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Introduction

Let M be a 2-dimensional manifold that is homogeneous acted on by a 3-dimensional
Lie group G of diffeomorphisms. We assume that the manifold has a 2-form p in-
variant under G. Our aim is to show that such a manifold can be realized as a
surface in the affine 3-space. More precisely, there exists an immersion f : M >
(p,q) — (£,1,¢) € R? such that the action of G on M is the pull-back of the re-
striction on S = f(M) of the natural affine action on R? preserving the surface S,
and that the form p is the pull-back of the natural area form on S. Thus, the man-
ifold is endowed with an equiaffine homogeneous structure; refer to [3, 1, 2, 5]. We
make a list of such surfaces S together with the action of G. The realization f is far
from being unique. Variety of f reduces to that of area-preserving diffeomorphisms,
which are discussed in the last section.
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1 Homogeneous two-manifolds with an invariant
two-form

1.1 Notations

We consider a 2-dimensional manifold M that is homogeneous acted on by a 3-
dimensional Lie group G of diffeomorphisms. We assume that the manifold has a
2-form p invariant under G. Let (p, ¢) be a (local) coordinate system on M and set

dp N dq
ot

We choose two 1-parameter subgroups of G so that the infinitesimal generators X
and Y of respective 1-paramter group are independent in the sense that p(X,Y") #
0.
Let Lx and tx denote the Lie derivation and the inner derivative with respect to
X, respectively. Since dp = 0, the identity dix + txd = Lx leads to d(txp) = 0;
hence, txp = dn locally for a function 7. Similarly, ¢y p = d€ for a function &. As
p(X, Z) = Zn for any vector field Z, we have X1 = 0 and Yn = p(X,Y). Similarly,
we have Y¢ = 0 and X¢ = p(X,Y). These imply

X =p(X,Y)0: and Y =p(X,Y)0,,

where J¢ = 0/0¢ and 0,, = 9/0n, and p(J¢, 0,)p(X,Y) = 1. In particular, the pair
(&,m) defines a coordinate system. We set

Then we have

p(va):QSAa sza& Y:wanv

and
dé N\ dn

T

1.2 Lie algebras
From the expression of X and Y above, we compute the commutators:
H:= [X7 Y} = "/”péan - W/Jn@@

[H, X] = {(thn)ee — (iPe)edn},
[H, Y] = ¢{(1hn)n0 — (Vibe) 0y}
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We now assume that the algebra generated by X, Y and H, which we denote simply
by R(X,Y, H), is 3-dimensional. Then we must have the bracket relations such as

[H,X]=aX +bY +cH and [H,Y]=dY +0X+H,

where a, b, etc. are constants. The constants cannot be arbitrary. The Jacobi iden-
ity [ X, [Y, H|] + [Y, [H, X]] + [H, [X,Y]] = 0 implies (ac’ — ¥'¢)X + (b —d'e)Y —
(a +a’)H = 0. Hence,

a =—a, ac =bc and d'c=bc.
The relations above imply that v satisfies the system of differential equations

(Vhe)e = —b—ce,  (Yhy)e = a — iy,
(¢¢E)n =a— C/wg, (¢¢n)n =V - C'%-

For the system to be integrable, it is necessary to have

cthy = e (1.1)
Then, we see that 1) is determined by

Ve = an—bE — e and P, =bn+al—cptes,  (12)
where ¢; and cg are integration constants. We need to have ¢’¢; = ceo from (1.1).

We next consider the case where R(X,Y, H) is not 3-dimensional for any choice of
X and Y. We use the following lemma whose proof is given in the appendix.

Lemma 1.1 Let g be a 3-dimensional Lie algebra. Assume that it has the property
[A, B] € R{A, B} for any A and B. Then g is abelian or isomorphic to the algebra
R(A, B,C) with the bracket relations [A, B] = B, [A4,C] = C and [B,C] = 0.

According to the lemma, we may assume that there exist two vector fields X and
Y such that [X,Y] = 0, namely H = 0. Then ¢ is constant; we may assume ¢ = 1,
that is, X = 0¢, Y = 0,, and p = d{ A dn. If the given 3-dimensional Lie group
is abelian, then the action is not effective; hence, we may assume the algebra is
not abelian. By the lemma above, there is an element Z such that [Z, X] = X and
[Z,Y] =Y. It is easy to see that Z = —£0¢ — 10, as a vector field. However, Z
generates a 1-parameter group of multiplications (£,n) — (A, An) and it cannot
preserve the form p. Hence, in the following consideration, we assume that the Lie
algebra g of the Lie group G is spanned by X, Y and H.
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1.3 Integral curves

We introduce the third variable ¢, and work in the (&, 7, {)-space. When we regard
¥ as a funtion of (§,7), ¢ = v defines a surface S. We set 7 : (£,71,() — (§,7).
Then any integral curve of the vector field (7]s)*X is given by the system

g dn a¢
dt _Ca dt _07 dt =an bé- CC+017
in view of (1.2). Namely,
¢ 00 1 0 ¢ ¢
daln|_ 0 0 0 O U R
dl ¢ | | b a —c ¢ | ¢ |
1 0 0 0 O 1 1

where the matrix A is defined. Similarly, for the vector field Y, we have

¢ 00 0 0 ¢ ¢
dln]|] _ |00 1 0 U S
dt|l ¢ | | a vV - e ¢ | ¢
1 0 0 O 0 1 1

The matrices A and B generate a Lie subalgra in gl(4, R), which is isomorphic to
g. Note

a bV —=d ¢

b —a ¢ -—c
C:=[AB] = 0 0 0 01

0 O 0 0

1.4 Surfaces on which the integral curves lie

We want to determine the function 1 to see an explicit form of the surface S. We
have three cases: (1) ec’ # 0, (2) either ¢ = 0 and ¢’ # 0, or ¢ # 0 and ¢/ = 0, and
3)e=cd =0.

In the case (1), 9 is determined by the system
Vb = an —bE — e o1, ety = .
If we set x = c€ + ¢’ and y = e — '€, then the equations are transformed to
cd P, = ax — P+ ey, hy = 0.

Hence, ¢ is a function of the variable x. In the case (2) where ¢ # 0 and ¢/ = 0, we
see that a = b/ = ¢o = 0 and the function 1) is determined by the system

Ve = —bE —cip+c1, Py =0.
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Hence, 1 is a function of £. In both cases above, we can write ¢ as

¥ =F(c+c'n), (1.3)

where F(z) is a solution of an ordinary differential equation of the form

dF
F— =ax+ OF + 7,
dx

and where «, 8 and y are constants. We remark that the Lie algebra g is solvable
in the cases (1) and (2); refer to Section 2.

In the case (3) where ¢ = ¢ = 0, as we have

Pihe = an —bE +c1, Yy = b+ al + ¢z,
we get
P? = 2aén + b'n? — bE2 + 2¢1€ + 2¢am + c3, (1.4)

where c3 is an integration constant. We remark that the algebra g is isomorphic
to sly = sl(2,R) or to so3 = s0(3,R) unless a® + b’ = 0. It is solvable when
a? + bb' = 0. We refer to Section 2.

Example 1.2 Let H = {z = x + iy;y > 0} be the upper half-plane with the
Poincaré metric. The associated area-form p = dx A dy/y? is invariant under the
action of G = PSL(2,R). The algebra g is sly. Let X and Y be the vector fields

. 1
associated to the 1-parameter subgroups generated by the elements (8 0) and

00 . It is easy to see that
10
X =0, and Y = (y* — 2%)0, — 22y0,.
From the identity p(X,Y) = —2x/y, we see that

y(y® — 2?)

Oz 29,.
2x Yy

Oy =—=3-0, and O =~

Hence, we have £ = —1/y and n = —x?/y — y up to additive integration constants.
Thus, we have a realization

H> (l',y) = (577774) = <_17_ - x7_2x> € RS)

which is globally defined on H. The surface S is written as ¢(? = 4(£n — 1), which
is the case where a =2, c=¢ =b=0 =c¢; =cy =0 and ¢ = —4 in (1.4).
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Example 1.3 In the paper [4], it is shown that the surface
Vip?+¢@+r>—pgr—4=0

in the space R3 with coordinates p, ¢ and r has an action of SL(2,R). The Lie
algebra is generated by vectors X and Y defined by

X = %f(q)(bap and Y = %f(p)d’aqv

2 p+/p%—4
¢=2r—pq, f(p)= log :
VP2 —4 2

Set H = [X,Y]; then we have [H, X]| = —2X and [H,Y] = 2Y. The action has
the invariant form p = dp A dgq/¢. Then, we see that 9, = (1/2)f(p)0: and 9, =

(1/2)f(q)9y and

2 2
1 2 4 1 2 _4
£:2<10gp+ v2p> o n:2<10gf1+ V;) .

where

From the identity ¢? = (p? —4)(q? —4) holding on the surface V, we get the surface
S defined as

¢? = 4g,
which is a cone in R® with coordinates &, 1, ¢. This is the case where a = 2,
c=cd=b=b=c1 =cy =c3=0.

1 a c
Example 1.4 Let G be the upper-triangular group. Every element | 0 1 b
0 0 1
acts on the plane R? with coordinates x and y by (z,y) — (z +ay + ¢,y +b). The
010
Lie algebra is nilpotent and the vector fields corresponding to { 0 0 0 | and
0 0 0
0 0 O
0 0 1| are X =y0, and Y = 0,, respectively. The 2-form p = dz A dy is
0 0 0

invariant. Taking p(X,Y’) = y into account, we can see (&,7,¢) = (y?/2,x,y). The
surface S is the cylinder over the curve (2 = 2¢ .

2 Classification of the actions and the associated
surfaces

We list the possible Lie alebras g and the associated surfaces S. We allow linear
changes of the vector fields X and Y.
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2.1 Classification of the actions

We first assume ¢ # 0 and replace Y by Y’ = Y —(¢//¢) X. We then have [X,Y'] = H
and [H,Y'] = 0. Namely, the case where c¢’ # 0 reduces to the case ¢ # 0 and
¢’ = 0. Let us assume so. Replacing X by (1/¢)X and H by (1/c)H, we may assume
c = 1; we then have

[X,Y]=H, [H,X]=bW+H, [HY]=0.
The algebra g is solvable.

We next consider the case where ¢ = ¢/ = 0. We assume a? + bb' = 0. When b’ # 0,
set X' = X — (a/V)Y. Then b = —a?/V’ implies

(X'.Y]=H, [H,X']=0, [HY]=VX"

By multiplying constans to the vectors, we may assume b’ = +1. When b’ = 0, we
get
(X,Y]=H, [H,X]=0bY, [HY]=0,

in which case we may assume b = 0 or b = +1. Namely, up to exchange of X and
Y, we have the following cases:

(X,Y]=H, [H X]=+Y, [HY]=0.
[X,Y]=H, [H,X]=0, [HY]=0.

We third consider the case where ¢ = ¢/ = 0 and a? + b’ > 0. We replace X by
X =X+pY,Y withY =Y +0X and H with H = (1 — po)H. Here we set

= (—a+ Va2 +bb)/V and 0 = (a — Va? + bb')/b when bb' # 0, p = b/2a and
oc=0whenb#0and b =0, p=0and o = —b'/2a when b = 0 and V' # 0, and
p=o0 =0 when b =0 = 0. Then, we see

X Y)=H, [H X=X, [H,Y]=-rY

for an appropriate constant 7. Namely, the algebra is isomorphic to sls. In the
following, we may assume 7 = 2.

We finally consider the case where ¢ = ¢/ = 0 and a? + bb' < 0. We replace X by
X'=X — (a/V)Y. Then, we get

(X,Y]=H, [HX]=(@+b)/NY, [HY]=VX"
By myltiplying constants, we have two cases

[(X,Y]=H, [HX]=-Y, [HY]=X
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and
[X,Y]=H, [H,X]=Y, [HY]=-X,

according as b’ > 0 and o’ < 0, respectively. The algebra is isomorphic to so0(2,1)
or to s0(3), respectively.

Summarizing the above consideration, we have proved the following lemma.

Lemma 2.1 The Lie algebra g is isomorphic to one of the following, described by
the bracket relations of bases X, Y and H:

1. [H,X]=2X, [H,Y] = -2Y, where g = sl,.

2. [H,X]|=¢€Y, [HY]=—eX, where e = £1 and g = so3 or g = s0(2,1).
3. [H,X] ==Y, [H,Y] =0, where g is solvable.

4. [H,X]=0, [H,Y] =0, where g is nilpotent.

5. [H,X]|=0bY, [H Y] =0, where g is solvable.

2.2 List of surfaces S

We give an expression of surfaces for each case above relative to appropriately
chosen affine coordinates and give an explicit form of the action. The invariant
2-form, which is (d€ A dn)/(, is also expressed in terms of the new coordinates.

Case l:c=c =b=0=0,a=2and ' = —2:

The surface is (2 = 40 + 2¢1€ + 2com + c3. We may assume ¢; = ¢3 = 0 by
translation of the coordinates £ and 7. The surface is a one-sheeted hyperboloid,
a cone or one sheet of two-sheeted hyperboloid, according as ¢3 > 0, c3 = 0 or
¢ < 0. The group G = SL(2,R)/{£I} acts on the space of symmetric matrices

{h = (25 267 ) }, which is identified with the space R with coordinates &, ), ¢, by

the action h +— tghg for g € G. This action leaves invariant any surface det(h) = c3.

The invariant two form is
d& N dn

VAN +¢3”
which is the volume form of the invariant metric
n?d&de + (26n + cs)dédn + E2dndn
48+ c3 '

We remark that the metric is the affine metric of the surface; we refer to [3]. It is
degenerate when c3 = 0.
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Case2:c=c=a=d =0,b=cand b/ = —e:

The surface is (2 = —e(£2 + 1?) + 2¢1€ + 2can + c3. We may assume ¢; = ¢y = 0
by translation. When e = 1, it is a sphere and the associated group is SO(3). The
form p is the area form of the Euclidean sphere. When ¢ = —1, the surface is the
same as in the first case by a coordinate change, say ¢ = & + 17/, £ = & — 7’ and
n = ¢’. This is due to the isomorphism sy 2 s0(2,1).

Case 3:c=c =a=ad =V =0and b=¢==+1:

The surface is
€% = —€? 4+ 2¢1€ + 2c9m + c3.

We may assume ¢; = 0 by translation and recall the notation C' = [A, B]. Then we
have

0 010 00 0 O 0 0 0 e
0 0 0O 001 0 e 00 O
A= — 0 0 0)° B= 00 0 e’ ¢= 0 0 0 O
0 0 0 O 0 0 0 O 0 0 0 O

The elements B and C' generate an abelian normal subgroup. We denote the action
of the 1-parameter subgroup by (&,7,¢) — (&, 7, ¢t). Then, exp(tA) is written as
the rotation

(gtanb Ct) = (fCOSt + CSthﬂ?, 7§Sil’lt + CCOSt)

when € = 1 and the hyperbolic rotation

(&, mt, ) = (Ecosht + ¢sinht, n, Esinht + ¢ cosht)

when e = —1. The 1-parameter subgroup exp(tB) is written as

(6070:G) = (€0 + 1€ + 5720, o+ te2)

and exp(tC) is written as

(gta Mt gt) = (5 + CQta n + Etf + %Etzc% g)

The form p is invariant under these transformations.

Subcase 3.1: When ¢; = 0, the surface is the cylinder over the curve ¢2 +¢e£? = cs.

Subcase 3.2: Assume ¢y # 0. Then we may set c3 = 0: the surface is (% + e£? =
2¢om, which is an elliptic or a hyperbolic paraboloid. The form p = d¢ A dn/( is
equal to d€ Ad(/ce. Hence, this form is the volume form of the flat metric d¢? +ed¢?
up to a constant, which is the affine metric of the surface.

Case d:c=c =a=d =b=0V =0:



10 Takeshi Sasaki and Masaaki Yoshida

The surface is (% = 2¢1& + 2con + 3. If ¢; = ¢3 = 0, then [A, B] = 0, which is not
included in our consideration; in fact, in this case the surface is a plane on which
R? acts as the group of translations. Otherwise, by an affine change of coordinates,
the surface is the cylinder over the curve ¢2 = 2¢. This is the case in Example 1.4.

Case 5:a=c =ad' =V =0and c=1:
The surface is the cylinder over the curve ¢ = f(£), where f is a solution of the
equation

[le+ f=—bE

The action of the groups exp(tB) and exp(tC) is (§,1,() — (£,n + t¢,¢) and
(&,n,¢) — (§,n+btE+1tC, C), respectively. To see the action of exp(tA), we integrate
the equation above. If we set f = u(£)&, then the equation becomes

d€ udu

€& W tu+tbd

Subcase 5.1: We first consider the case 46 — 1 > 0. We set a = v4b—1. As
[ du/(u* 4+ u+b) = 2/aarctan((2u + 1) /a), we have the curve

2 +¢ = agtan (5 log k(¢ + (6 + b€ )

where k is an integration constant. If we set ¢’ = aké/2 and ¢’ = k(2¢ +£)/2, then
the curve is written as

¢ = ¢ tan (5 log(2 +¢2)).

Relative to the polar coordinates (r,0) where ¢ = rcosf and ¢’ = rsiné, it is
written as

r =exp(f/a);
namely, we obtain a logarithmic spiral. The action of exp(tA) is ry = rexp(—t/2)
and 0; = 0 — at/2. The invariant 2-form is written as 2d¢ A dlogr.
Subcase 5.2: In the case where 4b — 1 = 0, the curve is seen to be

¢ = ("log(k("),

where k is an integration constant, ¢’ = —¢ and ¢’ = 2¢ 4 £. The action of exp(tA)
is & = exp(—t/2)(§'+t¢’'/2) and (] = exp(—t/2)(’. The invariant 2-form is —2d¢’ A
dn/(&" + ).

Subcase 5.3: For the last case where 4b — 1 < 0, we set § = /1 —4b. Then,
relative to the coordinates & = 2¢ + (1 + )¢ and ¢/ = 2¢ + (1 — B)E, the curve is
written as

(1—p)log¢ = (1+p)logg +k,
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where k is an integration constant. The action of exp(tA) is & = exp(—(1—0)t/2)¢’
and ¢; = exp(—(1+ 3)t/2)¢’. The invariant 2-form is dlog&’ A dn up to a constant.

Summarizing the argument, we have proved the following theorem.

Theorem 2.2 Let M be a two-manifold with an action of a 3-dimenisonal non-
abelian Lie group and assume that it has an invariant 2-form p. Then, there exists
locally an immersion f : M > (p,q) — (&,1n,¢) € R3 such that the action of the
group on M is the pull-back of the restriction on S = f(M) of the natural affine
action on R® preserving the surface S, and that the form p is the pull-back of the
area form d& A dn/¢ on S. This area form is the metrical volume form when S is
not cylindrical. The following list exhausts the surfaces up to affine transformation.
Here, e = 1, and ¢;, k, o, B are constants.

1: (2 = 4¢n + cs.

2: 2 =—e(&+7°) +es

3.1: Cylinder over ¢ 4+ en? = cs.

3.2: 2+ en? =2¢€.

4 : Cylinder over (% = 2€.

5.1: Cylinder over ¢ = ntan (alog(n®+¢?)), a>0.

5.2 : Cylinder over n = (log(k(¢).

5.3 : Cylinder over (1 — B)log{ =(1+pB)logn+k, 0<pG<1.

3 Nonrigidity of area-preserving analytic diffeo-
morphisms

Conversely, for M, ¢ and p given as above, and for one of the surfaces listed above,
say, S : (2 = 4&n + c3, we consider a solution (£,7) of the differential equations

o(p, q)0(&,m)/0(p,q) = /4N + ¢, (3.1)

which is the condition that the map (p, q) — (&, 7) is volume-preserving. The target
surface is (2 = 4&n + c3 with the volume form d€ A dn/+/4€n + c3. We define A by
A = d(p,q)0(&,m)/9(p, q). Then obviously p = d€ Adn/(¢pA). We next define two
vector fields X and Y by

X =¢A0: and Y = ¢A0,.
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Then, it is easy to see that H := [X,Y] satisfies [H, X] = 2X and [H,Y] = —-2Y.
Hence, the Lie group generated by X and Y, which is locally isomorphic to SLo,
acts on M.

Here arises a question: Is the solution (£,7) of the equation (3.1) unique under a
suitable condition?

As we see below, it is far from beging unique. Let us rewrite the equation in a more
accessible coordinate system. By identifying the surface with the upper half-plane
(see Example 1.2), the equation is written as

o(p, q)0(x,y)/0(p, q) = 1/y*

with (z,y) valued in the upper half-plane. By changing the coordinates further
from (z,y) to (u=1/y,v = x), we get the equation

Hence, the question is reduced to finding a suitable condition for the uniqueness
assertion of the equation
A(u,v)/0(U, V) =1

relative to the mapping (U, V) to (u,v). There would be no such.

Example 3.1 Let us work on the upper half-plane H with coordinates z = x +1iy.
Since there are uncontrollably many volume-preserving diffeomorphisms in general,
we restrict our consideration to real analytic volume-preserving automorphisms
which commute with the extended modular group I' generated by SL(2,Z) and a
reflection r : z = x + iy — 2z = —x + iy.

Claim: There are volume-preserving harmonic flows T which commute with the
action of T'.

Let us write the vector field generating the flow T by

0 0

The vector field V' preserves the volume form dz A dy/y? if and only if
a=y’¢, [=-y’¢ forsome &(z,y).

The flow commutes with the action of I if and only if

E(g(z,y) =&(x,y), g€ SL(2,Z),
§g(x,y) = —&(z,y), g€l —SL(2,7Z).
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Such a function £ exists; there are in fact many. If J denotes the automorphic
function, the so-called j-invariant, the odd powers of its imaginary part x(z,y) =
Im J(z) and their linear combinations (over R) can serve as £. Indeed, since the
inverse function of J is the Schwarz map of the hypergeometric equation of type
(2,3,00), we have J(rz) = J(z), and so x(rz) = —x(z). In particular this implies
that £ vanishes along the walls of the Weyl chamber of the Coxeter group I'; in
other words, the flow generated by V preserves the walls. Furthermore, the flow
when ¢ = 3, for example, preserves the wall pointwise.

This example shows that a seemingly-strong boundary condition still does not
assure the uniqueness.

Appendix. Proof of Lemma 1.1.
Let {A, B,C} be a basis of g. By the assumption

[A,B] =aA+bB, [AC]l=cA+dC, [B,Cl=eB+ fC

for some constants a, b, etc. Since [A, B + (] is also a linear combination of A and
B+ C, it holds d = b. Similarly, e = c and f = —a. Hence,

[A,B]=aA+bB, [ACl=cA+0bC, [B,C]=cB-aC.
Assume a # 0. Then {4’ = aA + bB, B,C} is a basis and
[A',B] =aA’, [A,C]=cA", [B,C]=cB-aC.

Namely, we have the case where b = 0. Hence, we may assume ab = 0 and, taking
into acoount the symmetry, it is enough to treat the case a = 0:

[A,B]=bB, [A,C]=cA+0bC, [B,C]=cB.
Assume next b # 0. Then, {A, B,C’' = ¢cA + bC} is a new basis and
[A,B]=bB, [A,C']=bC", [B,C']=0.
Namely, we have the case where ¢ = 0. Hence, it is enough to consider the case
bc = 0. By symmetry we may assume ¢ = 0. If b = 0 further, then g is abelian. If
b # 0, then replace A by bA to get
[AvB]:Ba [A,C]:C, [B,C]:O

Thus, we have Lemma 1.1.



14

Takeshi Sasaki and Masaaki Yoshida

References

[1]

M. Eastwood and V. Ezhov, On affine normal forms and a classification
of homogeneous surfaces in affine three-space, Geom. Dedicata 77(1999),
11-69.

H. Liu and C. Wang, Centroaffinely homogeneous surfaces in R?, Beitr.
Algebra Geom. 35(1994), 109-117.

K. Nomizu and T. Sasaki, Affine Differential Geometry, Cambridge Univ.
Press, Cambridge, 1994.

T. Sasaki and M. Yoshida, Interpolation of Markoff transformations on the
Fricke surfaces, to appear in Tohoku Math. J. (2007).

R. Walter, Homogeneous surfaces in the equiaffine space R?*, in: PDEs, sub-
manifolds and affine differential geometry, B. Opozda, Ed., Banach Cent.
Publ. 57, Polish Academy of Sciences, Warsaw, 2002, pp. 29-65.

Department of Mathematics, Kobe University, Rokko, Kobe 657-8501, Japan
Email address: sasaki@math.kobe-u.ac.jp

Department of Mathematics, Kyushu University, Ropponmatsu, Fukuoka 810-8560,

Japan

Email address: myoshida@math.kyushu-u.ac.jp



