDIAAG: VoY T, i*w =w,io0f=foikdbDEMRTEZ
EMTED Y., BHIOATY Tho, i(U) X85 g DEFTI(U) 285
HHEEREDL Z LB TEHDT, i(U) e UxFA—FHLT, MUEE%Z fI12H
FEZHIE, VO LREENS U SEBENED, KD 5.

5 WL DOHDRERE
FAhTH 1= D Hamilton 73 [FHHEHIZX S 5 C™ closing lemma D 72H D

AERRNE, XA F I A% FEOTHIEIZ/NERIT T, % ® suspension flow %
Reeb flow IZHDIAA 721, Reeb flow 20T 2R ZHHT 5, W5 1A

641 21, T? EDEZELD suspension flow 13 Reeb flow & BERMEIZ X725 2200,
2 DRI TD M, Theorem 4.1 D closing lemma (25 F B EE D FREL N 5.
185 A3 AL D & &, Birkhoff normal form DR 2\ 5 DIZ B,

L9 [1] 220



DEH S EVWEDTHS. HhE ETCOFERDOAIZLBREIHEZ RO A2
X, APRARBRIZRINT WSO E2H5 ETEKERND L7255,

Question 5.1. ECH A7 MVAZEEIZH 7225 H D% 2 Xt Hamilton {53
FIMHEHIZH U TEERL, ZTOMHLEE)% H 5 Z & T, Theorem 4.1 DFERH
FHHK T IZTELIN?

Y % [ & DO AR BARHE, w % %D LD symplectic X & U, Diffp (3, w)
wZREDY LOWAFRMHEGTHEHEGGRE MY MY 7508 DREKRDRT
KH5T5. HKETRVE FiX, Ham(Z,w) 1& Diffo(X,w) DEIBHES
ThdIZEDRHONT VS, [ARRENIHNT N DD & WS B S I,
ROMEE HRTH A S.

Question 5.2. Diff((3,w) IZHWT C™ closing lemma (& D 2D 7

BRIDOHi TR 7z & 512, C! closing lemma Dkk4 A%, C o FH
MHEBROMRICEIT 2 FERER > TW5. ECH OMGRE(TS hDT
LRI 52 8T, THHD C™ hix Bl F O Hamilton #4 FIFH BB
LTRTZLIETEREAS . HIZIE, MOXSBMEICEZSZ LT
ERANAES RN

Question 5.3 (C* ergodic closing lemma). X % PiHHE, w % £ D ED sym-
plectic b & 9%, fe Ham(Z,w) &, ¥ ED ergodic 72 f-AEMERHE u
XU T, fIZPCRYT %5 Ham(X, w) DIEDH] (fi)r>1 & X D (zg)k>1 T
RDZDDFNZ AT D2HIZMD I EHRTE LMY

1. IRTDOE>1IZHLT, o lX fr D JE R,
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T & PR O Bk & T DB
BRI K (BFERAYHBAEL Y 2 —)

1. 7

R. Thom & [23] IZHWTC, Dy D AAYMEE & R3 AN O AT O A (umbilic)
EOBUMEZIRR L 2. TD, 1 R. Porteous ([16], [17]) &, HEIOW L DNDOMD
Rl VR DSEE R 2 BB O R R AOB AN SR TED Z L 2R U, P2 TRIKD
AR U IR B IE A (ridge) & KIFNSGH U WEREZE AL Z. 72, J. Montaldi
([15]) 1%, 2 D DZMRIKFOESMOW&%E €& L, J. Mather ([13]) AU 72 K-[FfE &
DR EREMGROSEICLDREEN T2, 202 &b, iHE2 REKORENZ
FNRD Z & T & R OFEZMAR S Z &N TE, BRI TR 3K &’ 1L
Uiz 35525, i BRmOEOGE & FAERIZ, i & 7 & OBl
HIBEBTHD 2 EATE, PR TR &b U Mz LTund., &3
BEE D Re 52 i & i O30 AT MEE OBEHMEIX 3| SF ICE L D 6N TN D,

3ot —2 Vv RZEH R? WO homogeneous surface I, #fO(3) x R? Db % HIHF
DEETHY, Fm, R, BIOHBEDO3IDOTHZE ZEBHMOLNT WS ([22]). K
i DR A © DI & S 3 & UBRIE & ORI & 2 i Ofsd AT PEE D ARSI
B < BINWBIAE, (2], [8], 9], [14]), & T3k sz R oMl & Fhd & OBKH
EDEMDIEE INTWD (BRI, [6], [21]). LA ->T, #&I 72 homogeneous
surface TH DML L M OEMEZE RS Z LIXERTHD. AFEE 260 TlE, dhme
SETH B & ORI & OFEfil 2 @ U Tl O A EE 2 83 U, dhim & PR e 0%
fili % = DS AT MEE CRIR T 5.

Hi & S D AT -1 D kernel field 13RSI O NE 517 & 2, T DR Hhif
THh2HHEHHARORERIIAEHINT WD ([1]). F7z, WL EKA O Ay-HilldD kernel
field I3 RSN D R TOE A M ZED, TORDHFRTD D HIRMORFR A S I
NTWD ([4]). BHIETE FHHE & OFEALTIX, As-FEfLOD kernel field BYE D B HAMNE A S
Nd. TOHIM%MMFF (cylindrical direction) & &.&. ZH3HITIX, HEARORED
HIFROR R Z NI 5.

HH T D i ZRHR (apparent contour E 7z 1 profile) (& HH O IER DR EMEREETH D
2D, REPORPADEHOFFERPEESERL TS, /-, dhmoimzsiidh
& AL OFEMIZEHERSBERL TS, ERIZ, MaeR 28 ve S2ITFETR
EffZflie U, BENr THD LD BN Cya, 1

lq — (q,v)v — al® = r? ({a,v) =0,r > 0) (1.1)

5729 q = (1,y,2) ERRTRIND Z&nbbnd. ZIT, ()IFR3 DEHER
BNETHD. WA EGTF R0 — R 0DRREIZIDWTIE, T. Gaffney([5]) X
J. H. Rieger ([18])1Z & 2 MR K ([19]) X NZEH K ([10]) 12 & 2@ ER Ehkx 722
RN BZINT NS D, TOREEESIZDWTORAZER BN D DO IL (EH
DRIZDED ) IFE A ETDNTHARN, FHAFTIE, FEAMZIGHU TR S il
D FRFR DI TR DNV TR RS

* T 028-3694 5 FIRLEIADR A VEAEIE 2-1-1 A FERKRY: SBHE L ¥ 2 — R

e-mail: mhase@iwate-med.ac. jp




952 8id & O 3Hi D NEIXI £ RFOEHABGLLE & I3 — K & OIFERFLE 7] 12
BOE, HAHONFIZY V8 O KFD M. Salarinoghabi [k & O3 [FI#F5% [20] 125
oK.

2. MM & A Dk

2.1. A
X3, Y (i = 1,2) & R NDOMAZ AT dim X, = dim X, D dimY; = dim Y, % i 7z
LTW2EDETd, Z0DEE, X1&Y,Dx ILBTREMA X, &Y, D, ITEIT
DEMERLTHD LIE, WARMEEHED: (R, 1) = (R",25) TO(X)) = Xy D
@Wdz%%%tﬁ%@mﬁfﬁé L Thb.

J. Montaldi (FIRD & 5 IR fGw D 5 FECTREAHT 72 -

EE 2.1 ([15]). ¢ : (Usu) — R zy) (i = 1,2) 2IEDIAATX; = ¢(Uy), fi :
(R™, 2;) — @Pm%m@’&fy_f*mtﬁé%mtﬁé ZDLE, X2
Dy \ZHTBEMMN X, LY, Dy IZB DL R U TH D 72DDMEA75M41E
fiogi & frogMK-FAETHEILTHS.

ZITC, AMAELE fg 0 (R",0) — (RP,0) B K-EMETH D &Ik, o HME
o : (R 0) = (RP,0) L EHF A (R, 0) - GL(R") MFEL T go o(x) = A(x) f(z)
T I THD. FHIARTIE, RO (R?,0) — (R,0) D K-[AED 2 Z 25T
LEEMDEA TIZONTEZD :

Af 2 £y Dif ixy? £ 25 (k> 4).

N

AT AT Ay AF Ay
DI Dy Dy

1: Asy, Dos W5 BRIDE A

2.2. LHE & D
R3 PN D - &

(g,v) =d (v e S? (2.2)
6729 qg = (0,y,2) IC&>TEES. ULANST, FHOEY 271 2EMIE3 WL
7Y, EEFHEROY 3w 7 BEE, A, Ay, As-HEREZEZ6N5.



EE 2.2 RRADIEAIME S & (22) CEE D FH mpg E DR € SNy CTOEMIK
MDEDITED.

(1) As;-BMTHLEBET DM Fv=2n(p) THD. ZIZT, n(p)ldEpllBiT
% SOBAIENT NVTHD.

(2) Aso-HHTdh D BEA DML v = £n(p) 2D s p WIS (parabolic point)(i.e.,
9 A K (p) = 0) Thd = L Thb.

(3) Ass-#EfTH 2 MEBE+DFMH T v = £n(p) DD p A cusp of Gauss THd Z
EThd. ZIT, mphcusp of Gauss TH D &1, ri(p) = 0, vi(p) # 0,
Viki(p) =0 THDEIZED. Kki(p) FRpIlEIF D EHETvk(p) IFRpIlH
J% ki OFEFF 0 20D HHMABRETHL. 72, vr(p) =0ThHD LT,
MplEESFA v (ZBT S 5R (ridge point 721X HLIZ ridge) TH D &\ D.

2.3. IKME & Dt
R? N D EKTHT 1

lq — al® = r? (@ € R? r >0) (2.3)
2729 q= (v,y,2) e ROICEO>TEES. ULAEN->T, BREDOEY 2T 2L 4

ot sy, I EEREE DY =2 v I BEMIE, Ay, Ay, Az, Ay, Di-HEMDE 25
ns.

£XE 2.3. RRADERMIAS & (2.3) TEEDEKME S, LD p € SN S, TOHSMIZ
RDEDITED.

(1) As-BEMTH 2 BETDERMER, RaDRpDEREIIHDILTHD.

(2) Aso-#EfNTH 2 MB35, MadmipllBiT 5k (BT S5 (focal point)
(ie,a=p+n(p)/r(p) THEHZILTHD.

(3) Ass-HEfilTH D MEHIRMIE, RaPEpllBT bk ICHTIERTp Ay,
T DERTHEHI L THS.

(4) Ao~ HEMTH 2 BEF RN, RaDPmEpllBltd ks ICEHTEMATp Moy,

WZB9 % 2R EDIE R (ie., viki(p) = viki(p) =0) THD I L THD.

(5) Dsy-HfhThH 2 B+ 3EMIE, Mp 2 (umbilic) (i.e., k1(p) = Kka(p)) TH
D, MaPmpllBlI2HENTHEILTHD.

2.4. A& DR
R3ANOMMIE (1.1) 255729 Mg = (z,y,2) e REIIZES>TEESD. LAM>T, HiE
DEVaTAZERILSRITERY, MEEMHAMEEDI =2 v 7 REMIX A, Ay, As,
Ay, As, Dy, Ds-HfADEZ 5N 5.

S % R3INDOIEAIHHE, Cpa,rZ (11) TEEDHME TS, pe SNChqa, TOS E
Copar DEMIZEIL TUL A VLD,



B 2.4 ([7). (1) A -BEfT 208+ 2%ME, veT,SMhD
a=p— (p,v)v+ An(p)
LRBEIBANLOMFETD L TH B,
(2) Aso-#ifih % 4 2 BB REMEE EORLELIRONTNDPBEI LD ETH S :

(I) RpldBWRTIEEL, vIERpIIE I 2 HMTIEAELS, A=1/k, &4
528 ThHd. ZIT, klIvo FANLRIZE ED S OERFRERD p (2K
TEHERTOMETHD.

(H) i%ﬁfu@mm%ﬁ,ﬁ@b%nx)_o@o@()¢0f,vmsw
p BT DL (e, RpllHIFd v HADIEMZEK,(v) =0L7%45
i) T, A#U@()&Eé tf%é.
(M)mpi$ﬁ%ﬁOﬁmMMZKMﬁ:®T%é.
EH242) D (D) MEI VDL E, S & Cpa, DERIE, v AHNLREZEEZDSD
AR D R TRB T E B,
EIE 2.5. ([7]) EH2.42) D ()R VL>TWVWdEFTD. ZDLE, S&Cyar MRl
p C Al (k > 3) § 2 BEH05MIEvo ARNS RZE XD S O p (5
T2 T (k—2)IRDTER (vertex) 2 RDZ L TH D. ”?,ﬁﬁ@ﬁwzwwﬁﬁ
Y(to) TnIRDIHR 2D &, yOEZ ()L THLE

K(to) 0, k() =0 (1<i<n), K" (t) #0
MR IO EESD.
FEHL2.4(2) D (11) F 721 (I10) 238 ) SEDGE D Ass-HEfil D B+ 73 S 13 EHET H

5y, AWEIHUBEBONBIZIZEBRRNZ 05, ZZTIIEKT . [FKIZ,
Dy, Ds-HfDBEA535E 2 2 TIREKT 5. FHfllZ[7]) 2SIz,

3. AEAMA
2 DD W (dzy,dy) & (drg, dys) DT S D p (2B T HWMZHE (conjugate) TH
&l RpT

LdIldIQ + M (dl’ldyg + dl’gdy1> + Ndyldyg =0

2 EeEESS. ZIZT, L, M, NIZSOE_HAERDBRETHS.
S »¥ Monge FZHETE

n

Qi 4 4
(,y) = (2. y, f(z,y)) f@w%=§:ﬁﬁxw+om) (3.4)
i+j=2
THEZLNTWE L5, FHEMPBIIRTENETD. S& Cya, WEHRT A s-Hfili 2
T5EE, (dr,dy) D&M (a11dx+agady, —axdr —ayidy) & f O 3IRDIA f3(z,y) D
ﬂ%fﬁ)é. THRDOY, fi(andr+apdy, —axndr—andy) =0THd. ZDEF, (dr,dy)
FEAEIZE TS S OMEAM (cylindrical direction) TH D L E .



FHELY, ORAREYZ R Y 21023055, fOHNESEA LTS
Y, A=02B2ETRMIRAEIZ2OHY (101 f; DERICKIELTWS), Mk
IR T RS E R, TIAEA OB MO R AIZM 20 & 5 1A I3,
KERIEA = 0ThHB. MARRIL T 2BRI N,

el =

SO
WX XA ALY AN
NS P

2

\/

2: M5 DR 73 Hhsk D RF 2 L

4. AR OHEOERZBIE DA

2 DDA EMAIE f,g : R0 — R* 00 A-RMETH D &%, "I R

oc:R™0—R™0,7:R"0—RONWGFHEL, g=70foocMEVIDLEIEFD.
R3ANOERIEIHE D EHED A-FMEIZ L > THEINAZY 22D v 7 RBERSITE]

THEZLNTWD.

1. HEOESFEOY =2 ) w 2 e E R,

Name Normal form
Fold (z,9%)

Cusp (z, 2y + %)
Lips/Beaks (z,3°® + 2%y)
Goose (z,9° + 23y)
Swallowtail (z, 2y + y*)
Butterfly (z, 2y +y° £ y7)
Gulls (z,2y® +y* +9°)




P I [20) I2BWT, EHENY R Y I BRRERSERD L SONEH DL
b2 & B mERAR DI BN B 22 #H 51 (inflection), 77 A 7 (cusp) & & CTHRIZDWT
AL 2.

HhTE % v 226 Bz & S OMmEifRlE, v AROESFOREEEETHD. EHF
DFRFE A fold, cusp, swallowtail, butterfly D& 1%, IES R O E MBS IXFERFE
ThY, TONRITA—ZRKRERDDZENTES. LEN>T, TONRT—AREK
RN OIREERDINT A —RKRERDD ZENTE, WMFROEHSN, HATELT
HEZRANRD ZENTED. —7F, ERNPORIELD lips/beaks, goose, gulls D
&, EREORENESIINESZRDZOICIRIPIRDINT A =R KR RE kDb Z &
MT IRV, AEITI, FHZESFFORESH beaks D& D FHR DO LTI BN S
TR, WATBLUTHEAIIDWTHRANS,

R3 NOIEHIEHT S DFFATR/INT A —ZFKRE o: UCR? - R & U, SOIEHF
D%

P:UxS* =TS P(z,y,v) = (v, (¢(z,y), v)v)

ETBH. ZDrE, POE2EAD%E P, TKRT. P,xSDv AHDIERETHD.
0 & UT Monge f¥EY (3.4) 252 5. F£72, vo € Tp,S & U, MBS IR % [l
BRI L1C&D v =(0,1,00TH2LTDL,

Poy = (z, f(2,y))

EETD. vgDEL DS v % v = (cos(u) sin(v), sin(u)sin(v), cos(v)) &EF. SD
ESREDE P, (u,v) IZBY % MEEZE ) & R3 DREELT

P(z,y,u,v) = Ro P(z,y,¥(u,v))
= (cos(u)z + sin(v)y, 0, cos(u) sin(v)y — sin(u) sin(v)x + cos(v) f(x,y))

YERTES. T, Py =P2,y,0,0)TH2. &, P, OFRSEMbeaks THB &
RETSH. 94805, P, l&beaksDnormal form & A-FETHE. ZDEE, P, D
KRS A N (P,,) 3R 2T 5 20D ERIMIRRE 25, X512, P, OBESESS(P,)
DERIH3DEDEDI1ZR8Y, uDZBIZHUTLETHS. LAad>T,

F(z,y,v) = P(z,y,0,v)

EUT, FeERD.
VRN

3: lips (%) & bekas (47) DR RAEADEHDEF .

REARDETCAZHND B, WATELOTHSEFAND ZOIERBIIBENT, F
DRRFEGE(F) L, HAIMEEZEOROMIFEDR[EEZ RS, FTIFLHAIZD

WTEZT S, J. J. Koenderink (F k,(v) #0D & &, K=k, (v)k DRI IZDI L%



RUZ([11], [12])). UZED2T, k(v) A0DEE, K=0¢ k. =0FFAMBTHD. =
ZT,
I(z,y) = L(z,y)N(z,y) — M(z,y)*

Y3 El, S(F) X I(x,y) = 00K EIdk, =085 E, THEDLMBHOLM LI
HIHL T3,

WIZHATIZDOWTEET D, k,(v) =082 HAIXERL ST, 0K IES
WU SOMEKEIN A TR D, 22T, SOFERY Mo =ap, + bp, 1L,

C(x,y) = a®L(x,y) + 2abM (z,y) + b*N(z, y)

£gdL, Clr,y) = 01F v WNHHE M E R 2RO THS. LZn>T, N(F) &
mxw_owx,i TREBERD A AT IZHIGEL TN D,

BBRICHRIZDOWTEHETD. 5, (a,b) Lv=uqap, +bp, Z[A—HLTHEZD. &
BL25 X FUICB MR AMOERELY, v SHEARZSIE, v IS REL X
ORI AU T DR CHAZFFD. 20205, FAMIMIMEA M %4k
BRUT, lo B AMTH D & BROMI] 2525 &, ZHRPAHATERRIZL
THIFMOTER DN S. T T, IROKDITHEAMZ FAIMNIEIEERT 5. 5,
TERIHHT S DIFERIZE T B /87 A =X KR ¢ 1d Monge B (3.4) THA LN TV,
(2, y, f(z,y)) 1B % Monge BEHEZIFIRD £ 5 12745 2.

n

Bty = (.6, Fs.0),  Flsty= 3 2Dy o

5 ilj!
il Z 1,
Ago(x,y) = ago + ager + any + o(1),
AH(J}, y) = a1 +anT + a2y + O(l),
Apa(z,y) = age + a12x + agzy + o(1)
Thd. WEIEOFMIL[20] Z22BI N0, LAER->T, BHAP0,0), §4806 K

(., [z, ) 2B B v = ad, + b3, DI Filfl%
(adi1(z,y) + bAs(z, y))Ps + (—adsn(z,y) — bAn (2, y))¢
CHHMD, v = a1 bG BIRAEITHHBE DL
V(x,y) = falaAn(z,y) + bAx(z,y), —ads(z,y) — bAn(z,y)) =0

Thd. 22T, LIEfOIMDETHZ. LAN>T, S(F) L V(ie,y) = 0DRE
&, WEROEAIINIEL TS,

GHEZTCVD v Cx,y) & V(e y) IZRATDE, Clr,y) =03 1(z,y) =0 &N
THL, V(r,y) =01FY 32V Y 7IID/RESZFS, Df DL 31 RKDEFRT,
Dy DY ¥ FRET B 3ADTEMHEIICRS. 22T, Vie,y) =05 Df KA % HO

T=0K=0R3RAETHZM, KHE2OLNPIPTTEHEOIIT LB,
RS A ORI MR E BT 2D & B FKOF AT D Monge ¥R 2 MK § 5.



beaks % D -beaks & & U, D; %5 i % D beaks % D -beaks & FE3X. Df-beaks &
Dy -beaks D X(F), I(z,y) =0, C(x,y) =08 £V (z,y) = 0DEEIE, THTNX4
DEEFDEDIZRD. £5T, Df-beaks & D, -beaks DEFRIZE )2 L(F) L TR
HIROZEH R, HWATEIVTHAITHIET DRI, THENRKS 6D EDIZRD.
U2 T, IRWEY LD,

EIE 4.1. ([20]) R*NOBHHEID v HA D EHFEOD beaks R R =3 ) v Z122D0D
BA TIIHFEIND. 12k Df-beaks T, v A5 K72 O sbfir D E R IL X 7
&%, £5121E D, -beaks T, v AFIMNS R OEIROLIEK S L2 5.

4: Df-beaks (7£) & Dy -beaks (/7)) DX(F), I(z,y) =0, C(z,y) =08 XUV (z,y) =

0 DBLE.
<+ <+ A 7’]170
h O JHR

B 5: Df-beaks D X(F) EDZEMIE, HATHECHRIIHIRT D A,

Ry S

B 6: Dy -beaks D X(F) EDZEMR, HATHECHRIIHIRT S .

S =2 T L T

7: Df-beaks (ZHF D EFARD L.



8: Dy -beaks (ZF T B DL

S 3R
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ZRRED=ATM2E DGt &K

M CRBORZERZBE A =R

1. #X

RHECIE R O = 5 143 B D TP T DI OISR 1= BT 3 S DREEIT D\ C
EATB. LT, ZRK M O =fTBAE ¥ 5 - BT 1, BIRAKIEE TS > T E 0
STFIEBA M L AMTH 5L DRIET L LT 5. £7-, SR HICEE TR
BB b DDAEE R B,

BRI D HOMEE RS 2 & BHAEROAIIC BT 5 EEAHET — < D
—DTHS. DD BT VIEEE ORAL LS.

B: M 2%k 35, M &2 =ME0EIT %R IXTHRIZE D BEN?

FIET 3 (K1 21). £, 20X 0D WEARO =M EIIFEL RV T, K
DlzhoTfEIERP? S x ST DEGEHITIEENENG,TTHS. Z5W\Wofi%zE %73
ZRIKIZDOVWTRD LS, WS DAHETH 5.

O O O

5<>5

(o} O O

1 2 3 1

X 1: RP2D 6 JHADEI L St x S' D 7 THAH
RALEPEERZ S REEICEZ 55, BIZ EORBEIZIER ICH L, FEER, 19 fHid oM
WZAXBARET X Z < —ERDRIRITC D SRR DG E 2 U D B2 TH B O i/ ME XD D >

TWihrotz, 72, BIETH 4 IRTHHEEM RP* R 3kt b —F A St x St x ST 0
AT ZMEIIMRHEL TV,

ECITEABUZEE T BRI Z A U2y, — I3 YRoT i OE S D R R (2 il
kDR 7- 5. FEIX, RO =MESEIO R OB T 2F5813 2 Z 10 £ TK
ELEDPEATNS., TOEKRD—DIZ W FEIRIENLEEZ D T L TERED
= A B OmE OMEEZE M AT - RENZREEICIRZ D X D12 o 722 L BRET
LD, ARTIEZO N FNICHET M mEzBN T L2 EREHRKNE L2V,

AFEORRETIIATHA RN LB Z ML CES A, ETHRRZZZHIAD =M
SENDOTEMBUZE T AHEIZOWTALFELULSHENT . TDE, M FIOBERIZOWT
fRE L, B FUDSTE B DOMEIZ E S IeH I NS O HBIZHNA T 5.

AT, HRED = A EOHE OEBIZ BT 2 581%, FEROEABOMES &
DT, FEROF RKLEEZ & >TWARW L WS DRFIRTH 5. 505 HES A
LT R Y=g S RIS T E 2RI KWIZH 2D TIZE WD) &

S



2. ZRRARD =K 73 B D H/NE AL

BURERITA RS AR ER 28T 2 2 & 95 (HU, MMRAREE 2% 2 2 BRI
Z ORMIFIEBROWNE %% 2 5). BAWER AU, 20 i IRGCHEOERE fi(A)
THRY. fo(A) RIS, fi(A) BLOMERTH S, £72, f(AF) THF 2R
THEWHFEO Y —FE H(A;F) DR bVEME LTORITE2ET LTS5, (BR=f
J& o Bl v RRZRAIAH) ZRRIK M IZTXH L

oM = min{ fo(A) : AE M D =fJEsE Y
CEDD. T TEZHMEIIROMETH 5.
ﬁEZJ_QRQMt%%%%AfiﬂJfM()%*@;

2.1. FARNEDIH

A Bﬁﬁﬂﬁ@% 2FZ, BUEHATESS. —MamidmLIzLT, 291X
1D RP? & St x St O =ML EDMIE/NDTE B2 FF D05t d 5. Féa<f
ROV DIE, RP? O =MESEDR3BT 6 fHA EDTES 2R DOH, KOS x S' D=
KoENBnd THEUL EDIES Z2FKD>H, THDH. ZDHL, Heawood DAER & FEIXH
LIRDERILFER P OMERTE 5.

EIE 2.2 (Heawood DAREX [He]). A APHME M D v HE =M HER S,

-3
) ("57) 23— xon)
MO 0. BL, y(M) M OF A 5—8eT 3.
AEH. fEHR O TIEH BN L & 5. A DHEOMEBIZ D WTIRD 2 DDEXRDHK D 2D

v = fi(A) + f2(A) = x(A), 2fi(A) = 3f2(A).

B DERIZA 1T —HRRTHS. ZOHORIZ, ADKUNTE2OD 2 RICH
WEEN, POADK2RTHEDPTEIAKDLEZELI L NO/KED. —FH, HoNIZ
AA) < (D) THEDOT, EOZDOEREHVT fo(A) 2HELT

v x(n) = (o) < 5 (3)

3 —3\2
2155, ETRoNBEALERN— (M) < %(2) ROUERT 2 L, Kb B FR%ER (v 5) >
32— x(M)) Eons. O
Heawood DAEXZ RP? S x S IZ#IG L THA KD . x(RP?) =1, x(S! xSt) =2

THEDH, KDL IZRU P> =AEADNFTOND.
( "‘”‘(]RPQ) 3) > 3 EU% fmln(RP?) > 6.
° (f(r)mn(Slxgl ) > 6 Eﬂ% fnun(gl % Sl) > 7.

SR OBIMENIZ DOWTEZ TAL S . Bl IFFER E [ &1 & > TR
MENTVWEDT, ZNLTNDORENZA U T firin 23RO TRNIE LW, S, = (S xSH)#9
% [ E Al &@éﬁ(g DM, N, = (RP?)#9 % [0 & N AR ARE 72 FHE g DPAMIT & ¢
5, fHU, M#9 T M D gf@iﬁﬁ;%*ﬂ’?ﬁ’f i, DL EH Heawood D AEFX D

FFR/NESBED I E L Z EAGEHI TV S

I 2.3 (Jungerman and Ringel [Ri, JR] 1955, 1980). M %% Sy, No, N3 BAAF D i 72
FAdhTE Tdh ¢, (1) 2723 TED v 2 U M O v HEA=AESEDGFHET 5.



SEDEH 2R ITIE, M O =AF0E 2 BARIZHER T UI X WO TH %A%, THREK
DINZ W= E % BARIZRERN T 2 D3 U WRIETH 0, €8 2.3 DFFHSH 5 L
<7, i, EOEEII M E T A FREZR G A DY 1955 4£12 Ringel IZ X > TRI N, [
ST ATRE R A DY 1980 41T Jungerman & Ringel D ~ AIZ &K > TREI N7z,

X T, Heawood DA X & Jungerman-Ringel DEHLZ D 5 & IRDFERIE SN,
FAHhTH D541 = AT ENC BB R TEA O s/ MEDR E 51

% 2.4. M 8 Sy, Ny, N3 DASDELE 72 BARETE T H 5 Iy

, v
min M — 1 N :
o™ (M) =min {v € < 5

) z32-x00)}
W, 3 DDOHIS Sy, Ny, N3 iZDWTIE, fiin(Sy) = 10, finin(Ny) =8, fin(By) =9 &
725 (R24DEAED —DKEVH).

2.2. —RRTORAZKRAEDZE (HWHER).

IS —MBIRTDERIERD =ML RENDGEDEEIIKE L. BOIKib>TH &
WD, P E BB —BIRGCOGEICIXFEAEMB DR > TRV E
WO DDPBRTHZ06, BIFEDR24D LS KL E L WEERIZEEZX S Z
AR L 22 WAL .

FEMRDDENT, E5WVWD Z e 2HFARGRL TR ESZVWOrZHfEICLTEL. %
BRAK M D352 5720, 2O fn(M) 2 RD B IZIFIRO DI BB ETH 5.

() fon(M) DFRE 25 (HAMO FRERD 3).
() fmin(M) D LIR%E 52 5 (THEEO D2 = AT 8 % EEICHR T ).

EORE (#), (V) 1EEBSBHL . Kz, BERIIZ =M E 2R L2 TR S
2 (Q) IXHME oS THMETRL, HEIBERBAZOHETHS. AFTH (V)
IZDWTIHlN R W Z 212U TEIZ (N) OREIZDWTHHT 5. B oSG &2 X
7 (#) IZ Heawood D ARERTHRERTHMHTE 2D T, IRIEH 3 L EDEGE DM
e 5.

[l () (2B 9 2 BRI 7k S 1987 4E1Z Brehm & Kiihnel [BK1] 2 K> TRE T
7. TOHiTIXEICHES OEREMHNT 5. KA S OGE frinSY) =n+22%5Z
CIHIFIFHS N TH L0, IRETRVWE DD > TWAK, BELRTHFBIEEN 5\
A5 IROEMMPZOREIZRWREEZ 52 5.

EI 2.5 (Brehm-Kiihnel 1987). A A3 TRV n ZEMADH AT A2 E2 4 5
fo(A) > [3n] + 3. FEZHLORE, AIZRP?CP?HP?,0OP? Offv» LR L AER
U —HE D5

Bl 2.6. LOEHMTESVHLT 2 ZARSENOWTHALMRELTEL. @25 &
D, ZOREDIRTCIE N =2,4,8,16 TH B. (BAF finin 23R F 221k 2N 5).

* n=20K ZTD LS HBNENI—ENTRP? D6 THS=AEOEL DR,
* n =4 DK, R0 2ENZ—EWNT, CP? ® 9 THMA=AESE [KB] L7z

L 2.2 % 2.4 13 4 ufIRED M~ D —RALOHEDBETHESNAEZEDTH Y, ZAKDEIDOTE
HEOR/MEZRD D Z DR EHBE >T=2bl Tl RWZ L 2FERELTHEL.

ZHAE =MD E L IZZTEAD link BAEAOEIR & PL A& 725 =MD E0HE. =MEoEo
X PL OWHATEZ S ZEDRLVDTIDINEIXHRRINETH 5.

3EEIzIZB 5 LiL, [EK] Tk X 5TV 3 combinatorial manifold (272 %.



* n = 8 D, 15 THAADEKE T2\ 8 IRTTCHZ AR D Z AT #] 1% 3 fEE 5
TWAD, 2o DIz HP? D=AE0E D H 2 D IR RIRETH 54
o 16 IRITCHZ MR D = A4 EIT 27T THRDEKE DO H DD 5 D 1T AR MY E.

Brehm & Kiihnel I&4F €0 Y —FE L THADOBEBRIZOWTHER L, IROEHZHGT
W5,

EH 2.7 (Brehm-Kiihnel 1987). M 23 n ZHIET, 2 i < 2ITH LT H;(M) #0
THERE, frin(M)>2n+4—iThS.

E 2.8 LOFERIX = 2 DFBIFIFH D IZD. WD DIE, n BMEETi =2 DRI E
@TBE(DEL 30 +4 LRBH, THRE In + 3 AT O =M & 2 R D S hkikidE B
2B BEHEPHED L > 55D LAE\DSTHS.

Bl 2.9. 272X D HABROR/NMENPRE D Z 5 LERRKRIFIRAOER S x S T
HD. EHPS fn(S'xS)>2i+j+4 ({HL,i>j&T5)THEN, ZOT L=
153 B O BARK 7S RER > SIRDR E B
* fmin(§3 x §?) = 12.

* fmm(S3 x §3) = 13.
min(§? x §%) = 11.
fmm(Sd U SY) i d 2MEE R S 2d + 3, d 3EEIR S 2d + 412 —FT 5.
K foin(Sd-lx S % d A3EEAR S 2d + 3, d BMEBIR S 2d + 41T —T 5.

AU, S x SUFAE I RAaffEz ST ED ST A2 KT S2x S2DELEIF i +2)+4
Y 7 B {3 C WBD, ZHUE 10 THED S? x S O = A0 E O IAFEME [KL] 225
B/ANEAEDS 11 THEZ eI ES. M, S xSt S Ix SUIZEAT 285 1% (BN
EZ ) MIRBSE DFERTH B [BD, CSS].

EREPAD (i, 5) 12X LT, fin(S x §) OIEIXRIERTH . ([KN] IZH B ERE D
BEREO =MD EOREN S, 20 +2] +4 AN THD Z L idbroTWV5S))

XC,EE25%2.71F TBRAITARW] &2 [REOY—HAMEITWERWNL] Z2ED
72D REM DRI Z Z Z TWB D, 4 IRTTDIGEITITIRD & 5 7 Heawood D AE 2
DEELDHSNT VWS, (BBDOEH 210 DAVRRWVWIREZ S 2 5)

EIE 2.10 (Kithnel [Kii2] 1990). A 3P 4 ZH4K M O v HR=ZAF 2 E 72 5

("5") = 0aan -2,

Bl 2.11. BDOEHIZE D, ZODEKDB/NERBPRE S, (S? x S?)#212I1F 12 THR
D, K3MEIZIZ 16 THRD ZAEDEIDFET S & &, x((SPxS?)#?) =6, x(K3) = 24
THEIENOIRDI LV ONS.

*fem((S? x §%)#2) =12
* fin(K3) = 24.

1B3OOHND—DAHP? D=MENENZ325 I ENFRINT WS, BENZR=ZAEDENEZ 50
TWAD, FIHHELDRE S &S REGERIETH 5. Pontrjagin HZFHHETHIXRVWS LWWD7E
fJ‘nJrﬁ*%%@jTCﬁkﬁ)?lb&L\@té97’3)7

5S! B S IR AT WTREZR B D & R H DD 2 FEE L 2272\ [Ste).



2.3. —RTTDORAZKREDHZE (FTL WER).

BESS N OFERIZOWT ZOMALTE IS, LD ED RS » M, &
27TDE57 TFREOY—DHEITVWARWLE & [ZETAEHEDN FEuY - KE
WEEIZHABEREZV] WO EHICHIRTZE S X5 I0h 27228 ThHhD. 50D
BE A > THHT 200 DMSUIEZRE LIZLUTI ZTIRERAZIIHENATS. MR, F
HMTEEOKRET 5.

EH 2.12 (Novik-Swartz [NS3], M [Mu2]%). A »% 2k IXICEAZRRIE M @ v THR = AT

DETR S
v—k—2 2k +1
> “TF).
<kw& )‘(k+1>ﬁm£m

FOERIX, F=2/2Z £ UTRNIX, k=1 DK Heawood DEMIZ—F L, k =2
DI Kithnel DEH 2 GLEHIZ 5. HU, AN S EOEHD S fiin A3 L <
WFEoBITEZH SN THR.

IRDOEHE FL D> -EBERIERTH 5.

EH 2.13 (Novik-Swartz [NS1], Bagchi [Ba], Datta-M [DM], M [Mu2]"). n >3 &9
5. ADnRICEAZRRIE M @ v THR =M 50878 &

("5 = (") mans,

SEEASET T B M IE (S1 x SH#AA) fa (ST x SUFAA) 0 X5 & Hr TR

FEOEMDS, H(M) #0761 fRin(M) >2d+3 THDZLhRbPrb5DT, ZH
FEH 2.7 D i =1DHEDO—MLIZZR>oTWVWS.

Bl 2.14. FOEE» S ELRIGET, ST EO S HOFEEFRIZOWT =AESEIT 5
R B THRBOBRU/MEN K E 5. #ilZ1E, Lutz-Slanke-Swartz [LSS] IZHEWTELF
DIGFET foin(S2 x SH#P & fmin(§2 x SH# DEDRD 5NTNS.

* b=2,...,810,11,14 (M EAFF Ik oW H & 72 5. [LSS, Table 12] ZH.)
EH 2,13 DAEFERNTES VLT B =M EL tight 22 = AL EH & WX, BRI
IR =AM OBBIEDIREPEATE D, BRI NTVS.

%* [DS] 6nin((Sn71 « Sl)#n2+5n+6) —n245n+5 (d%ﬁrﬁ()

* [DS] fyin((Sn1 x S#RHIA6) — 2 1 5p 4 5 (d:ABEN).

* [BDSS] fg*"((S? x $1)#%) =49, fgn((S? x S')#2%) = 69,

611in((82 X Sl)#357) — 89, f(r)nin((S2 X Sl)#546) — 1097 f(r)nin((SS % Sl>#143) — 71,
6nin(<83 % Sl>#342) — 1017 fénin((S4 X Sl)#390) = 97.
HEAWHEEE UT, n BEB () ORFIZER 2.13 THESHRALT 2R =M AHEIT
] E I ATHE (RATER) 2B DD B IERMIRTH D (FRIZH DD D T 5 25n T
LOEPANEETHD) .

EHL 213 D i # 1 DIFED—MALIZ D W TIZIRDIFRE LTV S AR
FH 2.15 (Kithnel). 1 <r < 2. A D n RHEHE M O o HER =MD EI72 5

v—n—2+r n+2 .
) (s

ORLARMIT1d [NS3] DAEER. [ & 1) R ATEE TIEAZSBAA DA DA [Mu2] DfiE.
TERINIZIX [NS1] OFSH. 3 RTDE S DEHAD [Ba, DM], [ E M R A HETIFER DL A DY [Mu2].



RZIC. BUNAHSERIBEIZ DWW T Lutz [Lu] IZEEL S BRSENTWEDTEL L HS
BUTMULWV. ARETEVWESHEAERE X b= R DGR N TV S

3. B B & TH DAL D RO P

BiDX 27 a v ildh b e 212 REH 213 13 Z KD = A TE 0 E D — R IR IC D H D
AR DWISE, BRIZ, B FI L IEIEN S £ O DM AR - KRB ii5e 0 5 Eh i /- E 8
TH5. MINFIFEFIZBOVAIMEZ S, POAX VL — - S AF—BLIE TN 5 E
DB 22 BME & ELS BB T 5. ZDETIE A FIOHEIZDOWT, DA
ZHOMNZ, ED XD RMERLDPEHL LS.

3.1. EDEE DT FRE.
n ARTCHARERIZN U, Z O O % I X T T & 5805

f(A) = (fo(A), f1(A), ..., fa(A))
ZAD fHERES. BRNEEROHOMEB 2D WD HIE, 20 fHIOMWE%
REZFLES TN TES. LK =MERE DAL f 5112 Dehn—Sommerville
FREMENDWEDRFET S, FTEHENERTES FHIZT 5.
BAICHHEOSLGEFA LS. ADVHME M O=AF EITHLLTH L, HS
M

ul

e fo(A) = fi(A) + f2(A) = x(M)

e 3f1(A) =2/(A)
DD, (COHOEFRRZRTOANTE - ODO=ZARIZEEND LWV HEENS
WD), EOZRKDS fi, Lld fo DAZEM-oTERES Z D00, KEH

F(A) = (fo(A),3(fo(A) = x(M)), 2(fo(A) = x(M)))
7%, KT, f(A) IRTERDBDOADSREDZ L BN 5.

RIZ3RTCHAZ A D ZMENENZDOWTE R LS. A % 3IRTTHSZERED = A4
B TD. ZORE, F(A) X fo(A), f1(A), fo(A), f5(A) D 4 DFEHD 5750, Bl D
Lt & FIRRIZ

o fo(A) = fi(A) + fa(A) — f3(A) =0
d 2f2<A) = 4f3(A)
DERDE O SLDOD T, §5H
FA) = (fo(A), f1(A), 2f1(A) = 2fo(A), 2f1(A))
0, f(A) IZTERDOEL fo EDOEE fL MORES.

T, ET2WIE, 3SR DIGEE RTELD, — R TRAPEZZDEA57 L
DRIP S fHZRD 72DIZIE, KK fHIORI DDA DERDPNIERI ZE 572, &
WO DDA LR METEDLDTIRRWES S, ZOZ LIXEBRIZIELWDED,
EHLALHATEAITIERFIEIFENEBEEATL2ODBMER THS. (n— 1) IRTCH
RIS AR U, 2D R R(A) = (ho(A), hi(A), ... ha(A)) € ZMH %

)

hi(A) = Z;(—l)i“" (T;: j) fi(8)

(HU f1(A) = 12F52) TEHFTS. ZOW, f(A) =X, (7)hi(A) TH Y,

J=0 \i—j

f(A)ZHMZZ L h(A)ZHZZEIXEMETH S Z 2ITHER LU TR L.

8fmin(RP3) = 11, firn(RPY) = 16 7243 f30in(RPY) DSRMEHL. 22 LA E 24 AR TH % T & HIEAL
Ofmin(Sl 5 S x SHY W15 TH B Z LR FRHINT VB A LML, 15 A FTH B Z & ITBEHIL



ST, kil THASKREDO=ZAFIEID [ B ICIE, [IIORFDF2DEN D
PNEEETZEDL & WVWI DI, ROMERETHHI NG,

I 3.1 (Dehn-Sommerville 52 [K1]). A2 (n — 1) IRTLEHRIKD =M HHITH
B I, RIS D 31D,

Bl 3.2. AL O/NFERDESTEAR L 2> TWBEEEE X
THAED. ZOk A IXEKE S? (2 [FHFH T,
f(A) =(6,12,8)
Thd. hilZEHRBYIZEHET DL
h(A)=(1,3,3,1)
70 hi(A) =hy i(A) BEDILoTWEZ & bn 5.
32. A9V — " T4 AT RO
Dehn-Sommerville FXIFAX VL — - A4 AF—RITE f%ﬁﬁﬁ’]fa\‘l‘T > 1LV
TP 5B WFREE UTHIEIT 5 Z e TE 5. b@ LIFERE OB X RS AIS 0
TWzZl e ThED, ZHRIRDGEIZBRMRD Z LA IDZ th‘H“J\_nEHH?S?Ht.
BRDIZAR Y L — - T4 ZAF—BUZDWCHT B, AT FIXMRA, A 2 HAES
2V L BRI U, SIEABLS = Flr, ve V] %25, AL, SEREIC 1
BEBOIRE %2 1 LT AND. ZOK, AT TIVIA %

In = (2p @y - @y, {v1, .. 0} TV, o, 0 €A)C S
TEHTD. BF[A] = S/Ix % (KAF EO) A DRIV L — - T4 ZF—REIER. A
M (n—1)IRIGTH LK, BERF[A] O Krull iIRocldn TH 5. TDZ &ld, F B ERAKDR
&, EFELS nflo—kK 6y, ...,0, 2L F[A]/(04,...,0,)F[A ]75‘7)1/%/52‘(7)]/
WARIEO DERD Z L) 12725 2 &72 ﬂik’é'% ZDED0,,...,0, % F[A] DIRFELE
% (linear system of parameters) & .35

Bl 3.3. Hl32 D/\HKDGZGEEHZEZL L, ARV LV —+ T4 AF—
FIA] = Flxy, za, . .., x6] /(2122, T324, T526).
VC?)% ZDk % 1 — T9,T3 — Ty,T5 — T CiF[A] @%7?%73?5;%87326 %B%\‘E,
F[A]/(z1 — 29, 3 — 24, 75 — 26) = Flay, 23, 5]/ (2, x%,x?)

Thd. (LOLGHIZEHNEEE RETDHE, R=Ry® R, ® Ry ® R3 T, dimp Ry =
1, dimg Ry = 3, dimg Re = 3,dimp Ry = 1 725> T W5 Z L IZHEELTAL)

3, R E D 5 R HIS N TWZBRE DIGE DBHHEIZ DOWTHIHL L 5. AR
n BRI S™ D =M EITdH 5, Dehn-Sommerville 3R b (A) = h, ;(A) E\WD H
MW E 522 Z 8 ITHEREL & 5. ARIRGTIREAHRER = @;_, R 7Y (IR¥ s

D) RT VAL WK E (Poincaré duality algebra) TH2 &%, R, XFTHD, »
DHMNT RE

n

) (C1P((A) — (D) (= 0,1,....n).

]

RiXRs_i%RS
NETDi=0,1,...,5 2% LT perfect pairing!' &2 5 X 202\ 5 , HU R; 1& R DIX
Bi DFRED LT B, RBPRT VA VIR E L SHS NI R, =2 R, DD LD,

L0 BRR AR B L 1E L HABR A A T TNV CEH 525 DTRY MLVZERE U THERKIGRD D
UHNF A S FU X N5 545 R; — Homp(R,—;, Ry) DSEELZ 225 &\ 5 ik



IRDEMD & Dehn-Sommerville % X UFBRTA =MD E DG EITIEART ¥ 71 LB
MHL BRAFMELES 2R TE S ([Sta] F2 A K).

EE 3.4 (AXVV— - T4 RAF—BOKRT VH VI BREOHE)). A%z FED
V—(n—-1)EREO=AESELL, 0 =0,...,0, % FIA] DFEHRERL TS, 20D
RER DI D 32D

(1) dimp(F[A]/OF[A])r = hi(A) for k=0,1,...,n.

(2) FIA]/OF[A] 13X Ein DAET > 51 L IGHRETH 5.

RIZ, EOEMMP B OLRIED ZMEREN—BILIND I L E2BNT 5. EH
341, FEOY—REDAX Y L —+ 74 AF—EIL Cohen-Macaulay TH 5, £\ 5
KRB FRIZEDONTE D, T ETEERADO =ZARSEIC—B{LTE RV, Lk
b T o8, —DEHREGAD.

(n — 1) T BARIEER A I L, 2@ h-FI (A) = (RU(A), BI(A), ..., (D)) %
IRCTEHRT 512

iy = [18) = () (o Bia(ASE)), (i 7 n O

% ho(A) = ()T B-1(AF)), (i = n D).
(4, h(A) = Bo(AF) TH B) BRAEDP LI DHSRVWERR LS DT, A UHI%E%
F&s.
B 3.5. HOD M —FAS' xS' DTHA=ZAEDE N %25
AbE
f(A)=(7,21,14)
THY, h(A) =(1,4,10,—1). Bi(S' xSH)=2TH 305
R"(A) = h(A) —2(0,0,3, —1) = (1,4,4,1)

LB, (NERRBEINH TR Z 2 IZER))

ROEXDE O SLOEVHSNT WD (REMIZITEH 3L LA S D).
EI 3.6 (h-FIZX 3 % Dehn-Sommerville %2 [Nol). A 73 & {11 ATREZREA (n — 1)
SHRARD =M EITH DI, IO D LD,

Krull YR 7t n DA BRARRIRELS S-IEEW & ZDFERERO =60,,...,0, 18U, W
DB IIEE L(O; W) ZIRTEET 512

S(O;W) =OW + > (61,01, 0,)W 1y 6;.
=1
AU, W O IEEW & S DIt fITXL,
Wowf={meW: fmeWw'}
TH5. LB Buchsbaum B & FEEN 2 BROFFE DO H THEBE [Go] IZX W BRI N
2. 2656, RAENISDRSBOWERZ L ES A, BIIEH 34 1251) 2% OF[A]
% N(0,FA) ITZEZNIX EFL WL, EWSDORRIER P72 L TH 5.

Lpglemidns£0ed 5. b=+ (")Bi—1 (i #n), hl, = h! TEHFINS.
Beow 17 Offid n > 2 DRFIFAE.



EE 3.T (AR VL — T4 RAF—BDKRT V7 LIGHE (ZRMEDEE) [NS1, NS2)).
A (

n—1) Bk M O=FIBAEL O = 61, 0, & FIA] DS HEER LT 5.

) dimg(F[A]/Z(0; F[A]))r = h(A) for k=0,1,...,n.

) M W E AT AIRE £ 7213 char(F) = 2 72 5 (F[A]/S(0; F[A))) &8 n DKRT
> 73 LR

5 3.8. RO BWHIZZRWDEA, Bkl 225 THEZ 5. F =

227 2 U, HOREFMHRP? O 6 HR =MIEDEI A 25 2
3. ZOH

Iy = T1X2X3, L1T2T5, L1X3Le, L1X4X5, T1T4T6
ToX3Xy, LaXyTe, LoX5L6, L3L4L5, L3L5L6

12
%
(1
(2

ThY,
© = (21 + 23 + x5, 9 + T3 + T5, T4 + T5 + T¢)
X F[A] DAMERER. S(O,R) & [x & O IZHIA, IRD =D Dyt % A RRITIZFRED
¥ { T1T3 + T2T5 + T3X5 + T1Te + T3Te + T5T6, }

T1%4 + X3T5 + 16 + T3Te + T5T6,
ToXy + XoT5 + X35 + TaXe + T3Te + T4Te + T5X6

M 37T THEZAONDEKRT VI VICHREIE (RELREBZHT L)
Flz1,...,x)/(Ia + (©) + (X)) = Fz,y, 2]/ (2* + 2y + yz,y° + 22 + yz,2° + 2y + 22)
WS RETR D,
3.3. BROH BLZHRED=ATDE.
EH 3.7 IR 2R OZRRARDGEICBHETE 5. A DR EFFOLIRIK M D= £
WorElis s, A DETEREBMIZH 55 DRROES 0A X OM O =MIERENZR 5 Z
WCHERET S, BARREERDORT T C AL, (A T)Z AZET AT IZEI 2N

mﬁ:mﬁ@{l*ﬁza U, Bi(A,T;F) = dimg H;(A,T;F) £ 9%, 2O, h(A,T), h"(A,T)
B ORKINERDES LRI E#T 5 LIRDIBOERMH D 325,

EIE 3.9 (Dehn-Sommerville %2 [MN] (essentially [Gr])). A 23AIE AT ATHEZR (n—1)
IRTCLRRIRD Z A8 &

R/(A) = B (AOA) (i=0,1,...,n).
7, XY TCADRY YL — - 54 RF—MEFA,T] %
FIA,T] = Ir/Ia
THEET D LY L.

EH 3.10 ([MNY]). A ZA[487% (n—1) ZRIAED =ZAEE, R =F[A], W = F[A,0A],
©=0,...,0,% ROMLLEER LTS, M HHMNITATH % U < i& char(F) = 2 DI,
RINE D 2D,
(1) dimp(R/X(0; R))r. = hj(A) for k=0,1,...,n.
(2) dimp(W/E(©; W) = h”(A 0A) for k=0,1,...,n.
(3) A?PF’?%HTH Td 5, HEH
(R/X(0; R))i x (W/E(O; W))ni = (W/X(O; W)y,

I perfect pairing TH 5.



SE 3.11. EHE 310 1M WA & ST o 728, (W/S(0; W), 2 F Th b L, FEH
R/%(O; R) x W/S(©; W) — W/S(0; W) @ well-defined 72 £'1& [MNY] % ZH L T
ML .

3.4. ED2X>TIERBBEENSHAYT 207

SETBRRTELF I MBIBAET, oY a3 v 2 THhRAL & S BRI RREIC Y
IIGHT E0EH ko e bn iz W, L, BRI ZMEIZIOHT 2 A LT 2
ZHINVTRREWVERA BB B,

FEHEZ2RTH S D -DITEH 212 DFAFHOMEEZHFNLTH I .

EH 2,12 DFERHOMEE. RO 2 M XM E AT TR 2k ik 925 A% M D
vEMEMARAEIE U, (V00 = (G5 B(M;F) 25T R=F[A] £ L, © & R Off
BaERe T e, FFROIEBHIONT NS,

(1) dimg(R/OR); — dimp(R/S(0, R)); = (**1) Bi1 (M; F),

(2) EEDOZHA fizxL f-2(6,R) =0.
ZIT, RIORIZBVWTEY R TRV —IRAwEEdL, (2) £V (R/(0,w)R)r1 DN
27 NIVZERID & U TOWIEIE dimp(R/OR) 11 — dimp(R/2(0, R))r & D KEWDTED,
(R/S(O,R))r = (R/S(O, R))ir1 RDTI NI (1) DALIZ—ET 5. —H4, FIA] iEn
L HARZE - 72T, O,w i F E—KN 7 2k + 2 D —IRAD 575 D TR
nEoNns

n—k—2 ) . 2k+1
< k 4 1 ) = dlmF(F[l‘l, N ,xnfgk,Q])k+1 S dlmF(R/(@,w)R)k+1 S ( k‘ + 1 >Bk(M,IF)

(EH 212 DOAFEXDL L2 ZHARBOD kE+ 1RO F-IRIGEADDWRA b)) O

EH 213D HBEHICHALTHE IS, 265 D0&MIE, EIEOEBIZET ST
DFERDSHES .

EIE 3.12 ([NSI, Ba, DM, Mu2]). n >3 29 5. A 2B n LK M O v HA=ZAES
EedpL, WAL,

n+2
I [CTA R

SRS, M1 (S x SH#AA) s (S x SH#FAA) ) &b 5 50T [

LEOEBIZ—FBHOREO Y —FHDRTHKREL LD L, ZNIHKFEL TUDOEE %
NIEDIZKRELBSBRNVEWITRVWE E>T WA, FEiX, ZTHIFEABIZET S FRS
A TWT, EBE, TR A(A) IZBIF 2 HIEAR EIR f1(A) < () 2231212/ AT
5L EM213 %185,

EH 3,12 DFEHOME. B DR, M IZMEAITAgEE 5. R=F[A] &35, EiZ
(R/OR),_ WRENIRDZ DD >TWVD [Sw2]. 2Dkl LDIEHD (1), (2)
» o AEX

fi(A) > (n+1)v+ (

n+1
2

DODBDEN, 37 L3.6%M5 L Eidn! & p it T2LERNCEEEES.
SELEZDBDZ fHIOFEICELZEDP RO DAL EN LS.

dime(R/(2(0; R)))n_1 + ( )ﬁnl(M;]F) > dimp R/(2(0; R)))ns

O I



3.5. FDfth.

TES D2 1) TR R D BIZ e > T U E 2 72D T—RIRGT D H DAFEEUZ DWW Tk
NBAR—=APIRL T2 > T U o720, ZRMAD = A 53 E O H OEEIZ BT 2 5ul O
AFIX KN, Sw2] ILRL EFLEF-oTWVWADTELSLEZSLUTML. £/, 3IRLE
BRI D =M B OHE OB L TIX LSS LR DO ONTHENTHEDTEL S
LESI|UTARL WY £72) " FIO MR IE AR ER Z D U — b U 72 BRI 2 LR
EIFENDEDITGHATH I EETES. HAICDODWTIE [Mul] Z2HL TARL L.
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77 7 DR E Hom EIRIZHONT
BF ML GRS

1. [FL&HIC

Wi/ 7 LI ERB L ONN—T 05 L ERERIZ NI T 7D ThDH. nkIE
BRI LT H. BT 7 7 Gon-BR L, GOIEAEAV(G) b n ER{1, - n}
~DGHp ThH->T, v,w e V(G)BPIATHEIZNTND & X, o) #o(w) L2 HD
Thbd. GON-EENFETHE27en D) bLER/INOL D% GOEREE WV Y(G) T
RT. FITT7ORBEERETHIEE T T T7ORAGRIEEW . ZUX7 7 78
IZBWTEHES LB LN TEMETH 5 [4].

77 7 DFARBEIZRE N AR e o —%2 8D TLH L72DiX Lovdsz THDH. Lovasz
2777 Gz L, IEHEIEN(G) ZEF L, N(G) 2 n-85572 61X GOEAE  (G)
In+3ULETHLZEEFEHALE. L TZOFEEZHAWVWT, Lovasz X Kneser T
B AR LTz,

Hom KL%, Z>0 7 77T, GIZK LEFRSNDH CW K Hom(T,G) TH Y,
Babson-Kozlov [1], [2] 1T & > TARBITHIZEN bR S 47z, Hom MIARITIR O ER TlL
R D —AIZ I > TS 1 KylZ XD ZoDTEEEZNOEZSADRT 7T 7%
KT LT5. 20L& Hom(K,y, G) LiFEKRN(G) L I3AE FE—[REIZRD. K
SNDZODTHREANNEZ D Ly ODFAEHIZ L 5T, Hom(Ky, G) b Zo-ZE[M & 72 5 73,
D Ly-ZEM TR L WV, BRI K <AFFE S LTS [3).

Hom BEDIHFIEIZIBNT, FOBREEE L /o> TWeill& e LT, Kozlov DFRE
NE—FT AN TZ7 ] B35, 777THRERE—TRAMNIZ7THD E1E, T
BOZT7GITRL, REX

X(G) > conn(Hom(T', G)) + x(T)

MDD Z ez, TZTEMXITHL, comn(X)ICX->TX B n-HfiTH D K
IR DOn &R LTS, EFO Lovdsz OILFERICET 2/ERIL TKy B3FRE k
V=T AN T T7ThD] LFEWMZHILD. Fiz Lovasz [3FEROIA 2 V75 7
Cors1 (2r+ )YARDIERLDDRT 7T 7) BERENE—TARNTTT7THLZ L
Z T L, Babson & Kozlov 12 IZBWTZ O TREZMR L. Zlik, Hom #
KOWFEDEANATIOND K I o7z,

Hom BIECUTHFERIN S, n-BAOIEEZ 5| & T HEZ O W TR~ S, ZOHIIZ,
IFORERNZAGEXZ L TR, V797 E067 77 H~OY 5 7ERE LT,
THEEAROROGH [ V(G) - V(H) ThHh-oT, v~egwieh f(v) ~g flw) DL ST
DIEEN)., T Tor~gwlTv b wiZZ 77 GIZBWTHTHREIIN TWAS Z L a2E
W5, K, AZXVEMn-THSRZ 772K, ThbbV(K,) ={1,--- ,n} TH-T,
a,b e V(K,)IZa#bDEEANELNTND., ZOLETT77GDn-¥0I1E, G
K, ~D7 2 7HRB L [FE—HTE 5.

ARFFRIIRA L (FREE 5:28-6304) DK 2% T2 b D TH D,
F—U— N 7T7, e, TGER, Hom #iK
* T 606-8224 SUEDAT LR TTAL FIBSYHT UL B R R B 2
e-mail: mtst@math.kyoto-u.ac. jp




Hom(T,G) D bR a =026 G D n-EaDEELZ ROV, ZO7DICET T IZEY)
REHERZ#Z 2%, 35 & Hom #EEOBEFMENG, 22 Hom(T, G) IZRHAERNFHE S 1L
(F2fizm) , 77 7R [ G — G lE[RZES4: f, : Hom(T, G1) — Hom(T, G5)
EHET L. LTENR-TZ 77 Gzt LHom(T, G) 75 Hom(T, K,,) ~D [RIZE G035
FELZNWZ EGEH SAUR, GOn-BENGELRNWI ENDOND. FHZT = K, DL
X, Hom(Ky, K,,,) &z, S™ 2 (n > 1) TH 5D EMRAHIL TS (Babson-Kozlov [1]).
Z 2T (m—2)-ERH SM 2 IR GBI KV Zo-ZE & A7 LTS, b L Hom(Ks, G)
M n-ERE 72 H1F, SRR EHER O ST D Hom(Ksy, G) ~O Zy- R GAR S FAE
THZERDLNDLD, n+1>m—2725XS" DG S 2D Zy-RIEERITFEL
720y (Borsuk-Ulam OEH) . L7z ->Tn+1<m—-2, 774bb

X(G) > conn(Hom(K>,, G)) + 3 = conn(Hom (K5, G)) + x(K3) + 1

#1585, TRhbLKIIFRENE—T AN T T7THS. 2O X512 Hom EIED (A
) FEREBIE ST T7OREEENBEBLTNDZ ERb)S.

A CTIT G 20N/ 7 7 T2k L, Hom #{KHom(T,G) OfEEN, EORE
777 GOEBEICHIREZ 52 D500 Z LIZONTHRR5. 52 HiiCkW i
EHIA L Hom BIKDOIER EREH 2 5.

FBIHTIIAE N —T AN T ZIZEHLTEVFELLBR [£2To 7 7 71%
BFERNE—=T AT T 7] LW Kozlov O FEDEER 2RI OV TIRR S,

Ibm@mHmmrmaW%$t—T SRS G OREIHIRZ 52 5 2 & 2k~

, TNTIX ITHARE NE—T A N Z 772511 G O¥RAHIEL Hom & Hom(T, G)
@T%Ft—ﬂ#%ﬁméhé#J&boWW#Q% WZETD. L Lt B4 H
BWTUEEDARY Z 7 TIZXL, FX«Q:>2i£%:mena’G)@ﬁthkﬂ—ﬂniG
DO ERFE LRV L) ZEERT. KVIEMRICEXIE, x(G)>20k%, 7
77 HThoT, Y(H)Ey(G)ITHRTIEENICREWCHED LT, Hom(T,G) &
Hom(T, H)I3AE FE—[AMETH L b DONFET HZ LD,

L7273 T Hom #{A Hom(T, G) 7 b x(G) ZRET 5121E, Hom(T, G) D LV KEH
RIERERA~e < TR BV, L LEER Hom(K,, G) D Z-CW-EIK L L TOHE
X, D777 GEINLREZRWTRELTLE Y FE5HizR) . —F, Z-EH
EEZIRVIRDIZRMBONLD 1 ZoD 7T 7 GE HIZRL, R Hom(K,, G) &
Hom(Ky, H) ¥ CW-#{k L L TR 51F, Kronecker —H#HE Ky x G & Ky x H X
A THD. ZOZ 2D &, FEER (bW FHEIR) 7 CW-EkE L TIH
BTHHIZHLEDLT, BOENE B0 2RI D ENTES.

FOHINIBWTY T 7B OET MEEIZOWNTRRS., ZOHICKB\WT, 77 7%
% f : G — H CHEEROB DT f. : Hom(K,, G) — Hom(Ky, H) 23 Zo-7RE b E—
FEO L ZHEEE T DRI RET VEEZEAL, I Zo-ZEMOBEIZ Quillen [F]
EIZ7 D Z L Z2bRD. BBERTY 7 70REHEO TREELHIEX, wWbidr 77
DIE & Zy-ZEM & DI & 2L THRLNL LD Tho7z. 2FD G H~DTZ
THERBINFEET D72 61, B()ﬁEB()m@ZQE@ﬁﬁﬁﬁéJ&wﬁzer
FHLTWE., —F, LiLoF4HICB T 2ERIT TB(G) 226 B(H) ~0 Zy-[RZS
BNTFETHNE L VNST, Gno H~DZ T 7HERIFBINIFEEST D LIFR S 20 &
WX D, LERSTT T 7DE L Zy-ZEMOBEIL—EUI LW D723, Quillen [FIfE &
WIHZEIEZDOODETFNEOKRE FE—EIXFEMEICR D W) 2L ThHS.



2. EARMTHE
CORTIT#EE TR E LR DHBEOER LR RS, FIEFELEDZ 2R E Y b LI
5. By N POESEAST, POIEFICELTCRIEFIZRLDDEPOF oA W

9. PORRT = A U 2EOTHENERE A(P) TRL, ZOEMFHIES L |P|
TET. |P| 2 POSEZEME NS, UTOE®mCBWT, Bty MIUIELIZZDS
FHZER & Rl —12T 5.

KHEHICBWT, 37 EIERV(G) £ V(G) x V(G) DMBESIHES E(G) D
(V(G),EG)DZ &Y. v e V(G) M (v,v) € E(G) b L& vidN—T%2Hok
W, B1HEIEETHM Y 7 7 DEREZBRRTEN, 2077 70EAIIZEANTIE, H
W7 T 7 L3N —TBEOTHENFELRWS T 7D L Thb. 77 7HFER LT,
B fV(GQ) = V(H) ThHo>T(f x fIE(G) C E(H)725bDThD. H1H Tl
REEICGEOREAIZEND K, ~D 7T 7R L F—HEh, GOEEH(G)
LU TFO LY ICERILTE S -

X(G) =inf{n > 0| GMS K,~D7 7 7 WERBINPFEST 5. }. (1)

GrT777E35. veV(E@)IZXHL, Nw)={weV(Q)]| (v,w) € BE(G)} ZvDiT
Heno. GORFBEAENG) L1X, GOIMNLL TV WERSKRZTHRES LT 58
BEETH- T, HIEDESN

{0 C V(Q) | ol3ABES To C N(v) LD v e V(Q) RETET 5.}

ICX YD ERSNDHBBEEERTH S,
Hom BRDEREIRRD. 777 Tho7 77 G ~OEZEERGEH L1, G
n:V(T) = 2YO\{P} TH- T,

(v,w) € E(T) = n(v) x n(w) C E(G)

BT boThs. 22TV RV(G) DEESEET. gy 2L ELERA GG L
T5LE, KoeVD)iTHLTylv) Ccnyfv)edeE, n<n &EL. Z2LTT 1D
G ~DLZEEFNEML 2RO/ T R E v F % Hom BE L W, Hom(T,G) TET.

[T = S&7I77HFERIE T L&, 87 Z2r>544 f* : Hom(S, G) — Hom(T, G)
Zf*n)=nofICKVEDD. 7T 7HFEMg: G — HIZXL, g.: Hom(T,G) —
Hom(T, H) % g.(n)(v) = g(n(v)) &+ 5. ZHUZL Y Hom EEHom(T,G) 1%, TEHE
CGIZHELBETICAR D,

3. REFE—TRIITST
T3 T7THRERE =T AT T7THD LT,

X(G) > conn(Hom(T, G)) + x(T)

PEEDT 77 GIZX L TR THEEIIEIDOTHoT-. H1ETHLRRZ LI,
Lovész O EERICEAT A2 RIT Ky BNARE NE—FT XA N T 7 ThDH I L2 E%RT
L., ZOMDOKRERE—T AR Z 706 E LTUL, nZE3 LEOEKELZEZD
n-TERSEN 7T 7 Ky, nnY A7 VT 57 C 7 Endbb (FhEnl], [2]) . Hom #



RAEAN SN2 4Y), Lovész 1T %&E— DL ERFHS>ETD 2/ 7 71X Hom #IKTH D &
FARLZA, ZHuE Hoory & Linial IZ X0 GEMICHER SN [8]. £ DOMOAE k
BE—7 A N7 T70FIR°, RENE—TARNT T 7RO RWHIZRER, [6]X°[18] 72
CIFHELLIE NN TN S.

Kozlov (X [IIZBWTETOH T 7 (V77T Tx(T)=275bD) 1IKRE
NE—T AN T T7THDETHRLEDN, FIXZOTEEZEEICHR L.

FHE 3.1 (M. 13]). x(T)=2%blE, FZ77TIEHREN—TARNT T T THS.

FEIIE Hom EAEOEFMENSBEIZCHOND DT, ZZICEL Z LIZT 5.
EFFTTTTRXT) =27%201F, Kl 3T OV RF27 b Thb., Thbbrs T 71
A Ky - T er: T — Ky Tri WEFEGRIZRDOONFET DH. Ky ldAE B
E—T A NTZTENL, RO EERIUTI.

WE32.TLSH 777, L, TIIAREN—T AN T T7THLHETH., b LTH
SOV T 7 hebiE, SIIAERNE—T A NI T T7THD.

SER: EFUT VR f - G —» HBEET 572613, x(G) < x(H) THDHZ LI
HETS. ZEE2HOKX (1) »OoHLNTHD. RICHEORRIZRE->T, 77
TR T =5, r: S > T Tri=1idp7db0% 5. EIZHRZZEND,
X(T) =x(5) Th 5.

Hom(S,G) 23 n-##E ThH L5 EIREL T, x(G) > n+ x(S) z-Eidkw. 22T
Hom(T,G) 1 Hom(S,G) DV FT7 7 N Th D Z LITEET SH. EEE&r* = (ri)* = id
b, Led > THom(S, G) 28 n-iif5 72 DT, Hom(T,G) b n-#iETh o, TIIR
ERNE—TANT T TESTEND

X(G) > conn(Hom(T, G)) + x(T') > n + x(S)

L7, SHKRERNE—TARNT T 7 THLDLI ENDMNS. ]

— R n BRSNS 77 K, %V h 77 b LTCEDL T T 72RET ST L.
n>2R 06K, 3R E FE—T AN T T7EMNS, MiBE32ICEVEAaEN 20 Eo
LTS TIIRE N E—TFT A NI T 7 THA.

4. Hom EADKRE FE—HIZDLT

THHRE =T AT 775X Hom(T,G) DHE FE—RN Y (G) D FREZ 525
Z LIFATEI Tl 72, 2Tl Hom BIRDKRE M E—RINT T 7 OR A ERE LT
LOMEVIENPAEC S, ZORBIZEE LT, Walker [19]13T = K, D & &2, R
DI EETI L. Gy & Gy kU TFORTHIND 757 245, 0k X y(Gy) =4
22 x(Gy) =3 T > T, Hom(Ky, Gq) ~z, Hom(Ky, G) THHZ L0015,

Gl G2
1.



T bR Hom (K, G) 18 Zy- R R E—[ETH HICHD 5T, HELnR
RABBINGEET D RN D. ERED Walker OFINZED L5 7pfilé L CTHE—FN 5
NTWDLEDE ST, FUIZED XS BREINIEF IS SAHDLZ LR LT :

EE 4.1 (M. [16)). TEAIRZ 77, GEREENIU L7735, Z0 L &1L
BOBEHnIZX L, 777 H CROMWEZHMT-THOBFETD.

(1) Hom(7, G) & Hom(T, H) I3E FE—FETH 5.
(2) x(H) >n

EHIZT = Ky ® & X3 ()28 VT Hom(Ky, G) & Hom(Ky, H) 73 Zo-7RE b B —[AIfE
ThHhoHEIITEDHTLENTES.

¥#1Z Hom #A Hom(T,G) DFRE F =M%, v(G) > 272 51EGC DREHAERE L
RN EBPND. HfICBOTTRRE hE—7F 2 b7 74 513 Hom(T, G) Dk
T RE—HI(GQ)DTFREL 25 Z EIZ oW Tl _7=2, EH 4.1 5 Hom(T, G) D
e RE—HI(G) D EREGZDZLIFRNT E LIS, BICT = K, D& &3
UTOZ EPBNCHBN TN D, Zy-ZER X IZKT L, X 25 S" D Lo-[RIZEGEDAFAE
TDEIRENDONn%E X O Ly-$8E VO, indy, (X) THET. Hom(Ksy, K,,) ~g, S™2
(n> 17275,

X(G) > indg, (Hom (K>, G)) + 2 (2)

DRANLT 5 [12]. —FH, AOTFTFRIZLLTFTOERTHRATH S Z &5, Dochtermann-
Schultz [6] IC BV TRINTND : fEEOHIR Z-CW-E X 1oL, /57 G T
Hom(Ky, G) ~z, X 72 x(G) = indg, (Hom(Ky, G)) + 2725 b OBFHET 5.
LS TR Al LHARADES = LT, Hom(Ke, Q) ICB LTI, Z0 ZymhE k
E-RNOERT S & &, AEX(Q) U EDHERIFGEONRNZ LD D
EH AL OFEAOEE Z, T = K O%AICRN%. 5 af< 757012, UT
Hom(K»,G) % B(G) £ EL 2 &3 2. ZORMIIHE S 7T 7HERO A4 I BB A #7
4%, 777 GDORAg(G)(girth) &%, GIZHDIAENT-Y A 7 NVDFR/NDEZD
ZEEFO. WEANRRKREWT T 7L, REFTHIZIEAR (tree) THDL 777, EEXDHT L&
NTED. RIFFIZ2HAFRETHDH. LD > TNl EHEIE, BN 770
KEZMETH L 2 L 2R L TND.
EH 4.2 (Erdés [7)). EEOEE m niZxt L, g(G) >m» 2 x(G) >n/2bHRT 7
7 GBNFET D

— TR D. (B Walker [19] D 12 Hi% 2 )

R 4.3. 777 GOWE g(G) 134 LV REWRBIE, B(G) X 1IRILD Zy-CW-HEIK
& Zy-RE PE—FETH 5.

— 5 CHRERIZE L TXLL T OIEEUEE R Y Neo. (2o Tl (XAl E 2R
DEIBREBERAENTHESTND)

e 4.4 (M. [17). GE H%#HRIZZ77 L L, ¢:|B(G)| — |B(H)| % Zo-RIZEE &
T5., ZOLEHERIT7G LT T 7R G — G, f: G — HBFELTRD
HE AW 77



(1) e, : B(G) — B(H) X Zo-"RE F E—RIETH 5.

(2) 3
|B(G)| —— |B(H)|

| |

IB(G")| —=— |B(H)|
1% Z0-FE FE—ZRWTHHATH 5.

EH 4.1 OFERAOMIE 2R~ 5. GITHEENRILU LD T T 7T, n2fEEDORE L
T5. EHA2NONEN 4 LV RENART T 7 X TY(X) >nedbDONFIET
L. ZDEE|BX)|IE—KIC Zy-CW-HIK L Zp-RE FE—[RETHDH. G DA
MILUETHD LI D SLnd |B(G)| ~D Zy-BaNEET 5 2 L RO,
ZHEFORERPICHL, Coupp 6 GAD 7T THRRIBNGFET D E V) FEFEL,
B(Coyy1) g, S172 5 2 Linbbhnd. Lizito T |B(X)| 525 |B(G)| ~0 Zy-[AZE 5
BNIFET D

FRoOEHERFHAWS LT, ARSI T X LT THERM e - X - X, f
X' - GThHo7T, e : B(X') = B(X) M Zy-E FE—[FMEICR D b OBNIFET D.
RIZX' DREMDYY F—X" %1, %5z % (Dochtermann [5]) . ZZ TmiZ
2L EOEEHT, [,IZRSmDED T 7 7 OKTARICL—T 2T MA TR S
DTHDH. ZOV) U Z—X' x I, Ditifize: X' — X, f: X — GIZEVA0 T
THEBND 77 7% H 2B,

O HWNERALLOFRMEEZT. FEE, HIZX 28077 7L LTEATHD
bn<x(X)<x(H)Thd. Lilo H OWEITZEMOFRE e —# LH L (homotopy
pushout) 12l T2 A, EBEIC B(H)te, : B(X') = B(X) & f.: B(X') —» B(G)®
RERE—fHLHLTHS. e B(X') = B(X) L Zy-mE FE—FEENS, B(G)
& B(H) X Zy-RE bE—RfEL 725 2 L5135,

5. MEARDEILIEEE Kronecker —E#HE

HIEI TR AR FE RS, 7T 7 OEEERORERE FE—HRIE a2 IRE LR N
LD oT. LTENR-TY T 7DEAED L MR EREFH57-D121%, Hom
BIRD XV KEEREEZRLIMLERSH S, Lo LU TFTOEEINRT LI, FEIR
DZy-REy & LTOHEITITD YT 7 GOWEE, INLEEZBRWTIRET 5. (5
B LELL D)

¥ 5.1. G HEIMNLRERLRWT 78T 5. ZOEELUTRKNLT D.

(1) B(G) & B(H) 3 Zy-Ft v hE LTRETHS L, G HRRAMTHS =
LR CH B,

(2) B(G) & B(H) " Ety b LTRBTHDZE L, Ky x G & Ky x HPRMT
Bz LIERETH 5.

(3) KuyxG2XKyx H= N(G)XNH)ThHbd. EHIZG & HD stiff (i) Th



777 GMmstiff ThDHEIE, EEOGOHERv,wiZx L, Nv)C Nw)=v=w
MEKONDZ L&V ).

FROTHIZEBWT, Ky x GiXG O Kronecker ZE#H& & LT\ 5 [9]. £7°
7T 7DMGEx HEERT D, V777G E HIZXL, TOMG x H#%,

V(G x H)=V(G) x V(H),

E(G x H) = {((v,w), (v, w")) | (v,0") € B(G), (w,w') € E(H)}

WLV ERTD. ZO “x” 1% Kronecker fE & FEEIND Z L8 HD. 7T 7 HERA
p:G— HiZHKv e V(G)IZHL, plnw : N(v) = N(p(v)) WERFITRD L EHEBL
W, Koy x GDOF 25 Ky x G — GIIFEIZ 72> Twb. Ziuns Kronecker 5
WEL WS ZHOFLUTHS.

Kronecker ZEHHEBITLL T O & 5 ITRM PRI EX b L Fr>. X 2287 7
735, X OREER (involution) & 1%, 77 7HREES T X - X ThH-o T,
2 =idx 25 bDEHET. 723F (odd) THDH LIFFKFv e V(X)IZHL, virbr(v) %
ESETESMBEOLONRGFHELRNZ L2V ). X BEEE 877 70 b1E, o
I XDOBLTER I L, vb7(0) ~ORIVFRENIRND Z L LFETH
L. SEFEHr G2 0ND L, X DL-AFRANBLNLD, TOERICL DAY X/T
TELZEETSD. 7797 GIZx L, G® Kronecker —HE#E Ky x GIZx LT,
(Lv) ¢ (2,0) 55 2 & CHRRETE/AEESNS. 2 LT 20 Ze(FHIC L 57
X777 GIZ—8T 5. —FTCUTOEENHHAIZIONTWD, FilZIX[9] % &L,

WES5.2. X% H/57, r2 XOWHRFEEFMHETD., ZOLE K, x (X/1)2X
Thsb.

COMEEHWD Z L TIROMENREIND. BOFIS5IZBWNWT, U TFOm =4,
n =3DEEDOHEZHIT 5.

fird 5.3 (M. [15]). EED 22U EOBE mniZxtL, 777 G,H T x(G) = m,
XH)=nD Ky x G2 Ky x Hi2 D b ONFET 5.

EHE 5.1 D (2), (3) LA 53KV RNBDND.

% 5.4 (M. [15]). [EED 2 L EOEEE mn 2k LT, 777 G, H Tx(G) = m,
YH) =nThHBZHELLT, NG) X NH)H»>B(G) L BH)RZEEy e LT
FIRCHDL LI RLONFET D, ElomaB3LUERS G E HITEETHDL L HIT
HBnZeEmTEs.

Lovasz [T BEEEZ 9 TEA L7 X [12) I2BWT, 77 7065 (G) &t
IR N(Q) DAL & TR T S 20 mE WO B0 T2 LT E 8, %
54 1XFD XD iR EBITAFE L 72N E WS T & E R LTS,

Bl 5.5. TOKTHNINTWDE T T T7GEHIIm=4, n=3D& XDmMmES3DHIT
5. GE HOELENEFNENL, 37252 LIEEHIRES. G & H D Kronecker
THEWEBIIL LIS T T ZICEABNCR S INERDTEDIS, ZORA 5, ™
EUTOIICEERTD. £3 1 2KFEOBICE LBFRCET Z OXEGH, n%E



DB LIRFRIC TS Z DA TR ET D, ZDL&En, nIaRda5BToH
D, OZ/nEG, Z/nn 2 HPbNS., LTch> THIES2IZED

KQXG:KQX(Z/Tl):Z:KQX(Z/T2>:K2XH

€><><>%> <A
E

DOND

T2

A

6. BERMFEREETILEEICDOLNT

ZOHETIE, 7T T7DOBEIZET WVEEEZBAL, ZIRZ-ZEMOE & Quillen [FIfE!
b bEIRARL. ETNVEEEFHARE a7 AT L—v g 7747v~va
v EBHEN D RO OENG- 2 b T, w<o#@ﬁﬁéﬁt¢%@&bfﬁ
BIND. ETNVEPEAIND EZORE NE—EBRLILONERIND. #Hlz
NAZER DB DT T NMAEEDOEE, TORE FE—EIZCW-EKE 5% L L, ﬁﬁﬁ
Barg T 2B8%, RENEY I REGER AT DI ETEHEONDIEICFEEIC:S.
ZODEFTIVEN Quillen FUEZ: 51X, ZO 5O KRE FE—EIXEEEICRS.

7 Z 7 OFAE~D Hom BIARDIGHIE, Hom #KZ @ LT/ 70EE, HHEET
DIT-Z2EIDOE L DN SEOND b DE -1 E 2 5. SAEMICT 5720, T = Z,,
T =Ky TZy D Koy ~DVERAMN _ODIESZD-L ViRTHEDET D, 2D L X Csorba
IEEDO B MR Z-CW-ER X (T3 L, BT 7 G THom(K,, G) & X 73 Zy-7RE b
E—[AMEE 2D b DONFET DI L EFEH L. —FHTZ-5% ¢ : |B(G)| — |B(H)|
WwhzonizbE, GO H~O7 T 7HRAf: G — HTf, ~¢:|B(G)| — |B(H)|
ROHDEDOVHFLET HE NI &, FIUTMRITIIRD L2, EEE, F4H8iThib
N7 X 91T, B(GY) 2z, B(Gy) TH->Th x(Gh) # x(Ga) 25 Z 05, Zhid—
HD G TIEK, 7 T 7HERBIR B Y, LT |B(Gy)| ~z, |B(G1)| 925 |B(K,)|
D Ly-FAg N Db DD, Gy TIE K, 21X T 7HRBINGFEIE LN E NS Z L T
H5D.

L7z oTT T 7 DB E Zo-ZE OBIXFE TRV, LM LET UVEEZEAT S
L, ZOFRE ME—EIT-EHLTWD., ENDLRICEXTZHEROTEETH L.

LUFZ OFEM & B2 BIRICOWTES . BHEERICEST, XU —D5E O Hom
BIE Hom(T,G) \ZeEERT. 777 T R2EELTLEEX, 777 GIZxLAREY b
Hom(T, G) Z %k S ¥ 5 BEFIXAMARTFIC O EMHEEFIC bR bW (Lo T
Quillen FEFERIFICIZ 2 H720Y) . 22 TROBERZEAT 5.



nEZIFAEH LT L. 77752 V(E") =[n]={0,1,-- ,n}, E(X") =[n] x [n] &
B I 70EEGICEYRT. BIKRES Sing(T,G) &

Sing(T, G),, = G(T, G)
L, HEBRBIORMEEBSREZBRICERT D2 ZLICL-THLNLbD LTS, &
DOHERIES Sing(T, Q) #4422 Hom BEL L5, 20 L ZRMBEY 2o,
FH 6.1 (M. [14)). 777 T, Gicxt LAKARKRE b v —[FMHE

PIFET 5.

— 5 CEROFE Hom BIASing(T, G) 1A T2/ 5. K0 —f%ic, TIZEED
PER LTS L&, Sing(T,G) IZbRHERBHE SN T-HERESIZRD. 2oL
TR LD, (ROEEIIHKREBELDOBENAR S ADGEH L TLEES 272 bDTT
ZOuEBED L TE#HIETWEEE ET)

FE 6.2 (TEHN, M. [17]). Ltk T, BT

Sing; : G —» SSet", G+ Sing(T, G)
TABEEEFETHD. 22 TGIET T 7DE, SSet! 1ZT-HIKESDETH 5.
Ap % Sing, OEFEEE T 5. 2O L EROEEILY L.
EH 6.3 (M. [17)). 77 7 OB GIZIZLL T DO X 9 I ET G NAS.

(1) 77 78RR [ G — HIX fBHES D L5 fo: B(G) — B(H) M Zo-75%E b
E—RfETH 2 L EHEELE T 5.

(2) 277 AT b—v a NI Ly HIRES DA E i K — LT Ag, o Sd*(i) & &)
nNo77 7HERTSHS.

ZLTCZ D& ZREETF O
(Ak, o0 Sd®, Ex® o Singy, ) : SSet™ — G
IZ Quillen [AIfECTH 5.
ZOEBIT—MDOT-7 7 7 TIC—Mfbd 5 Z LT TE . FEEE, BEEEFOXf
(Ap o Sd* Ex* o Sing;) : SSet! — G
28 Quillen FMEZ 51X, () T-75 7 TITIROMWEDRL O SE7272 < TR B 220,

o ML DITLEOHSHET KL, 2=> hOED DG4 T /T — Sing(T, T/T'), AT —
poa ZI-FARE M —FETHD. ZZTa 3T T, v~ vy IZEVEEDLF
BThHY, p: T - T/ IXHRRHECTHS.

ZOMWEIET = Ky, I'=Zy 0 BIIRIT 5. ZOMITIZT =17 72bb—20D/—
FERBEOTHENGR D 7T 7 T NHPDOKRIZARY S, LLERLSND T 7T,
EROWENKDSIHOT-7 7 7T ORI E L TK, &S 1 & bAREMISE D GABFEET
X2V T YN AN
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AWRTCY 2 B A VBREIR L HEOVH
L 9h—  (RERF)*

1. (L ®HIZ

LRTEERRIRITE D2 IR % TN B 2 & TRYOUH Bl IRk % 225 & 550
ZERHLNTWD, AfETIEEICA4RTHR DY IZ 1, 2 0 RAAZREY fHTF TR B
B AWTE2 Y RIARE S 2, & OBOHEERRE O H B~ O i 7 210 TR
%, BARHIIZIZLA T O 3 > DOWFFE A Rk R 5

o TX VT v I EEOB EZDORPREa Ly a—X U A~DIGH
o XY NAHE AR ITEARAK £ D Stein & DIFFERIE & FEOVH
o FEOVH O K Thurston-Bennequin £t & A[ #9727 — > Tl

ZIHOMRIZIT VT IS Stein ZERIKD D> T 5. REB%K 2 > KL D? x D?
DEEEFEIL ST x D? (= 0D? x D?) 72D T, 4RIT 2 /> RIURIE #,5' x S? (=
IA(D*Unfd 1 RV)) OFef E#EA B (framed link) ICE > T—REIZEE D Z &1
WELTHL . EAFE0H O (framing) (FHEERTHEZ BN D,

AR T D ZHERITETa N7 bR, BONTHE DT 6 TWS L L, [AE
B - A EMR BRI X A REO LT 5. Ny RAKRIZAKRTT, 2237 |~ E@fE T
EDTHNTND LT 5. FOBIX3RILEARIEOHFIZIE HNICHEDIAEA TN D St
ThHHEL, WD DRWERY SPOFOHZEKRT D, RBARITLEHEESC N RO K
BEFHIZOWTIIFI 2 X [9] #S L CTIEEZ 720,

2. IXYVFVIBRMNESHEUVBEFEVEI Y O—4FT DR

AEITIL S O &R I > T D2/ RV E —oEETHZ L TEHLN
5 AMTEEE (B EHUVEDLRT A RTEHRIEK L ER) ITONT, 2O HEED
e L fE O ay a—F v A~DIGHZ BT 5

n T EFEOH TRAREND 4R ITTEHERT, B CHE 2y F Kb, N1 TH Y, &8
XX AEFRT HITHNL (n) TH D, FEFITHM bR U—%F L, AR 4%
IR L R 5. ET2 2 OERO 3WITLHRIEKITEOR O nFil (Fffn OT— 2 F)
THEOLND LA LTI, 3T AR P —CTHEFITRAITHFES N TN S.
21. IXVYF VI BARTEHREKRERGEHUE

(2 TOARTEERICKILENE TR F v o7 (RIS EFZE DM FEME TR
ARTEEREEINIFAET D02 ) E VW BEIZART bR P— B 5 FE T —~ D —
DTHDH. ZZTIEZOMBEDO G AP EFEONE TRRIND 4IRICEERIBITK > T2
BB EBZD. B ERECERINRRT D 200 4 RITTERIEN (X ZHF->T)
72 HIX2 DOFIFR CEEHTH 5.
EE 2.1. BT EXFHERH O Lo TRREIND 2 DD ARITEFEED AN XY F v
It E ZORMEROCARNEIXRVYF VI LS LIZT 5.

ABFIEIL ISPS BHFEE « TR (B) GREEE S : 16K17593) OBIEZ I TOET
T 739-8526 RUKESTSEL 1 TH3HE 15 IKE KPR FBE IR

e-mail: kyasui@hiroshima-u.ac. jp




ETORMEFEOCENENE =XV T v I k2T EFEOE Z2FF2>b i) Tldn
VN BT O R & ZHEREOVE (trefoil knot) 1L F » 7 0504k 1E & FF0 4 IROL bk
KERRT DN, ZORMFEHEOE E XV T v 7t T A S OB FEE LW
ZENT = FIROFERN S DND.

TX YT T IR SO E 3O B OBFIE Akbulut (cf. [3])IZL - THZ B, S
O IZIT A Kalmar-Stipsicz (2 & o THEERRKE OMfF X 5 OVH $HTIRIR S 47z,

EI 2.2 (Akbulut [2], Akbulut-Matveyev [3], Kalmar-Stipsicz [10]). #ff & #EOH O
T F o 7 S ERAHATET .

INHLOBFORTIET -1 ThHD (WomEEzEZ2 UL+ OBELELND). iz
Kt D — 5 D 4R ITCEHEIRD Stein & ZFFD, 5D 4 RITTEERIRN Stein #1E % FF
72720 DT, AR TTEREIR DR FF TN Z L 2 EICA T b b6 L > T D
(Stein HEIZOW T 3HISR).

INHOBNIHFERIR S D Th o772, EH TR TOPII L TS RIEE 5 %,
ROFEREFFTZ.

T 2.3 ([20]). [EEOES K L, nPef X O HOTF Y F o 7 5t N ERAAAES
5. S BICERBERT D AUWTEEREEO LTS & b Stein it 255 £ 5 10#A5.

_®%m$%¢~étw EOWEME L TR, SPOFVHK & S x D OfEN
uikw§®FUEP()%f()Tmbé BLEM f: ' x D* — N(K)(C $?)

M;K@%KE%N()®E%MT%01‘K@Oﬁ XIS T 50085 PES3PO
EOH KICP(K) 28 S5 L AR LIZL &, PIIYTS4 FERLEFIND.
EFHIVT IA NEGERNNTEX Y F v 7 O RESEE 5 27 (FROSDE
FILHE 3IHISM).
T 2.4 ([20]). (LEOBK KL, U FOLMERIZTHT T4 FFE P, Qn NMF
89 5. n <(K) & 20.(K) = ad(K) +2 & 518 §° OIEEOROH K ISH L, nfk
M EDOFEVHE PK) & Qu(K)IE=F Y F o s it Thsd. Shicn <th(K)—10& X,
ZOFZ K> TRREND ARTCLERIRITI S & b Stein ELFTFET 5.

Eﬁ25«%%ﬁnmﬂbﬁﬁ@ﬁﬁ%#kﬁﬁwﬁKﬁ%ﬁﬁﬁ?édﬁﬁﬁﬁ%@
F—F ZFEOEH). SHICHEVE K MUEEAT-T X, P(K) & Q. (K) bZDIRE %
BT o CZOEFEBIZEIY XY F o 7 P E O E RN EETE 5. FrioEH
2.3ED .

ZOMRIEIZARTEHERO TR CHDLaN s VA4 A b (4]) OF LWL HEE S
25 ZEICLoTH LNz, EHOBED T TR TRV Z &I adjunction A%
KX (FB3HBM) ZH ORI, 2BKnllk LTEED P, & Q, Dl % HEERAHAER L
2. M1 TEFTCWDEDIEZED ) LOKLEMRLDOTHS.

I TCZOREREPOBRENSRZET. SPOMOE K V774 NGB PITHL,
nﬁﬁé®#wap() LEoTEREND AT EHNAEE PO(K) LT 2 LT 5.
ZoEEK e PO(K)EWIRIRIZE Y, PO IO E OESN D 4 RTTEHEDOE
BDBEZ LB ED. ZDOGH PN 2 ARTABGESTSA PEREERZ LI
T5. 20D 4RI E T T4 FERIRWE SIS (M) FLTHD L1, 2
DD GGG 2 D AR TELRRIENE (o FAE (FIfH) T D L& 20 ).



1: P, & Q, Dl

EH 24DV T T4 FEBIZE Y  ARTONART T T — LGOI T T Y — D%
LWEWRDND.

EI 2.6 ([20]). LEOFEE n X L, AAHMIZIEFE T30 O 2NITIEE 9 4 It n 4
EVT T4 NEBWGFETD.
2.2. #BUBaYa—4F U AADIGH
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LINKING INVARIANT FOR ALGEBRAIC PLANE
CURVES

BENOIT GUERVILLE-BALLE

INTRODUCTION

The subject of our interest is the topology of algebraic plane curves
(see |8, M2] for basic results). They are geometric objects defined
from polynomial equations. More precisely, an algebraic plane curve
is the zeros locus of a homogenous polynomial C[Xj, X7, X5]. Ab-
stractly, such a curve is defined by its combinatorics. Let Irr(C) =
{(C1,d1),...,(Cp,d,)} be the set of algebraic plane curves C; defined
by the irreducible factors of the homogenous polynomial defining C with
their degrees d;; let also Sing(C) = {(P,%1),..., (P, Xk)} be the set
singular points of C with their local topological types ;. Finally, the
combinatorics of a curve C is the data of Irr(C), Sing(C) and the rela-
tions between the local branches of ¥; and the irreducible components
of C.

The question of the embedding determination of an algebraic plane
curve in CP? is not as easy. The embedding type, also called the
topological type (or shortly the topology) of an algebraic plane curve
C, is defined as the homeomorphism type of the pair (CPP?,C). That is
two curves C and D have the same topology if and only if there exists
a homeomorphism ¢ : CP? — CP? such that ¢(C) = D. The topology
is oriented if ¢ preserves the global orientation of CIP? and the local
orientation around the meridians of C and D. In the same way, the
topology is ordered if the homeomorphism ¢ preserves fixed orders on
the irreducible components of C and D. In the case of an embedded
curve, the combinatorics admits an equivalent definition with a more
topological aspect. It can be defined as the homeomorphism type of
(Tub(C),C), where Tub(C) is a tubular neighbourhood of the curve
(see [2]).

From these definitions, it is clear that the topological type determines
the combinatorics of a curve. It is then natural to consider the inverse
question: Is the topology determined by the combinatorics? The an-
swer is known since the 30’s, and it is negative. Indeed, in [21], 22| 23]
Zariski constructs an explicit example of two curves with the same



combinatorics and different topologies. We will describe explicitly this
example in the next section. Such examples of two curves with the same
combinatorics and different topologies are called Zariski pair (see [2]).
The question is then: how to detect Zariski pair?

To differentiate topologies, several topological invariants were intro-
duced, each one able to distinguish different kinds of “pathology”. The
most classical case of Zariski pair is the one detected by the Alexan-
der polynomial, see Degtyarev [I0], Libgober [16] or Akyol [1] for a
classification of sextics such examples. Other examples with different
“pathology” are known. Degtyarev [9] [11] and Shimada [19] construct
Zariski pairs of sextics using the theory of K3-surfaces obtained from
double branched covers of the curves. Studying some properties of
double Galois cover Artal-Tokunaga [5] or Bannai [6] construct another
kind of Zariski pair. In [11] Degtyarev constructs an example of Zariski
pair with isomorphic fundamental group of the complement. Recently
in [20], Shirane proves that Shimada’s curves (see [I8]) form k-plets
of Zariski using the splitting numbers. We can conclude this non-
exhaustive list with the Zariski pair constructed by Artal-Carmona-
Cogolludo in [3] with homeomorphic complement but different braid
monodromies.

We introduce here a new topological invariant: the linking set, it is
first defined in [14] by Meilhan and the author. It is inspired by the
linking numbers of knots theory, and generalized the Z-invariant intro-
duced by Artal-Florens-Guerville in [4]. The idea is to consider 7 an
embedded oriented S* in the curve C (called a cycle) and to look its
homology class in the complement of the sub-curve CS of C composed
of all the irreducible components which not intersect the S* embedded.
Unfortunately, this class is not invariant. We should then consider a
quotient of Hy (CPP*\C%) by a sub-group Ind, (C) deleting all the remain-
ing indeterminacies. The linking set lks¢(7y) is then define as the set of
the classes in this quotient of all the cycles combinatorially equivalent
to . It is an invariant of the oriented and ordered topology. In the
particular case where the cycle v is contained in a single irreducible
component, we can remove the oriented hypothesis.

We apply this new invariant to the case of the curve introduced by
Artal in [2] formed by a smooth cubic and three tangent lines in its
inflexion points, and also to its generalization the k-Artal curves in-
troduced in [7] composed of a smooth cubic and & tangent lines in its
inflexion points. We then prove that there exists Zariski pair of k-Artal
curve for k = 3,4,5,6. These pairs are geometrically distinguished by
the number of alignments in the set of the k inflexion points considered



(this number is called the type of the arrangement). In order to obtain
this result, we compute the linking set for a cycle contained in the cu-
bic. Then we prove that for any order on the irreducible components
of the k-Artal curves there is no homeomorphism of CIP? between two
k-Artal curves of different types, for £ = 3,4,5,6. We can also apply
this invariant to the Shimada’s curves [18], and prove that they form
a k-plets of Zariski with isomorphic fundamental groups. This is done
in [15] proving (in some particular case) the equivalence between the
splitting numbers and the linking set. This allows us to prove that the
linking set is not determined by the fundamental group of the com-
plement. Since the linking set is a generalization of the Z-invariant
introduced in [4], it also distinguish the Zariski pair of line arrange-
ments produced by the author in [13].

The following is organized as follows. Section [1|contains some details
about the historical example of Zariski. The construction and invari-
ance theorem of the linking set are done in Section 2] We conclude in
Section [3| with the application of the linking set to the k-Artal curves.

1. ZARISKI EXAMPLE

In his historical papers [21],22] 23], Zariski proves the following result:

Theorem 1.1 ([2I]). Let C; and Cy be two sextics with 6 cusps. Assume
that these cusps lie on a conic for C; and are in generic position for
Co, then:

71 (CP?\ C) ~ Zs * Zso, and 7 (CP?\ Cy) ~ Zs.

C C2

FIGURE 1. Zariski sextics with 6 cusps

He proves in [22] the existence of such curves, and then provides the
first example of Zariski pair. It is only in [I7] that explicit equations
of such curves will be given. Let us explain how to construct them.

Consider a smooth cubic C' of CP?, and let P;, P, P; be three of its
nine inflexion points. We assume that the three tangent lines L; of C'
passing through P; are in generic position. We consider the coordinates



of CP? such that Ly : 2 =0, Ly : y = 0 and Ly : z = 0 (see Figure [2)).
Let p be the application defined by:

_ CP? S CP?

N [X:Y 2] — [X?:Y?: 27

It is a 4 : 1 application outside of the axes. We denote by C the pre-
image of the cubic C' by p. It is a sextic with singular points contained
in p~}(P). In order to differentiate the coordinates in the origin and
the target of p, we will denote with capitals the coordinate in the target.
Locally around Py, the cubic C is of the form y* = z. Since p is ramified
along the line L; : x = 0 then the pre-image of C' near P, is of the form
Y3 = X2 Furthermore p is 2 : 1 over P, then p~*(P;) is composed of
2 cusps. Using same arguments for P, and Ps, we obtain that C has
exactly 6 cusps.

F1GURE 2. Cubic C' with P;, P, and P; collinear

To construct the two examples of Zarsiki (see Figure , we have
to consider the case where the inflexion points are collinear, and the
case where they are not. In the first case, consider the line L passing
through Py, P, and P, then p~!(L) is a smooth conic containing the

6 cusps of C'. In the second case, such a cubic does not exist.

Corollary 1.2. The combinatorics does not determine the fundamental
group of the complement of a curve.

Remark 1.3. The corollary is also true for the complement and the
topology of a curve.

2. LINKING INVARIANT

2.1. Recall about linking numbers. The linking numbers are clas-
sical invariants of the topology of oriented links. It can be defined as



follows. Let L = L, U---U L, an oriented link of S? with s components.
Let us recall that H;(S®\ L;) is isomorphic to Z and is generated by
the meridian of L;. The linking number of L; with L;, for ¢ # j, is the
numerical value of the class [L;] in Hy(S®\ L;).

2.2. Definition of the invariant. The linking set is an adaptation
of the linking number of knots theory to the case of algebraic curves.
A cycle v of a curve C is an oriented S' embedded in the curve, non
homologically trivial in H,(C; Z).

In order to compare two cycles, we need to define what could be
comparable cycles. This is the notion of combinatorially equivalent
cycles. Let v(t), for t € [0,1] be a parametrization of v, with «(0) in
the smooth part of C. The combinatorial type of v is the sequence

F(/y) = (Cilv ij SRR Cim P]k)7

with C;, € Irr(C) and P;, € Sing(C) for all [ € {1,---,k}, such that
there exists a set {t1,...,tx}, with 0 < ¢; < --- <t < 1 satisfying:

o foralll e {l,... k}, v(t) =P,

o for all t € (;,£41), 7(t) is contained in Cj,, \ (Sing(C) N C;

with [ € {1,...,k— 1},

o for all £ € [0,¢1) U (g, 1], 7(t) € Cj,.

Of course the sequence I'(y) is defined up to cyclic permutation.

H—l)

Definition 2.1. Let v and p be two cycles of C. They are com-
binatorially equivalent if their combinatorial types are equal, that is

I(7) = I(p).

We will now construct the sub-curve C5 of C not intersecting . Let
us first define the support and the internal support of a cycle.

Definition 2.2. The support of v is:
Supp(y) = ({C € Irr(C) | C g # 0},

g~y

its internal support is:

Supp(y) = ﬂ {C’ elrr(C) | (Cnyg) # @} .
g~y
A cycle is minimal if it is contained in ~ |J €. Since for any
CESqup(”/)
cycle v of C there exists a minimal cycle 7 such that v and +' are
homotopically equivalent, we consider in all the following only minimal

cycles. Remark that, if  is a minimal cycle, then v C CP?\ | C.
C¢Supp(7)



The idea of the invariant is to consider the homology class of v in the

complement of C = U C. Unfortunately, this class is not an
C¢Supp(y)
invariant, indeed there exists homotopically equivalent cycles with non-

equal homotopy classes in HI(CIP2\C§). In order to delete this problem,
let us introduce the indeterminacy sub-group associated with ~.

Let P be a singular point of C, we denote by mg’b the meridian around
P in the local branch b of ¥ p contained in the component C. Remark
that if C is not smooth at P then Xp admits several local branch b
contained in C. See Figure |3| for an example when C' is smooth in P.

FIGURE 3. The meridian m%" when Br(Xp, C') = {b}

Definition 2.3. The indeterminacy sub-group of C associated with
is the sub-group of Hy(CP? \ C¢) defined by:

Ind, (C) = (m"C | YO € Supp(7), VP € Sing(C) N C,¥b € Br(Sp, C)),
where Br(Xp, C') is the local branch of Xp contained in C.

Proposition 2.4. The value of m%° in Hy(CP? \CS) is determined by
the combinatorics, and we have:

€= Y 1po, Dy,
D¢Supp(v)

where Ip(b, D) is the multiplicity of the intersection of the local branch
b and D at the point P, and mp is the meridian of D in CIP? \ CS.

We can define the linking invariant:

Definition 2.5. The linking set of a minimal cycle v is defined as the
set of classes in Hy(CP? \ C5)/ Ind,(C) of the minimal cycles combina-
torially equivalent to . Tt is denoted by lksc(7).

If there is no ambiguity on the considered curve lksc(7)(resp. Ind,(C))
is denoted by lks(y) (resp. Ind,).



2.3. Invariance theorem & corollaries.

Theorem 2.6 ([14]). Let C and D be two curves with the same oriented
and ordered topology. If v and p are two combinatorially equivalent
cycles of C and D respectively, then

(1) . (lks(7)) = Iks(p),
where ¢, : Hy(CP? \ C9)/Ind,(C) — Hy(CP?\ D)/Ind,(D) is the
isomorphism induced by the equivalence of topology.

Remark 2.7. The isomorphism ¢, is the application sending merid-
ian on meridian respecting the orders on Irr(C) = {C},...,C,} and
Irr(D) = { Dy, ..., Dy,}; and respecting the orientation of the meridian
(i.e. pu(me;) =mp,).

Corollary 2.8.

(1) IfC is a rational curve, then lks(y) = {7} and then Equation
becomes:

D«(7) = p-

(2) If Suopp(fy) = {C} then we can remove the oriented hypothesis
in Theorem [2.4.

Corollary 2.9. Let C and D be two curves with the same combina-
torics, and v and p be two combinatorially equivalent cycles of C and
D respectively. If for any isomorphism

¢, : Hi(CP?\ C%)/Ind,(C) — H,(CP* \ D)/ Ind,.(D)

sending meridian on meridian and respecting their orientation, we have
¢ (1ks(7)) # lks(u), then C and D have distinct oriented topology.

Remark 2.10. If we also assume that the support (or the internal sup-
port) of v and p is a singleton, then we can remove the condition
oriented in the conclusion of the previous corollary.

3. k-ARTAL CURVES

In [2], Artal introduces a Zariski pair where the curves are composed
of a smooth cubic and three tangent lines in inflexion points. He proves
that a difference of geometry (of the considered inflexion points) implies
a difference of topology. Here, we will generalized this result to the case
of the curves k-Artal.

Definition 3.1. A curve k-Artal is an algebraic curve composed of a
smooth cubic C' and k lines Ly, ..., L, tangent in the inflexion points

of C.



It is of Type [ if there is exactly [ subset composed of three collinear
points in {P,=L,NC |i=1,--- k}.

Remark 3.2.

(1) For the 3-Artal case, the Zarsiki pair studied by Artal is formed
by a curve of Type 0 and one of Type 1.

(2) This Zariski pair is related with the historical example of Zariski
(see Section [I)) by Figure P| Indeed, the 3-Artal curve is the
cubic C' with the 3 axes, and the geometric difference between
Type 0 and Type 1 induces the geometric difference between
the sextics with the six cusps along (or not) a conic.

Theorem 3.3 ([7]). Let k € {3,...,6}, there exist k-Artal curves C
and D of different Type such that they form a Zariski pair.

To prove this theorem, we will compute their linking set (in a partic-
ular case) and then apply Corollary To compute the linking set in
each case, we will compute it in the case of the cubic with nine tangent
lines and then consider restrictions to obtain the case with less than
nine tangent lines. We denote by Cgy the 9-Artal curve. It is known that
the inflexion points of a smooth cubic have a the structure of (IF3)2.
We assume that the points P, = L; N C are as in Figure

° ° °
Ps Py Py
° ° °
Ps P P
° ° °
P P R

FIGURE 4. Representation of the inflexion points of C
as (IF3)?

Let v be a cycle contained in the smooth cubic C. Tt is clear that
v is minimal and that:

Supp(7) = Supp(y) = {C} .

The set of cycles combinatorially equivalent to v is the set of cycles
contained in C. Homologically this set is equal to Hy(C;Z) \ {0}. Let
g1 and go be two cycles generating Hy(C; 7). In the case where C is
defined by 2® — 22 — y*z = 0 it has been proved in [14], that there is



g1 and gy such that:
2) -
[g1] = mp, —mp; —mpg +my, +mpg —mg,  in H(CP?\ Cy),
lg2) = —mp, +mp, +mpg +mp, —mp, —mg, in Hi(CP?\ Cy).
Consider the case k = 3, let Z; be the set {1,2,3} and Z, be {1, 2,4}.
We denote by C; the curve C'U ( |J L;). By Figure 4] C; is of Type 1

JEL;
and Cy of Type 0. We have that (C;)5 = |J L;. Using restrictions of
J€L;
Equation (2)), we have that:
1], =mp, —myp,, and [go], =0 in H;(CP?\ (€1)5),
91y =, and [gly ——my, in Hi(CP?\ (C)°).

To compute the linking set, we need first to determine the indetermi-
nacy sub-group of . Since it is combinatorial, then they are isomorphic
for C; and C;y. In the case of the 3-Artal curves and a cycle v contain
in the cubic, the singular points contained in the cubic are the P;,
for 5 € Z;. These singular points are of type A;. This implies that
Ip,(C, L;) = 36;;, and then:

H (CP?\ (C:)S)/ Ind,(C;) ~ (my, for j € T; | 3my,, Y my,) ~ (Zs)*.
JEL;

We denote by lks;(7) the linking set of v in C;, for i = 1,2. We have
then:

ksi(y) = {mp, — my,, —mp, +my,},

lkSQ(fY) = {mL27mL47 MLy, =MLy, ML, + mry,

MLy = MLy, =ML, + My, =M, — M}
It is clear (using an argument of cardinality) that for any isomor-

phism

¢ Hi(CP?\ (C1)])/ Ind,,(C1) — Hi(CP?\ (C2)])/ Ind, (Cz)

sending meridian on meridian and respecting the orientation, we have

&« (lks1 (7)) # lksa(7). Using Corollary 2.9/and Remark the curves
C; and C, form a Zariski pair; then case k = 3 of Theorem|[3.3]is proved.

Remark 3.4. With similar arguments, we can prove Theorem for
k=456
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1.2. BFREAR—RE—XV bk
TEG DYEREIEREZE (X, dx) ICERIMEH L TWwW 5 L5, Jig € GD translation BB

BET(g) Lldaz e XITHL,

d n
7(g) := lim —X(x’g 7)

LEREINZBTHSE CEALERICIY ZoRIEFze X ITXkER) .,
HESRMEE u23dx WL THBR—RE—X VK2R LI, Bz c X IR T

> nlg)dx (x, gz) < oo

geG

%% 2 E%E 9. Kingman DHMERN L I — FEM (Kingman’s subadditive er-
godic theorem) 12X D, u PWHR—RE—X v F 2FO 54, Pae w=(w,) € GP>°
IR LT, ARBR

lim dx (@, )
n—00 n

DHEEL, ZOfHIEr, wIZXoRWI EDbNS, ZOEZ T VT LT =7 Ddx
BT 2RUTZRNEMES, FU 7 MET V¥ L7 4 — 2 O translation R & 279 2
EDTE S,
7, BEGDZEE Y IEHL T2, Y EOMIEE v 23 u-stationary ThH 5 &1, fE
HORHEA AT LT
v(A) =Y pgv(g " A)
geG

DD ILDZ &%\, p-stationary HIEEIE harmonic JIE & b XX 5,

2. HfR#E1A & Teichmiiller Z2f

Z 2 CIFHBRIOW S, T &b bR g OFATD & nflo S E2EY bR\ 22 il % & 2
%, LAE3g—3+n > 0260ET 5. ik S OGEHEREMCG(S) := Homeo™ (S) /homotopy
#EZD, HOWHEZWIET 21, BPFERIEHTIRVERZ B2 2 i
IEHITHRTH 5 Z Do NT V2 CGRE[ANEER) . GEERMEHT 2 R\2EH
£ LT, MBS Teichmiiller 22722 £ 239 2. FRICHiAE R IL, GEHERED Bk
W 2l 62 5I0H7)EHERZEMTH 5. AHEITIE, A L Teichmiiller 2%f1C
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2.1. HH#RER
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¢ =o¢y D6, L1 & ¢(Ly) D filter (f & A -FRBOFRLZRYRT 5 2 LD3TE %, fEo
T, Ly ® Maurer-Cartan /22D (9OWERTOD) fE by 225, ¢(Ly) DZFA ¢, (by) B3
f%%ih%o L L. HF;((Ll, bl>, (Lo, bo), Ao)) "5 HF;((qb(Ll), ¢*b1), (L(), bo), Ao))
ANDOEEIE—RICES L, ZiUE, Ay ETEZTWLE05T, Ay IMEEELTD
torsion IZEWIEN S, 2D Z L1, Lagrange % kA D displacement energy
EWEEN 2 BOFHIICIEH T 2 2 L2 TE S ([FOO06)), Ay 6. A REBIAKRT
WE, HFg((L1,01), (Lo, bo); A) %25 HEP((Ly,by), (Lo, bo); A) ~NDFHEDF 62,
fit> T, AARELD Floer cohomology 23HZ TV iFiUE, 20X 2% I LiF
TER\,

bulk ZTE % #F L T Maurer-Cartan HFEICEDH 20> E ) D D+356 % —D%
FTEL?

] 2. L % (X,w) D Lagrange #77 %A T spin &z HK>dbD 92, o
BB DFHET 5% cohomology DEM H*(X;C) — H*(L;C) 2’HGIThHhNIX, H 5
be H (X;A,) YFFAEL T, b T bulk ZIE 3 N7 filter f7& A -fRED Maurer-
Cartan U3 fiEZ & O,

COEBOFEHITIE, pry: HY(X;A)® @ @H®(L; Ag)®* — H*(X;A) %% op-
erator W SN S, UL, my, DA LERED REBICT7 7 A N—BETZ2NR
T evaluation map ICBL THLA 2 & TR 5,

bulk i b Z D 7B DN RIZ, Lagrange #0 %k & Mauere-Cartan /2
HDOFHOEKRTOMRD gauge FEBHEDIH T, FH DML, potential BB DEA—
BLTw356D04 0 TldZ% <, buk & ZNZND Maurer-Cartan JiHER D 55
WERTOMBZHOWT RO X ) ICEZEI NS Floer #HF (cohomology level Tl
Floer cohomology) Tb %, m & filter i} & A -BOMEZ 52, p,q 13 Z0Zh
P HH.(Fuky(X,w)) — QH(X;Mo), § : QHZ(X;Ag) — HH*(Fuky(X,w)) %5
Z5%, TIT, QH; b T bulk ZFINIET cohomology B, HH*, HH, I
Hochschild cohomology, Hochschild homology %% L. Hi# % open-closed map
#1% closed-open map & HIFIXN S, (REITIBHZIBREDIZHIELDT, FHED
AT TICELL 73, KHEKO P&, #EHTH->TH 625D Tldhwhr ), )

3. B av 87 b b=V v 7 LEED LAGRANGE b — 7 RAHiE

0C DEITIE (X,w) AV AY R r—5— b =0y 2 SRk L T 5. MR
i & 2 ®D LD Fubini-Study B 2 OER I Z DHITH 5, HEXILZ n LT 5,
AV EF=FAT =T 3EFEHEEL 7T — 7 —FtEZR>TEHL. 7—7—F
AUCPY L T Hamilton WZAfEMTH %, HIE . moment BB «: X — Lie*(T) 2 R"

i1z b | anti-symplectic involution DAREHLEA & L THN S Lagrange % HkikIZ OV T,

Maslov 8D &M% 5 1F #uE Maurer-Cartan TR OGO Z /R T 2 LAITE % [FOOO09,
10z pffiicBId 2 3Ckix [FOO02, FOO03, FOO04] TH %, survey & LT [FOO05] bdH 5,



VPJ(')O’C T EREREE R o R O E L THELONS Eﬁﬁfl@ Hamilton X7 k)b
Ltz bz kb, T OFRIZERI NG, BERKIL 1 OETES (F5 F—7 A F
Fﬁ@?@j'ﬁ B DOHIEE T, toric divisors & WEEILS) DAL é\“f 37T x BHHICE
M5, #E>T, —M&iV% T-HGEICIE, BH>OHEBIICEH L T T, Lagrange
Wk L5 2 L b5, exp: Lie(T) — T % exponential map &9 5 &
m(T) = exp t(id) C Lie(T) DT, Lie(T) KOZDMWTdH % Lie*(T) I Z
NZ lattice N, M 2%EF %, P = 7n(X) I FHEACEF 2LDFBAIR 7 L
W3 lattice M DL 7% R" OPOMLIHKTH 2, ue P2 P DR ET S &,
L(u) = 7' (u) #% Lagrange b — 7 AWiiE (Lagrange b —7 A7 7 A N— LIS &
%%, Hi(L(u);Z), HY(L(u); Z) \FZ 02 N, M L BRICHE—#HE N5, Llu) H
T OHMZWETH 2 2 L2HWT, XD LRI ND,

T 3. H'(L(u); Ao/2mv—1Z) C MCopeur(L (1))

L(u) @ potential B Z H(L(u); Ao/2mv/—1Z) IZHIR L 72 b DD SEIHIE &’
X P ORXIG 1 DEICHIEL., P OEHRZHNCEIRTE S, N DXV b o, 5 =
L.o..om EFEB N 2T Mg =M@z,R EO7 7 4 YBIEL(w) = (T;,u) — N
BdH - T,

P={ueM®zR|{;(u) >0}

ERIND, MIZZHEEZ EDEEL, Z2UBIL T, HY(L(u); Ao/2nv/—1Z) D
BEEEZ (yi(u), ..., yn(u) € (Mg \ Ay £ T3 L, POLW NDRFHIHDE 513,

PO (i (w), ., yn(u Zyl ) Y () T4

THDHIENTDE, TIT, vy 30, DEBIZEWD EEL 7% M OO B HE
ISR 2 CdH B, X B3 Fano WHIL . ) (X) 235% % — 5 — D IERHRHIC 7
% &%, (bulk 257 7 4UE) potential BI%IZ PO & —BT 5, —MIFREX
DEDBNZ DS, 2D L ETH POL™ FREEAEREF> T2

INFETHOI LIF, T-A%Z% bulk %2 LTHED LD, (EiF, b IZALHIT
AT H L, TAZELBYA 7V ZHWT, 7 274 Z#Z2HL T q., ZEE
T2, ZAUTKD, EH3 LFARDILEZRTIENTES, )

' 4. b 2 TALLRYAI7VET S, b I2XD bulk ZIF I 7 potential B
BPOE™ A3 (Mg \ A" ICERFA y(u) 2RO 2 & &, y(u) SRS L 72 Maurer-
Cartan JEADIGORRTOME by(,) ZHWTEHE IS Bott-Morse BD Floer
cohomology HFP((L(u), by(u)), (L(u) yw)) DIHABWI LRFRETH S, £72
DI, Floer cohomology 13 Novikov B (& % V213 Novikov &) fRE(D L(u) D
cohomology &MIFEE L CHALCK 5,



CNFETIE, 4D L(u) IZX LT potential BA%Z#E X T07edd, v = u;(u)T,
i=1,....n EEREZBESIMWZTASL, T T, u 1T udDBIEERD M DOIHEJEIC
B 2RI TH2, T2E BOK ((w), .. yn(w) Z yn, ..y ZHGTERT L,
ZRE wick o EBgh s, 22 TExNRE PO, LFHE, b=V v I LKA
X @ potential BIELE MR Z L I2T 3, 2 DBIBDE TR 75 2 D 13 F RN H

T, Ut (P) € (A\{0))" 22 DEFREEHKT 2, 22T, or dor: (A\{0}) > R
(M IZEDZIEEDORT P )UICHIBEL C) n BlER7ZHDTH %, Kz, 22T
X POy 2 DR ST DS T-HEDER TPCRT 3 2 L IFHRT & 258
D Gromov 2 V87 MEDLGHES .,

potential BI%POF D Jacobi BAEET 2 I LW TES (P H5VIE Z DN
WX U 72 strict convergence power series ring % potential BIED J5 1853 D 42 B,
T2A4TFT7NVORLREAATH S bDE L TELETZ) ., 2% Jac(POy) &
#H<

EE 5. q #VT, BELTORM QHF(X; No) — Jac(POY) 5N 2,

FHc, PO 13 07 (P) ICEBEZRAD T, ¥, b,(X) OERMEEOC L gy
D%, (b(X) 13 X D p-RD Betti ) POy DEEFM y 1L T uy = vr(y),
by = log(T~"y) £ 2 &, HE((L(uy,by)), (L(uy, by))) 13 AT EDDD 5,
Z T, log IBRAEIC ¥ aTROERED SIRE 2 cog+ T DIEREDIEE D log %
Eo72b D, ZHUTL D, b T bulk £ I NIERE DOIEHHZLRSRDY Lagrangian
b — 7 AWiE £ Z D D Maurer-Cartan AR DIGWEKRTOMDM E L THS
ns,

22T, @M 5 DOFAD, Hochschild cohomology Z#FH LT3 Z LIZHEREL
. XD [AFOOO] D EH%Z MM T 3,

EHE 6. (1) (X,w) ZPf symplectic L1k L § 5, REBEDOHRMEDOWNRD ALK
5By filter £ Ay-E L ~D p DHIROBRIC QH (X Ao) DHAIITLZ EDIX, L
(DRFR) 1, KRB Z 3R ERT 5,

(2)p & q IFBFTH 5,

ito>T, a7 r—5—F—=Y v 7E%RED (b T bulk IS NL7) KEHE
iE. POY DEEFFUTIGT RIS D DHEREI NG Z L9 h 5, EH 5 L
H % pairings OMIMEZ EOFEIIKHKOFEE Tl s N 2 L LI,

GIRART2Z EPAHCH . =Y v 7 LIRIKRDH D Lagrange +— 7 AED B H >
I Hamilton B A TE D Gb &0l T, £ d Hamilton o FMGERTHY
HE) 6 XX 2 W HIORER. & 50 (S%w) 2 DODBEEDHD Lagrange ~—
FATHL ) B bDDREL (ZDGE, P—J7AWEE L TUIZD L) HdDIE%
VW)[FOOOT] *, Z#z M7z, Hamilton o7 FHEGAEED Calabi quasimorphisms



DARBENNTED 2 Db 5 2R EONK [FOO010] & £, Z Offi Tl R 7= w3

Bl 2)5H0H %,
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FABEE I 7 —WEFE

KH ES (Bl BREL BRI ERL

DIF., #AEHAK (Simons Center for Geometry and Physics) . Yong-Geun Oh
IG (Center for Geometry and Physics, IBS) . /NFHEK (GEREEW) L o—EHoD
B £ &F Mohammed Abouzaid K (Columbia K) & DH:FEFFEIZIHED <,

1. Quick review of A, algebra associated to Lagrangian submanifold

1.1. Coefficient ring/field. %9, &4 M) FREIR & Z DRGEZEAT 5,
RZWADLE ORI E T2, T ZAELe LT

R { i aiT)‘T‘
i=0

LEE, %R LEOWE/ Ea 7k | Jo AR 213

a; € R, )\; € R, ‘lim A = +oo}
1— 00

UT(Z a;T™) = a”;fo Ai, vp(0) = +o0

ICXDIETNF AT ANMNE vp DIAD . AF ={z € AR | vp(z) >0} EBITIE, 2
TUIAHEERE 72D R EOWHE / € a 78R LS, DA TIE Remark 1.2 (1) BASE
R=CtLl. ZOBH NN R ELEHL, Ao FRATBRIC R D FBR

Ay ={z €Ay | vr(z) >0}

m%@%~®ﬁﬁ4r7wf%bz%m+:ca&%o%®*ﬁfu‘MeR@
FEEMM RO Y 7L 7T 4y ZHEZERE L, REZ Ag/A 2 CITETT 22 L1
EMGBRD HHEGT 2 iR 2B 2 5 2 LITHIET 5, it\ fHiE v 2 v
TAITIE TERHDSA D 20U X 2HE4 O5EifL 2 Z 2 2 08035 5546035 5 D3,
ZITIFAMET 5, (BAIX, Remark 2.8 (1) BL U | #2MH,)

1.2. A, algebra associated to L. L FRICHI SR D, (X,w) Z 2n Xyt v
R Py TV T4y 7ERRIRE L, L C X 2R E D SN R E 2%
FT IV T VAL REE T 5, L O CREMEA ko E QL) & L.
QL A) = QL) ® A, L, Ag) = QL) @ Ao £ <.

Theorem 1.1. | | EOXIBERED T 7507 Vil S kiR L
R L. Q(L, Ao) J: 1L ZHMIPETE7 4 08— E A RBOWEBAS,
R E A/Ay S CIBILTHELDFT7—L DGA L A REELTHEE=
[FliEL,

Partially supported by JSPS Grant-in-Aid for Scientific Research 15H02054. Version:20160528.

2016 £ 7 H 7 HERo¥—v v R 29 AP,

Lay Ry bendTd Cr A EH2MOMMEZ b2 b D% 5T,

2L AN AE Y TH B L Ist € H2(X;Zo) st st|p = wa(L) #H%T I L, LICHERE b OHE
HIMBEDE Y 2 7 A ZBHICIA E DSA B o DI | , Chapter 8],

317 13 L BlE%mic 1 T%%ﬁﬁ@gﬁ e W’ Hiu}bf%% &3 ma(e,z) = (—1)98%my(x,e) =
x, mE(---,e,--) =0 (k#2) 2§ &,

1



Thbb, k=0,1,2,... IZR L. XE+1 DEHDF]
my, o (L Ag)[1] @ -+ @ Q7 (Ls Ao)[1] — QF(L; Ao)[1]

k times

B L RO (Ao BIRR) % M7
Z Z mkl acl,...,ka(mi7...,xi+k2,1),...,xk):0. (11)

ki+ko=k+1 i

Bl e=deg'z1 + - +deg z;_1 (deg’ =deg+1)o U7 I3HETZ, 7411
LAY av i P = {w €A | op(a) = A} D68l R SNBHD%E AN,

Remark 1.2. (1) | | Tk L O A FREORRF = 4 kDS
2R T Ay ﬁ"ﬁ(@%x_%%ﬁﬁtf:o fﬁl’l‘ﬁEEU@@F'ﬂi%@*ﬁ%T%f DI,
Z TR 0 DERA S LEGROM A DEY 2 T A 22 O B VEREE D % fili S B
2R, 2Tk CF-##) (continuous family of perturbation) %M\ TF 7 —

LAETINTHZT 5, CF-EH)IE, —& | }Téﬁktfukﬁ\
[ , ] T&D ME’J@«U((R’C %fﬁbl%b)l’) L 72, CF-HB%
iy &, | , ] TIT 2 TR 7A B A Tty e WA I e 5 72 1) |

¥ 72 marked points DKEPFRE: DS S 41 marked points DISHIGARDY K IR 2 FEv
#5259 %500, FI7—LET N TREMIGOFEEDED) [02], (Zofb
DRI R,C &% 5%, —/j. CFP-EEITIZZ%C | | Dz v

X, X 2% 250 (spherically positive®) % &7+ i%fﬂﬁ’( 137 —ilifBE T A
RBEMIRT 5 2 LD TE, ZOL TRRME AF DDV AP ICL DI EDTES
[ o) BB, E—AHEMEK LI A, ﬁ?ﬁ’i’%ﬁﬁ‘% & %)"C?—ff % | lo

(2) EDETFNEM) I K, A BT —HIZF = v L1 (L <L) ©
RN 2, —HF = A v RICHERCE UL, FREM %m%n/—%@&ﬁin%#
e 7 ([Ka), [KS] 2 L) Z2ZHwTakrEny — H*(L;Ay) ki A HEZ2ES
IEWBTES, Iz | ) ] Tl canonical model & "‘Jﬁ%uffo canonical
model IZFEUZL, KT = A4 Y ETVDEAETYS L DHAS e .= PD[L] € H(L; Ay)
3 Ao REBOBANIILICR S | , Theorem AJ,

(3) MERICIZFEEL 0 DEEAN ELEGRDEY 2 7 A 22505, —5&UT Ax
WEZHRT 2D Tldh v, KEGHRDOZANVX —2H\7b 2P HEEGEEZ 5
C DRGSR D Gromov 2 v 87 MEEHASHRETH D, ZHUTBIT 2 Jil
AR EATS o JANE ATy 72D 5 & 2 HTRAE b E— ik (FE

i) ZAAGDE T A, MEZ RT3 | lo

(4) DL EDORERL RIS EERE & 72 2 DX B PERGE O BERIC X 2 REEARF = A
YONETH S, | , | TEIr NI EDHEIC #%E&?ﬂﬁﬁ/ﬂ\%ﬁ 5iF
[ ]\ FRIC | I [ |2 CHEIHE v, £, | ]
(3 CP-#HEz B, Bl Bm 2 AL, Sy 77— /ﬂﬁb‘fﬁb)%b)i I
HET2L2HDTH 5,

1.3. Weak Maurer-Cartan equation, potential function and Floer coho-
mology. (C,m) % Theorem 1.1 ? filtered Ao, REE T %, be C[1]° 2T Ay

)

YT 2 4 VEFATIR L OXAY A 2 VIEHE b E—HTE, MUTETREALL |

SEEC AR\ MERED J-holomorphic map u : S2 — X 1E ¢1(TX)[u] > 0 &% 3 & 9 %% w-compatible
almost complex structure J 2FEfET 2 b D, il Z 1 Fano HikiE (—Kx 2EE),



REVWILLTF D X H ITEBTE 36,

mi(mh...,xk)

I
i\
e
7
Pﬂ

booobanbobobe o bakb . b)
~—— S~—— S~——
éo £y l—1 Ly
= m(ebmlebxg .. .xk,1ebxkeb)
ERE. mbdE A WERED D, HL
e =14+b+b@b+ - +bR @b+

LBV, T, A BIREL (1) 2B W» T, mp £ 0 &5, —MRICTIE (m)2=0 &
FRORVWIEIHERTS, 22T, mp 2L T (M2 =0%270D b DM
ZRDE I, Ao RBOBIE 1, ZHV S ERDERICED,

Definition 1.3. b€ C[1]° IZxf L.
m(e’) (= mf(1)) = ep1y, for Jep, € Ay

% weak Maurer-Cartan AR & L\, ZORDEAE MChear(L) EELT,
MCear(r) # 0 DIE, L % weakly unobstructed &v>9, HIZ Z DIk,

SBDL : Mcweak(L) — AO
Zm(el) = PO, (W), TEERL., PO, # L DRTV I v ILEEK LI5S,
ROMEIZEAIEOEEE L P md ST 2 A BB X Db IS,

Lemma-Definition 1.4. L 2% weakly unobstructed 7% 513, fEED b € MC yeax (L)
WKHL, mbomé =023 DD, ZDLE,

HF((L,b); Ao) i= H((L; Ag),m?) (12)
EBE., Iz (L,b) D Floer cohomology & X35,
weak Maurer-Cartan JG252 D& 254, KD 31D,
Proposition 1.5.

6b1,b0 . Z mk1+k0+1(b17 . 7b1,$7b0,"',b0)
k1,k0>0

EBL, BL b; € Mcweak([/) 7 51F,

(661,170 o 6b1,170)($) = (mDL(bl) - g’BDL(bU))m (13)
D3RR D j/)go Kz mDL(bl) = mDL(bO) 7 5 1%, (51,1760 o 5b17b0 =0

1.4. bulk deformations. Subsections 1.2, 1.3 IZTTEEL b D (A UL
MCyeari(L), BO, % E) &, VTV I T4 V7 EHE X DI A 7V DICLDE
T2 ENTES | , Subsection 3.8.5], ZNZHLIZINIVIER LA,
DTS AL, NVIEWLBEDZFREE LTIRAD I E3TEL, I 2 TREED
BIRCcEIZT 2, "V IEBEZHOIIEHE LT, | Iy [ [ s
[ | ZHIFTHEL, | ] l22 W T Remark 2.8 (3) ZZ1H,

k1 ko

Sup >0 DL 2 AHTHRD T-HERMHZ G, vp =00 L 25 TETD C D% 2

T 13 2 07 — P REED 4, [ , Chapter 4] #2lH, %7, m(e®) = 0 % Maurer-Cartan
HRE v,

8Maslov #5575 2 KM DEEIEHIF A2 WIRBL (H1 2 1F Theorem 2.3 (1) @IRPL) T, canonical
model 2B} 2R T ¥ v VBBO—MRINFTIZ | , Appendix 1] 1252 TH %,

b6y 13 PO DITFIRTALE G2 5,



2. Toric case

HI i & CORMPZZ U TRAEARRE L %2 255, ZNRIFRT 2 72DI12iF, »d
ARATRTORIEHIMRDOEY 2. 74 2T Lk LT RwoT—ficizvgn
b pE# L WHETSH 5,

Problem 2.1. > ¥ 7'V 774y 74 KkE X L X DMNAC Y%7 7727 Vi
TERRE L 35207 L &,

(1) LITHbEY 2 A RBRGEZ EE &

(2) L 13> weakly unobstructed 127 % 7> % HE+R X,

(3) 2)DEEZDRT v v VBIEZFIR L. Floer cohomology % alH+ k10,

I (2) 122 WTE R ZIRIL T D DRI STV 5 | )
Chapter 3] 23, 2 2 TI3AIET 5,

COffio HNE X NG b —Y v 2 ERET, 2D 577 v Y 7 iS4tk
HELTE—7 AWEDE A LRIMEICEZ 2 2 ETH 5, | I [ B
[ | DFFRTH B,

dimc X =nt¥2%2, XODE— XV 54% 7, 204% P LT 35,

m™: X—>PCR"
& PI3E n ZIGOMBHRTH 2 2 EDHISN TV S, e Int P ICRNL L(u) :=
alu) EBCE, SRR TET FHOWLETH D, T EWIFRMEZ 75027
VISR L D, SITRITIVYTY F =T A7 7 AN LIRS,
Proposition 2.2. | ]

(1) fEED u e Int PR L., L(u) & weakly unobstructed,

(2)

H(L(u); Ao)
HY(L(u); 2my/—17)

LUF, &7 v v VBB PO () % Proposition 2.2 (2) DAMICHIRL 72 b D b
AL PO, () THSZEILT D, W&, e;=PD(T" ' xptxT" ") e H(T™Z) &
B, ERD HY(L(u); Ag) DEFZI S zi(w)e; EFHF LD T aq(u),...,z,(u)
& HY(L(u); Ao) DEREZ G2 5,

i) = e

C MCyeax(L(w)).

EBLE, THULRGZERM
H*(L(u); Ao)
’ >~ (Ao /27 —1Z)"
T (L) 2ny/—12)  o/#mV=1E)
DEERRZ G2, BTV v VBB PO 1, & yi(u) DBIFLE BND,
WE XDE—AVINGROBPBHD7 7 74 V%L ZHwT
P={u=(u1,...,un) €eR" | {;(u) >0, j=1,...,m}
THEZbNTWwE LTS, 22T, j&DOMD (NHE) HEXT7 L
ol ol n
’l)j:(’l)jl,...,’l}jn) = (ﬁ,,ﬁ) S/
104 7 12, Floer cohomology DIEMIRAST DB L2 v 7L 7 7 4 v 7%ic (3 5 — 0 T48 & 1351
12) L BLAFERIGHSESN S, BIZIE. | L[ Ll L 1 ]
REZARG NI,

Hzhnsny—~ATh5 | ] b&IH,
126 212, X = CP™ CIEEHER 77 — 7 —REOB4G, P I3HHE n B,




BB bV THB, TDEE, IR DD,

Theorem 2.3. [CO][ il ]
(1) X 28+ =Y v 7 Fano HHfkD L &

mDL(u)(yl(u)a“'ayn Zyl vjl... )UJ TE( )
(2) X %% Fano Ta\we &
POy (W1 (w), .. yn(u Zyl Vit g (u) P T8 (W 4 extra terms',

EDEBD PO (1 (), ..., yn(w)) 13 u TS TO LR TH 255, Hic
yi = yi(uw)T™
EBLE, KT vy VBZw itk oI &b s, Tz POy LFHL,
POy ¢ (A\O)" — A.
Example 2.4. X =CP" Dt E, v cIntPIZxfL

Tl-ui——un

PO () () = (T -+ g (@I + s

sB’D(CP"(yla'"7yn):yl"’_"'"’_yn"'
Yr - Yn
F=9 27 74— L(u) DHE. POy @%ﬁﬁ'ﬁwﬂﬁﬁ Imb=0%28{ L
Db 25D T, (L(u),b) D Floer cohomology (£ 2 72\ 14, FEEX KDOEHD X 9
PO ¢ DEFAR R AR Z L12X D, Floer cohomology ﬁfiiﬁ'ﬁ.&w‘? A
YE=TF A7 FAN—RBERIIRET DI ENTE S, Thbb,

H'(L(u); Ao) .
T L) 2ny—12) TF (L)) 8) # 0}

%( ) =0 Vi ,vp(y) € Int P}
' 2.1)

u € Int Pbe

M(X) = {(u,b)

Crit(BO ) := {gjz (Y1 yn) € (ANO)" |y

LBV EE, XD LD,
Theorem 2.5. | , 1 7= (y1,--,yn) <5
(1) 5 (1) = (o7 (), X log(y T jer) (KO AU 2 <

Crit (PO ) — > M(X).
(2) POy ¥ Morse DEE, #M(X) =3 bi(X)"

13X 3 Fano O & F3v A0 7483 2 OIEMMMRE DT 2 2L p3C°E, #7 v > v VBIHE Lo
CHIRMICHE T T I LATE 2 [CO] %Y, Fano THWE ¢1(TX)[C] <0 t;%m@mﬂﬁc DIFE
3“5 EICRHBLTANTADI Y, ZORRELTT ORIPKREL RZESRTICHTET, A7
Ve VBIBUE—MRICIZIIRFT E 22 5, BEL < 1E | , Theorem 3.5] % £,
M%%wﬂ:o@i\MHELTHHWM)EEEK&&
ticiz, #M(X) < 3 b(X)



Example 2.6. X = CP" &9 % & Example 2.4 £ D BOcpn(y1,---,Yn) = y1 +

5 2mv/—1
ot Yn T y1Tyn W2, BRI G = e2n+11 Z1DBMH (n+1) FTME LLE
G = (T, L, LT ) e A\O)", k=0,1,...,n.
J:")T\ ’UT(:(jk) = (%H”%H) <

R (- P[P

@2}W1F(L«E$P.“,;%)y@0;A)gIV"
Theorem 2.5 & D BHIZFEL { ROEHBE SN2,

Theorem 2.7. | | TEREDHEH T — ) v 74K X 1T L, ROERFEDS
ﬁﬁ‘a‘ %O
ks : QH(X)—=Jac(POy) . (2.2)

CITQRHY(X)IZ X oRTFareEny—BRzkT,

Remark 2.8. (1) (2.2) D4IE PO D (A EEEIN D) YaERTH 3,
Theorem 2.3 TBR7 X 912 X 3 Fano DHAIE PO v —F VLA R 5D
THEOY IEBTI WA, X 2% Fano Th\» & PO IF—MIIFMEBRHBE 2 5D
THFEOY ACBRDOERETIE AL, H 5D THEMHICBT 2% Mt L0 vay
AT T7NVOMEE L ENDH B, sEL ] | THIHE 720,

(2) RIS ks 13/ 2R —HROFB TR (3.7) THBX2HIIE S q 21
WA 5 2 605, X B =Y v 7 Fano A D &I, HIZIE A,
Givental, V. Batyrev 72 a4 e A4 12 X - T (fak 25412) EORBIIRINT
WS, BURWICHEEIN 2 5.2 TORT E W) XD AZFHE L CRMEZRT L0 b
DTHYH, FADAHE ZRERL S,

(3) I3y v TV 7 T 4y 73 A FTHAPEZRMI A FTIORBIZI 7 —
NHEDO—FETH 5, | , Chapter 3] TIXBRFAMZ I TR L DFELLL AN
V7 (Subsection 1.4) DZE[H] H*(X; Ag) ICA% 7 B R 2% EkAREE (P
Wi [Sa]) DLV TORBLFHL T2, | | b2,

3. Fukaya category

Section 1 TE—2D T 77 v T VBRI LT A REDER SIS Z
ERBRE, ZZ2TIEWL DD TV 5P T USSR DIRICR L CIERE L X
END A BRI NS 2 L2BRD, EEO7 A T 71 [Ful] 1Kl %,

3.1. A, category L.

Theorem 3.1. | | VTV I T4y 2 SRR X OFRRED weakly un-
obstructed 727 77 VP T VA S RIK L, £ % D weak Maurer Cartan JT b; €
MCyear(L) DR DELZE L = {(Li,by)} £BLY, T2T L 7= 5IdH IR
IR D2 EIRET S, ZOELEE, LENROEFGLETE 74V —[{E AL B L
DEET S, Ik LOFRBE LV,

1643013 M(X) O 2 B4 1E Theorem 2.5 (1) D X 91T y; FEEL% o;(u) BRI CHEMZ 2R ET
HEWFFEMPIT 270, y BEOF ERNT 2, TR
ITHISE 2 € v Wi % % 2 2880 st € H2(X;Z2) W st|p, = wa(Ly) Vi & &7 7,



Thbb, LOWNRIE (L;,b;) Ty SR (L, b)) ZULTTldi LMEEET 5 L &, &
D22
D Ap ifLi#L;
CF(Z,]) == pEL;NL; (3.1)
Q(Li}A) iflﬁ :iLj
THY., R=(ko,...,kp) EBL L EGRDIE
mz B,;CF(L) = CF(I’\?(], 161) - CF(Hk_l, I-{k) — CF(I{(), Iik) (32)
T Aso BIFRA
Zim%l("'7mzz("'7"')7"')=0 (3.3)

HARETHDOBEET B,

mp DWERICIE R 2 BIRSEM & T2 0 0BRN EREGHRDEY 2 7 1 Z2[i]%
FAV> 253, Theorem 1.1 1ZHEAFT 7 e B RIE I BN 2, BVESEDE R Z Sy
=oAL 7 | , | Dt E UL O 2 65 Z 2 0 1H 0313
ROBETH D,

3.2. Hochschild (co)homology of £. A, B LI LT, 20 (L B %ZFREL
%) Hochschild (co)homology ZEHA$ %, £9. UM THW 2 Y% 5d T 0
W9, AMBEC IR L, BiC=C® - ©C LU BC=@X,BiC L5 <,

k times

(7272 L BoC = Ag) BC IZIEFRDRERME A : BC — BC ® BC 12 & D RESAIRNEL
DHEEDIAN S,
k

A @ @)= (110 @) @ (Tip1 @ -+ @ Tp).
i=0

A"=1: BC — (BC)®" %

A" 1= (A®id®- - ®id) o (AQid®---®id)o---0A.
n—2 n—3

kY EHRTSE xe B.C I

ATTH) = Y ox @ @ X (3.4)
EEHESETILENTES, 22T cl3xZnflor Y VEBOWICHE T 200 7
ZIRET 2HRTOECGEES,

Lemma-Definition 3.2. LT TE#EI NS (CH.(L),0y) 3EEZ T, Thz
Ao B £ @ Hochschild chain complex &\, ZDOFERY —% HH, (L) L HEZ.
L @ Hochschild homology & \»9, K = (kg,...,k;) & L7 & &

CH,(L) :== @ CF(ko, k1) ® - -+ ® CF (s, o)

O (x) == Z +x3 @ m(x3?) @ x(33) 4 Z +m(x3®) @ xBV) @ x(32),

(3.5)



Lemma-Definition 3.3. LN TE&EI NS (CH*(L),dp) 3EAEZ LT, Thz
Ao 8 L @ Hochschild cochain complex & W\, ZOFRERY —% HH*(L) L3
Z. £ D Hochschild cohomology &9, R = (kg,...,kk) & L& E

CH*(L) := [ [ Hom(CF (s, k1) @ - - @ CF (i1, ki), CF (o, ki)

Sr(p)(x) ==Y +m(xPV @ pxF) @ xPF) + 3~ 2o @ m(xF?) @ x2).
(3.6)

Remark 3.4. Hochschild homology I% Hochschild cohomology LD M#EOREE % H
RICHD (F vy 7H),

Lemma-Definition 3.5. ¢, € HH*(L) 1AL

ma(p, 1) ;:Zim(... co(e )y ap(ee), )

CEEFET DL, JiUd HH*(L) KB EEEED 2 Uk D, HH* (L) (3B
Lz b,
3.3. Open-closed, closed-open maps. &% %[ , Theorem 3.8.9, Theorem
38320 ICBVTHK T VI v T VEITSIRE L C X 1T LT, s 0 BEF & L
BRDEY 2 7 A 22 D interior marked point, boundary marked point % % #1Z 41
WHMELTHWS Z LI D ROEGERERELL 7,
p : HF(L,b) » QH*(X) s.t.p=1i mod Ay
q: QH(X)— HF(L,b) st.q=¢" modAy.
CITi:— X BUEEMT i 1F Gysin G4, mod Ay 3R3% % Ag/A 2 CIC
BILY 5 2 E2ERT 5, IETIE p ZRPAGHR. g ZPAREHR LT 0C,C0 & &
EHLABADL VL) TH D, TNERESE L oGaIc— LT 5 2 LIZEENT
b5,
Proposition 3.6. | ] XD AMBEDH p,q T, £ ={(L,b)} NIRHME—)
DEEBT)Dp,q IZ—HT2HDVBHET 5,
p: HH.(L) - QH*(X)
4 : QH*(X)— HH*(L).

(3.7)

(3.8)

I, qBHERISC 2 D p I3 QH(X)- DS &7 5,

Remark 3.4 12k O, HH, (L) & HH*(L)-MFEE B Z 223, BT (3.8) DERHERHY
g QHY(X)—> HH*(L) ZFHTHI L Tp 2 QH*(X)-MEFDF & A2 T &3
TED, LV DDBRBDERTH %,

$p & qIERDERTH I TH 5,

Proposition 3.7. | | fEED x e QH*(X) Ly € HH. (L) IZxf L

(@), y)rm = +(z,p(y)) POy

DD LD, T I T, (-, )gm (& Hochschild cohomology & Hochschild homology @
Fl A7 pairing T, (-,-)ppy (& X D Poincaré pairing # &7,

Bienic 2z DR —3I v 7L LTkt 2Bk v EES,



Remark 3.8. (1) LOBOFEIFEBEICIEL 7 DETOX D TH 225, p,q ZHEK
?‘Z)B%‘@Tg@jo)ﬁlf)757%%?11%11?%&%@?%“6’20& W 2EERS B E % D,

(2) X %% Liouville %k{k (FficdEa > 7 +) OBAICS. Ganatra (F[FAERD R
WEZ R L7 [Ga)e Tk DHBAIZ X Sav iy ]‘tf@“( QH*(X) kT Poincaré
pairing 236 ) (1) DEHOMEZ 7V 7T UIRIIESTH DI L., KoL
FIEa 7 PO ZOETIEH L B, (%%:n%%n/‘ Db hlicyr 7L
T4y 7arERY— SHY(X) %2525, —/. EO5&IX, Liouville ZHk{AEN
@%é&?ﬁ?y&?y%ﬁ%%%%&ofﬁbmmmﬁt 53T Z DRUFE %
ICHRTH L w,)

3.4. Trace map. KA L DHEDZEME CF(i,j) ICRICX D WEZ ANS,
i('a'>PDL if Lz:Lg
<'7'>L =< 41 ifpi,pj € LiﬂLj
0 otherwise

WELUL=UbW) 2LV TVITAy VAKX DT T 7027 vilnshk
FOLIERBELE L. LUUDKRRD F T 5> 27 VI SRRAIE L ITREWTIC L
LLERETS, ZOLE, LUUILD A, BOREE ENENAS,
Definition 3.9. | il | A BRI GG
Z : CH,(L) x CH,(U) = A
’S:XGC’H( ),y € CH, (W) IR L,
=3 mEEY, 1Ly, L) myE, fLxE), ) (3.9)

c1,¢2 f1,fa
&.%&b%o Z :TZflyfz B fl € Uv(cz;Z)an(cl;l)va € Ln(cl;Z)mUv(CQ;l) %% f17f2
Zblb, 2L, k(er;l), k(er;2), v(ce; 1), v(co;2) I

(251) (2;

x(V =2l @ @ag,), vaY =yt e eyt

ERLIEE,

27" € CF (Lig(eyny, L)y @5,y € CF (L, Ly 12)),

y1* € CF(Un(cs1), Uvr)y Ypleyy € CF(Uvr, Upey2))
EBDEIBNROBTTHD, £720 f1 € Upiego) N Ln(ey;y) PEE fY IEFREL
T h EAUTH 2D LY € Loty Uiy £ ATV 5. ATAOWHIE LUU LD
W (-, ) cou 28T

DLEE, EERFICL D RBDD S,
Lemma-Definition 3.10. x € CH,(L), y € CH,(U) IZAF L.
Z(0gx,y)++tZ(x,0y) =0

DD D, ko T
Z : HH.(L) x HH,(U) — A

Zh| I 9, INn%z Trace map & L5,

Theorem 3.11. | Il | fEED x e HH.(L), y € HH,.(U) IZHR L
Z(x,y) = (pc(x),pu(y)) PDx (3.10)

DD 2D, TOFEXIZLIXLIE Cardy relation &IN5, 22 Thg,py td L, U
CBIT 2 p 52T,



B Proposition 3.7 2 A% &
Z(x,y) = (Qu o pe(x),y) mr- (3.11)

Theorem 3.11 DFEHICIZ, P21 FADSDREBKRDEY 2 74 2z 5%, 7
Z2 T AV DREGRDEY 27 4 Zflio7ikmiE, PR [AD], | 112dH 3,

Remark 3.12. (1) | , Definition 1.3.22] Tl A, RE D& (FEAE T
RB—DDHA) 12 Trace map AL 72, BB ~O—ILIZEENTH 5, 1
H (3.10) 1% | , Theorem 3.4.1. Proposition 3.5.2, Remark 3.10.18 % /4 X]
AL, Zduza v 87 b =Yy 2 SREDG IR RV — BRI

: QHY(X) — Jac(POx)
DQH*(X)BLU Jac(‘l?DX) FoOWEZRD & W) BELRRZEE |
Chapter 3], Remark 2.8 (3) TliR7z 7 @ R=7 Z LA ED R %2R $ ¥ — é:
%5,

(2) D. Shklyarov (#3712, proper smooth dg EIZ%f L T Trace map Z K L 72
[Shk], N. Sheridan (Z 1% A, BOEEICEZNIC—BLL TW»5 [Sh],

4. Generation critera

M. Abouzaid % [AD] IZE VT, X A% Liouville (A T4 7 77 v ¥ 7 Vi
LRRIED 75§ VRIS OWT Z DETCDHES {ﬁF’E'—i‘Kto Z DYl Remark
3.8 (2) THN L HIT, NTABRISTZNICIELRIEY 2571 Wfﬁﬁ@@ﬁﬁ
BHEHICED, SITE, INFTORYDIERZM T, DAy 7 b7
v7%4/7%ﬁ¢X&mé&i@%&wnvﬂﬁkﬁfﬁyy7yﬁﬁ%&W®
BIRBEOG A ICHESRT 252 5,

X %2 //\7 ]* STV T4y VERRIRE L. 2D H 5 HRMED weakly unob-
structed 2> D H\NTHEWINIC D 2 T 75 ¥ T VT S RRIA D1 {Lz} & Z D weak
Maurer-Cartan 7 {b;} DX DHEA L = {(L;,b;)} 7*5 Theorem 3.1 12k D354 5
FREZ LTS, 1x e QHVYX) ZRTAaFERY —HOBIGE T2, 1x 1F X
DIEARFDORT7 VAL TH S,

Theorem 4.1. | | EDIRDLT, TRAHE L I35
lx € Image (p : HH.(L) = QH* (X)) (4.1)

ZHILLTVLERET S, ZDEE, EED (HD) weakly unobstructed 77 7
FUYT VALK U & Z D weak Maurer-Cartan 7t by ¢ HF((U,by); A) # 0
ZAHRITHDITNL, (L,b) € LSFIEL,

PO, (b) = POy (by)
DD 32D,

ZEBAIZ 1, Subsection 3.4 TEA L 7z Trace map Z % V>, Theorem 3.11 234
BicHws N3,
2T, A= RO, (b) = ROy (by) LE <.

Ly = {(L,b) € L | 0, () = A}
EBE.L\DRT LD A HOEZE LyCcL £T5, Fi,
UAZLAU{(U,I)U)}

191 , Theorem 1.1.1] & 1 ks I3ERFETIELER,



& B & Theorem 4.1 & ) WEGHH G Eild 2 T HALEET
I, : Ly — Uy
DFET 5, TDLE,
Theorem 4.2. | | I IEROEREOFfEZ 5] E ik 2 320,
I)\ : D’T(L,\)L>D”(UA) (42)

Thbbt, PO, (b) DIEH N TH 20RO 7% TERBOFTIE, HitemWR (U, by)
BARETH Y, 5 (4.1) ZARLTHERE L) BHNT I EVIETHD, 20
HRTHEM (4.1) IFERBEOERZBERT 25040252 %, 5 (4.1) IFHEIZRDS
freEfEiTd 5,

Theorem 4.3. | | St (4.1) 1EFRD (1) £721% (2) & [FlfE,

(1) p 1FaHg

(2) q 1L HiET,

Thbb, Gk (41) 2R TERBE L X, v TV 7 T4y 74E X 0T
AFERY—DEREZITRTHLoTVB EWV) T EIThD, o T, RPFEAREL
%5,

Problem 4.4. > 7V 7 T4y 748Kk X 856Nl & &, & (4.1) 2 A%
THAE L %2 /o0 &,

REITIE X BN b= v 7 ERIEDGEICZ DB Z HIT %,

5. Example

X ZHgNR r =Yy 74k E L, DUT Section 2 Dtz 2D V2%,
(2.1) TEEL % Crit(PO i) ZH\T

= {(L(u), ) | § € Crit(PO )} (5.1)

9) |
&<, Theorem 2.5 £ 0, fEED (L(u),y) € LT L. HF((L(u),9);A) #0 T
HBHIEITHER, TDLEE,

Theorem 5.1. | | L3S (4.1) Z A7, KT, £13 X OFERE (D&
KE) zEKT 5,

Proof. GART : HH*(L) — Jac(PO ) ZMEHK L. X=X

QHWXy—iaHHﬂQ

Tk

Jac(POx)

%1% %, Theorem 2.7 & D /NP ARV Y —EM ks ZFTD 2, q (GHGE, PO
Proposition 3.7 & » q I&424/, O

204, B twisted complex 2> 5 =MAEZIED (27 ., HOMEZEYELTHONZbDEMA
2), ZOBARFHERME E o bDE D™ LEL, FERVY NI 7 =ML E 2 2BRICLE,
Bl Z1E [Sei] 2,



Example 5.2. (Example 2.6 Dfii &) X = CP" DL Z, BOcpn(Y1,---,yn) D
ik, Cn+1 1 DRI (n+ 1) FERELT

Jr = (CE  T71, . ¢k T7), k=0,1,...,n

n

THEZzZent,

1 1 .
o= {(e(amr ) ) [K0tn)

EBLE, 2N CP OFEFBEOESItE 52 5%, TDOLE, PO pn 1& Morse T

BOcpe (f) = (n+ 1)¢ T
W2, (n+1) HDRAEIZ A H®R %, 72, C-H.Cho[Ch] DFFHRIZL Y. Floer
cohomology HF ((L (%H, cee %ﬂ) ,gj’k)) 13 POepn DNy T T VIT associate L
7z Clifford A& L AT 7 %, C. Kassel[l[<a] DFEHR (D A i) 12 KU, Clifford
&P Hochschild cohomology (& 1 XJtiZ % %, &> T L @ Hochschild cohomology
13 1 RITDEMN 3R L
HH*(L) =2 A9,
—Ji, CP" OREFafEny —BTPHIT
QH*(CP") = Afy]/(y"*' =T) = A®(+D
EEMSRT 2 2 EMAONT WS, XoT, OBRAREEERICX > T R
QH*(CP™) = HH*(L) = A®("+D

ZHERT A LTE B,
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DNV FFEM (RPHESY v Z7VFEM) ITET 5, Ny FFEMiE X, BOH. #&AH
DX 1 DERZJFIIEIE TH 5, /3 FOEITLUIT, FOH, igAHDME L
TWwb EE, MEICHEFIL 72 (coherent) Nv FERMiE VS, MEICHEFHL 72N FF
g, #EAHDOHR D Z 12{b3 ¢ 5,

L XX

B 1: f5VH. #&ABH OB ZICFEGE L 723> FFAili,

Frio, MOIRF RN Z R 25 2, oY 2 AW E2EATS L, Z
DN FFEMEH O H /A H O ZICFEGE L 7 /\/F?ﬂ’ﬂ:?ﬁf%o A X [2] I8 T,
DNA #H#a 2 B > A 7 L Xer-dif-FtsK 235H#8 2 1< & D BREIVIZ DNA #& A H % fid ¢
W3] DR Z ML TWw5b, 2T, @@@DNA@F$U/ ZIX2 DRI
AT E T o b =7 ZFEAHT(2,2p) TH D Z EBASNTE D, MELD
Mz o X ) HHABAENEEBIN S, ZOEBRTIMIRZ OFMOEDI2 DT
Hold, EEYE, BOH» 2ROMEAR E RS, KBRF—4 3 IckEIE, 90
MEAHIA Z 12 X D DNAFKSOH, #AHDRKREDWAT 25 LIKET %,

EIE 2.1. 2] DNAOMEAZ 2\ Z I T 530 FFEMTTETMET 5, DNA R
ZDINT XY T(2,2p) 06 HHAAEHBEF SN & L, KR IZRBEOMIAZ 2

AWFZE IS EHITE (GRER 525400080, 26310206, 16H03928, 16K13751) DBk %2 Z 1372 DTh %,
2010 Mathematics SubJect Classification: 57M25, 92C40
¥—vU—F:#H, ®9 T, DNA
* T 338-8570 hf%éwtim&EFﬁR%xw BERE REBEE TAAEsERt
e-mail: kshimoka@rimath.saitama-u.ac. jp
web: http://www.rimath.saitama-u.ac.jp/lab. jp/KoyaShimokawa.html



RERHEEWS TERET S, 2L E, MfaziZ2phlThh, BS54 5 DNAKE
OH. #AHEK 208%, F—7 A#AH, #OHT(2,k) TH S,

QPO RDO=

2. T(2,2p) 10 & DEMMRA DTSSR E T2 LITET 2 &, $kIE—TCEE 2,

RIZ, T(2,6) > 5 DA ZIC X Bi&H HIRHRERICOWT, @21 0kKEZ, DL
§9¢ 7% LMo B BN S,
IR 2.2. [5] T(2,6) 25 6 FOFMAZ CHWHAKARDE N LT 5, Kl T,
REBDEDL SO T5 LT3 L, ZORIEIIK 3D 9ODFEHEDLTNNTH 5,

signature

crossing

X 3: T(2,6) %> 6 ORHAZ I K 5 9D DA H IR FER,

EEE2.2 DEFINCIE, M FICEFIL 72Ny RRi LA HAER & DBIR[6, 7, 8] %
ZHVTw3, ZoOREICEET 25w E LT, [9, 10, 11]3H 5,

3. DNARBEZ DX =X I

RIZ, MIEZ DA H = AL DFEHZLITH , THUIBAINICIE, NV FRITORIA T I
W9 %, DNA O Z IZFEOH EEAHD NNV FREfTCET MEIN TS E L,
Ny FEREMIBFEOH, AHDOAMESICAFAL 72D TH B EIRET 3,

3.1. INFTTORER

AL 12 2BV T, KT E DV 6 B0 D +— 7 AfEAH T(2,2k) 25 HH
BRIOHANDOAZICFEGAL 72N FFEMiE, 74V PE—T-BEAR5IL2RLT
W5, o, WX [13]IEB VT, M O 2RO H N2 s RO TIcmE D



F S NTFEELOD b — 7 ZAMEAH T(2,2k) ~D Y FEMORHUMN T Z2FT>o T3, 2
NDIETIC D, [14, 15| FDO NN Y FREMODEIA SN TV 5, T s DOfEHRIE, DNAE
ez DEBROBRIC, DNAFEOH, fAHE LTHN2 b DITHIEL ., DNAfH#EAZ D
AN Z AL ORHEM T IIEH I LT 5 2, 16],

3.2. 77 AN\—#EHB &/ RF

T, 77 AN AHBDO NV PR OREAHT ICBE T 25525 [17] 20T %,
NY RFEMB7 7 A N—FEAHDA A 7 — 8% 2 L L3¢ 285615, IR
K DREMNIPHEINTOS[I8], 22T, I TRAAL 7—EDTEILZIED LY
HOREAT 21T,

F9. MEOERTHh 2 LI Ntchy PNV F 4 v IR EAT S, hy TNV
T4 Y7k, HIGEYNCHEOAE NN Z > T, Ay 7227 A% 73V
785, —RibShicmy FIXOF ¢ > (17 ik, i F Lo 1R THERAT %
IMETUNOF =00 &7 b D2 HE L, IDORRIC FIC I AT RN b2 MA 78T
LY F = FUbZRRT %, COLE, FIIF »obiliioe—MbInsry
TN ThA v TR LW, LI NTcHRy TN T 4 72O TE, Ken
Baker [G[19] 12 &K D E L Wiz Tw 20T, S L THEZ\»,

X 4: —ffbEntry PN F 4 v 7,

LELD%ZSDOMAHEL, IZLD5 I oMAHDMEICHAFL 72y T
MicEoil, 4 78O T (L) > x(L) 2T ET 5, ZOLE, LiZb%k
G kI RER (taut) YA 7 =)V PR RO [12, 20, 21], 7 74 N—fg A HOGE
i, BIRYA 7 2V PANEZ 7 7 A N—HHTHT & 72 B

EE 3117 LELZSBDfEAEE L, LIZL»5 0> EICHEGHL 7o
FEMTREsN, (L) =x(L)+ 12T ET2, COLE, UTHRLT 2,

1. L7 7AN—AHET D, ZOLE, D7 7ANN—(AHERLZDIZ, L
D7 7AN—WE F23, L' (BE) ¥4 7 =)V Ml F' 25 012> 72—l
INtzhy IR TFo v TN BEETH D,

2. U7 7AN—MAHET S, ZOLEE LB77AN—AHELRZDIZ, L
D (BIR) A4 7 )V VHE F2S, L' D7 7 A4 N—ilid F/ 226 b2y > 7= —fiL
INTHRy IR T v THEons EEThH D,



COEBDRELT, F—7AHUOH, #AHT2,p) o361 5 7 7 A N—ifgs
HOSEZITH) 2 K5,
}32. 17| L'HBL=T(2,p) (p>2) 6 bilihr>7MEICHHT 23 FFRMI¢ES
N L, x(IY) > x(L) ERET 2, ZOLE, IDPETHIUE, I'=T2,p-1) &
7O, LDEFERCHIUI L = T(2,p)#T(2,p2) (pr,p2 > Lpr+pe=p) &b,
52, N FbD7A4 Y FE—HLREMN oD,

ZDXEHINY FO—oDWEX 5 IZZET 5,

A;
"/ "/ "/ "/ N/ N/
V V V V V V

/\ /\
/\ /\ /\ /\ 2\ /\
A A A A A A A

B 5. T(2,7) 006 T(2,3)#T(2,4) ~DN v FFAfi,

v

LK

Y,

q‘\\

I

R

FZ32LDHEIDSHIONTWAHEREZH VS &, M2, 3IcHHNE % Ofl#az D X
AZRLZEZ2ZEBHKS, $7, @mX[1TICE VT, 7 74 N —f&AHBD

N

ZAERHIZ OB T DM D IT > T\ 5,

MANZICHEFTIRRBO MROY —

B, Z3ERTOHE 31 KD OBIRIE TR S LT % [22], Z D3 DERIZ, #&
AH. HOHNEEZZZ 5 (reconnection) EFFFHTRIR T IN TV 5, ZOEEH A
Y FEMicET MEENE 720, ZOTHAOFROHMGREFEOEHMSHINR SN S,
COBGICBIT A3 E LT, [23, 24] 3PN B,

5. MR TFIEEADIGA

5.1. 2 FELEYO MROY —
FHLEREZDFHRHEMEREICE T, kL %77 7 oGz R >LBIRE D1k
BURERINT S, BIEDOWIET, 2MRERT 7 7 K3 DGz Ko7 e
PIDREL S 4L [25]. AMSD Y = 7 R—=YTHD Eifonrk, Z20k)nR0b L
I, BUE, BEERFOERIBIRY K #OHOMAEZIT>TE D, SHBZN6D LD
LR OWFZE 21T 9,

5.2. mATILEYDORmAEE ZDIGH
M4 7277 7 DfiE 2 RO EERRE T TLEYBERI NS IR Y, (LEYDmbic
BN R mBREIC 2 ) YA IV a0 7 7 0ombarifToTw5, Z Dbk
&L NI LAY OANEE L OBEOWIZE 21T > T 5,

Bax 305 77 7 D@4, (d,--,d), DIBEODDTHE, 2ZTTI77G
RL. (di,--,dy) & GOBRTERDRXBDOINTH D, LIFGDV—TH, kiZZzNns

><\

P

il



D—HTI25E5DEETH L, HlzIX, K6D7 7713, G=(5,3,2,2)1 = (5,3,2%)}
EMEEN D, ZOMmAER, fEEEOWIZED 7 DI [26) ICX D EAINLDD
L. BRI %7 B,

&) %77 7EZR L ERRED FHLEYOAIE L, Zh oD X H
M2 W3S % R0 HLEW D & DIER TR E DR 27> Tw 5,

M6 777G=(53,22)1=(53,22)1

6. I FREOCEORENENITY hOE—

R NS FHNDFEOREICR L, IR AT v 787 EDOMR 21> T E 7 (27, 28, 29],
DT, (2x 1)-F 22— 7 (R x [0,2] x [0,1]) HOKFFETHICOWT, 20D
TRBEIBIIE R ICBI T 2 KR 2 5T 5.

VIS OIAEF N K OH (FHOH) 13 H CHERR AR (self-avoiding poly-
gon) DHITH 253, FHEFEND DNA® Y V7B EOBRE DT (R)<2—) @
ETNELTEAHeENS, ZOREHENIT Y b o E— YT 2 IRBEIBIIE
K (exponential growth rate) (&, PIMEEOMIAITIIHE LD DTH %,

R? DR ZIGER & T 2 T HNORE I I DR OH DS Z p, £ T 5%, p,ldn
DIINS Bz, FRBEIBENHINT 2, £ = lim, oo n ' log p, Z FRBEIBATEE R
EE W), CEFEOBEMETELE, p,(K) TREnD KD FECNH OB ZEL .,
k(K) = lim,, o log p, (K) TK DIREEIZIIREEZ LT, £3, HHAKEHO, I
W, K(0)) < kDVREN[30,31], 2D EDS, TRV H HH RS
OCHICARZ Z 83, RBBIBNICRTH 2, J D)., SHIC, ERDOMOHAKL
IZDOWTR(IK) <k THB I EWRINI[32], LA L, TEDRTHIZOWTH HEHE
BN RIED =BT 20802 &) MERBETH R TH 2 ([33] 2,

L [29] 1B WT, (2x 1)-F a—7HOKHIZ, 2GR OH. /i3, Z OmEifEH
THHIEEZRL TS, £, 2x1D)-Fa2a—7HOBFARERHIZIBELTH, HH
BAEH O IZ DV T R(0) BFEEL O TREW I ARSI N T WS [34], ST,
(2 x 1)-F 2 — 7HBADEEOF OVHICOWT, LEloRMEE @k L7,

EI 6.1. [35] K& (2x1)-F2a—7NTHEBTELHUOHMLET 2, TDLEE, x(K) =
H(Ol> VG% % o

ZOEHIZ, ROEREHCTRTZ EBHEKS,



EHE 6.2. [35] K ZfOHBB KL TH S (2x 1)-F2a—7THOETFHOHLET S, 2D
L&, KORIKIET 2 HRMELE OV 22N, Z DT clvw Ay - 2AT S
E. KZHWREFREOHICERZ 2 2 LR,

R AR

X 7: 3, DT OH, KDOEDOWIEAED & AR AELHIINIGT 5,88 — v
ZHAT S E, HHRKBEFRHOHICEETE %,

W
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Non-Kahler complex structures on R*

e EHE (TGRS W)

1. TEEEEDE=R
AR TIE, 240 Antonio J. Di Scala (Politecnico di Torino), Daniele Zuddas (KIAS)
& EBIT 1 ITBWVTHERL L 72 R* (253 [AIFH 72 non-Kéhler complex surfaces O35
OO 7232 MBI DWW TR 5.

(XL ®IZ, Kihler MEOEREZMRBL TH I D.

# 1. (M, J) % complex manifold &9 %. M EIZ complex structure J & Wiz d %
symplectic form w 3FET 5 & &, (M, J)I% Kéhler THDHE WS, 727EL, wJ &
WNLT 2 EIILLTFO2005M 2= 25 ).

(1) FEED O TRWERY My e TMIZH LT, w(u, Ju) > 02363 (tamedness).
(2) (EEOEANT Mlu,v € TMIZX LT, w(u,v) = w(Ju, Jv) DAL (J-invariance).

B @ complex manifold (Z/AFTHYIZIX Kahler TH 4006, FEEIL complex structure
EWNLT D w DA KRIIZEIN A0 E D0 Th D, TOEMIZEWT, Kahler Ml L O
non-Kahler M£/% complex manifold ORIk HEE TH D (Z Z TF 9 Kahler MEIL[E
7€ L7z Hermite H&IZB4 5 Kahler YED = & TiE72 <, Kihler FHEDEIE & FfE T
HDH I LITER I - FEEE, ANE3]-9], B [11), Siu[16]12 Xk 5 LL T OEEA
MHENTND.

FE 2. Compact complex surface (ZB8 L C, Kahler Toh 5 Z & & first Betti number
by MEETHLZ EIZFETHS.

2%V, compact complex surface DA 10 VYD AR B —DFRO AN S Kahler
P, non-Kahler MER3RE->TLE 9. —ROEITITEBWTH, compact Kéhler manifold
DEEIR Betti number byj 1 1TMBETH S, &9 Hodge theory 27D DIk 3 8- 7.
& Z AN, non-compact 22 AT HITCZ O L5 BRMEREIIE Y SET 2. FEEE, TR
@ connected open orientable 4-manifold {% Kahler complex structure # §F& 95 Z &M
HMHNTWD., BT KRITOEEICYH, by DNErED Stein manifolds WIFET 5 Z
I TCizhns. 2D X 51T, non-compact complex manifold DHE, D FAm
T —DIF#HRTZT Tldnon-Kahler P2 7~9 9 2 TRITNLTZ 2. ME—D TR0 ZIRD
fHETH 5.
fHRE 3. AT Y HICHAL compact holomorphic curve %5 #¢ complex manifold
X non-Kahler TH 5.

REBIIAR S TR S Toh 4. Kahler manifold (M, J) N® compact complex curve C' 1%
J L WNLE % symplectic form w2 L, [,w >0 &2 20, ST UMIIIHH

*e-mail: nkasuyaBsi.aoyama.ac. jp



BHTHAHAEWNWIFEITDOZ L THA. LL, ZOMERHENZOFFICBITA LSOO
EEpHL A, 3T, FxoOMEIIRO@EY THD.

B8 1. R?" LiZnon-Kéhler complex structure [Z7FET 5 0> 2

ZOMEEZn = 2DBEOHRRMERTH ST, ZIUT DWW TRHEIZHB Lz
T n = 1084, &£ TOcomplex curve | Kahler 72D TE 2 1T LI No TH 5.
—77, n > 3D%HAEIE Calabi & Eckmann 12X 2T Yes THAHZ EN/RINLTWNA.
1 5131953 4RI 2 D DA IR ST ER T O [ELFE _E D complex structure LA D X 9 72 51k
THERL L7z, £, 220 Hopf B4 h,: ST — CPP, h,: St — CP? DEFEE 4
hpq: G2+l G241 s CPP x CPY% &5 E, ZhiLT? fiber bundle TH 5. ZZ T
modulus 7 @ elliptic curve S(7) & & 5. CPP x CP? DIEHER) 72 JEREITE5 5% {U; x U;}
0<i<p 0<j<q KL, UxU; xS(r)#q0AHEEDHZ LI2EoThy, B
holomorphic 7?2 fiber bundle & 72 % & 5 72 S+ x 524+ | @ complex structure 23K
END. TN F4 7 Calabi-Eckmann manifold M, ,(7) T& 5. ZD M, ,(7) P open
subset ZR D X HIZHLH Z & TR*™ (n > 3) L@ non-Kéhler complex structure 2345 5
NoHOTHD. £7, ST x 2 O BIRBRIESEIZEY, ZOREKKILEMIXKE
)9 % M, o(T) D open subset & E, (1) £EF. b Lbp>0,¢>070561F, E, (r)i%
hypq DIEL A E D elliptic fiber Z#F A THEY, Loy R2PTHD LEASFRATEAS, T
LT 3128 Y, non-Kahler T A Z EDED (n >3 WD FEMHEIE, n=ptq+1,
p>0,¢>0nbHRTND).

TIEFEEEIZ L TR £ non-Kéhler complex structure Z 4% C& 2 TlXan vy, &
BO2h LWy, ZRIRFRETH D, L5 Db My (1) 13 Hopf surface & —2
T 5728, Egi(7)1LC? D open subset N HTHDH. > Tn =2D5HEICIE, Bl
TR —FNRBELRD.

ZZTHEANEA LTEOR, BMAERK EFEABRRICE - THAINTE ST D
S? ~@ genus-one achiral Lefschetz fibration O] T 5. Z 1% Matsumoto-Fukaya
fibration EFESZ L1ZT 5. ZOHNTARIT FARr P—f@mlizBWnW T I<monzt o
7273, positive singularity & negative singularity 2 1 >3 >ff>7=8, —R 25 L HFE%K
il LT BHRN LS ITlbinsg. L L3R, & DOME—D negative singularity %
ETed-ball Z IV FRONT L E AL, 720 OFDIEIR LHIFEFETHY, Lo fibration
D% Z ~DHIFR2S holomorphic & 72 % X 9 12 complex structure # AiLbD Z ENTE 5.
95 &, % ® holomorphic fibration ™ regular fiber & L T elliptic curve 23& £i1L5 D
T, i 3 X0 R* Lo non-Kahler complex structure TH 5 Z & N5, ZHnE
FIOBIEOMETHSH. AH, FEFBIILLTO®Y TH 5.

T 4. 1< py < py! BT TAEEOELOM (p1, p2) 1K L, LUFOEMZT
complex manifold E(py, p2) ¥ & O surjective holomorphic map f: E(py, ps) — CP 3
FIET 5.

(1) E(pl, pg) 6i R4 kﬁ%ﬁﬁj\lﬁﬁ‘ﬁ



(2) £750) 1% f OME—->D singular fiber T ¥, node % 1 -OFf- 7z immersed holo-
morphic sphere TH 5.

(3) f D regular fiber X 2FEHH ¥, embedded holomorphic torus & embedded holo-
morphic annulus T 5.

i Z DEFZFE T 5 72 D1Z1% complex manifold E(py, po) 2R L 72 < TiEe b
2WNDT, hARaT i fﬁ%’aﬁ TR+ THD. LarL, iFE D Matsumoto-
Fukaya fibration ® 422> & negative Lefschetz singularity ®irf5% < D ¥a< & H
TATATIZEST, REZ20ODE—A~FEHIIIHHET HZ LN TEX L. ZDOHNE
D E(p1, p2) ZHED GETHKRT 2720 DR E 52 T<NLHDTHDL. £LTED
2 OD B —AZNEIUT complex structure # A#l, AV biholomorphic 725 Y &-H-18
I Z+57E L, biholomorphism (Z & > THEHTHIRLE YD G 21T 5. £ OB, BREHXZ M2
7RG, R | U H VALV A )Y Matsumoto-Fukaya fibration & [/ U272 5 & 9
YN RE Y AEfEE A2 R E L CTRITIE, A% L 72 complex manifold 73 R* & #45 [RIFHIZ
RLEIITAL PR LTEDLENWI ZETHD. TOFEMIZONTIE, 28 - 38
T RHZ &L &9 5.

4 FET(T complex manifold E(py, po) DHEEB L ISHIZHOWTEFEL S ERD. £D
IBLBERLDENS ONETLTRALTEZ )

ET (p1, p2) # (P4, ph) 72 BIE, E(p1, p2) & E(p}, pb) IZH T biholomorphic T2\,
W) T ERBETOEND. DT EIE, E(pr,pa) LD compact holomorphic curve D4y
HERHWCERAT 2 2 N TE S, R E LT, R EICIFIERTEEERRE O non-Kihler
complex structure & % Z & B0 5.

oI ZNERAATIIE, E£ED connected open orientable 4-manifold (3 3F r] 5
FRAE D non-Kéhler complex structure Z# A7 5 Z L3005, T EHBR72@EY,
Kahler complex structure DIFFEIZ DWW TITEEI HILTW DD, D IHARME 2 F71% CP?
DI OIAFZ Al > T complex structure Z 5| ERETEWVWI D ThHo7. ZHEFLT
ZEEATEIE E(py, p2) D 1A blow uplZE Wz TITHDTHS.

BROFFOHEIZONWTHIRRTE I 9. E(py, pe) OEFUL 3R TTERIRIZH4 57 [RIAH T
503, complex manifold DN~ L7Z1FHENIT 25 Z L 12 X 5T, strictly pseudocon-
cave boundary (295 Z E NIk S, 29 LT TEH =R L overtwisted contact
3-sphere ThH D Z EBFFHITRIND. DFEV, E(py, p2) DEF O 2D LIZTHI
% Z LT, overtwisted contact 3-sphere ™ concave holomorphic filling Z %9 % Z &
N TE 5. T overtwisted contact 3-manifold @ concave holomorphic filling @]
&')“C@W“C“g?)é SOICRIEM E LT, E(py, p2) XV 0372 % compact complex surface

CHHIOIAE NN E WS Z E b 0D, R ER D, overtwisted contact manifold |
convex holomorphic filling ZFf 7272\ 6 TH 5.

ZDXEDITAWIE bR a P — « WA T DL~ b AR BBl S T D 43 B

WRESEHBMTE DL W) RBAFR TR OIEATLWI ETHDL. £ TIE, ZOFED
R & 72D E(pr, po) DHERLZF L ATWI 9.



2. The Matsumoto-Fukaya fibration

1980 AEARAT AR E R K EIERBIERITLL T O L 9 2Bl KL - TSP S2 A~
genus-one achiral Lefschetz fibration Z%§ i, L 7= [10]. £ Hopf fibration H: S* — CP!
L ZDsuspension YH: St = SBEHEL, TOEK fur =HoXH%2t2%. 75L&,
furr @ regular fiber 13 2-torus & 720, suspension ® 2 -2 @ pinched point 2356 k& 9 EIE
& A D Lefschetz singularity & 72 5. Z @ torus fibration fyp: S* — S? Z Matsumoto-
Fukaya fibration & FES.

fur \ZIX7272 2 D@ singular fiber 3% 5. EO singularity 2 £ 45 % Fy, A D sin-
gularity Zff> K% [, & LXK 9. 5 &, ST F| ® tubular neighborhood N; & F,
® tubular neighborhood N, DALY G & LTREDL Z B 5. EHEE, S* %
S2=D,UD, (772U, fur(Fy) € D;, 0Dy = 0D3) L 250 disk DRUSME L= &
X, Ny = fi0(D1), Ny = f1, (Do) & EFRTIUIMENICED L S 127> TN D,

fur D N; ~OHIREZ f; LB 9 (1 =1,2). $5&, fi: Ny — Dy ITIED singularity
% 1 D721F F5D genus-one Lefschetz fibration TH Y, fo: Ny — Dy IZE D singularity
127 TF> genus—one achiral Lefschetz fibration Td %. Monodromy (€ L€
vanishing cycle {27y 7z right-handed Dehn twist, left-handed Dehn twist & 72 5. #€-
T, ON; & ON, iﬁ%ﬁ (Z A\ M Z orientation reversing diffeomorphic Tdb 5.

WIZ, ON; & ONy 1F E D X 9 7z diffeomorphism THEY B I TWD DN EF- X
D IHLH. EOHIZKirby diagram Z L% . Matsumoto-Fukaya fibration @ Kirby
diagram [ZH 1 DY THLHZ LN LB TS (Bl 21X [13], Figure 8.38 &) .

?ﬁﬁ

1: The Matsumoto-Fukaya fibration on S*.

U2H3UH4

Z O diagram Z#B L L 5. £7, 7 L—0DOF 31X 0-handle (2 2 -5® 1-handle % B
V& >H 7= once punctured torus &£ 72> T 5. ZZ~4250 2-handle 3L FD L H I
HED 65, £, framing 0 @ 2-handle {2 & - T, once punctured torus @753
SN Ttorus &£ 725, ZAUH torus fibration @ regular fiber IZFHY4 3 5. X HITA
o> 1-handle % i@ % /& C framing —1, framing 1 ® 2 ->® 2-handle 23850 117 S 5.
INBIFEENZEIIE & A D Lefschetz singularity @ vanishing cycle (Z%f it~ 3% 2-handle
Tho. %2, AR 1-handle Zi# 5 JF T framing 1 ® 2-handle 23450 fFiF Hi 5.
#& 8 Z @ 2-handle 73 ON; & ONy /50 SO HERITE S D> TWNWDH)pEFR LT
HDOTHDLH. #-o>T, ZOdiagram PO nb Il tazELOLEROLIITRD. F



9, 1E & A D singularity (2% L 72 2 -2 vanishing cycle [3—#% L T\W5. £ZT*
3T T? fiber ® 1 IRAEF T P —% meridian & 7.5 Z 2T UL, ON;, & ON, DRE
DAL T? fiber @ longitude (Z¥ > 72 1[ETOMA Y (EfECITHBAZRAEY & bE D%
(Z multiplicity-1 logarithmic transformation #4179 &£\\9 Z &) THDH. #E->T, ZD
MY BDEERTET K20 L5125,

N | iy b D N | e -l Dl

X:

2: The gluing of N; and Nj.

ETIDOHVEDEICE ST, NUN, = St &R D 2 Enmmoiemb, SEF
Ny 7> 5 negative singularity DT X = B* 2V R Z L 2&F 2 8 ) (X ITRkaOHE
57) . X 1% Dy E® negative singularity % 1-2721F 7> annulus fibration (monodromy
I%1eft-handed Dehn twist) DOZE/]72 DT, AT negative Lefschetz singularity Ot
5D standard model TV, B* EMAFEMTHS. LoT, ZOMES N U (N\X)
TR SO RIFRIC 22 %

EZAT, No\X 12T b 1FCsingularity 1Z72V) DT, Dy E® trivial annulus fibration
DARZEM, HIH A x D? (Aldannulus) EA R TH LS. ZHICEETIUL, LLFO
MG HND.

WHES5. AxD2% N ICUFOLICHAED. %t € dD? = 9D, = S ITH L,
Ax {357 7 A4 23— f71H(t) = T? @ thickened meridian & L CH»DIAE N, t € ST
LJE3 2 I T? @ longitude HTANZ 1JET 2. 15541020 ZERIKIER IZMOFEMETH 5.

ZOEIILT, RVEN, & Ax D>OFE WS B TIHBEINIET 5 2 LAk,
ZHRE(p, po) DREFETHD. £72, f: E(pr, pa) — CPUE M EBR DB farp
Z N U(NA\X) IR LS D THD. & EIXITI D % complex manifold (2 X - TH
BLLTWFIXRIWIRTH 5.



AT N U(N\X) = RT O Kirby diagram Z#50 LCHZ 5. ZHUEIK3 DX 917k 5.
1 L7z & &, BV BR< <& X [T vanishing cycle 22§ framing 1 @ 2-handle,
3-handle, 4-handle O FZMM /2 52N THD.

(1

JUH?’

3: The map f on S*\X = R%.

3. E(p1, p2) DIERA
BiZ T LN R AR E 2, = O T complex manifold E(p;, po) DM AT 5.
BARRIZIE, W85 TELNTZ2OoDE—ZN; & A x D? ~complex structure z A%,
FAVERUCHEE D A fEIRZE ISR ET D & WD 2 & &1T9.

UTF, ROXSRETEHWD.

Alr):={z€C||z| <r}, A(r,ry):={z€C|r <|z| <r}.

F72, po, pr, p2 T 0< po < pr <1< py<pt EWVORMEEMITIEELETD.
FPNIIENZEND B — AT complex structure Z A5 . A x D? O FIZfEHC, holo-
morphic annulus & holomorphic disk DEFE A (1, po) x A(py!) ZBAUL LWV, —JF, N
I% genus-one Lefschetz fibration fi: Ny — Dy O&ZE[M7Z0 5, Ziuds elliptic fibration
L7025 X 9 72 complex structure 2 AZLAUL L. ZDO72DITIZLLF D elliptic surface N
® T, M singular fiber DITFET AN LTS, £, A(0, p1) LD elliptic fibration

m: C* x A0, p1)/Z — A0, p1)
BEZD. T2 L, neZOEMZ
n-(z,w) = (zw",w)
THABNTWD., Za A(pr) BIZIER L, singular elliptic fibration g;: W — A(py)
2D, ZHDVPNEIC L S T M singular fiber OIEEFET AV TH D ([4]) -
ZOW LHEAE AL p2) X Alpy ') ZERMITENEEY G5 Z LI2L 2T, E(p1, po)
BT D, EREOFDHIE AL po) x Alpr !t pot) ZHEY Ak E LCHi->TL 5.

W D513 AL, p2) X A(pg, p1) & biholomorphic 7285 0 S-H A LI TFO X 52 L

o(w) = exp (iaogw)? - dog w)

41



WL TEDD. T5H&,
(e ®+27) = rep(re®) = wip(w) &

7= DT, il e ZOC* ~DFEH &M L, 7@ holomorphic section ZE®H 5.
ZIT, ZTOp&EHWNT

Y= {(zp(w),w) € C* x Alpo, p1) | z € A(L, p2)}

T, YIZZOIEHTAZETH Y, V :=Y/ZI%p DESD 5 holomorphic section (2
BT AL, pa) x A(po, p1) & biholomorphic 2258k & 72 5. ZDOV W ADOHL D A4
ST H D, A A iEE(E 1 0 biholomorphism j 3

j V= A(l,p2> X A(ﬂOaPl) — A(17;O2) X A(Pf17061)3 (Z,’UJ) = (Z,U)il)
WZE-oTHXD. HEiT
E(p1, pa) =W U, (A<1,P2) X A(pal))

EERTIITL .

ZHRARNIMDTFEFECTH D Z EIFLL T O L SR END. BED GHFIRVIZA(L po)
Z fiber £ 9% oIl KXo THIML SN EMZZN S, @ 23m 729504 (1) (SE A 0,
wHODEDLY % 1JET D7 A(L, p2) iEelliptic curve @ longitude J7 -~ 1 J&E[E] > T
WD ERGND. LI DL (1) 1D, o OfEIXw DRAZ 20T & w DFEIZ L -
TEALT D0, ZIUXA(L, py) 2 elliptic curve C*/Z O H TR O FEARFEIRA~BEN T 5 2
LIHIET B THD (2L, C DIFEMAITIAD meridian, #7757\ 73 longitude 1Z
RS LTS 2 L ISR L) . BEoT, W E AL p) x Alps!) DBED ST b oA
BYHMIIHE S Db D E—F L TEY, E(p,p2) ZRYUHMAITFHETSH 5.

BB f 2T D2 HERH 508, ZIVUIHIZ A(pr), Alpy ") ~DOHEE L X &
v B, W BT g, AL po) x A(pyh) Tl 2nd factor ~OHE E L TEERT S.
Alp1) & Apy ) 1385 Y A8 5815 D biholomorphism

A(po; p1) = Alpr s pot); wis w™

LS THEV AL IS TCP 27T 0D, f: E(pr,pe) > CPIRERINDIDOTHD.
DX T U THEREINTZ E(p1, p2) BEOf DEEHOFMZWZ L TWDH Z &I

HBITCH LN THA .

4. E(py, p) DBES & G

I, ZHETITHALNERSTWD E(pr, po) & fOME ([1], 2] Z&H) 1220

TkR5. FFTLLFD X H1Z, compact holomorphic curve # BH 20T 5 Z £ T

2.

#%8 6. E(p1, p2) WO compact holomorphic curve [ f ¢ compact fiber T % .



Proof. i: C — FE(py,p2) Z compact holomorphic curve &9 %. BIH, C % compact
Riemann surface, 4 /% holomorphic immersion & 9%. Zd L&, &k foi: C — CP!
23 constant map TH 5D Z & Z /- IX LV, f o X compact Riemann surface O ]
holomorphic map T& %72>5, branched covering map 7> constant map OVNT 470> Td
L. L ZAN, ZOFH/IXC — E(pr, pa) — CP & contractible space E(py, p2) = R?
Z & LTV 5 72 ® null-homotopic T& Y, branched covering map & 1372 D 15720,
X7, foildconstant map ThH 5. O

2F Y, compact holomorphic curve IX f~H(w) (w € A(py)) PHTHD. w# 072
. 1 N
5%, fH(w) i modulus 73 5 logw @ elliptic curve Th 5. ZORHEEER D &,
i
R* 1z Ik AT E R # 0 non-Kahler complex structure 23MF/ET 5 Z EFEATE 5.

EE 7. (p1,p2) # (P, ph) 2 BIX, E(p1, p2) & E(py, ph) IZ AN biholomorphic TZ2V .

Proof. xtliZ~9. HIH, biholomorphism ®: E(py, p2) — E(p}, py) BIFET D LK
ELT, pr=pl, p2=py THDHZ E%ERT. ®ldcompact curve & compact curve (&
BImnb, ¢W)=W't7sd. S5IZ, elliptic curve [ A U modulus @ elliptic curve
2525006, O W Efiberwise biholomorphism Td ¥, base map A(p;) — A(p)) I
identity Th 5. £->T, p = p) THDH. & 5IZanalytic continuation IZ LV, I
E(p1, p2) 2K T fiberwise biholomorphism T % Z & 2353702 %. > T, annulus fiber
A(1, po) IF annulus fiber A(1, pfy) & biholomorphic & 72V, py = ph, TH 5. O

KIZ, Picard group Pic(E(pr, p2)) BHAETH L Z L &md. 22T, Ocp (k)i
CP! Eo first Chern class k @ holomorphic line bundle, L, 1ZZ® fiZ L 55| &KL
(E(p1, p2) FIZFHE S 45 line bundle) &%, F7z2 fIZ X 5 line bundle D5 E R L
\Z L - TEE % Picard group @[] homomorphism % f* THT.

EI 8. f*: Pic(CP') — Pic(E(p1, p2)) I injective TH YV, Pic(E(py, p2)) 1ZFIEA B 72

complex vector space ThH D.

Proof. Ly 3HBITHDL Z L ZIEL T, Ocp (k) NHHTH D Z & anmEiT V. Ly
? nonvanishing holomorphic section 7 % & %. —J7, Ocpi(k) b A(p1), Alpy') %
NENO ETIEBEBPLROT, o, 0 &9 ER57AY 72 nonvanishing holomorphic section
NeEND., ZNbx fCHlIEREREIE, W, := W LE® nonvanishing section f*(oy) &
Wy i= A(1, pa) x A(py") E nonvanishing section f*(oy) 1 5. -7, W; ED
holomorphic function 7; (j = 1,2) 2%

Tlw, = 75" (0})

WCEoTEED. AN W, = Wik compact fibers T foliate AL TWDH N5, 7y
I fiberwise constant TdH 25, DF Y A(py) LD holomorphic function uy 23FFE L T,
7= f*u) &7 5. @SV =W N WLIZB W TR

f*(ulUl) = 7'2f*<<72)



LD SO D, 7 bV EIZEWTIERRIE Y fiberwise constant T#H 5. Z Z Tanalytic
continuation 2 AV AUZE, 7 13 W, 2K T fiberwise constant, B % A(py ') £ holomor-
phic function uy WFTEL T, T = f*(up) £725. T5H &, uior & 091X Ocpi(k) D
nonvanishing holomorphic section ZEH 505, Ocpi(k)IZBRAE D, ZHT D
injectivity 237r S FU7c.

E<MBENTWVWDIEY Pic(CPY) = Z 72D T, Pic(E(p1, p2)) 1L Z &L, S 5T,
sheaf cohomology @ long exact sequence % RiLIZ,

Pic(E(p1, p2)) = H (E(p1, p2), O%) = H (E(p1, p2), O)

ThdZENmND. HY(E(p1, p2), O) I complex vector space 727525, Pic(E(py, p2))
% complex vector space & 73, L ZE2 &GO TIHEHBETHS. O

UL 9 7iamic L0, E(pr, po) EDholomorphic vector bundle Ly, & Ly, ®- - -® Ly,
(ky kg <o < k) IZERTERRDZEDRND. I HIZEORZEME LVE R
_E @ H T biholomorphic T2V non-Kahler complex structure 356405, ZiLhH
23 Calabi & Eckmann (2 > THERK S 4172 complex structure & 72 % Z & (X compact
holomorphic curve D73 ¥ % RAVXHA S TdH % ([2], Theorem 4) .

ST, UTOFEMZFEHL L.

EHE 9. {£ED connected open orientable 4-manifold M* |ZFE v B EE[R{E D non-Kihler
complex structure Z7FA7 5.

= AT % 72 012K O Phillips O 2B [15] BEE L 725
E¥ 10. M % open manifold &35, ZD &L EXMuH%E & 55K

d: Sub(M,V) — Epi(TM,TV); fw—df

FFARE FE—[FMETHD. 72721, Sub(M, V)L M 5V~ submersion 2A&D
Z2ff], Epi(TM,TV)IZTM 75 TV ~® surjective homomorphism 2RO ZEHTH 5.

INEHWD EBI 21X, M 72 parallelizable 72 51X M 725 R™ (n < dim M) ~®
submersion N FAET D, W) T ENRNG0nD. HE-T, M* ) parallelizable open 4-
manifold (open spin 4-manifold & 5 > T H [AME) 72 51X C? ~® immersion g: M* —
C? WIFIET D Z LD mD. 2D g & fi» T C? ® complex structure & 5| & & 1E,
M*|Z Kahler complex structure # A5 Z LN TE 5. M*23—f% D connected open
orientable 4-manifold Th 2%H 1%, 1TE%%E CPPICEE T IULFERROFERN TE 5.
[, M* o alomost complex structure Df#7E 1L Teichner-Vogt [17] 35 & U Gompf [12]
IZEoTREnNTWD., ZOZ L xEXT, EHIZIENT5.

Proof. M* 7 spin ®i54 (2% ¥ paralleizable 72358) OAGEAE 52562 L &3 %.
EEL 10 L0, MY 25 E(py, p2) = RY~® immersion h: M* — E(py, p2) DMFET
5. ZIZTULTFOXSIZLT, h(M?*) A elliptic curve &% Te X 9 (2 rescaling LTI 1T



X, BlERLICK o TELND M* Ed complex structure lZ non-Kéhler & 72 %. Al
immersion 727> 5, +43/N S\ 4-ball B € M* % L X, =@ _ETembedding &72%.

ZIT, A< pr, phy < pp BT E(p, ph) LD E, E(py, p3) C E(pr,p2) £722C,
R*NIZ open 4-ball WHEDIAE NI L 72D, h(B) C E(py, p2) & R*NOD open 4-ball 72
B, h(B) % E(p), ph) ~53 R* ® diffeomorphism 3 fF7E3 %.  Z @ diffeomorphism

L DERE & o Trescaling 325 Z &ICXK Y, Jux h(B) = E(p),ph) THDHE LTI

ZOhITEoT E(pl, p2) @ complex strcutre 5| Z 5 LT M* EIZ complex structure
AL E, ZFZITIX E(py, py) 7 holomorphic IZHOIAE N TWND. LoT, M* i
non-Kéhler complex structure ZFHT 5. (p1,p2) & (P, ph) EEZ D ETEEND
elliptic curve @ modulus # 2> k@ —/ /L CX 5/ 5, FEREEREGFEST S 6T
lZbhhd. Fiz, M3 non-spin DHEIZIE, E(py, pe) PV IZED 1 A blow up
ZHOHIEFRROERZIT ) 2N TE D. O

WIS, E(py, p2) DEROMHEIZ OV TS,

EE 11. R OE(p1,p2) DI 7 —ilifF A TH T, O(E(p1, p2)\A) 23 strictly pseudo-
concave boundary £ 725 b DONFET H. ZD & X, Fiic i L negative overtwisted
contact 3-sphere &£ 725%.

IS, E(p1, p2) DEERD T 7 —iil5 A%HIH Z £I12X D, overtwisted contact 3-sphere
® concave holomorphic filling 23 535 £V 9H Z & ThHDH. I D contact structure (%
negative Hopf band {Z%fit> 9" 5 negative contact structure, SV Mz 5 &, S3 LD
standard contact structure Z Hopf fiber {23 > T half Lutz twist L7z % DIZ negative
orientation # AL/ b D TH L. ZDZ LIE, E(pr, p2) T DR THY Bry 7z
X 23 negative Lefschetz singularity D% ® standard model Toh - 7= Z & &35 2 1,
HRZZ LI L6259,

RERA DB, strictly pseudoconcavity DA & REIT 0 THD. L9 Db, strictly
pseudoconcave boundary (213 complex tangency (Z & - T negative contact structure 73
FHEIND, EWVODITmTHD L, S HIZds-invariant & FLAUIE contact structure
DHREFE—HFHNRESTLEI DL THD. o T, E(py,p2) NWIZEESRD S 2 N1
(ZHEH) L 72D concave hypersurface Z EALIZ LV, EORBIZ OV TIIATH CTiIE
ML, hMARB Y=Y RV Y AOREICBWTRELSBRRD 2 L& L.
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it O GAEERE O REMERTE DAL IC DT

W AE (AT

Bw =
FE T AL D BH T D BRI B 2 BRI 2 AR 12, SBERTE D S 5 .
AT, BARERE ORI B3 2 BRI OSSR 2 BHBL L 788, d55 0% TR
PERTEOBREA) &S, PN 3 X O 1 RUKEE & #hiE o GRS &
557200, & 5 ERBEMI LI 35 (1T ISDOWTHEM L 72,

1. F

1.1. B35 & Z OIREERRE

0] & AU AT AE 22 Bl (2 OGS RRIR) 1o L, M E ZROFMHER DA v + ©—HHEeED
R#EE, 2O GSRER W) . B2 2 HORP, E2 254V FE—DfHIC
G U CERIERICIZ W O DEMDH 5. UT, 26 2 BUCEHIER &) . B
FRHIERITE bR v Y —ofth, i, NBeR], BGm, B0z & L b BEZ
5, BEF T4 2Bl S IEFR ISR I N TW» 5.

L2 L, 556 b 2 HWANRFETH 281, Thbb 5k EoBELERRX
TLER B D FAERTEIC O WX, A ORI GE 2 R E, KRR O F - C
W23, 22T, HoMBIRESEFE L, ST 2RO R BH T H B
ZEzV). DT, B K LORELERXGHIEERRZE S L E KM E WS T
LIz 5.

1.2. BERIDHER

¥, THE g oA Z R T, ZDOEEBREM, ITERICED, S, D ZE 2RO
HEGDA Y P E—HEEDRTHETH 5. kgD 1 RAHEHY, 2,2, & EE
SNk« e S, DM EED S, B, DEEIREM,, &, 2RO 8, DR E 2D
FMGEDA Y P E—HREORIHEL L TED S, HLA Y b E—I3 I 2
ELBET25DDHZELS.

Mg = 1D%6, My & M, 3HITSL(2,Z) ERBTH 5 2 &3 HIVICH S 1
TV, o TINS DB/ QM TH 5. Fiflig = 2DEEIX, 20004E12 7%
T My DFRIMED O THENZ & 4172 (Korkmaz [20], Bigelow—Budney [5]). Z#uid, 5
72> T Bigelow [4], Krammer [23] IZ & D#EVZL 72, ArtinflA O b B, OfEME L | B,
& X B & BRI O GAEHERE & DBIGR, 8 X M, & 6 KRB & BRI 0 AR D BAfR %2 5
79" % Birman-Hilden B (7] Z#lAGHE 5 2 L ORI Nk,

Mo, DFEIEZ g > 3120 T 2 M, B X O M, ORI L FRRICKRFERTS 5.

1.3. BEHDEHLZICDOWVT

1.3.1. Lawrence KIRDRNEFHE

D70, £THAD G B, DERRICHIILILTH % Lawrence 28 [24] Z A

T 2RI D2 IR L, n oW & R 2o ES P, #HET 5. D? & P, Dl
* T 782-8502 AL SE T HE T S RIS HOlsEHE

e-mail: kasahara.yasushi@kochi-tech.ac. jp




% D, £ <. D, DEBIERE, T70b b n /KB EMAROEGSRX, P, 2HEAL LT
EEd 5 D? DM E 2R OFEEERT, R LESEEGRTHL2HDODA Y F E—Hek
DIRTHEE L TCERSIND. 2F L, AV =L, P, L EAOEZHEICHEETEHD
DAEEZD. T5E, D, DEEERNE, #HHAODHEDB, LRA—HTES. C.(D,) T
D%JD@mﬁmﬁ%ﬁum%mJ%%?m%w@®1m:m%uy—ﬁmuaﬁ§
HARICIEH L, 2 DA X

Z (m=1);

TH 5 ([24]). TOARETFINIET 2 Con(D,) DT —IHEDO m X F €1 Y —RlZ
BB Z (m=1) $7EZ20Z (m > 2) DZRBOMRZ LR E T 5, B, DA
IR ZED S, m=1DEE, ZORBII BurauBHE L, n =30
BEFETH 5 T LS LTV 72 (Magnus—Peluso [26]). Bigelow & Krammer 2578 L
DI, m =2D5EIBoNZMAURBNEIELE VL) 2L THo 7.

R DORER % | BERE5) %1o%<>@ﬂg>1@:/ﬂﬁbﬁm%ﬁzwk ZDE
BIFRE M, ISR L THEZ D, Z, My B, DI E 2RO FHAGE TR HES
E@?%%%@é@@Jﬁ%L@%ﬁ%E#§&w4vht WL BRE LTRSS
HEERT. $2Lm> 1L, M ML LT

Hi(Con(X41);Z) = H (341, Z) ®L)2Z

(HL My DZ2Z~DIEIZHB) £ 75 2 £9°5 (c.f. Scott [29], Bellingeri [3]), 15
b M, DFEIRBUZ, Cp(S,1) DREAZ 2EFHEDO mRFER P —HELRD | Cn(S,1)
ZOLDDOMmRAERY — LKL T, [HRPARS KRS 2 e IfFcaiw. X
7o, BEDED D My, OBFRBLD =20V 1E, mIZOWTTRTHE L L, M, D
Jonhnson filtration &—%9 % Z & 235 1T % (Moriyama [27]).

1.3.2. Aut (F,) & DLLER

F, CHEn O HHEEE, Aut (F,) CF, OHCHBEA2RT. Aut (F) DU THL L
i, By DFREMED S HE 9 (Krammer [22]). ZOEAZRVzn > 3L, Aut (F,)
ZFRILC vy & A3 Formanek—Procesi [11] ICX DRSS NTW 5. —T7, My, iFgg 5:
FRl7: Y, | DFEARFEHAEH L, Dehn-Nilsen BUERIC K dUE, M, 1 & 2 DR Z A

Aut (Fyy) DR E 8B iE & s 5.

Mg ={f € Aut (Fy); f(¢) = ¢}

{BL, CCi F2g @i@%&ﬁﬁﬂﬁi}ﬁ%al, b17 ceey Qg, bg CCf@L, C = [al,bl][ag,bg] s [ag,bg].
L %> L, Formanek-Procesi D FEZ EHEH VTS, g > 212x LT M, DIEFRIEMEZ
L2 EIFTE RV I LD Brendle Tehrani-Hamidi [8] 12 & DRI LT 5

1.3.3. (HEEDEFHRE
V72 0 PRI % 72 13— MRAEE D 7BA Z dhif o GESHRET, BB 2 AR 2 2272 )5
Fra v o8y MO T L2 b D0 Kida [19]12 & D B2ICREI N TV

Va2 v o7 MHEE G ORET L 1%, G OBEBEBARET T, 22 G/T 23, G DL T RIS X 2 1EH
TAZ s, IR Borel MERJE 2 FF> b D29 .




ZRCKIUE Bl > 1DLE, ZDLX ) BT LR DIFLDIF M 2 M, 2 SL(2,Z)
ICBR 2. 7%, AURERIC XU, 5 mbL LB & BRI O GEHERED 2 D X ) igT-Ic
%5 EREBIEINTW 308 17, RICHIH L 7 Korkmaz [20], Bigelow—Budney [5]
Ik, R E BRI O GHEHRET T X TR TH 5.

1.4. EBRTRITBD D

B 2568 L L C, BHBEHOMR ORIt b OB ERHO MR 2 [N T 5.
BT LT, n—1XI0E TORERIZRBUE, n =4, 5, 6 THEL 2 AREOHISN 2R E, 1
RIGT —)NVEHD, n— 1 RITDOHHK Burau ZHDFFE D composition factor & H:A%
RODIZRS Z &, $72, TXRTOHIMNE Iwahori-Hecke BRI & 72 %5 Z & 3 Formanek
9l Ic& D mREINT 3. B, DnRILHERIRBIZ DWW TH | Formanek il [10] 12X D, o7
DT L T 5.

Eifg > 1056, KFELSARALOANZEZ Z2H I R WEGHHOAZEZ S C
& ¢, Franks-Handel [12] 1%, RIG232g — 1 DU N OEFEERID, T X TESERED
7—)UbERBEHT 5 2 L 2R L% Hi T Korkmaz [21] (&, 77—~z #EH L 7%
VW 2g RICDOEHRMMERILL g BT RKE W E E symplectic BB E LK THL I L2
AmL7.. 22T, symplectic HELE X, M, DX, D1RFER Y —FANDIEHHE S
% AR

M, — Sp(29,7Z)

BLY, COHERB L §RTOEREIT 2 2RI TEE, §XTORZENS L
TRSNE M, ~DHRLEHHERRL L DEREZ ).

& 512 Korkmaz IR CFEIC K D, B8 g > 3 DBEBRERD RiTt3g - 3T DREE
BREURAEZFLCLBVWILEEZRL TS,

2. IRBEMEEORE

2.1. Eht

M, BEO, M, ORI, RICRZED 2274 ) i RMETH b, SR OV T
b ad-hoc BRI T 2H DR 61E, WOMRRLTHEL LRV EF R 50, RiENA
77 R —FIE R S . 2 2T, SR 2 BRI EE O A& 2R & L
THEVMZTAHADL L 2HEZ . Z0UTK D, ERICFEDE E 2 ) BEHBEROF L v
Wz RN T 2 &, £/ 2 DIER RICHBIERERRO 7 7’0 —F 3R 2 TS 5 2 e %
JHREL 72\,

Yyn CHisg > 1, BRI OMEED n > 0ThH 2 a7 bR, M, T2
DEBEREZRT. M,, 132, DM EZROFEAMGHRTER LEEGHRTH L HD
DAY PE—HERDORTHTHS. HL, AV PE—RGER EOSZFHNI L0V
DET B, STY,, NOKREWRMEARO A v F ez L£d. 2 i, Hil
PHHAR DB X, 1R EFE F—=7"Th, EOBERBT ELFHATTRWI L2 W0
5. F 7o, HEEHIMB AR IZIMm OO EAERE L, o TZDRMERFEZL L. B
B S My, 2ceSITXL cllino (GF)Dehn Y A A b t. € M, ZRIGIE
ZEMRELTEDS. SOILE LTHRL 2, “OOHFMEHIRR I > 72 Dehn V4 A b



D, S~NOEMIF—E L 5w, - T, BN TH 5. 7, GHREFOERNEE &
LCEED feM,, BEUceSITHL,

fule)f71 = u(f(e)) (2.1)

DL ISED T EDH ST 5.

BEOHFEEE RS TDIX, REEFEDPE I b > T\, Iwahori-Hecke BRIC
HKT 2 M, OFRIRBLCH 5, 2 D Jones KB ([15], [16]) D EFEM:Z Mgt 3 2
THRL, ROFEFETH 5.

R 2.1 (17). 9> 12220 >0E 75, EEORHERE 0. M,,, - GIZX L, Kergp
XMy DL Z(My,) ICEENS 7D DMEN ML, AREHR
pot:S—>G

DHHLLEILETHS.

AERHLE, PR (2.1) 1A, SICHBICER T 2 M, DIeekiz Z(M,,) &£ —%T %
2L, ZOOHMEAIMARIZH > 72 Dehn Y £ A b D S ~NDIEHD—E T UR, Juo ik
BAEWIZAY =TI hBZ LICk 5. O

HE 2.2, g > LIIN L, BEHEOTDL Z(M,,) DHEEIL, RO D 584 PRE ST
W5 ([28]). n=0D%H: g>3DLE AW g =1, 20 & &, BHEMNEIAKLT
HAO0502 DIKMEIRE. (g,n) = (1,1) DEé: BRI > 7 TRV A 2 b 23T 5 MR
KIEEE. Z2 NN DG BB > 72 Dehn Y £ A F 7260348 2 BBin O
F i 7 — ~OUEE.

LUT, B K 2 & LTk <.

2.2. FHEOHZE
i 2.1 2109 &, M, DMBEREZ ) dubz2BReT TRE T2 5.

K[S]T, av 37 bl S, , NORERHHHIRO A Y P E—HORTEES %2
BEKET 2K EoR7 PAVEMZERT. M,, DS~NODHKRLEMICED, K[S]1EM,,
MEEOME % K>, SHD oI, XEEALTEL.

E&x 2.3. MK EOXRY PVEBIM OBET M, IEEE, M, FAIZE 7 25w R
p: K[S] - M
Dz X, , O (SE) HRMEEL ).
SR p DTS 2375 & E UL, BUSHBINBEM &L v ) T LT 5.



HE 24 (1) My, M#ELE LT, M2 K[S]/KerpThH Y, Kerp DI ERMED S D
TLOTERNERAZ0> & ) K55, BRERINHEE & 12 K[S) (SRR O A BRI % BIfR
T ( TATA VB R E LTSNS M, D Z L TH 5.

(2) TNETIKASNTVS, KerpD M, FRIGZEEHEET 5 2 L TERI N
AIRZTHBINEEE L CTlX, 7272~ Luo 23 [25] T L 72 b D3H 2 DA T
H5.

(3) TXRTD M,, MEESHBMBEOME Z R 2D TR Vv, A, n=0¢
LT, K OEFED 2 THIFIUE, M, M Hy (S,; K) 1 3, OB O§E % £
L ewv. Zo8a, XD M, BAEZHERE K(S] — Hi(3,;Z) 13 05481
2.

T, My, DIEBOERITTHAIEBIL, ¥, OFRXTHifNi2HFE T2 2 L%
ﬁ%bf%(.ﬁ@%ﬁ&ﬁkwwﬁv%%ﬁwﬁk?%ﬁmﬁﬁpA@m%GMV)
XL, pou(S) DALT % End (V) D K &322z M, TET. p(f)Ic &k 2 & EHIC
D End(V)Z M, MEEE R, $2& WH 2.1)I12kD, M,I3End (V) D M,,
WaMBEL 725, X518, p,: K[S] = M, % pot DFIERILEE L CEDIUL, M, 1%
Yo PAERIICHIBINGEE L 72 5 .

COMERRE fliE2 1 2L LT, RERT I ENTE S,

T 2.5 ([17). My, 2, K EORBRRICHAER T, A —F2AhbicEdEns X9

%6 DR DB, By, DHRKICHIFRINEE

p: K[S| - M
T, pDS~DHIBBHHF E R 2 b DONHEET LI L TH 5.

FR22THRRZIED , n =022 ¢g>3%56lE, My, DFLITHHATH 5. fit-> T,
EMIZED IR ZE L.

% 2.6 ([17]). % g > 3 DEAMIAI O GEHRE M, 25 K $RBLE 72 5 72 0 DA I3 5t
%, 8, DERIITHEINEE p : K[S] — M T, p® S ~DOHIRIPHET & 72 2 b DHELE
T5ZLETHSB.

2.3. | RA\HESHEDIHZE
g>2E¥ 5. Hiffi & FkD, FAEREOBRELZ, M, IZD2WTEZ 5.
CO%E, GEERDHARIEMNL, SaHEE L L THERELRMINRE LT, S
DAV HHTAIHE 1 (2, %) 23D 5. Z4UE, Wb W 5 Birman 764241 [6] 12 X DRl I 1L 5:
1 = m(Sy, %) & My, & M, =1 (2.2)

22T, jIREHEZEND Z ECHONBHERM. £, i3, B, ELNE LTI, #
nziEHo4Y FE— aﬁﬁbf&%@gal47bt @F%iL%EW@HMQ
B, WHEHRDOA Y F E—H2WEIE M ERNTH 5. HH (2.1) ITHIEL T, fEED
feMg,,vem(S,,*) kL,

fri() - [ =ilf) (2.3)



DIED LD AHL ) fld f D (S, %) ~NDHARGEH 2 £ T
ROBFE2.1 O % 5.2 5

R 2.7 ([17). M, DFEEORHERTL p . M, — GHHE L % 5 720 DRME+735
i, poi BHFE D L THS.

AERH. p 23 (8, %) ECTHE EREL T, Kerp = {1} ZEIE L. f € Kerp &
5L, MH23)ICED, ERDy € m(Z) ICHL, p(i(y) = p(f)p(i(7)p(f7h) =
p(fiV) 7Y = p(i(fi7)). 2 TAREICE D, fiy =y D3TRXTDy € m(Z,, *) ITxfF L
T 37D, DehnNilsen BEBIC K D, M, D 11 (3,, %) ~NDIEANZIEETH 5025,
f=1eM, . 2/H5. O

DUT, B I2 X 0 BHIERE 7 (3, %) & M, DR B3, il 2710k D,
BARIERE M, DRI, B, DFERBEOH R ITEEMAIRILT, M, ITHEET 2
bODEHELFETH 5 2 Ld¥bh o7, WK ROMEIL 7, (3, x) DA BRI
TN, M, OMBIRBICHRT 20 ED L5 RGAH», LwHIZLThs. Ly
L, CRICEBEEZ 20302 LWEEZ 6N 20T, T HEBEOER2M (c.f
Goldman [13)) DEEAH W TONP LI L2 EZ 5.

HHIHE 711 (32, %) 22 & BE G ~ORFHEF ML 2K 2 Hom (m (3, x),G) £ 2. TOHEE
IZIZ G, GAG~NDOEBRIEMZ %L 66K T2 LICLVEIT S, CofFHIcL 3
[EE S ks

Xe = Hom (m(X,,%),G) /G
EDE, (2, %) DEBZEME VI . ¢ € Hom (1,(%,, %), G) DMK T 2 Xo DILE [¢)]
LEL

fEM, . ET5. R G : m(X,, %) = GIZHL, #EFH po fl 2RI LI L
& D, M, D Hom (71 (3, x), G) ~DIEHDEE 5. ZUd, HARIC M, . D Xg D
TERICYE S, (2, %) D Xe ~DEHIZEW R DT, #i" M, 53 Birman 564241 (2.2) 2
LT X IS 5.

R 2.8 ((17)). L, WM ¢ : m(5,,%) = G HY M, OUEFT
My, — G

IR 2 75 513, [¢] € Xo 18 M, D X ~OIEROKIBIIARBI L TH 5.

AEPH. REER & WH (2.3) A bE UL X v, O

—fIZ, ¢ € Hom (m1(2,, %), G) IR L, ¢(m1(Z,, %)) D GIZET BHIMUREHZHH &
BROZWIEDH D, ME2.8 DI ik HIclbns. LarL, 20Ul
»hH 6T, G =GL(n, K) D5H, Xarmx) ~NO M AEHDOEREO KB AB) 5525,
M, DFEIFRBEZ RO L HIZL THERTE 5.



T, EROMERIL ¢ : 711 (D,, %) — GL(n, K) W L, ¢ DIRIC X 2 ILEZAMEH T
BRI Adg : m(3,,*) = GL(End (n,K)) ZE®D 5. Vy T, ¢(mi(Z,,*)) D3EKLT 5
End (n, K) D K#r%2#%2 H 6 bT &, ZHUIHOITAdIZ & 2 m (X, *) DIEHT
RETHD. Adp DIEAZE V ICHIR L TH 61 2 AR %

A(b : 7T1<Eg, *) — GL(Vd))

TET. 512, B U [¢] € Xapmm DM, EBORBNRE SRS, f e M,. DV,
NDIIEAER D3
(7)) = d(foy) (v € mi(Bg, %))

12 & D well-defined IEF D, L2b ZORIGIE, Ag ZIRiRT 2 KAIFRE
v Mg,* — GL(V¢)

BEDDL I EDBDODDS.
ST, He I

Ker A¢ = {y € m(5y,%); [, m(5g, )] C Ker ¢}

Thb. Elo, (S, *) DFLIHHLEDT, Ml 2712 XD, FHZ o DML S,
bMHETHS. £/, V, CEnd(n, K) DT, dimVy < n? D3 H 37D,
DLEZ2 % EDNIR2E5:

T 2.9 ((17). g =27 5. 1 WD SGHREHM, DKL 725 720 DREA
IIEMEE, BB n TN LT Xapmr) D M AERID, 71 (5, ) D EEHRAKBLCRE
ENDZRIBIAE R ZFFOZ ETH S, I51C, b LZD K I) RARWAT) S TEET
U, M, 13 K EOE 4 n? XL EEEIRBLZ K.

FEENSF 25220 OMERLTEL.

R 2.10. Goldman [13] TR S NT W 238 D | HhEHH#EDOZTE 22/~ O AR DA
FICBET 2 BOE D 2R MFZEIC X dud, 2 ofERIZ, G20 & O T o), 't
AL, L= FHEOBMLREC DAV THE I EDRWHSNICR>TETWVS. E
B 2.91%, M, . D BFEFIIRIUIZTGZEM O v O BEPEAEGEREIR & EON OB L
DHDEENI EEZTRLTOVS. ), 72 & 2 E4EREOEIEZZ M~ DR Y584
INIT—FTH-o7E LTH, KEWAEIRED L AR T 52 L2251k T 2132
2\,

R 211, i 2.8 Dliks% G = PSL(2,R) DEAICHIZE L Tk 2 L KL
Chb Lz, HHIAEE (3, ) OEFE PSL2,R) B, L<HSnFERE L
T, 3, ORMHED H 5. %0, BUREGICHBET 2 F 0 /) I —KRELHHUGHEF B
¢ : (g, %) = PSL(2,R) 252 %. 2D X9 BRBPIRET 2 L2 Xperor) D
mUE, M, ERNCBE L TH IR stabilizer 2475, Z U3 T EEW)G 9 2 Wl Ryl o 1) F
ZROGREMME —BT 5. > T, M 2.81CX D, 2D X% ¢ 3R L THERAY
Mg, — PSL(2,R) IZHIEIR L 2\ 2 D30 D 5.



TER 212, 1LABICBNRIGED , M, 1339 — 3RITTUL T OEHE B HEMALD 2 K7 72
V. ZOZEREM29 LADED L, n <39 -3%51F, Xorpme ~ND M, EAIZ
(2, %) DIMERBICRE SN2 KIBINAB R 2R 50 2 L bh 5.

I, B 2T RICOWTHE 5. 2 ETIg, Birman 56441 (2.2) 2 H
W TEBERE ORI 2 EE S V2 2 B 290D & 9 ARERIEAIS T Wik o7
£I)THB. LpL, RISBXRS &) ICHEEN SRR 2 HERT 5 2 L2830 5. Ak
Z R OREDN 72 TR EMWE I, residually finite, 72 b 5, AT DEE D ITIT N
L, ZDHEH 5 HIRBEANDMERRITH > T, Z DItz BATLUNDITTIZE T b DDFTE
5, LWIHIWEDVH L. M,, Dresidually finite TH % Z & 1 Baumslag [2] 1T & D 7R
I N7, M, Diresidually finite TH 5 Z & 13, %A Grossmann [14] IZ X D Baumslag
DIFEZRYRRT 5 2 L TRINTD, Z D, Bass-Lubotzky [1] 1%, M, . D3residually
finite TH B Z & &, ./\/lg ) XGL(n,K) ’\U)T’EFH@T'C, BRI TRETIND XGL(n,K)
DINRTDRZ, INTDnlcblc>TERETBEHED 1 e My IR L) L
DORIED) ZEERL TS, (IEMEICIE M, TR, Z0UEREB 2O LTE
Ty (B, +) DYHHH CFARE) ZUd EoER 2.9 EMIEZR L TW» 3.

2.4. W< DO DfEE

B 2.5, 2.9 12D CEESERE D SR RTE % R 3 2 7 IR & B b 3 [
PRITTCEBE W0,

FMEDIZE. BOMBE p « K[S] — M DEBEHA K EARXICE 72 5 720 D MHE+
I 72, Kerp S M, IIEEE UTHRER & 7% % 72 0 DT 77513
far2»?

1 RANEZHEOZS. Birman 58451 (2.2) IZIEHERO H RO SIEY)
1 - F, - Auwt(F,) — Out(F,) —1

DR L, @B 2.9 DB 4 C R C BT D 32D, 2 2I2 Out (F,) (& F, DI
ACFAMZRT. Aut(F,) ldZn =20 L EHMT n>3D L EPMTR W LT, BY
Z2HIND Out (F,) ER DR OB ETHEEAZ 5 2 X.

3. EEY 55EE

ARG O TR & oo 7o, i 2.1 2V 2 & BEEREM, , DEEORE
HEFRLIC L, 2408 By, WO BFIEAMIER D &\ 72 D BT X DA % § ~TH
TEB LD, ZOMERBD A — XN Z(M,,) ICEENS 2 L ERBETITTH
22 EERTIENTES. FHlIc OV T [18] 2 S v,

SE
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