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Introduction



Denef-Loeser topological zeta function

Let f: (C",0) — (C,0) be a holomorphic germ.

Consider an embedded resolution of singularities h: Y — C" of D = {f = 0},

with h™'(D) = |, s Ei normal crossings, E; smooth.

~+ Numerical data: {(N;,vi)}ies C Z>o X Z>1 given by the multiplicities
div(h*f) => N:E and div(h*(da A Adxa)) =) (v — 1)E;.
ies ies
~~ Stratification of Y: Forany | = {i,...,im} C S:

v-NE\UE
icl jél
:{qe Y

N- N;
h*f — o, im

) u(y) v )27_1 Y around g
h*(Akdx) = v(y)yi* - ym™  (Awdyi)
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Denef-Loeser topological zeta function

The (local) topological zeta function of f at 0 € C™:

Zeno(Fi5) = S x(vin b)) - I ﬁ € Qs).

ICS i€l

o (Denef-Loeser) it does not depend on the chosen resolution.

o (Artal et al.) it is an analytic invariant, but not topological.

° {Poles so of Ziop o(f; s)} C {—vi/Ni}i=; C Q<o.
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The Monodromy conjecture

Fix xo € f~*(0),
o Consider the locally trivial fibration
fi - Be(0) N F7(D;) — D;,
forsome 0 < n K e K 1.
@ Milnor fiber at xo:

Fexo =f71(t), teDj.

@ The monodromy action

H® (Frng; ©) 2 H®(Fexy; €)

If so € C is a pole of Ziop ,(f;s), then €™ is an eigenvalue of some

H/(F:; ©) 7 H/(F:; ©), at some point xo € £ *(0) closed to the origin.
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A’'Campo’s formula

Let h: Y — C" be an embedded Q-resolution of (D, 0). Consider the subset
of strata {Sm}m>0 of { Yk }k>o verifying that for any g € S, h*f is locally a

germ
x"m . C" — C,

being N, constant along the stratum. Then:

Cro(t) = H (1 _ tNm)X(Smﬁh_l(O)).

m>0

5/31



The Monodromy conjecture: state of the art

Proven for:

o (Loeser'88): curves, n = 2.

o (Loeser'90): non-degenerate surface singularities with respect to its
Newton polyhedron I'(f).

o (Rodrigues-Veys'01): n =3 and f homogeneous 4+ some condition.

o (Artal et al."02-'05): SIS, quasi-ordinary singularities....
° ...
@ No counterexample is known so far!

o Study the combinatorics of the resolutions,
@ Determine E; providing true poles,

o Compare the poles to the eigenvalues. (A’Campo’s formula)
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The cusp C: f(x,y) = y* — x°.

1(2,2) E :(2,2) Ei:(2,2) E:(3,3)

)
I
X)

Es: (6,5)

Ry

‘ E>:(3,3) ‘

dIV(h*f) = é\-i- 2E; +3E, +6E;3 and dIV(h*(dX N dy)) = E1 +2E; + 4E;,

4s +5 11—t

Ziop o(f;5) = G+1)6s+5) Cro(t) = 2_t+1
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‘ Embedded resolutions are hard and costly to compute in generall! ‘

Question

Do simpler models exists for £~(0) to determine Ziop ,(f;5)?

~ Ziop o(f; s) from embedded Q-resolutions.
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Embedded Q-resolutions of singularities



V-manifolds

A complex analytic space Y is called a V-manifold if Y =, Uk such that
each open Uy ~ C" /Gy, for some finite group Gx C GL,(C).
Notation: for the dth-cyclic group G = {z% = 1} = (&,):

1 n
g(qlw'wq"):C/G’

given by the action &g - (x1,...,x0) = (§3'x1, ..., &5 %n).
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Q-resolutions of singularities

A hypersurface D C Y has Q-normal crossings if it is locally given by
Xt xk: C"/JA— C,

for some finite abelian group A C GL,(C) acting diagonally.

An embedded Q-resolution of (D,0) C (C",0) is a proper analytic map
h:Y —(C"0):

1. Y is a V-manifold with only abelian quotient singularities.
2. h restricted to Y \ h™!(Dsing) an isomorphism.
3. YD) = Uics Ei is Q-normal crossings on Y.
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Weighted (p, g)-blowing up of the plane

Cusp: f(x,y) =x9—yP

~

2
C C(p,q)
Cp.q p.q
Q1 T (@) E o)
® - Pq,p+4q
T(p.a) %(_17 q) ‘ 1(pv _1)

Sing(@fpﬂ)) ={Q:, @}
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Q-resolutions of singularities

Remark: Considering the different isotropy abelian groups acting in Y, we can

define a finite refined stratification

Y=|]Y

k>0
with
N- N,
h*f: l,k___ nn,k
Ye=<¢qg€Y . 7 Vf/k,l O =] Gy-invariants, arround g
h*(nidxi) =y, " ey (Nidyi)

such that N, vj « and the diagonal action by G are constant along Y.

We can assume that the groups are small, i.e. they do not contain

pseudo-reflexions around hyperplanes.
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Why Q-resolutions of singularities?

“Very fast, very functorial, and very easy resolution of singularities”.

Let h: Y — €9 be an embedded Q-resolution of (D, 0). Consider the subset
of strata {Sm}m>0 of { Yk }k>o verifying that for any g € Sy, h*f is locally a

germ
ZNm C"/Gn — C,

being constant both N, and a (small) G, along the stratum. Then:

¢o(t) =] (1 _ tNm/\Gm\)

m>0

x(Smnh=1(0))
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A new formula for Z, o(f; s) from Q-resolutions of singularities

Let h: Y — (€",0) be an embedded Q-resolution of f : (C",0) — (C,0).

o Consider a stratification Y = [ |, Yk with
(N, yNok), (Y16, ,Vnk), Gk acting diag.,

constant along Y as before.

Ztop’o(f; s) = ZX (Yk n h_l(O)) o |Gk| . H m
i=1 " o

k>0
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A new formula for Zi, o(f;s) from Q-resolutions of singularities

Example: f(x,y) = y” — x7 with ged(p, g) =1,

2
C C(p,q)
Coq P.q
Q @ £ o)
o = pq,p+q
7T(p a) %(717q) ‘ l(p771)

div(h"f) = Cpq + (pg)E and  div(h"(dx A dy)) = (p+ 9)E,
Strata: E\{QI,Q27€p,q}7 Eﬂan,q, Q1, Q.

(ptag—1)s+(p+q)
(s+1)((pq)s+ (p+ )’

1
Ziop o(Fi5) = = (4 +

= (a)s + (P + 9) “’*")Z

1
s+1
(1-1¢P)(1—-1t9)

1— tra '

Gralt) = @ =) (1= 00) - (1) =
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Motivic ideas: motivic zeta function and
change of variables




Motivic ideas: intrinsic definition as motivic integral

Kontsevich's motivic integral :

contact order

[ of f

Zmot,O(f; 5) :/ I —ordifes d,Umot

arcs on C"
with origin in 0

geometric / A\‘ “universal”
infinitesimal structure additive invariant
around 0 specialization of varieties
by x(*)
Ztov,o(f? s)
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Motivic ideas: Grothendieck ring of varieties

(Ko(Varc), +, -) is the ring:

o generated by classes [X] of isomorphism of complex varieties.
@ relations:

> for any (Zariski) closed subset F C X: [X] = [X \ F] + [F],
> X x Y] = [X]-[V].

The unit elements: 0 = [}] and 1 = [pt], respectively. Denote I = [Ag].

Example : [P'] = [C U {oc}] =L +1. In fact, as P" = C"UP" ", for n > 1,

[P=L"4+L"'+.. . +L+1.
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Motivic ideas: Grothendieck ring of varieties

(Ko(Varg), +, ) is the ring:

o generated by classes [X] of isomorphism of complex varieties.
o relations:

> for any (Zariski) closed subset F C X: [X] = [X \ F] + [F],
> X x Y] = [X][Y].

The unit elements: 0 =[] and 1 = [pt], respectively. Denote I = [A{].

Z X(X) = Euler characteristic

X
Z[t] Px(t) = Poincaré polynomial
/

Var@)

H
\ : .
Zi[u, v] Hx (u, v) = Hodge-Deligne polynomial

N,(X) = Number of IF,-points
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Arcs, m-jets, cylinders: motivic measure

Let X be an algebraic variety.

Consider the localization M¢ = Ko(Vare)[IL™], there exists a normalized

measure based in X:

Jptmor,c(xy © {"cylinders” on L(X)} — ./T/l\c
- [mm(A)]
A —v ll,g] ]Ln(m+1)

in a completion M¢ — Mc.
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The motivic zeta function

Let f: (C",0) — (C,0) be an analytic germ. Consider s € C and define:

L(CM)o = {y € L(C") | 4(0) = 0}

The (local) motivic zeta function of f is given by
Zmot,o(f; 5) = / L~ orde f.sdlfzmot
L(CM)o

=3 imer ({7 € £(€")o | orde(f 07) = m} ) - L7

m>0
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Change of variables and normal crossing divisors formula

Main tool in Motivic integration: Consider

@ h:Y — X proper map between general varieties X and Y.

A C L(X) and B C L(Y') measurables such that h induces a bijection
between them.

a: A— ZU{oo} integrable in this context.
Jac(h) = Jacobian ideal sheaf of h.

/A]Iﬁad/‘mot,ﬁ(x) - /B]LiaOhiordt JaC(h)d'umm?E(Y)

If both X, Y are smooth, Jac(h) is K the relative canonical divisor.
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Intrinsic definition as motivic integral

If h: Y — C" is an embedded resolution of D defined by f,
h(D) = U Ei ~ {(Ni,vi)}ies and {Yilics
ies

change of vars

{ L-1
Zooro(fis) =177 [Yin O] - [] gemr—
ICS iel

specialization by x(-)
(L —1)

Ztopofs ZX(\/Imh (0 HNS+V

e
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Motivic zeta functions of Q-Gorenstein
varieties and QQ-resolutions




Studies on quotient singularities

o (Veys'91): Zp(f;s) for log-canonical models in n = 2 & using
determinants of p-deformations in lgusa’s p-adic zeta functions.

Let X = 1(1,3) and consider f = xMyM ¢ Oy, w=x"1"1y"2"1dxdy € O%.
Let D; and D, be the divisors associated with f and g.

E

Ch By (M, moe,3)
E |B=B K (¥ )
_ E; (M,w,2)
[Veys] L™*(L - 1)°D,

Zmot,O(f, w; 5)

(]I‘N15+v1 _ 1)(]Lle+v1 _ 1)
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Studies on quotient singularities

K1 —]L<3> ]L<2> -1
D, = _]L<0> K2 —]L<1>
0 —]L<4> K3

where Ki =1+ L<Y 4+ 12 K, =14+ L%, K3 =1+ L<%>.

N N
1= Mt it

Ny + 2N, +2 <0> = Nas + vy,
<2>_—3 ! 25—!—31/1 VQ,
<4> = Nis+vs.

7 7
_5N1+N25+5V1+l/2
o 7 7

<3>

Ny 43N,
RELY

v +3vy 2N +6Ny | 2v1+6vp 3Ny +2Ny | 3uq+2vp
T 4L 7 St 7 4L 7 st 7

Dr=1+1L

4Ny +5N,
7

41 50 5Ny +Np
s+ 7 + L7

5v14v) 6Ny +4N, | 6y +4vy
St L7 st

+ L
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Studies on quotient singularities

o (Denef-Loeser'01): Study of motivic measures for quotient singularities
C"/G, for finite G C GL,(C), in terms of “fractional” arcs in C".

~> motivic orbifold measures in terms of 7 : C" — C"/G.

~> ord; Jac(h) very complicated to compute.

Bample
~a={( 9)(s %)} |
~a={B 9.6 260G 9
pP(L(C?/G)o) =L 2+ L' =L%(1+ L)

B (L(C?/ Go)o) = L2(1+ LV/2)(1 + 1)
Then 1°™(L(C?/G1)o) # p°(L(TC?/G2)o) but C?/ G, = C?/Go.
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Studies on quotient singularities

o New ideas:
~~ Q-Gorenstein measure u% " (A) = / L7 %R0 .
A

~ Zmot o for Q-divisors in Q-Gorenstein vareties.

~» Change of variables in terms of the relative divisor ord: Ky and p®°°".

~ ‘ New formulas from Q-resolution of singularities |.
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Motivic zeta functions on Q-Gorenstein varieties

Let X be a Q-Gorenstein variety having at worst log-terminal singularities and
(D1, D>) two Q-Cartier divisors.

The (Q-Gorenstein) motivic zeta function of the pair (D1, D,) with respect to
a subvariety W is

D W(D17 D2; S) — / ]L*(ordt Dy -s+ord¢ DZ)d,LL? (;(or7
’ LX) v

whenever the right-hand side converges in /\//T@[]Ll/’][[][fs/’]].

Let h: Y — X be a proper birational map between Q-Gorenstein varsieties.
Then
Zmot,W(Dh D»; 5) = Zmot,h—lw(h* D17 h* D> + Kp; 5)~
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New formulas from Q-resolutions

Let h: Y — X be an embedded Q-resolution of (X, D; + D>).

o Consider a stratification Y = [ |, Yk with
(N, Nok),  (vik,---,vnk), Gk acting diag.,
constant along Yj as before. Also:

> For every g € Yy, there is local coordinates s.t. 7*D; and 7* D, + K}, have
local ecuations given by monomials and any g € G acts as

diag(§°te, ..., 6me) with 0 <¢gj, < |Gkl
> Define the expression:
Z ]L 61 g (Ny-s+vy i )+--+en g (N k-s+vp, k))

gEGy

Zoot.w(D1, Do s) = IL Z[Ymh (W)] Se(L) - Hﬁ.

k>0
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New formulas from Q-resolutions

Let h: Y — X be an embedded Q-resolution of (X, D; + D>).

o Consider a stratification Y = [ |, Yk with
(N, Nok),  (vik,---,vnk), Gk acting diag.,
constant along Yj as before. Also:

> For every g € Yy, there is local coordinates s.t. 7*D; and 7* D, + K}, have
local ecuations given by monomials and any g € G acts as

diag(§°te, ..., 6me) with 0 <¢gj, < |Gkl
> Define the expression:
Z ]L 61 g (Ny-s+vy i )+--+en g (N k-s+vp, k))

gEGy

Ziop (D1, D2i5) = > x (Ve nh (W) - Gl - H#

1%
k>0 + Vi k
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Examples and applications




Example: Brieskorn-Pham surface singularity

Let g(x,y,z) =xP +y9 42", p,q,r € N pairwise coprimes, w = (qr, pr, pq)

D = V(g) C €3, has an isolated singularity at the origin.

ECcC~UUlul; U=CG E(par.ar + pr + pa)
T, » E~ IPE,. (pr)
“ (p) (r)
» Sing(C3)~ L, UL, UL, CcP?2. /g (ar)
{otce® e(CL) g @ pi: N /P2
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Example: Brieskorn-Pham surface singularity

Let g(x,y,z) =xP +y9 42", p,q,r € N pairwise coprimes, w = (qr, pr, pq)

D = V(g) C €3, has an isolated singularity at the origin.

ECT=lUulu Us, Ui=C/G; E(pgr, qr + pr + pq)
T, » E~ Pzw. (pr)
“ (p) (r)
» Sing(C3)~ L, UL, UL, CcP?2. /g (ar)
{otce® e(CL) g @ pi: N /P2

° 50E:there(3:g(x,y,z):0in P2,

° E\5 ~ T2\ C and (Ng, ve) = (pqr, qr + pr + pq).

e Strat. by isotropy of E ~ (P2, \ {axis}) UL; UL, UL;UO1U O, U O;.
—_—

punctured axis origins
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Example: Brieskorn-Pham surface singularity

Let g(x,y,z) =xP +y9 42", p,q,r € N pairwise coprimes, w = (qr, pr, pq)

D = V(g) C €3, has an isolated singularity at the origin.

ECT=lUulu Us, Ui=C/G; E(pgr, qr + pr + pq)
T, » E~ Pzw. (pr)
“ (p) (r)
» Sing(C3)~ L, UL, UL, CcP?2. /g (ar)
{otce® e(CL) g @ pi: N /P2

° 50E:there(3:g(x,y,z):0in P2,

° E\5 ~ T2\ C and (Ng, ve) = (pqr, qr + pr + pq).

e Strat. by isotropy of E ~ (P2, \ {axis}) UL; UL, UL;UO1U O, U O;.
—_—

punctured axis origins

(I/E—p—q—r—l)s—|—1/5
(S+1)(NES+VE)

Ziop o(8:5) =
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Example: What about nonabelian quotient singularities?

@ Batyrev'00: Canonical abelianization method using blowing-ups.
and £ primitive ¢¢ = 1.
Consider X = C°/Gy.4, where

1 0
Gd,q:<A: f ,B: 0
1

10
0 1 >CGL3(C)
a 0 0
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Example: What about nonabelian quotient singularities?

@ Batyrev'00: Canonical abelianization method using blowing-ups.
and £ primitive ¢¢ = 1.
Consider X = C°/Gy.4, where

1 01 0
Gd,q:<A: ¢ ,B=10 0 1 >CGL3(C)
¢ 100

> X is Gorensteis canonical sing. <= g =d — 1.

> lto: For d = q — 1, construction of crepant resolution + McKay
correspondence.

> Assume d | ¢° +1 = Gg,q small.

> Define D; : (xyz)V =0 and D> : (xyz)"~1 =0, for N > 0 and v > 0.
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Example: What about nonabelian quotient singularities?

Define 8 = gcd(d, ¢*> — g + 1). Resolution induced by an ordinary blow-up:

X=0%6

The singular locus depends on whether 3 | d.

y=¢%¢

(%) ~p/6

30/31



Example: What about nonabelian quotient singularities?

Define 8 = gcd(d, ¢*> — g + 1). Resolution induced by an ordinary blow-up:

X=0%6 ~ B - y=¢%¢
L 7 Ly .
a Lo X H
: (%) ~p/6
P oP :‘f
& & C) () ™.
L @) R, /D :uvw =0
Ry x [6) (5>
A

The singular locus depends on whether 3 | d.
. d*+8B(Ns +v)?
Ztop,O(D17 D2, 5) = W
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Example: What about nonabelian quotient singularities?

Define 8 = gcd(d, ¢*> — g + 1). Resolution induced by an ordinary blow-up:

X=0%6 ~ B - y=¢%¢
L 7 Ly .
a Lo X H
: (%) ~p/6
p o P :‘f
& & ) (5 .
L @) Ry x /D :uvw =0
Ry x [6) (5>
A

The singular locus depends on whether 3 | d.
. d*+8B(Ns +v)?
Ztop,O(D17 D2, 5) = W

For N =0,v = 1: “stringy euler number” ey o(X) = ﬁ% = |Conj(Ga,q)|.
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