We can easily check
Lemma A.1. Matrices v° and V, have the property

1 . . . n+1
o1kl . o k _ .
(1) Zvijvg = 5(5%5]1 + 6i¢6jx); In particular Zvlea] = Oik.
a a,]
(2) > vV =67
i,

After Weise [7], the sets {v7} and {V, } are called the inerse of each other provided the
above two properties (1) and (2) hold between them. If a set of matrices {h7} is related
to {v7} by

F— PoP alB°
hiy =22 aivpea; By

for nonsingular matrices a = (a{) and b = (b7), where B = b1, then define {H,} by

(3) Hi =Y ALVPIATY

q o)

where A = a~!'. With this definition, the pair {h?} and {H,} also satisfies (1) and (2),
that is, {h”} and {H,} are the inverse of each other.
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because V 1is torsion-free. Then, by definition,
ndﬂ(Xl, Ce ,Xn)
_Z YU (B(Xy, ., X, X))

+Z D HRB(X;, Xi], Xy ey Xy Xy oo, X))
1<k

_Z ) X002, X0, ,X5, .., X))

+Z 1402, (T4 —TENXe, X1y, Xy ooy Xy, Xon)
7<k;e

—Z X002, X0,..,X5, ..., X))

+Z 1) k02, (04 — T4 )Xe. Xu, oo Xy oo, Xy, X))
1<kl

_ Z(_ Y UX (Wi O(X;, X, X X))

+Z 1Yk ! (T, — T8 )8, Xu, Xay oo, Xy oo, Xk, Xa)
1<k

—~

+wH(T], =T )0(Xk, X5, X, X, Xk, X))
= | ) X))+ > A | 6(X1,. ., X)),
1<k

where

Aje = —w! (T =T}, + w’“<P§k ~T},)
Here we see A;; =0 and Aj;, = Ag; and >

we see

1 . : [
i<k Ajk = 3 E]‘,k Ajk. Then, since }, I'}; =0,

ZA]k = Zw]F
i<k

and get the identity (3.11).

Appendix
Let E;; be the n X n-matrix with 1 in (zj)-th component and 0’s in the others. The

letters o, 7, ... are used to denote pairs (ij) for 1 < ¢,7 < n. Define symmetric matrices
v? and V, as follows.
v = Ej; + Eji,
1 . .
1p.. j=i
Viin = 2w e
“ { 3(Eij + Eji) J#1.

13
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Now, from (2.11), we have

Tj = Xi(uf) + ub(HCF,, + 2HE R, T,) — Thuf

pq rgTp

Hence
1,0 o z 1j 0 T ik o
T=X,(H’u ] 7)+ upHqulpq s 2upHqu ]hrqrzp — HJTuf
= Xi(HZu 7)+ QUpHqu”hfquzrp - H”Ffjuk (apolarity)
= Xi(H” U) + upHpq(ézréjq + 6zq6]r)rgp - Héjrfjuz (see AppeIldiX)
= Xi(HJuf) +ulH} T}
Namely,
(3.10). T = X;(w') + Tiw®  where w' = Hf},]u;’

We now prove the identity

/T9:0
D

when w is compactly supported so that supp w C D. In fact, it is sufficient to see that, if
we define an (n — 1)-form 3 by

BViyeo o Vae) = 0(Z, Vi, ..., V) where Z =3 w!X;,

then it holds

1
(3.11) dp = ~T6.

n

Summing up the computation above, we have proved

(3.12) 4 (/ 9t> = —”7“/ potr 5,6
dt \Jp D

=0 2(n +2)
and conclude the proof of Theorem 3.1.
It remains to show (3.11). For this, remark that

(X5, Xi] = (D% — T5,) X

12



Since the matrix b is the identity when ¢ = 0, we have
6(det b) = tr 6b,
which implies
(3.5) 66, = (tr 6b)6.
We also see
(3.6) tr da + tr 6b = 0.
On the other hand, the identity (1.15) is now
vy = affzizagBZ

and we have

0 = éafhy; + 6hY; + hféa; + hY;6 By .
Then the contraction with HY shows
0=(n+2)tr ba + Hf;.jéﬁfj
since tr 6 B = —tr 6b = tr da. By (3.3), we have

10 k1o o

1y

where

o __ 0O o ) k o
Hence

o 1

(3.7) Hish?, = "Xl 50 + T,
where
(3.8) T=HIT],.
Since

tr 6b = —tr da = HY6hS,,

n+ 2 J

tr 6Q) = —tr 6q = p7tr Sy,

Wwe call see

(3.9) 00; = A6 where
n-+1 1
A=—"" »otr S 4+ — T
smt2)f T T L

11



Then we need to compute dvol.

Fix an affine normalized basis {X;, &,} for which 2% = v” holds. We shortly write f
for f; and do not write the summation symbol for repeated indices unless ambiguity arises.
First note that

[ Xi = [ X0 +tX(p7)eo + tp7 (= Se Xi 4+ 72(X3)E,).

We put ‘ ‘ ‘ ‘
Se(Xi)=S5..X;, and ¢ =6 —tp7S...

Then we have

FoXi = gl X5+ (X (p%) + pP 70 (X3))o

Further we put

u? = Qi(p] +p’r) where Q=gq',
Y; = QiX..

Then
(3.2) Y5 = [ X5+ tulés,.
The basis {Y},&,} is unimodular. A simple calculation shows

Dy, .Y = QH{ AV x, X + b7 ( Xk, X;j)6 + t Xk (u])Es
+tuf (= fuSoXi + TH(Xk)E,) )

Letting
k

Wwe see
R = ho(Y3,Y;)
(3.3) = QF{hY; + tXp(u]) + tulr?(Xy)
- tfijug + t2u555kug}.

Now we choose an affine normalized basis {Z;,7,} for f by setting

Z;=XdY;, =30+,

for appropriate a, b, and U so that the h? relative to {Z;,7,} is equal to v” and det a det b =
1. Then the affine volume form 8, for f; is given by

(3.4) 6; = (det b) 8.

10



it is easy to see that ¢ is the identity matrix and {X;, Z,} is a unimodular basis. Since
Dx,Z, = 0, we see that the affine normal field N is generated by Z, and is parallel; S, = 0
and both V and V* are flat; hence, C' = 0. The immersion (2.10) is called the Veronese
immersion.

Conversely, the property C' = 0 has the following geometrical meaning.

Theorem 2.7. Let f: M™ — R"*? p =n(n + 1)/2, be a nondegenerate immersion and
assume that the cubic form relative to the affine normal field vanishes everywhere. Then
the immersion is locally projectively equivalent to the Veronese immersion.

We give a proof relying on the paper [6], where a projective treatment of nondegenerate
immersion f : M™ — P"("13)/2 is formulated. Note that the definition of the cubic form
is given similarly in the projective case and that the vanishing of the cubic form is a
projective property. Then the result follows from Theorem 5.1 of [6] which states that the
vanishing of the cubic form implies the projective equivalence of the given immersion to
the Veronese immersion.

§3. Affine minimal immersion

Let f: M"™ — R"™P p=mn(n+1)/2, be a nondegenerate immersion and 8 the affine
volume form. We assume that M is oriented so that 8 is globally defined. To any relatively
compact domain D in M, we associate its volume by

vol(D) = /D 9.

In this section, we compute a variational formula of this functional relative to a normal
variation of f:

(3.1) filz) = f(z) + 12 p7&o,

which depends on a real parameter t; we assume that ¢ is sufficiently small so that f;
defines a nondegenerate immersion and that p? are compactly supported smooth functions
whose supports are contained in D.

The result we prove is the following.

Theorem 3.1. Let f : M™ — R"? p = n(n + 1)/2, be a nondegenerate immersion.
Then the functional vol is critical if and only if the trace of S¢ vanishes identically for all

£.

In the following we use the notation

d

89 =29l

for the function ¢ depending on ¢. Let 6; denote the affine volume form of the immersion
ft and write
vol(t) = / 0.
D

9



which implies that the connection V* is determined by the cubic form and the connection

V. Define an endomorphism A = (AZ?) belonging to End(7* @ T,N* @ N') by
A% =" HI*hg,.

This can be considered to be also an element of End(End (NV'), End (7)), which we denote
by AL to clarify the difference from A. We regard Vx and Vx as elements of End 7 and
End WV, respectively. For each element X, the quadratic form C'(X,-,-), denoted by Cx,
is considered to be an element of End A through the identification of S*7 with A" as was
exhibited in §1. Then the formula (2.8) and (2.11) can be written shortly as

Vi =Cx + 24(Vx)

n-+2
5 VX = AL(V3).
Example 2.6. Let (z!,...,2") denote the coordinates of R" and (2',...,2",...,27,...)

the coordinates of R™"("13)/2_ Define the immersion f : R" — R™"+3)/2 }y
Zi — $i7 27 — fU(CU),
where f? are functions of z. We fix the vector fields by

0 0 7]

Xj= > zi=2 gz,=- 2
ozt 0z? 0z°

Then, we see fuX; = Z; + > f7Z, and
Dx;f«Xj =3 fiZs,  Dx;Z, =0,
where f7 = 0f% /02" and 7= 02 f7 /0x'0z7. Define a p x p matrix g = (g5) by

1
—fi when p= ()

o 13

gp: 2 .. . .
fl when p=(ij), 1 #J

Then the nondegeneracy of the immersion is equivalent to the condition A = det g # 0.

Put ¢, = > ¢2Z,. Then, we have
Dx; £ Xj = (1 +6:5)8G5)
and w(X;,&,) = A If we assume A\ > 0, then {uX;,v,}, where p = A~1/"(n+2) and

v = A72/7(n+2) s a unimodular basis with h? the standard tensor v?. In particular,
consider the case where

(2.10) fo(z) = 2iz? for o= (77);

8



Proof. Fix an affine normalized basis {X;,{,} so that A7 = v7. Put Vx, X; = > TL, X
and V)L(lfp = 7{,€s- By definition, we have

(28) vio-‘]'k = _Z 1y pk E Fp ho + Z h]kvzp

Hence the apolarity condition (2.5) implies that the tensor

n—|—2
2

(29) E Hgkcuk - Ff] o _6]32 sz + E HEkh]k’YZ)

vanishes. Then the contraction relative to (¢, j) shows

~(n+ DX T+, =0

Since {X;, &5} is unimodular, we have

STh+> 9, =0

Therefore, > K, =3 42 = 0. In particular, > 77 = 0, namely, by (1.8), V8 = 0, which

concludes the proof.

The vanishing of the right-hand side of (2.7) implies

2
(2.10) i +

I\f — Z Hﬂkhpk,_yo‘

ip

In other words, we have

Proposition 2.3. Assume that the immersion f : M" — R"*? p = n(n + 1)/2, is
nondegenerate and N is the affine normal field. Then the connection V is determined by
the normal connection V= relative to an affine normalized basis by the formula (2.10).

Remark 2.4. The apolarity condition for n = 2 when h? = v7 is

(12) _

172

and 0(21) + C(22) =

1yl 132

Cv(ll) + Cv

1yl

This is seen to be the same as the condition considered in [2]; refer to Theorem 1.2 of the
paper. The affine normal space also coincides with that given in [2]. The affine volume
form 6 is written as follows:

8(X1,...,Xn) =€|27"w(Xy,..., X0, Dx, X1,...,Dx, X, ... 7DXan)‘1/(n+2)

where 1 <7 < j <n and e = +1 depending on the orientation of (Xy,...,X,).
Remark 2.5. Assume h? = v?. Then from (2.8) follows the identity

(2.11) vo, = HI*Cr + 2% HI*R], TS

1)
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which, composed again with a1, yields a map
x: N —T.
The component-wise expression of y is seen to be

(2.4) V() = XoXe where & =Y H*CL HY.

Now compute the x for the basis {Y},7,}, denoted by x; then, we see

(2.5) =S AN {xL + 3 LEiBGgl},

where -I- 5
gi n 8 ci 8 rrik
Loi=—F5—650;+2 hinHg
is an endomorphism L of the space En(l(N, 7). Remark that L is invertible; in fact, its
inverse is given by

2

59687 K, H’”
n—|—3( Z )

as 1s seen by the formulas in Lemma A.1. Hence we have proved the following proposition.

Proposition 2.1. Assume that the immersion is nondegenerate. Then there exists a basis
{Xi, &5} such that y = 0. The transversal field N is uniquely determined.

The last statement follows also from (2.5); that is, given two such bases, the equation
(2.5) implies gﬁ = 0, namely, Z, = 0. Moreover, for such bases we see that the formula
(2.3) reduces to

(2.6) Cpor =5 apaf] ,’prCUk

The condition y = 0 is equivalent to
(2.7) Z:HMC“",C =0 forany 71,75,¢,

which is called the apolarity condition.

When the apolarity condition is satisfied, we call the transversal field N the affine
normal field. The induced affine connection V is uniquely defined in view of (1.10). In
order to uniquely determine the volume form 6, we need to know how to choose &; our
choice is to follow the convention of choosing a unimodular basis satisfying the apolarity
condition and A7 = v? and call such a basis an affine normalized basis. See Remark 2.4.
For such a choice of ¢, we call 6, the affine volume form. It is globally defined as far as M
is oriented and the orientation is fixed.

Proposition 2.2. Assume that the immersion f : M" — R"*? p = n(n + 1)/2, is
nondegenerate and let NV be the affine normal field. Then the immersion is equiaffine, that
is, V8 = 0, where V is the induced affine connection and 8 is the affine volume form.



Notice that det b = (det a)"+1 in this case.

§2. Cubic forms
We define the cubic form C = (C7) by

(21)  C°(X,Y,Z) = X(h°(Y,2)) = B7(VxY, Z) = b°(Y,Vx Z) + X hP(Y, Z)r7(X).

By the equation of Codazzi (1.4), this form is symmetric. Let {Y},n,} be a new basis
defined by (1.14). Then, using (1.9)-(1.12), we have

(2.2) C°(X,Y,Z) =3 CAX,Y,Z)B] + % {h*(X,Y)h"(Zs,2)
+ h¥(X, Z)hP(Y, Zo) + h*(Y, Z)h*(X, Zo)} By .

Set
Z, = > gﬁXf

and define

Cor = h7(Xi, Xy, Xi), Cr . =h*(Y,, Y, Y,).

pqr

Then (2.2) implies

(2.3) Cl, =3 abalakBo{CT, + J5 o + T5hi + T3 i},

where
2]k Eh ﬁga k@

Let us here summarize the meaning of the bilinear form « and the cubic form C': For
a choice of a basis {X;,{,}, we associate a vector space 7 generated by the local vector
fields X1,..., X, and a vector space N generated by {,. The symmetric bilinear form «
defines a map

a:SHT)— N
at each point and the cubic form defines a map
C:S*T)— N,
The nondegeneracy assumption implies that the mapping « is bijective. If we identify «

with the set {h{;}, then its inverse that we denote by {HY} is given by the formula (3) in
Appendix. _\TOW we can consider the composition

p=a"loC:S*T)— S*T).
Then the contraction of this mapping defines a map
trep: S3(T) — T,

S



where B denotes the inverse of the matrix b. Also, by comparing the expressions
Dxnp = =Sp(X) + 32 77 (X)ne
and

Dxnp =22 X(07)60 + 22 by (=5 X + 5 76(X)%a) + VxZ, + 30 h7(X, Z,)Es,

we get

(1.11) Sp(X):ZbZSU(X)—Z?Z(X)ZU—I—VXZp,
(1.12) 7(X) =3 X(b%)BS + X 05r8(X)Bg + Y. h*(X, Z,)BJ.
In particular,

(1.13) > ?p”(X) => T/f(X) + X (log | det b|) + > (X, Z,)B?.

Now, in addition to £, we choose a basis {X;} of tangent vector fields so that the set

{Xi, 6o = { X0, ., X0, €11y, - - -, §(nn) } has the positive orientation. We call {X;,£{,} a

unimodular basis provided that 8¢(Xy,...,X,) = 1. We are interested in the components
hy; = h7(Xi, Xj).

Let us consider a change of basis from {X;,&,} to {Y},n,} given by

(1.14) ;=3 dXi,  n,=3 006+ 2,

Then, because of (1.9), we have

(1.15) hyy = h7(Y;,Y;) =3 alhf,aiBY.

Because of nondegeneracy, we can choose a unimodular basis {X;, £, } so that h7 takes
a special form. We define the matrices v” by

v = Eyj + Eji,

where Ej;; is the n x n-matrix with 1 in (47)-th component and 0’s in the others. Then we
can let h” = v” for some unimodular basis. Then (1.15) shows that {Y},7,} also has this
property if and only if the matrices a and b satisfy the relations

(1.16) deta detb =1, b=a® a;

the latter implies that b is the symmetric product of a, i.e.,

b(pq) P b(pq)

_ q _ P4 q,.,p
(rr) = Grdy. and (rs) = Gr 0 +alal for r #s.
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Refer to [4].

We introduce
Definition 1.1. The immersion f is said to be non-degenerate if the map « is surjective.

In this paper we always assume the non-degeneracy of f. In this case we have p =
n(n+1)/2.

To see the decompositions (1.1) and (1.2) more closely, we choose a basis of sections
of N, i.e., a set of independent transversal vector fields £ = {{,}, which we label by using
the set of elements {0 = (7j);1 <7 < 7 < n}. In the following, we shall use the index (7j)
also for ¢ > j that we identify with (j7). Then the equations (1.1) and (1.2) are rewritten
as

Dx£Y = fu(VxY)+ ) B (X, V),
DxEr = —£.(S:X) + 3 (X,

where h? are symmetric bilinear forms, 72 are 1-forms, and S, is the short form of S¢_ .
To each choice of such a basis , we associate a volume form 6, defined by

(1.7) Oe(X1,..., X)) =w( X1, o, Xn €@y - - €os - €(nn));

Here {{5,0 = (25),7 < j} is arranged by the lexicographic order. We easily see that

(1.8) Vxbe =Y 77(X)be.

Here and in the following we use the summation convention: when an expresion contains
terms with repeated indices, one an upper index and the other a lower index, a summation
over these indices is automatically intended, although we put summation symbols just for
making clear where the summation is taken.

We next examine the dependence of these quantities on the choice of transversal field
and basis. Let {n,} be another local basis, which is expressed as

Mp =2 bz'fa + Z,,

where b = (b7) is a nonsingular matrix of size p and Z,, is a local tangent vector field. We
denote by h%, V, S,, and 7, the corresponging quantities relative to n,. Comparing the
two expressions

DxY = VxY + Y h7(X,Y)E,

and
DxY =VxY + 3 k(XY )y, = VxY + 3 R(X,Y)Z, + 3 h(X,Y)b&,,
we have
(1.9) RP(X,Y)=> h°(X,Y)B?,
(1.10) VxY =VxY - r°(X,Y)B:Z,,

3



Decruyenaere et al. [1] gave a characterization of affine minimal surfaces in R® in terms
of affine shape operator. Namely, a nondegenerate surface in R’ is minimal if and only if
the trace of S¢ vanishes identically for all {. The second aim of this paper is showing that
his characterization holds also for general dimension.

This work was done while the author was visiting Katholieke Universiteit Leuven
in July 1994. He would like to thank all members of Department Wiskunde, especially
L. Verstraelen, F. Dillen, and L. Vrancken, for their hospitality and University Research
Council for financial support.

§1. The basic equations

Let M be an n-dimensional manifold and f : M — R™? an immersion. We denote
by w the ususal parallel volume form on R"*? and by D the standard flat affine connection
of R"*P?. The tangent space of M at z is denoted by T, M. We choose around each point
a local field N of transversal spaces of dimension p, denoted by x — N, C Tf(z)(R"ﬂ’)
such that it holds

T (R™P) = f (T, M) + N,.

For all vector fields X and Y, we have a decomposition
(1.1) Dxf.Y = f.VxY + a(X,Y),

where VxY € T, (M) and a(X,Y) € N, at each point z. It is straightforward to see that
V is a torsion-free affine connection on M and « is a symmetric bilinear form with values
in N. We call V the induced affine connection and o the affine fundamental form. For a
vector field £ with value in N, we write

(1.2) Dxt = —f.SeX + V%€,

where S¢X € T,(M) and Vx¢ € N, at each point z. Then S¢ is an endomorphism of
T.M and V< is a connection on the space N. We call S¢ the affine shape operator and
V+ the affine normal connection. Remark that all these notions depend on the choice of
N.

In the following we assume that M is oriented; it causes no harm since the consider-
ations are going to be local.

We define the covariant derivation of @ and S by the formulas
(Vxa)(Y, 2) = Vi(a(Y, 2)) - a(VxY, Z) - alY, Vx2),
(Vx5)e(Y) = Vx(5eY) = Se(VxY) = SyicY.

Then, we have the following equations called the equation of Gauss (1.3), the equations of
Codazzi (1.4) and (1.5), and the equation of Ricci (1.6):

R(X,Y)Z = Sa(y’Z)X — SQ(X’Z)Y,
(Vxa)(Y,Z) = (Vya)(X, Z),

(Vx5)e(Y) = (VyS)e(X),
a(X,S:Y) — a(SeX,Y) = RH(X,Y)E.

(
(
(
(

S Ot =~ W
N

1.
1.
1.
1.
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Affine immersion of n-dimensional manifold into R**"("t1)/2 and affine minimality

Takeshi Sasaki

Introduction

One purpose of affine differential geometry is to study the properties of submanifolds
M"™ of R™ that are invariant under the group of all unimodular affine transformations.
When M™ is a hypersurface, the affine theory is now rather well-understood; a principal
idea is introducing an equiaffine structure induced from the ambient space to the hy-
persurface. An equiaffine structure is by definition a geometric structure consisting of a
torsion-free affine connection and a parallel volume form. As for surfaces in R*, Nomizu
and Vrancken [5] gave a new formulation showing that there is also a canonical way of
introducing an equiaffine structure. This is also the case of surfaces in R® as shown in [2].
The first aim of this paper is generalizing this study to the case of n-dimensional submani-
folds in R"*?_ where p = n(n+1)/2, by transferring the projective thoery of n-dimensional
submanifolds in the projective space P"*? to the affine case, which was treated in [6]. Let
M be an n-dimensional manifold and f : M — R"? an immersion. The immersion f is
said to be nondegenerate if the first osculating space at any point is maximal. We show
that, for a nondegenerate immersion, there is a canonical way of determining a field of
transversal spaces to f, thus inducing uniquely an affine connection and a volume form,
both of which define an equiaffine structure.

More precisely, let w denote the usual parallel volume form of the ambient space R™,
D the standard flat affine connection, and N the field of transversal spaces. Then, for any
vector fields on M, we have a decomposition

Dxf.Y = f,VxY + a(X,Y),

where VxY is tangent to M and «(X,Y) belongs to N; V is the induced connection
and « is called the affine fundamental form. We will show that there is a canonical way
of choosing a set of vector fields with values in N which spans N, at each point z, say

1,...,&p. Then the n-form 6 defined by
Q(Xl,...,Xn) :w(Xl,...,Xn,fl,...,fp)

is the induced affine volume form. For describing the geometry of the immersion f, we
need to know the motion of these vector fields; as usual, we have a decomposition

Dxt = —f.SeX + V¢

for any local section £ of N, where S¢ X is tangent to M and V£ is belonging to N. Thus,
we get an endomorphism S¢ of the tangent space and the connection of the field N. S¢ is
called the affine shape operator.

Now, relative to the volume form 6, we can define a volume functional for immersed
nondegenerate submanifolds and get the notion of critical submanifolds relative to this
functional; such submanifolds are said to be affine minimal in this paper. Recently,
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