On the generalized Gauss hypergeometric

system of three variables
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§1. Introduction

A partition A is any sequence (A, ..., \,) of nonnegative integers such that A\; > --- >
An > 0. The length of partition A is the number of A; # 0 and is denoted by [()). The
weight is defined to be |A| = 3" A;. For a given fixed parameter k£ and for a partition
A= (A,...,A,) of length [(X) < n, we define

ay=T[(a—k(i—1),A), a€C,

where
(a,m)=ala+1)---(a+m—1), a€eC, meN.

Let Jy(z; k) be the Jack polynomials of n variables z = (z',z?%,...,2"). Then the gener-

alized Gauss hypergeometric function ,Fi(a,b;c;k;x) of n variables associated with Jack
polynomial is defined as

CI/)\ b/\ JA('I?]{’I)
2Fi(a,byeikyx) =
2Fi(a, b ¢ k; ) XA: ex KN )

where the summation runs over all partitions A of length < n. Here, a, b, and ¢ are
complex numbers such that (¢), # 0 for all A and (, ) denotes certain inner product of
the space of symmetric polynomials that depends on the parameter k; refer to [7]. The
series above was defined by Koranyi[4], Macdonald, and Kaneko[2] independently. It is
characterized by the following fact.

Theorem (7. Yan[8]) The hypergeometric function o F(a,b; ¢; k; x) is the unique (up to

constant) solution of the following system of differential equations which is symmetric in

n

the n variables x',... 2", and analytic at ' = --- = 2" = 0:

;vi(l — $i>2$i$i +{c—(n—1Dk—(a+b+1-— nk):vz}zxz —k Z -’,szmj
(1.1) 7=t

[ 7

T'zp — T2y .
+—abz:(); 1 =1
xt—xt

+k(1 — ;c’) Z

i

R 8

We call this system the generalized Gauss hypergeometric system associated with Jack
polynomials and denote it by HJ(a,b,c;k;(x',...,2™)) if one needs to specify variables or
HJ(a,b,c; k) if not and by HJ for short. In [5], Mimachi considered integrals of Selberg
type and computed the Gauss-Manin system satisfied by these integrals. He has shown
that the system has a subsystem that is equivalent to the H.J above. The aim of this paper
is to give the Pfaffian form explicitly for HJ when n = 3 and consider local behaviors
of solutions around some singular points. Note that the associated connection form is a
logarithmic 1-form with constant coefficients. See Theorem 2.1.
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We give a few remarks:
Remarks. (1) When n = 1, the function 3 F(a, b; ¢; k; z) is independent of the parameter
k and is the classical Gauss hypergeometric function 5Fi(a,b,;c;z). When n = 2, the

system is equivalent to Appell’s hypergeometric system Fy; refer to [1] and [3]. Its explicit
expression is cited in the appendix.

(2) When k = 0, the system is the n-times tensorial product of Gauss hypergeometric
equations; namely, we have

oFi(a,b;¢;0; (2, ... 2™)) = H2F1(a,b; e le)’

=1

where 2 Fi(a,b;c;z) is the Gauss hypergeometric function. This identity means that
the system HJ can be regarded as a deformation of the tensorial product of the Gauss
hypergeometric equations.

(3) The following identity is an analogue of classical Kummer relations([8]).

. ! "
oFi(a,b e k) = TI(1 —a2')™" o F (a,c—b,c;k;—i ey — )

9 Y
1 — 2t 1 —zn

= T(1 — 2"y F(c— a,c— b,c;k; ).

Further, we can see by computation that the system HJ has the following symmetry.

Lemma 1.1. The function

n

H(mi)szl(a +p,b+p,c+ 20k (2. 2"))

i=1
is a solution of the system J(a,b,c;k;(z',...,2")), wherep=(n—1)k +1—c.

Lemma 1.2. By the coordinate transformation 7: x = (2,...,2") = £ = (&4,...,£"),
where £ = 1/a*, the system HJ(a,b,c;k;x) relative to the unknown z is transformed to
the systemn HJ(a,a—c+1—(n—1)k,a—b+ 14 (n—1)k; k; ) relative to the new unknown
f = ZH?:I ($Z>a

Lemma 1.3. By the coordinate transformation o: x = (a',...,2") — £ = (£',...,£"),
where ¢ = 1 — 2, the system HJ(a,b,c;k;z) is transformed to the system HJ(a,b,a +
b+ 1—c+ (n—1)k;k; ) relative to the same unknown.

§2. Pfaffian form of the generalized Gauss hypergeometric system of three
variables

The system HJ when n = 3 is written as follows; here, we write (z,y, z) for (z', 2?, 2°)

and w for the unknown.

(1l —2)wyy + (¢ — 2k — (a + b+ 1 — 3k)z)w, — k(zw, + yw, + zw,)

+k(1 _ :v) (wa —Ywy,  TW, — ZW,

+ )—abw:O,

T —y T —z




y(1 —y)wyy + (¢ — 2k — (a+ b+ 1 = 3k)y)w, — k(zw, + yw, + zw,)
+k(1 —y) (ywy — e + Yy — xwx) —abw =0,
y—z y—x
z(l — Z)U]ZZ + (c — 2k — (a +b+1— Sk)z)wz — k(mwx + yw, + sz)
k(1= 2) (zwz — Tw, N Zw, — ywy> b = 0,

z—x z2—y

We define a frame e by

¢
e ="(e1, ez, €3, €4, €5, €, €7, €8),

( wﬁ—wy>
€ = W, €y =ITWy €3= YW, €4=2W,, e5=2aY|wyy —k——">],
r—=Yy
o = y (w_k;) 22 (w_k;>
y—z Z2—
1 1 1 1
s = TYZ{ Wy, + k + —— | wyy + K + Wy,
rT—z yY—z y—1 z—x
1 1 . 1
z-y r—y (z —y)(z - z)
1 1
—4k? w, — 4k* wz}.
(y—2)y—=) " (2 —2)(z —y)

Then a calculation shows the following formula.

Theorem 2.1. The system HJ(a,b;c; k) is equivalent to the Pfaffian system

de = Qe,
where
dx d dz dx d dz
Q= PE AR 4 P A Pk P Py
x Yy z x—1 y—1 z—1
dlx — dly — z dlz —x
cpdezy)  pdly—2)  pdz—2)
xT—y y—z z—x
The 8 x 8 matrices P; are given as follows.
0 1 0 0 0 0 0 0
0 1—c+2k 0 0 0 0 0 0
0 —k 0 0 1 0 0 0
0 —k 0 0 0 0 1 0
P = ’
0 0 0 0 T—c+2k 0 0 0
0 0 0 0 —k 0 —k 1
0 0 0 0 0 0 1—c+2k 0
0 0 0 0 0 0 1—c+2k
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0 0 0 00 O 0 O

0 -k k 00 O 0 O

0 £k -k 00 0 0 O

P7:00000000,

0 0 0 00 O 0 O

0 0 0 00 -k k£ O

0 0 0 00 k£ -k 0

0 0 0 00 O 0 O
00 0 0 0 0 0 O 0 0 0 0 0 0 00
00 0 0 0 0 0 O 0 -0 £ 0 0 00
00 -k k£ 0 0 0 0 0 0 0 0 0 0 00

Pg:OOk_kOOOO,P,g:OkO_kO000,

00 0 0 -k 0 k£ O 0 0 0 0 -k k£ 00
00 0 0 0 0 O0 O 0o 0 0 0 k£ -k 00
00 0 0 k£ 0 -k O 0 0 0 O 0 0 0
00 0 0 0 0 O0 O 0 0 0 O 0 0 0

where d =c¢—a—b—1.
§3. Singular points of the system H.J

We regard the system H.J as lying on the space P' x P' x P'. The set of singular
divisors consists of 12 planes:

{;C = 0}7 {y = O}a {Z = O}a {;C = 1}7 {y = 1}a {Z = 1}a
{x = 00}7 {y = 00}7 {Z = 00}7 {:L' = y}7 {y = 2}7 {Z = :L'}

Singular points, where pass through three or more divisors, are (p, g,r), where p, ¢, and

r are one of 0, 1, and oco. Up to permutation of coordinates, we classify them into three
classes:

(1) (0,0,0), (1,1,1), (oo,00,00)

(2) (0,1,1), (1,0,0), (1,00,00), (00,0,0), (oc0,1,1), (0,00,00)
(3) (00,0,1)

Through each point of (1) pass six divisors and through each point of (2) four divisors.
At the point of (3), the crossing is normal. Now recall Lemma 1.2 and Lemma 1.3. These
lemmas show that each singular point can be transformed to one of the following by the
coordinate transformations 7 and o for n = 3:

(0,0,0),  (1,0,0),  (o0,0,1).

We are going to find solutions around the points (0,0,0) and (1,0,0) in the following
sections.

§4. Solutions around the point (0,0,0)



Let us consider the system around the point (0,0,0). To make the system look nice,

we blow up the space P x P! x P! at the origin by introducing coordinates (u,n, ()
defined by

r=u, y=un, z=u(.

The Pfaffian system relative to the new coordinates (u,n, () is

de = Qe,
where
d d d dr d d
o = QMyp®ypd p p o p
u n ¢ u—1 n—1 (—1
d(n — d d
o d=Q) o dlun) | ).
n—C un — 1 u¢ —1
Q = P+ P+ P+ P+ P+ Py
0 1 1 1 0 0 0 0
0 —c+1 0 0 1 0 1 0
0 0 —c+1 0 2 0 0 0
oo 0 —c+1 0 1 1 0
N 0 0 2(k—c+1) 0 0 1
0 0 0 0 0 20k — c+1) 0 1
0 0 0 0 0 2k —c+1) 1
0 0 0 0 0 0 0 3(2k — e+ 1)

Note that, on the plane {u = 0}, we have five divisors

n=0, n=1 (=0, (=1, n=¢.

The configuration of these divisors is the same as that of Appell’s system F}.

The eigenvalues of @ are 0, 1 — ¢, 2(1 — ¢+ k), and 3(1 — ¢ + 2k); the multiplicities are
1, 3, 3, 1, respectively. Hence, assuming that any of 1 — ¢, 2(1 — ¢+ k), and 3(1 — ¢+ 2k)
is not integer, we can find eight independent solutions, one is holomorphic, three are of
the form u'=%- ¢(u, v, w), the other three of the form w2 =ctk) . ¢(u,v,w), and the last of
the form u3(1—c+2k). ¢(u,v,w), where ¢(u, v, w) is holomorphic relative to u. This follows
from the next lemma.

Lemma 4.1. (Kato[3]) Let B(z',...,2") and Q;(z',...,2") (i = 2,...,r) be n x n
matrices holomorphic at the point (0,a*,...,a") and A a constant matrix. Put Q; =
Alz' + B, Q = Qydz' + -+ + Q,.dz", which satisfies dQ = Q A Q. Suppose moreover
that p is an eigenvalue of A but any positive integer is not an eigenvalue of A — pl,. Let
m be the corank of A — pl, and w;(z*,...,2") = Q;(0,2%,...,2") (1 = 2,...,7), w =
wodx? + -+ + w,dx". Then

(4.1) de = Qe




has m linearly independent solutions of the form e = (z')? f, where f is holomorphic at
the point (0,a?,...,a"). Put fo(z?,...,2") = f(0,2%, ... ,2") for any solution ¢ = z”f of
the equation; then, fq satifies

(4.2) (A—pl)fo=0 and dfy=wfo.

Conversely, for each solution fo(z?,...,2") of (4.2), there exists a unique solution e = z” f
2

of (4.1) satisfing f(0,22,...,2") = fo(z?,...,2").
Let us consider the eigenvalue p =1 — ¢. To get a solution of the form

e:upf, f:fO(naC>+uf1(uanac>a

solve the condition (@ — pI)fy = 0 in Lemma 4.1. We see that its general solution has
the form

fO :t<61, peE1 — €3 — €4, €3, €4, 0, 0, 0, 0)
By definition, it is a solution of the equation
dfo = w fo,

d¢ dn d¢ d(n = ¢)
c +P777_1+P9C_1+P87U_C .

Then, the vector f = “(e1, €3, €4), which is the essential part of fy, satisfies the induced

_PQ—n—|-P3
n

system

(4.3) df =wof,

d¢ dn d¢ d(n —¢
R1_+R2§+R3] 1+R4C—1+R5 ('fl—§)7
where
0 1 0 0 0 1
Ri=|0 p+2k 0 |, RQ(O 0 -k ,
0 -k 0 0 0 p+2k
0 0 0 0 0 0 0 0 0
Ry=| kp -2k —k |, Rs= 0 0 0 , Rs=10 -k &k

0 0 0 kp -k =2k 0 k —k

In fact, Ri(resp. R,) is the submatrix of Py(resp. P3) consisting of the (i, j)-th
components where 7, 7 = 1,3,4. So is for Ry. As for R, let us consider des: A look at
the matrix P; shows that the coefficient of the form dn/(n— 1) is ke; — e3 that is equal to
k(pe; — e3 — e4) — 3. Since dey and dey have no component including the form dn/(n—1),
we get the matrix R3. The remaining matrices are obtained similarly.

Now compare the system (4.3) with the Appell’s system (A1.1) for Fy in the appendix.
Then we can see that the Pfaffian system (4.3) is the same as Appell’s system Fi(c —
Lk k;c—k;n, (). As for the eigenvalue 2(1 — ¢ + k), we can proceed similarly. We get
the following proposition.



Proposition 4.2. Assume 2k —c+ 1 ¢ Z. Then, (1) any solution of the system corre-
sponding to the eigenvalue 1 — ¢ can be written as

f = fO(T/aC> + ufl(u’r/ag)a

where fq is a solution of Appell’s system Fy(c—1, k, k;c—k;n, (). (2) Solutions correspond-
ing to the eigenvalue 2(1 — ¢ + k) have a similar expression, the first term corresponding
to Fi(4k +1 — ¢, k,k; 3k +2 — ¢;n, (). The number of linear independent solutions is 3 in
each case.

Thus, we have six solutions, which, together with the generalized Gauss hypergeomet-
ric function yFy(a, b, ¢; k;,y,2) and its associate (zyz)* 1=, Fi(a —c+ 1+ 2k,b—c+
1 +2k,4k +2 — ¢;k;z,y, 2) (refer to Lemma 1.1), form a fundamental set of solutions.

§5. Solutions around the point (1,0,0)

We introduce the coordinates (u,y,z) = (¢ — 1,y,z). The Pfaffian form is
du dy dz du dy dz

= P +P—+ P—+ Pi— + s + Fs
14 u Y z U y—1 z—1
d(u — d(y — d(z —
+ P C y)-l-Ps g Z)+P9 = u)’
14+u—y Yy —z z—u—1

Now we are interested in the point (u,y,z) = (0,0,0). The crucial matrix is P, and its
eigenvalues are 0 and ¢/ = ¢ —a — b — 1 with multiplicity 4 for each. We assume ¢ ¢ Z
and consider the eigenvalue 0. The matrix equation Py*(eq, €, .., es) = 0 consists of

—abey + deg —kes —key, = 0,
—(k—a)k —b)es+ c'es —kes = 0,
—(k—a)k —b)es+ er —kes = 0,

—(2k —a)(2k —b)eg + c'es = 0

Its general solutions are determined by f = (€1, €3, €4, €g). Since the Pfaff system at u = 0
is reduced to

de = Qge,
where
d d d d d(y —
=P p, Ty pr )Yy prp) T p )
Yy z -1 z—1 y—z
the associated system written relative to f is computed to be
d d d d d(y —
df = (Al—y+A2—Z+A3 Y + Ay : +A5M) /s
y z y— 1 z—1 Yy — 2z
where
0 1 0 0 00 1 0
1 - 2k —k 1
A = 0 c+ 0 0 A= 00 7
0 —k 0 1 0 0 1—cH+2k 0
0 0 0 1—c+2k 00 0 1 —c+2k



0 0 0 0
A, — —ab -k —k 0 7
0 0 0 0
0 0 —(k—a)(k=0b) ¢ —k
0 0 0 0
0 0 0 0
Ay = ,
—ab —k d—k 0
0 —(k—a)k-0) 0 d—k
0 0 0 O
0 -k k£ 0
As =
0 £ =k O
0 0 0 O

Now refer to the Pfaffian form of the HJ for two variables (A2.1) in the appendix.
Then, we can see that the obtained system is HJ(a,b,c — k;k;y,z). For the eigenvalue
d(=c¢—a—b—1), the situation is similar and we get

Proposition 5.1. Assume ¢ ¢ Z. Then, (1) any solution of the system corresponding
to the eigenvalue 0 can be written as

f = fO(yaZ> + uf1(u,y,2),

where [y is a solution of the systemn HJ(a,b,c—k;k;y,z). (2) Solutions corresponding to
the eigenvalue ¢ have a similar expression

ucmob (f()(y’ Z) + uf1(U, Y, Z)) )

where fo(y,z) = ((1 —y)(1 — z))c_a_b 9(y,z) and g(y, z) is a solution of the system H.J(c—
a,c—b,c—k;k;y,z). The number of linear independent solutions is 4 in each case.

Remark. We can get a higher order development of solutions relative to the variable
u as the following procedure; we treat the case where the eigenvalue is 0. The system
J(a,b, c; k) consists of the following three equations:

—(14+wwyy +{c—a—-b—1—(a+ b+ Vulw, — k(yw, + zw,)

Y Y =
_k U k z
u(1+u—y+1—|—u—z>w + u(l—l—u—ywy—l_l—l—u—zw)
—abw =0,
y(1 — y)wyy +{c—2k — (a+ b+ 1—-3k)y}tw, — k(yw, + zw,)
- z (1 ]
+k(1_y)ywy 2w L k(1= ) yw, —abw—}—k‘u( + u) w, = 0,
y—u—1 y—u—1
2(1 = 2)w. + {c =2k — (a+ b+ 1 = 3k)z}w, — k(zw, + yw,)
— (1 ,
(1= )2 Y g 2 g )
z—y z—Uu— z—u—1



Assume that a solution has the development

w = foly,2) + [ily, 2)u+ faly, 2)u’ + - -

Then the second and the third equations induce the sysytem for f = f:

y(l —y)fu + {e—2k — (a—{—b—{— 1)y}fy +k(1 - Z>yfz:7§fz —abf =0,
2(1 —2)for +{c—2k—(a+ b+ Dz} f, + k(1 —y)yfyyiijfz—abfz 0.

This means that the fy(y,z) is a solution of the HJ(a,b,c — k;k;y,z), as we have seen
earlier. For higher order terms, we get from the first equation that

afi = abfo+ k(yfo, + zfo:),
20 —=1)f; = (BH+ab)fi +k(yfiy+2fi2)

Y Z Y
E(—— +—)fi — k
+(]_y+]_zﬁa (1_th+

(m4+1)(a=m)fny = (m(m—=1)+mp+ab)fr + k(yfmy + 2 m:)

z
1— zfo’z)’

k kz
ky kz
_—1 — y(fm—l,y + A3) — 1— Z(fm_l’z + A4), m > 2’
where
m — 1 m— 2 1
Rk et A Y |
1 y—lf 1+(y—1)2f 2+ -I-( _1>m_1f1
m— 1 m — 2 1
Ay = — [+ ———frat - 7
2 z—lf 1+(z—1)2f 2+ -l-( 1)m_1f1
1 1
Ay = — fop b [0
3 v 1f 2yt + (y = 1) Jou
1 1
A4 = jfm_2’2+.. +( 1)m_1f0,2a
Here

a=c—a—b—1 and B=a+b+1.

From this relation, we can claim that, if « ¢ Z, then f,,(y, z) are recursively deter-
mined. Here arises a problem whether, with these f,,, is the series w convergent.

Appendix
A1l. Appell’s hypergeometric system Fi(«, 31, 52,7)

Appell’s hypergeometric function Fj is the function defined by the power series

F1(076156277;$7y): Z (aym—l_n)(ﬁhm)(ﬁ%n)iﬂmyn.

om0 (v, m + n)m!n!
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It satisfies the system Fi(e, f1, 82,7):

(1l —2)zpe + (1 — 2)yzey + {y — (a4 B1 + Dz }zp — fryzy, — afiz = 0,
y(l - y)zyy + (1 - y);czry + {'Y - (a + [2 + 1)y}2y — Baxzy — affez = 0,

which is equivalent to the Pfaffian system

(A1.1) de = Ae, e = "(w, zws, yw,),
where y y y J y
U T L WL B Gl )
x Yy r—1 y—1 T —y
0 1 0 00 1
Ai=10 1—v44+p8, 0|, A;,=[00 —fh
0 —3 0 00 1T—y+5p
0 0 0 0 0 0
Az = —af 7—04—61—1 - , Ag= 0 0 0 )
0 0 0 —afy =B y—a—[f,—1
0 0 0
As =10 =B b
0 B =5

A2. Appell’s hypergeometric system Fy(o,3;71,72) and HJ(a,b,c; k)

Appell’s hypergeometric function Fj is the function defined by the power series

Fyla, By71,7252,y) = Z (%m—%—ﬂ(ﬁ;m—{—n)xm n

m,n>0 (717m>(’)/2,n)m'n'

It satisfies the system Fy(a, 8,71, 72):

(1 = 2)wee — 2ywey — Y wyy + (1 — (a + B+ Dz)ws — (e + B+ yw, — afuw =0,
y(1 — y)wyy — 22ywey — 2°wey + (2 — (@ + B+ 1y)w, — (o + 8 + 1)yw, — afw = 0.

By the change of coordinates
T = uv, y=(1—-u)(1—0)
the system is transformed to

u(l —w)wyy + (11 — (. + B+ 1 = 2¢)u)wy, — e(uw, + vw,) — afw
Uy, — VWy
+e(l —u)— =0,
u—v
v(1 —v)wy, + (1 — (a+ B+ 1 —2€)v)w, — e(uw, + vw,) — afw
VW, — Uy

+e(l —v)— =10,

v—Uu

11



which is nothing but HJ(a, 8,a4++1—7;a+ F+1—v —72;u,v) when n = 2. Here,
e=a+ 3+ 1—7 —v; Refer to [3].

The Pfaffian form of HJ(a,b;c; k;u,v) for two variables are given as follows: Define a

frame e by
+ Wy — Wy
e =" [ w, uwy, vw,, uv | Wy, —k .

U —1v

Then, the Pfaff system

d d: d d- d(u — 1
(A21)  de=Be, BeBMip®ip M p ®  pdu=v)
u v u—1 v—1 uU—v
is given by the matrices
0 1 0 0 0 0 1 0
k— 1 —k 1
B — 0 c+1 0 0 B, = 0 0 ’
0 —k 0 1 0 0 k—c+1 0
0 0 0 k—c+1 00 0 k—c+1
0 0 0 0
B, — —ab c—a—-b-1 —k 0 ’
0 0 0 0
0 0 —(k—a)(k—=b) c—a—-b—1
0 0 0 0 0 0 0
By — 0 0 0 B = 0 -k k£ 0
—ab —k c—a—b—-1 0 0 £ -k O
0 —(k—a)(k—-0) 0 c—a—b—1 0 0 0 0
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