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Abstract

The aim of this article is to present and reformulate systematically
what is known about surfaces in the projective 3-space, in view of trans-
formations of surfaces, and to complement with some new results. Special
emphasis will be laid on line congruences and Laplace transformations. A
line congruence can be regarded as a transformation connecting one focal
surface with the other focal surface. A Laplace transformation is regarded
as a method of constructing a new surface from a given surface by relying
on the asymptotic system the surface is endowed with. The most inter-
esting object in this article is a class of projectively minimal surfaces. We
clarify the procedure of getting new projectievely minimal surfaces from
a given one, which was proved by F. Marcus, as well as the procedure of
Demoulin transformation of projective surfaces.
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Introduction

Transformations of surfaces have been a subject of strong interest to mathemati-
cians for many years, from a geometric point of view as well as from an analytic
point of view. G. Darboux opened his four-volume book “Legons sur la théorie
générale des surfaces,” with a preface saying that his aim was to investigate new
applications to geometry of the theory of partial differential equations. In his
book, we can find several ways of extracting geometric conclusions from struc-
tures lying in systems of differential equations, which still stimulate us. Classical
transformations such as the Darboux transformation and Bécklund transforma-
tion are still even within the last ten years being found to be fundamental to
knowing the structure of linear and /or nonlinear differental equations associated
to geometric objects, and to constructing surfaces with special properties; this
has lead to a renewal of interest in the theory of surfaces.

The aim of this article is to present and reformulate systematically what is
known about surfaces in the projective 3-space, in view of transformations of
surfaces, and to complement with some new results. Special emphasis will be
laid on line congruences and Laplace transformations. A line congruence can be
regarded as a transformation connecting one focal surface with the other focal
surface. A Laplace transformation is regarded as a method of constructing a
new surface from a given surface by relying on the asymptotic system the surface
is endowed with.



The most interesting object in this article is a class of projectively minimal
surfaces. By definition, a surface is projectively minimal if and only if the
area functional, constructed in a projectively invariant way, attains an extremal
value for this surface. The class of such surfaces includes the class of affine
spheres that are fundamental in affine differential geometry and the class of
Demoulin surfaces that are characterized by degeneracy of the envelope of Lie
quadrics. In the last section of this article, we show that the class of projectively
minimal surfaces fits nicely into the framework of line congruences and Laplace
transformations which we prepare in the foregoing sections.

The contents are as follows: In Section 2, we give a formulation of projec-
tive surfaces and introduce several notions such as Wilczynski frame, Demoulin
frame, projectively applicable surfaces and projectively minimal surfaces. This
is a short introduction to the projective differential geometry of surfaces. Sec-
tion 1 is a preparation for Section 2. In Section 3, we introduce the notion of
line congruence and W-congruence, and in Section 6 we formulate a projective
theory of line congruences.

In Section 4, we give a summary of Laplace transformations, mainly rely-
ing on the books by Darboux. First, in terms of line congruence, the notion
of Laplace transformation is introduced and its fundamentals are given. Sec-
ond, sequences of consecutive Laplace transformations are treated. Third, we
turn our attention to the Euler-Darboux-Poisson equation, and we treat the hy-
pergeometric systems by Appell as examples. A characterization of Demoulin
surfaces by Godeaux sequences, a classical result, is then presented. Section
5 is a digression to affine spheres. The definition of affine spheres, the differ-
ential system describing affine spheres, and properties relative to the Laplace
transformation will be given.

A line congruence can be regarded as a surface in the projective 5-space
that is the moduli space of projective lines. It lies in a 4-dimensional quadratic
hypersurface defined by the Pliicker relation. A line congruence is said to belong
to a linear complex if it lies, regarded as a surface, in a hyperplane. This is
explained in Section 7. In Section 8, we treat Laplace transformations of line
congruences.

A line congruence is described by a pair of two focal surfaces. In Section 9,
the projective invariants of focal surfaces are explicitly given, and a characteri-
zation of line congruences for which both focal surfaces are quadrics, found by
E. J. Wilczynksi, is proved.

There are a number of classical books on projective differential geometry.
Among others, the books [FC1] and [FC2] by G. Fubini and E. Ceck, the book [L]
by E. P. Lane, the three-volume book [Bol] by G. Bol, the book on nets [Tz1924]
by G. Tzitzeica, and the book [W1906] by E. J. Wilczynski are fundamental. In
his book [FC2], Fubini gave a method for constructing W-congruences, which
will be reproduced here in Section 10. Section 11 treats Demoulin transforma-
tions by introducing Demoulin lines and Demoulin congruences. Explicit forms
will be given by relying mainly on the works of [Fi1930] and [Sul957]. Section 12
treats again Demoulin transformations intrinsically by appealing to Demoulin
coframes.



Section 13 gives a characteristic property of W-congruences between projec-
tively minimal surfaces, and presents a transformation formula of projectively
minimal surfaces originally due to F. Marcus [Mar1980].

In Appendix A, an example of a line congruence derived from one of Ap-
pell’s systems is given; in Appendix B, we recall a fundamental formulation
of line congruences in the Euclidean 3-space and show that W-congruence, or
orginally Weingarten congruence, comes from the normal congruence associated
with Weingarten surfaces. Appendix C gives a proof of a statement in Sect. 4.8.

Notation: P" denotes the n-dimensional projective space with homogeneous
coordinates [z°,21,...,2"]. P,.1 denotes its dual projective space. The A-
product is frequently used in this article. For two vectors z = [29,21,...,2"]
and w = [w® w!, ..., w"], the vector z A w = [z'w? — z9w’] (0 < i # j < n)
defines a vector in P("2')=1. The multi-wedge product z A w A - - - is similarly
defined. The coefficeint number field is R or C throughout this article.

Remarks on references: The books mentioned above are used in several places
without mention. The formulation in Section 1 is due to [W1906] and [Sa1999],
and Section 2 is based on [Sa1988, Sa1999], [Fe2000a, Fe1999], [L]. Formulations
in Section 4 are based essentially on [D], except for some additional matters
in Sections 4.7-4.8. We refer the reader to [NS1994] for the affine differential
geometry described in Section 5. A part of Section 7 and the contents of Sections
8 and 9 depend on [W1911]. The material of Section 10 comes from [FC1]; we
refer also to [L]. Section 11 relies on [Fil930]. Section 12 was written in part
by using the work of [Sul957]. At the end of each section, more information on
references will be given. In References, we list related books and papers that
are not directly cited in the article.
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1 Ruled surfaces

A projective surface is an immersion of a two-dimensional manifold into a 3-
dimensional projective space P3. It is given locally by a map (z,y) — z(x,y) €
P3. To study the immersion, it is fundamental to consider the ruled surface
consisting of tangent lines to the family of curves, say, z — z(x,y). In this
section, we provide fundamental invariants of ruled surfaces and discuss a prop-
erty of the Pliicker embedding of a ruled surface. We start with recalling the
fundamental invariants of space curves.



1.1 Space curves

It was G.H. Halphen who developed a projective theory of linear ordinary differ-
ential equations by introducing geometric invariants of curves defined by these
equations. We give a sketch of his theory for space curves, without proofs.

Let us consider the linear differential equation

Z(n+1) +p12(n) + - +pnzl +pn+1z = O7

where z(t) is an unknown function and py, ..., p,41 are scalar functions of the
variable . We choose arbitrarily a set of independent solutions, say, z*(t), ...,
2"T1(t). Then, the map

t—s [25(t), ..., 2" (1))

defines a curve into the projective space P™. Any other set of solutions defines a
curve which is a projective transformation of the original curve. Hence, we can
say that the ordinary differential equation above defines a curve uniquely up to
a projective transformation. Conversely, given a curve in the projective space
P", we can find an ordinary differential equation satisfied by each coordinate
function of the associated mapping. However, the equation is not uniquely
defined because the homogeneous coordinates are determined only up to scalar
multiplication. We also have the ambiguity in the choice of parameter ¢, when
we are starting with only the curve’s image in P™. Hence, we can admit a
change of variables such as

(z,t) — (y = At)z,s = f(1)) (1.1)

in order to get geometrical information from the associated curve. This rea-
soning is essential for developing the projective theory of curves in relation to
linear differential equations. Later, this was generalized by E. J. Wilczynsky to
develop the projective differential geometry of submanifolds in relation to linear
differential systems.

To illustrate the above reasoning, let us consider a space curve that is a
mapping t — [2(¢)] € P3, where z(¢) is a vector in the homogeneous coordinate
space of 4-dimension. At a point of the curve where det(z"”, 2", 2’ z) # 0, each
component is a solution of an ordinary differential equation

"

212"+ paz +p3z 4 paz =0, (1.2)

where the p;’s are functions of ¢. By multiplying z by a scalar factor, the
equation is changed to the form

2" g2 4 g3z 4+ quz = 0. (1.3)
Performing the transformation (1.1), the transformed equation has the form

BH{AN /) + 61" /()L 4 =0,



where {'} denotes the derivation with respect to s. Hence, by choosing A so
that X' /A= —(3/2)f"/f', we get the equation into the form

Y +(q2 —10{f;t})/(f) Y +--- =0,

where {f;t} = (f"/f)'/2 — (f"/f")?/4 is the Schwarzian derivative of f with
respect to t. We now solve the equation g2 = 10{f;t} to get a function f. Using
this f, we finally have the equation in the form

Y +r3 Y +rqy = 0.

Here note that the parameter s is not unique, but is determined uniquely up
to a fractional linear transformation in view of the fractional invariance of the
Schwarzian derivative. This means that the curve has a unique projective struc-
ture.
It is known that the two differential forms
3 1 / 4
Y3 =13ds’®, g = (rqg — §r3)ds
are defined canonically with respect to the first equation (1.2), and are called
fundamental invariants of the space curve. Relative to Equation (1.3), we see
that 13 = (g3 — ¢b)dt3. When r3 # 0, or equivalently when g3 # ¢, we can
choose a special parameter ¢ so that 13 = dt3, which is called the projective
length parameter of the space curve.
Among several known geometrical interpretations of these invariants, we cite
one for later use. At each point of the curve we associate the tangent line that
can be regarded as the vector

£ =yny,
2
in the space P® =A P3. By successive differentiation, we get
L:=¢® 4y € —2(2ry—13) € —(27y — 13)E = 2r3 Y A ¥,

and _
rs3 L — Tvg L — r§(§ +T3§) = 0

The last equation defines a 6th order differential equation relative to £. However,
when r3 = 0 this equation degenerates and & satisfies the equation L = 0, which
is a 5th order equation. Namely, there exists a linear relation amongst the six
components of the vector &.

When the Pliicker image of the set of tangent lines in P® is lying in a hy-
perplane, then the curve is said to belong to a linear complex. Hence, we can
state the following.

Proposition 1.1 (G.H. Halphen [Hal883, p.332]) The space curve defined by
(1.3) belongs to a linear complex if and only if g3 = ¢5.



1.2 Ruled surfaces

A surface in 3-dimensional projective space P3, simply called a projective sur-
face, is an immersion denoted by

(z,y) — z(x,y) € P>,

Before entering into the general treatment of projective surfaces in the next
section, we recall a projective treatment of ruled surfaces.

We call a 1-parameter family of lines in 3-dimensional projective space P3
a ruled surface. In practice, it is given by a pair of curves {z1(z), z2(x)} with
curve parameter x: we associate a ruled surface with

(z,y) — 2(x,y) = 21(z) + y22(z).

Here we are regarding any point in P3 as a vector in the homogeneous coordinate
space of 4-dimension. The curves z; and z5 are called generating curves.

Example 1.2 (1) Let z1(x) = [1,2,0,0] and z2(z) = [0,0,1,z] in the ho-
mogeneous coordinates. Then z(x,y) = [1,z,y,xy|, which denotes a quadric
212 = 2223 relative to the homogeneous coordinates [z, 2%, 23, 24].

(2) For a given curve z1(x), define a second curve za(x) by z2(x) = A+ kzi(x),
where A is a fized vector and k a scalar. Then the surface is nothing but a cone.
(3) Given a space curve c(x), the pair {c(x), ' (z)} defines a ruled surface con-
sisting of tangent lines of the curve c(x), which is called a tangent developable
surface.

Definition 1.3 A ruled surface {21, 22} is said to be developable if
21 Nzo N2y Az = 0.

A developable surface is locally a cone or a tangent developable surface. In
the latter case, a generating space curve is called a directrix curve. A directrix
curve is written as c¢(z) = azi(x) + PBzo(x) for certain scalars a(z) and B(x),
with the property that ¢/(z) =0 (mod 21, 22).

In the following, we always assume that the ruled surface is not developable.
With this assumption, we will have the following system of differential equations.

Z =Y pl+> dy  1<ij< (1.4)
J J

Conversely, a system of this form defines a ruled surface: we can see that this
system has four independent solutions that define a pair of curves in P3, which
in turn defines a ruled surface. The surface is defined uniquely up to a projective
transformation.



However, the surface itself does not define the system uniquely, it still has
the freedom of change of variables and generating curves. In fact, the change of
variables (z, z) — (y,w) given by

w; = Zaf(m)zj, det(al) # 0 (1.5)
J
keeps the surface unchanged. With this freedom of choice, let us try to simplify
the expression of the system (1.4).

Definition 1.4 Let z(x,y) be a surface. A curve on this surface defined by
x = z(t) and y = y(t) is called an asymptotic curve if the four vectors z, zz, 2y,
and 2y are linearly dependent:

2N 2g Nzy Nz = 0.
For a ruled surface z = z1(x) + yz2(z), we have
ZANzZg N2y =21 N2] N2a+yz1 A zh A 22,
2= (21 +y 2)i + 220,
2 = (2 +y20)% + (2 +y 2))(@)7 + 22509 + 224,
where {'} denotes the derivation with respect to ¢. Hence
2N Z2p N2y N 2y =2i9yz1 A2y Aza A zh — i2A,
where
A= AN NN Fy(zi Aza NZb N2 20 Azg A2y N2Y) + 221 Aag A 2h N 2L,
Therefore, the asymptotic curves are determined by the equation
{2021 N2y Aza A zh — 3 A} =0,

which has always two different solutions, i.e. two asymptotic curves pass through
each point. One of these is a ruling line defined by @ = 0 and the other is given
by a differential equation of Riccati type

221 A2y A 22 A zhdy — Adx = 0.

Now we reparametrize the surface assuming that both z; and 2 are asymp-
totic curves. In this case we see that

2Nz ANy N2 =21 N 2a AZh A2l =0,

which implies that p? = p} = 0 in the system (1.4). We next replace z; and
zo by their scalar multiples Az; and puze. Then the coefficients pl and p2 are
changed by adding X' /A and p'/p respectively. So we can always find A and p
so that pi = p3 = 0. Hence we have proved the following:



Proposition 1.5 A nondevelopable ruled surface is given by a system of differ-
ential equations

z{ = pz1+qz, (1.6)
2y = rz1+s2. '

Example 1.6 (1) Any nondegenerate quadric is a ruled surface given by the
system
2] =25 =0.

(2) Cayley’s cubic scroll is by definition
(22)% 4 2L (22t 4 2228 = o,

relative to the coordinates [z%, 22,23, 24]. It is ruled by two generating curves
21 = [1,—z,—22,0] and 22 = [0,0,1,z]. Hence the system of equations is

2y = =225 + 222}, 2y = 0.
If we set
R R 13
23 =215 zo+aze =11,—x, 5% + a, 5% +axl,

where a is any constant, then the system is written in the form asserted in the
proposition:

24 = =329, 25 = 0.
1.3 Fundamental invariants of a ruled surface

Let us check the covariance of the system (1.6) relative to the transformation
(1.5). Setting, for simplicity,

_ [~ _ (P 4q
=(3) o)
the system is written as
X"=QX.

Relative to the transformation y = f(z) and Y = AX, where A = (a’), the
variable Y satisfies

(f/)QY _ (Qf/AIA_l _ fII)Y + (A”A_l + AQA—I _ 2A/A_1AIA_1)Y,

where {} = d/dy and {'} = d/dz. Then B = (f’)~'/2A should satisfy B’ = 0
in order that the coefficient of Y vanishes. In this case, the system becomes

(f")?Y = (2{f;2} + BQB™1Y,

where { f; 2} is the Schwarzian derivative of f relative to the variable z. Since the
trace of the coefficient matrix of Y is tr Q+4{ f; 2}, we can assume this coefficient

10



vanishes by choosing f appropriately. Then any transformation preserving this
condition is of the form

A= (B, {fiz}=0;
ie.,

fiozer,B

= s A= (yx+6)"'B, where B is a constant matrix. (1.7)
v

The matrix-valued quadratic form Qdx? changes under this transformation as
Qdz* — B(Qdz*)B™*.
Definition 1.7 We call Q d2? the fundamental invariant of a ruled surface.

Note that the condition @ = 0 holds only if the ruled surface is a quadric; see
Example 1.6. Summarizing the argument, we have seen the following theorem.

Theorem 1.8 (1) Any ruled surface can be written as a solution of a system
of the form
X"=QX; X = Yz,2), trQ=0.

(2) The transformation (1.5) preserving this normalization is given by (1.7) and
the conjugate class of the matriz-valued quadratic form Q dx? is invariant; in
particular, (det Q)dz* is an absolute invariant.

(3) For two ruled surfaces given respectively by curves (z1(z), z2(z)) and curves
(w1 (y), wa2(y)), let Qdz? and Rdy? denote the fundamental invariants. If both
are projectively equivalent, then there exists a diffeomorphism between the pa-
rameters, y = f(z), and a non-singular constant matric B such that

f*(Rdy®) = B(Qda*)B™".

Conversely, if there exists a mapping f and a matriz B satisfying this identity,
then the ruled surfaces z and w are projectively equivalent.

Remark 1.9 Since the parameter is determined up to a fractional linear trans-
formation, we can say that any ruled surface has a 1-dimensional projective
structure.

1.4 Differential invariants of a ruled surface

Let I, be a differential polynomial defined by using the matrix @) relative to the
variable . With I, denoting the polynomial of the same form relative to y, we
say I is an invariant of weight k if

11



The following is a list of some examples of such differential invariant poly-
nomials; we refer the reader to [W1906].

0, = —4detQ,

0 = 9det(Q") —2(det Q)",

bp = —4detQdet(Q')+ ((det Q))?,
p q r

g = det| p ¢ o
p/l q// 7,//

The weights are 4, 6, 10, and 9, respectively.

As we have done for space curves, let us consider the Pliicker coordinates of
the line Z12z3 joining the points z; and 22 represented by the vector § = z1 A 22.
Its components are &;; = 2123 — 2124, where zj, = [z}, 22, 23, 2¢]. Then the point
¢ lies on the quadratic hypersurface in P? determined by the Pliicker relation

§12834 — §13824 + 14823 = 0.
Furthermore, we have

Proposition 1.10 The invariant 09 vanishes if and only if & lies in a hyper-
plane.

Proof. Differentiating £ = z1 Azg, we get & = 2] Aza+21 Az and £ = 22] A 2.
Then, it is easy to see the following:

1
55”’ +p&’ = 2pzy N zh 4+ qro A zh — 121 A2,

1
5‘5/”' +p'¢ + 2(172 +ar)§ =2p"z1 Nz + gz Nzy — 'z A 2,

1
S+ @ +20% + ) + 3%+ ar) €= 2" N2y +q 2 Ny =" A

Hence, ¢ satisfies a 5th order equation if and only if the right-hand sides of the
above equations are linearly dependent, namely, if 0y vanishes.

Remark 1.11 Investigation of the fundamental invariants of curves in projec-
tive space was done by Laguerre and Forsyth. A modern treatment was given
by A. Se-ashi [Se1987]. For more details regarding the contents of this section,
we refer the reader to [W1906] and [Sa1999).

12



2 Projective theory of surfaces

This section aims at describing the theory of surfaces in the 3-dimensional pro-
jective space and introduces some typical classes of surfaces, such as Demoulin
surfaces, projectively applicable surfaces and projectively minimal surfaces. To
define invariants appropriately, we need to associate special frames to the sur-
faces, called normalized frames. The normalization process works also in higher
dimensions, and we start with a description of invariants on hypersurfaces.

2.1 Projective invariants of hypersurfaces

Let ey : M™ — P"*! be an immersion of an n-dimensional manifold, which
defines a hypersurface. We identify it with its (arbitrary) lift to R"*? — {0}
or C"*2 — {0}. We choose linearly independent tangent vector fields to eq(M)
denoted by ey, ..., e,, which are locally defined on M and linearly independent
of eg. Let e,41 be a vector field, also defined locally, which are linearly inde-
pendent of eq, €1, ..., e,. The ordered set e = (eg,e1,...,€n,e,41) is called a
(projective) frame along the immersion. It satisfies a differential equation

de = we, ie., de,, = ngeg;
B

thus defining an (n + 2) x (n + 2)-matrix valued 1-form w. Here and in the
following, the index range of Greek letters is from 0 to n + 1 and the index
range of roman letters is from 1 to n. The form w satisfies the integrability
condition

dw = w A w. (2.1)

If we consider only frames e with the property det(eg, e1,. .., en,€nt1) = 1, then
it also holds that
Z wg =0,
(07

which we assume in the following. When necessary, we will denote w(e) for the
1-form w corresponding to a given frame e. Two frames, say e and é, are related
by

e = ge,
where g is a mapping (locally) from M to the projective linear group PGL,, 2.
Then, we see that

w(€) =dgg~" +gwle)g™". (2.2)

We now further restrict the choice of e. We first look at the condition wf}“ =0,
which follows from the definition of e, 4. By taking exterior derivation, we get

n
g W AWMt =0,
i=1

13



where w' = w{; by definition, these are independent basic forms. We can write
w?“ =5 j hijw’ for a symmetric tensor h;; and define a symmetric 2-form

Y2 = E hijwzw].
2%

The conformal class of po can be seen to be unique. In order to see this, we
need to know how the invariants transform under a change of the frame e to a
new frame € = ge, where g is given by

A0 0
g=1b a O
uw c v

By the assumption made above, det g = 1. Let us denote by adding tildes to
the invariants relative to the frame € and let A denote the inverse matrix of a.
Then, a calculation using (2.2) shows

Ot =) g Aéwj and UNJ;-’H_l =y ! E afu},z”l,
j k

from which we obtain ~
h= () tah'a, (2.3)

where h = (h;;). Hence, we see that gy = A\v~1py. We say that the immersion eg
is nondegenerate when the matrix (h;;) is nonsingular; we assume this property
in the following. Then, the equation (2.3) implies that there exists a frame such
that | det h;;| = 1. In particular, |Av| = 1. The formula (2.2) shows that

~0  ~ntl _ 0 1, -1 i n+l i
0y + @t =wg +wpty + v E cw] T — E b Ajw?
i 2%

and we can assume w( + wZJﬂ = 0 and then, b and c are related by
b=vtah'c. (2.4)
n+1

The exterior derivation of wg + w’ 11 =0 gives

n
> hijwl iy —wd | Aw' =0.
j=1
Hence we can define ¢;; so that
n ) n
Z hijwhiy — wp = Z lijw’; bij = L. (2.5)
J=1 j=1

We set )
(==Y h't
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where (h7) is the inverse of the matrix h = (h;;).
We will next treat the third-order information of the immersion. Define h;;
by the equation

D higpw! = dhig =Y higwl =Y haw (2.6)
k k k

It is seen that h;; is symmetric relative to all indices and satisfies the so-called
apolarity condition:

> hhig =0

i,

for each k, which follows from the condition | det h| = 1. We define a symmetric
cubic form by

p3 = hijkwiijk
i,5,k
and a scalar called the Fubini-Pick invariant by
F= Z Rijkhpgr hPRITHET.

,9,k,p,q,7
The cubic form has the invariance

Nvhjy = hpgra; ajay;
namely,

@3 = Ao

Together with the invariance (2.3) we can conclude that Fps is an absolutely-
invariant 2-form, which is called the projective metric form. We lastly set

[U— Y
Wnt1 = 7 E P
J

Thus we have quantities {h;j, hijk, £i;, pj - These are canonically defined for a
nondegenerate hypersurface and define invariants in the following sense. Con-
tinuing the computation of the form @, we can see the formula

25 _ p q _ -1 t e § p.q,T
Al = E ajlpgad + (2 — v~ ch'c)hy; —v E hpgrcPalal,
P P.gr

from which we get ~
M=A"YY+Q2u—vtechle).

Hence, we can find a frame so that ¢ = 0.
Summarizing the arugument above, we have seen the following.
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Proposition 2.1 (1) There exists a frame e with the properties
det(e) =1, wi™' =0, wi+wifl =0, |dethy|=1 and £=0.

(2) For such two frames, the connecting transformation g has the form

A0 0 | =1
b a O b=v"tahtc
W oc v w=(1/2)v=tech te,

where a is an n X n-matriz of |deta| = 1.

The second property implies that to any nondegenerate hypersurface is as-
sociated canonically a conformal connection.

Further, the invariance is summarized in the following way.

Proposition 2.2 Let {hij, hiji, Lij, p;} be such invariants defined for the frame
ge, where g is a matriz given in Proposition 2.1(2) with components X, v, and
a=(al) and c = (c'). Set

p= Zpiwi, L= Z&jwiwj, L(c) = Zfijwicj/u,
H(c) = Z hirw'wic® /v, He,c) = Z higrw'cd c® Jv2.
Then the following transformation formulas hold:

G2 =A"lpo,  P3 = A lps,

1
L=L—-H(), W 'p=p+L(c)— §H(c, c).

It can be proved that the set of invariants {h;;, hijk, lij, pj} determines the
immersion up to a projective transformation. In the case n > 3, the quantities
£;; and p; are given in terms of h;j, hjr and their derivatives. But in the case
n = 2, the situation is different. See Sect. 2.6.

The invariance in Proposition 2.1 means geometrically the following. Any
point P in the space can be written as

P = pOeO +p1€1 + - +Pn€n +Pn+1€n+1

and thus we define the coordinates p = (p° p',...,p", p"*1) relative to the
frame e: P = pe. We then set

0 0 1
H=[0 —-h 0
1 0 O

and define a quadratic hypersurface as the set @ = {P | X(P) = 0}, where
X(P) = pH'p. For the frame €, we see P = pé, where p = pg. It is easy to
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see gH'g = +H in view of the invariance (2.3) and (2.4). This implies that the
quadratic hypersurface () is well-defined independent of frames. It is called the
Lie quadratic hypersurface and, by definition, tangent to the given hypersurface
up to the second order.

We next see how the Lie quadratic hypersurface ) depends on the point
of the given hypersurface. We fix a point P and consider it a function on the
given hypersurface. Since it does not move, dP is proportional to P itself,
which means that dp = —pw — kp for some 1-form . Hence, we can see that
dX = pQtp — 2kpH p, where

0 0 0
Q= Zkak, Hk = 0 _hijk Eik . (27)
k 0 fjk 2pk

We now assume that @3 = 0. Then, the exterior derivation of (2.6) shows
that £;; = 0 by use of the integrability condition (2.1) and then the exterior
derivation of (2.5) when ¢;; = 0 shows that p; = 0. Hence dX (P) = 0 for the
point P on ), which means that the quadratic hypersurface remains unchanged;
namely, we have the following:

Theorem 2.3 Assume that po is nondegenerate and p3 = 0. Then the hyper-
surface is projectively equivalent to a quadratic hypersurface.

Given an immersion ey : M™ — P"*! and an associated projective frame
e = (eo,€1,---,€n,ent1), we define the dual frame E = {E°, E,... E"*1} by

EY = (=1)%gA---ANéqg A+ Aepnyi1.

We have (e, E) = 62. The frame E satisfies the equation dE = —FEw. The vec-
tor E™*! can be identified with the tangent hyperplane of the given hypersurface
and also can be regarded as an immersion into the dual projective space, called
the dual immersion. A projective frame associated to this dual immersion is
givenby E = (E"T1 E' ... E" E°), and if we set dE' = QF, then Q' = —w"*!
QM =0, Ol = —w!, Y =—wl Wl = —w, and Q) ,; = —w)) ;. When
we denote the invariants of the dual immersion by adding asterisks, we can see
that hj; = h', hi, = S hPhITRFT by t == > WPy, and pf =Y h'Pp,.
Consequently 5 = @2 and ¢3 = @3.

3

Remark 2.4 For the Lie quadratic hypersurface, we refer to [Bol, vol. 3, p.
488]. The case when n = 2 will be considered again in Sect. 11.2. For further
details on the contents of this section, we refer to [Sa1988, Sa1999].

2.2 Projective invariants of surfaces

Let us consider the case n = 2. We start with the system defined by an immer-
sion
z: (2,y) — z(z,y) € P3.
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Assume that the vector z,, considered as a mapping to R* — {0} or C* — {0}
is linearly independent of z, z,, and z,. Then the system has the form

2oz = Lpy + 2y + b2y + D2,  2Zyy = Mzyy + c2p + dzy + 2.

Relative to a frame {eg = 2, €1 = 2, €2 = 2y, €3 = zgy}, the coframe has the
form

0 dx dy 0
pdx  adx bdx ldx + dy
qdy cdy ddy  dz+ mdy

* * * *

w =

Hence we see that
g = ldx? + 2dx dy + mdy?.

In the following, we assume 1 — ¢m # 0 so that ¢ is nondegenerate. If the
coordinates are chosen to be conjugate relative to ¢q (see Sect. 4.1), then we
get £ = m = 0 and the system is reduced to

Zpp = QZg + b2y + D2, zyy = C2p +dzy +q2.

Here in the real case, we have assumed that ¢ is indefinite. The associated
coframe is

0 dx dy 0

pdx adx bdx dy

w = qdy cdy ddy dx
(bg + py)dx (ay + be)dx (bd + by + p)dz  adz + ddy

+(ep + qz)dy +(ac+ ¢z + q)dy +(be + d,)dy

In particular, we have d(eg Aey Aea Aeg) = 2(adr+ddy)eg Aey Aea Aes. Hence,
adx + ddy is an exact form and there exists a function 6 such that a = 6, and
d =6,. Then,

Zopw = Op2e + b2y + D2,  2yy = 2z + 0y2zy + 2. (2.8)

The integrability condition of the system is dw = w A w, which consists of
three equations:

Ly = —2bc; — cby,
M, = —2cby, — bey, (2.9)
bMy +2Mby + byyy = cLy + 2Lcy + Craa,

where L and M are traditional notations defined by
Lo Lo
L =10y, — iem—bey—by—Qp, M=9yy—§9y—091 —cp;—2q.  (2.10)

We can simplify the system (2.8) by replacing e~9/22 with w; then we get

Wye = bwy +PW, wyy = cw, + qu,
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where
_ _ _ 1 1, 1 _ 1 1, 1

The invariants L and M remain the same under this change of the unknown
from z to w.

The dual surface is defined by the immersion £ = z A z; A z,. It satisfies the
system

Con = ezgz - bgy + D€, gyy =—c& + 9y§y + g€,
where
p=p+b,+ 0o, g=q+cy + b,

2.3 Wilczynski frame of a surface
In this section, we treat the system
2oz = b2y + Pz,  Zyy = czy + q7, (2.12)

which we call the canonical system of the given immersion. Relative to this
system, the integrability condition (2.9) simplifies to

Dy = beg + %bzc — %byy, Gz = cby + %bcy — %cm,
byyy - bcmy - 2bqy - 2bycm - 4qby (2'13)
= Cyxzzx — Cbzy - ZCpx - 2bey — 4[)61.

We now choose a frame defined by
€ =2, €1=2y, €3=2y, €3=Zyy — §bcz. (2.14)

Then the coframe w for the canonical system (2.12) is

0 dx dy 0

pdx + $bedy 0 bdx dy

w = qdy + %bcdz cdy 0 dx

(bq +py)dz + (cp+ ¢u)dy  (¢+ca)dy (p+by)dz 0
—2d(bc) +1bedx +1bedy

From this expression, we have

hi1 = hoa =0, hiz = hoy =1,
hiir = —2b, haze = —2¢, hi12 = hi122 =0,
F = 8be, (2.15)
bin=by, lia=1V00n=0, /Ly =c,,
P1L= %(bc)z —bg—py, p2= %(bc)y —CP — Qx-

In particular, the condition b = ¢ = 0 is necessary and sufficient for the surface
to be quadratic. The surface is ruled if and only if FF = 0, i.e. bc = 0. In
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fact, assume ¢ = 0. Then by (2.13), ¢ is independent of & and we may assume
¢ = 0 by multiplying z by some factor. Checking again (2.13), it is seen that
the system has the form

Zpy = (ay2 + 8y +7)zy + (—ay + 9)z, Zyy = 0, (2.16)

where «, 3, v and § are functions of x. This shows that z is linear relative to
y and has the form wu(z) 4+ yv(z), where u and v are solutions of the system
Uge = Ou + v and vz, = —au + (B + )v; thus 2z defines a ruled surface. The
converse is shown similarly.

In some cases, it is useful to adopt another frame {z,z1,22,n} as far as
be # 0, called the Wilczynski frame, defined by

Ca by
=2, M =ZeTo A =T ol
Cu by byc, 1
= Zgy — 2y — = Zg — =bc | z.
A P A T ( dbe 2 C> ?
We introduce notations
be — (logb)x be — (1 @
oy = o= (ogb)ey - be— (1080)ay (2.17)
2 2
and ) )
by Cux cC Ce by, by
_ 2y zmxo Tm = =9, Y 2.18
PEY g Taa @TOT S Ty T (2.18)
Then the system (2.12) can be written in the Pfaffian form
- b -
c y
= 1 0 0 - 0 1 0
- 2% 2b ,
- P -Z b 0 ke L0 1
29 = 1 et}
mol g @ ¢ =5 0
! bQ p - b
" 2c cP Q ke *2—'72

For this expression of the coframe, the invariants are given as follows:

hi1 = hoa =0, hiz = hoy =1,
hii1 = —2b, haze = —2¢, hi12 = hi122 =0,
by =Vlia =101 =022 =0, p1=-bQ, p2=—cP.

One merit of using the Wilczynski frame is that we can suppose all £;; = 0.
This is due to that the dimension is 2.

20
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2.4 Demoulin frames of a surface

According to the invariance stated in Proposition 2.1, the expressions of invari-
ants are dependent on the frame. In this section, we continue the procedure in
Sect. 2.1 and try to find a frame so that p; = 0.

To simplify notations, we assume that the surface is indefinite and choose a
(1) (1) . Then,
the apolarity condition and the condition £ = 0 imply h112 = hi22 = 0 and
l12 = 0. Referring to the choice of frames in the previous subsection, we set
h111 = —2b and hggs = —2c¢. Then the transformation rule of Proposition 2.1
applied to the transformation g with a = I, and A = v = 1 shows that the
condition p; = 0 is written as follows:

frame with the properties in Proposition 2.1(1) so that h = (

b(61)2 + 61101 + p1r = 0, C(CQ>2 + 62202 + p2 = 0. (219)

Here (c!, c?) is a vector appearing in a change of the frame in Proposition 2.1.

¢? here is not ()%

Proposition 2.5 Assume that the surface is indefinite and non-ruled. Then,
there is a frame so that p; = 0. The number of such frames is at most four.

Let us denote by A; and Ay the discriminants of the equations of (2.19):
Al = (611)2 — 4p1b and AQ = (622)2 — 4p26,

respectively. We remark that, when A; and/or A, are negative or when h is
definite, we need to make considerations in the complex number field.

Definition 2.6 We call such a frame a Demoulin frame.

Once a Demoulin frame is chosen, the remaining freedom of choice is very
restricted. For simplicity consider the case Av = 1. Then the only possible form
of the frame change g is

A 0 0 0

Aac? « 0 0

Aot 0 a~t 0
Actc? c! D

and the values ¢! and ¢? must satisfy the conditions
b(Ac')? + L1 het =0, c(A?)? + Lag)c? = 0.
For each solution, the new gij’s are given by
(11 = 011 + 2bAcL, o = lay + 2eAc?,
and the last vector of the new frame is

A ez + (Ach)er + (AcPea + (A2c'c?)eg).
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Definition 2.7 When the vector es of a Demoulin frame defines a surface, we
call it a Demoulin transform of the original surface.

For a Demoulin frame, we set
Z hing = Z gijw’, W)= Zpijwj. (2.20)
J J J

(The letters p and ¢ are reserved for denoting the coefficients of the system;
the usage here for the matrices can be distingushed from the context.) The
condition for e3 to define a surface is that w% and w% are linearly independent,
because des = w§e3 + wgl)el + w%eg. In other words,

det ¢ #0, q=(qi;)-

Under this condition, a set € = (es, €1, €2, €p) in this order defines a projective
frame of e3, and the coframe w is

w3 wl wi 0
R I S R
w3 wi ws W)
0 w! w? W

Therefore, the associated fundamental form @, is wi - w + w3 - WY, which is
nondegenerate when

det p#0, p=(pij)-
Since {£;; = q;; — p;; satisfies the condition ¢ = trf;; = 0, we see that

P12 = q12, P21 = q21, (2-21)

from which we have

By = pa1(p11 + qu1)w'w! + (2p12p21 + P11gee + qr1p22)ww? + pra(p2s + goo)w?w?.
(2.22)

Moreover, wj = 0 implies Y, wj A w? = 0. Hence
P11g22 — P22q11 = 0. (2.23)

Let us continue our consideration of the system (2.12) by assuming bc # 0.
By the expression in (2.15), a Demoulin frame is given by the change of the
frame (2.14) by the tranformation

22



where

clz—byi\/Al, 02_—Cmi\/A2’

2b 2¢
and

1 1
Ay = (by)? +4b (bg + p, — i(bc)gg)7 Ay = (cp)* +4c(cp+qo — a(bc)y)
Hence, the Demoulin transforms w of the surface z are given by
1
w = (c'c® - §bc)z +clag + P2y + 24y

An explicit computation of Demoulin frames will be given in Sect. 11.6.
By the integrability (2.9), a simple computation shows
Ay =4b*°Q, Ag =4c*P. (2.24)
By use of the Wilczynski frame {z, z1.22, 1}, the transform w is given by
w=n+0z + 7Tz +07Z2, (2.25)
where 0 = +/Q and 7 = £/P.

Definition 2.8 We call a surface satisfying the conditions bc # 0 and det ¢ # 0
a Demoulin surface if it has only one Demoulin transform, equivalently if P =
@ = 0. A surface with P =0 or @ = 0 is called a Godeaux-Rozet surface.

The condition P = @ = 0 determines the coefficients p and ¢ in terms of b
and ¢ by (2.18) and then the third equation of the integrability (2.13) turns out
to be satisfied. The first and the second equations of the integtability (2.13)
then give a system of nonlinear differential equations relative to b and c:

D2bayy — bbabyy — bbybay + baby® — 2¢b3b, — be, = 0,

CQCmy — CCyCpg — CCxCay + czQCy — 2bc3e, — b, = 0. (2.26)
Moreover, this system can be integrated as follows:
(logb)sy = be + L;C), (log ¢)yy = be + 5) (2.27)
c

by using indeterminate functions r of x and s of y. Hence, we have seen that a
Demoulin surface is defined by the system

Cox 0926 by byy b; Cy
Zzz:b2y+ 2—0*4—02*? Z, Zyy =CZg + 2—b*4—b2*3 z, (228)

where b and ¢ are satisfying the system (2.27).

Remark 2.9 Relative to a Demoulin frame, any Godeaux-Rozet surface for
which bc # 0 is characterized by the condition £1; = 0 and f42 # 0, or, £17 # 0
and 33 = 0. Further, in view of (2.23), we must have p;3 = ¢11 = 0 or
Pp2g = qao = 0, respectively.
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2.5 Remarks on higher dimensional hypersurfaces

Let A"*l be the (n + 1)-dimensional affine space and f, : M" — Ant!
an immersion defining an affine hypersurface. We choose a set of vectors
{f1,--+, fnt1} along the immersion so that fi,...,f, are tangent to the hy-
persurface and det(f1,..., fnt1) = 1. Then we have a Pfaff equation df, =
25 5f5 (0 < o, < n+ 1) and the connection form 7 = (77). The compo-
nents of the form 7 are .

0o 7 gt

o 7 !

0 7o 7'7?—7-_11
The integrability condition dr = 7 A 7 is satisfied. Similarly to the argument
of Sect. 2.1, we have 757" = 0 and 7"** = > h;;77, where 77 denotes 7.

We may assume |deth| = 1 and 7/} = 0. Thus we get a quadratic form

S hijTiri. We define a tensor m;; by > hijTZH = > m77. It is called
the affine mean curvature tensor, and m = L 3~ h"m;; is called the affine mean
curvature. When we regard the affine hypersurface as a projective hypersurface,
the invariant h;; remains the same, the invariant ¢;; is given by ¢;; = m;; —mh,;,
and the invariant form w9, equals —idm. It suffices to normalize the frame
by a transformation

1 0 0
0 I, 0
—sm 0 1
When an affine hypersurface satisfies m;; — mh;; = 0, it is called an affine

hypersphere and then m turns out to be constant. Namely, we have £;; = 0
and p; = 0 for affine hyperspheres. In the 2-dimensional case, this property is
equivalent to the definition of a Demoulin surface. We introduce the following
definition.

Definition 2.10 A projective hypersurface is called a Demoulin hypersurface
if it has a frame so that ¢;; = 0 and p; = 0.

The property that £;; = 0 and p; = 0 for one frame is equivalent to the
property that for any frame described in Proposition 2.1, there exists a vector
a® such that

1 )
by = Zhijkak and p; = -3 Zhijka]ak,
due to the invariance in Proposition 2.1.

We further consider whether there exists a frame so that p; = 0 for a general
hypersurface. To find such a frame is equivalent to solving the equation

1 ,
pit Y lijc) — 5 D hijpccF =0 (1<i<n) (2.29)
J Jik
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relative to c¢'; see Proposition 2.2. If the quadratic forms H;(c,c) = Y hyjrcick
are in general position, then it is possible to solve the equations and the num-
ber of solutions is 2"”. However in our case the coefficients satisfy algebraic

conditions - -
D h; =0, Y hhi =0
%, 4,7

and also the conditions that the ¢;; and h;;j;, are totally symmetric. A computer

test done by M. Noro for the case n = 3 shows that the number of solutions is

eight. Furthermore, when n = 3, the identities Y h;jpc’c® = 0 imply ¢! = % =

¢ =0, and especially the identities Y h;jrc® = 0 imply ¢! = ¢? = ¢® = 0. This
means that, for a Demoulin hypersurface, such a frame is unique. The author
wonders if this also holds generically.

Remark 2.11 The equation (2.29) has the following geometrical meaning. Let
us recall the definition of the Lie quadratic hypersurface ) defined by the equa-
tion £ = 0 in Sect. 2.1. The set of hypersurfaces @ is stationary at a point
P if and only if dF = 0 also at P. As we have seen, the condition dE = 0 is
pH;tp = 0 for each i and this is written as

pi(p" 1) + Zfijpjp - 3 Zhijkp]pk =0 (1<i<n),
J Jik

which is a homogeneous form of the equation (2.29). We refer to Sect. 11.3 and
11.4 for the detailed study of the 2-dimensional case.

2.6 Projectively applicable surfaces

Relative to the Wilczynski frames, the invariants k1 = (bc — (logb),,)/2 and
ko = (be — (log¢)zy)/2 have played important roles. In this section, we examine
their geometric meaning. For this purpose, we consider a space curve z(z,y) by
fixing the variable y. Set w(x) = b~1/22. Then a calculation shows

Wazzr + qaWee + 3wz + qaw = 0,

where

¢ = 2(logb)ss — ((logb)a)*/2 — by — 2p,

g3 = 2(10g0)zze — (10g0)2((10g0)zx + by) — 2ps — b2c.
Hence the invariant form 3 introduced in Sect. 1.1 is given by

Y3 = —b(be — (logb)yy )da® = —2bk1da®. (2.30)

We give here a lemma without proof.
Lemma 2.12 Set

K =log(br1) = log(b(bc — (logb)sy)/2),

K? = log(cka) = log(c(bc — (log ¢)4y)/2). (2.31)
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Then
Py =2k K}, Qu =2mK,.

In particular, for a Demoulin surface with k1kq # 0,
(logcka)y =0, (logbki), = 0.

For a Godeaux-Rozet surface, one of (c(bc — (logc)zy))z = 0 and (b(be —
(logb)sy))y = 0 will hold. When the former identity holds, we can set c(bc —
(logc)sy) = Y(y) and, when this does not vanish, we can assume ¥ = 1 by a
simple argument on the coordinate dependence. On the other hand, this says
that the parameter y is proportional to the projective length parameter. Hence,
we have:

Proposition 2.13 For any Demoulin surface, the coordinates (x,y) can be cho-
sen so that x and y are projective length parameters of both coordinate curves.

From (2.30), we can also conclude the following proposition.

Proposition 2.14 Let z be a non-ruled surface. Then, (1) the space curve with
parameter x (resp. parametery) belongs to a linear complez if and only if k1 =0
(resp. k2 = 0). (2) If both curves belong to linear complexes, then the system
reduces to the case

b=c, (logh)a, =0b> 2.32
Yy

Proof. Part (1) follows directly from Proposition 1.1. For the second part (2),
we have

be = (logb)zy = (logc)py-

In particular, (logb/c)y, = 0. Hence, we can write b/c = X ()Y (y) for non-
vanishing functions X and Y. Since, by coordinate change from (z,y) to
(z = f(x),5 = g(y)) the invariants b and ¢ are changed to bg’/f? and cf’/g"?,
we can assume b = ¢ and the conclusion follows.

We next treat the surface with the property (2.32). First, note that
L=-b,—2p, M= —c,—2q.
Differentiating (2.32), we get the identity
1
((log b)aa + 5 (log b)2), = 3bb,

and we see that L, = —3bb,, by (2.9). Hence, there exists a function X;(z)
such that

1
L=—(logh),s — 5(1ogb)i + X5 (x).

Similarly, we can set

1
M = —(logb)yy — 5(1ogb)§ + Y1 (x).
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Then, from the third formula of the integrability (2.9), it holds that
(b*Y1)y = (b X1)s. (2.33)
On the other hand, any solution of the equation (logb),, = b® is written as

(lel)l/Q

p=-~~——-7
X+Y '’

where X =X(z), Y =Y(y).
Hence, integrating the form b2Yidx + b*>X1dy, which is closed by (2.33), we get
the identity

Y'Y; X'X,

- Yy = — X
Xty T2 Xiy T

for appropriate functions Xo(x) and Y2(y). By differentiation relative to x and
Yy, we get

Yo X' =Y'X).
This implies that there exist constants k1, ks, and k3 so that
Xo=k1 X 4+ ks, Yo=kY +ks.
Then, we see that
X'X) — ki1 X% — (kg —k3)X = Y'Y —k1Y? — (k3 — k)Y,

which must be constant, and let us call this constant c3. By setting ko — k3 = co
and k1 = c¢1, we finally get

X/Xl :ClX2+CQX+63, Y/Y1 :Cly27CQY+Cg.

Now we have explicit forms of p and ¢ in terms of two functions X and Y and
three constants:

61X2 + co X + ¢3

, X (2.34)
Cly — CQY + C3
Y’ ’

1

2p = —by + (logb)szs + 5(1ogb)i —
1

2¢ = —by + (logb)yy + §(log b); —

This fact says that, for a surface with the property (2.32), the possible choices
for p and ¢ can include three arbitrary constants. Since this is a remarkable
property, we recall the following definition.

Definition 2.15 Given two surfaces S; and S3, a mapping f : S; — Ss is
called a projective deformation if, for any point p in S7, there exists a projective
transformation 7" such that T'(p) = f(p) and that, for any curve C on S; passing
through p, its image T'(C') has a second-order contact with the curve f(C). A
surface is said to be projectively applicable if it has a nontrivial projective
deformation.

27



Proposition 2.16 If f : S; — S is a projective deformation, then the asymp-
totic directions are preserved by f. Also, by = by and ¢1 = ¢y when denoting the
invariants for S1 by by and ¢1 and for Sy by by and cs, relative to the common
asymptotic directions. These conditions are conversely sufficient for the two
surfaces to be related by a projective deformation.

Proof. From the second-order contactedness, it immediately follows that the
asymptotic directions are preserved. Hence, both surfaces can be assumed
to be given by systems like (2.12): Assume that S; is given by the system
(21)za = b1(21)y + p121 and (21)yy = c1(21)s + ¢121 and that Sy is given by the
system (22)zz = b2(22)y + p2z2 and (22)yy = c2(22)z + g222. Up to a projective
transformation, we have zo = pz1, (22)z = pz21 + pP21a, (22)y = py2z1 + pz1, and
(22) 22 = Pazz1+2p2(21)z +p(21) 22 at the contact point. Hence, we can see that
(22)z = b1(22)y +202/p(22)0 + (D1 + paz/p—b1px/p— 203/ p?) 22, which implies
by = be. Similarly, ¢c; = co. The converse statement is seen by reversing the
argument, since derivatives of p can take arbitrary values at the contact point.

Any (nondegenerate) ruled surface is projectively applicable, because the
coefficient p includes an arbitrary function ¢ in the representation (2.16).

Next we assume bc # 0 and consider a surface given by the system (2.12).
We want to find distinct surfaces with the same b and ¢. Let L1, M7 and Lo,
Ms be the quantities for two surfaces that are deformable to each other. By
setting

)\:LQ_Ll, M:Mg—Ml (235)

and checking the integrability, we get the conditions
Ay =tz =0, by +2uby = Ay + 2Acy. (2.36)

Then, introducing v by
vbe = by + 2uby,

we get the compatibility condition
2A(log ¢)zy = (Wb)y, 2u(logh)yy = (vC)y. (2.37)

If the system of the linear differential equations (2.36) and (2.37) relative to A,
u, and v is solvable, then we have at most three independent solutions. We
denote them by (A;, ;) for i < 3. General solutions are written as A = > ¢; \;
and p = Y ¢; i, where ¢; are integration constants.

Proposition 2.17 Assume bc # 0 and the number of independent solutions is
three. Then the Gaussian curvature of the form bedxdy is constant.

Proof. We compute v, from (2.37) in two different orders (v;), and (vy), and
get the identity

2eA((108 ¢)ay /) — 2bp1((108 B)y b}y = (108 b/)ay.
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Since we have assumed the existence of three independent solutions of the triple
(A, v), this equation should be trivial. Namely, we have

(logb/c)sy =0, ((logc)zy/bc)y =0, ((logb)sy,/be), = 0. (2.38)

The latter two equations show that (logbc)s,/be is constant, since (logb)y, =
(log ¢) 4y, namely, the Gaussian curvature of the metric form bedzdy is constant.

Remark 2.18 The first relation of (2.38) shows that we can assume b = ¢ by
a suitable coordinate change. A surface with the condition b = ¢ was called an
isothermic-asymptotic surface by Fubini.

Example 2.19 The system
Zoe = 2y + (kx + K1)z,  2yy = 22 + (kx + k2),

where k, ki, and ko are constants, is integrable. Any surface defined by this
system s called a coincidence surface. When these constants are all zero, the
surface is equivalent to XY Z = 1 in affine space. By Proposition 2.16, any
coincidence surface is projectively applicable to the surface XY Z = 1.

Example 2.20 The system called the Appell’s system (Fy) is the following:

2y (a+b+ 1Dz —c1(1—y)
Zex = T Ruy Zg
l—z—y z(1l—z—y)
(a+b+1—ca)y ab
2y 2,
z(l—z—vy) z(l—z—y)
. _ 2z ; (a+b+1—c))x
v l—z—y™ " yl-z-y
b+ 1)y — 1-— b
(a+b+ 1)y — cof :U)Zer a N
y(l—z—y) y(l—z—y)

where a, b, ¢1 and co are complex constants. An asymptotic coordinate system
(u,v) is defined by the coordinate change (x,y) = (u(l —v),v(1 — u)). Relative
to the new unknown function w = (u(1—v)) (v(1—u))=°2(1 —u—v) =z where
e=c1+co—a—b—1, the system is changed to

G ey Yy SC

_ (
o T v(l—U)(l—u—v)ZuquZ7
where
- ai az as
po= p0+u(1 u)+u2+(1—u)2’
a a a
¢ = Q@+t o+
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and
a1 = (2ab—cica+ (a+b+1)e)/2, az = c1(—2+c1)/4, a3 = ca(—2 4+ o) /4.

This shows that the system above defines projectively applicable surfaces with
three parameters for each constant e = ¢1 +co —a — b — 1. The Gaussian
curvature referred to in Proposition 2.17 is equal to —2/e?.

Now we go back to the general situation. It is easy to see that A and u
defined in (2.35) change to A\/f"? and pu/g"? by the coordinate change from
(z,y) to (z = f(z),7 = g(y)). Therefore, when Ay # 0, we can reduce the
system to one where A = y = 1 and, when A # 0 and p = 0, to one where
A =1and pp = 0. The corresponding conditions on b and ¢ are either ¢, = b,
or ¢, = 0.

Definition 2.21 The surface with ¢, = b, is called an R-surface and the surface
with ¢, = 0 is called an Ry-surface.

For an R-surface, A = p can be any constant. Namely, the integrability
condition holds for p + k and ¢ + k for any constant k with the same cubic
invariants b and c¢. For an Ry-surface, p = 0 and A can be any constant. Hence,
the integrability condition holds for p + k£ and g with the same cubic invariants
for any constant k.

2.7 Projectively minimal surfaces

In Sect. 2.2 we saw that the form F¢s is well-defined independent of the frames.
When F' # 0, Fgo defines an area functional and any critical surface relative to
this functional is called a projectively minimal surface.

It is known that, relative to the system (2.12), the condition for projective
minimality is written as

bM, + 2Mby + byyy =0, cLy +2Lcy + Cpgy = 0. (2.39)

By the integrability (2.9), each of the above equations is equivalent to the other.
In terms of the invariants P and @, the equation is rewritten as

bQy +2b,Q =0, cPp+2c,P=0 (2.40)
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and, equivalently by (2.24),
(A1)y =0, (Az); =0. (2.41)

We assume that the surface is of indefinite type and non-ruled, and let e be
a Demoulin frame. Then the condition (2.41) is seen to be equivalent to

det p = det g, (2.42)

where the matrices p and ¢ are as defined in (2.20). For a proof we need explicit
formulas of p and ¢ in terms of the coefficients of the system, which will be
given in (11.13). For the notations used in this formula, we refer to Sect. 11.3.
Further, by the identities (2.21) and (2.23), the condition in (2.42) is equivalent
to each one of

(1) boa(p11+q11) =0 and (2) £11(p22 + q22) = 0. (2.43)
More generally, we can state the following proposition.

Proposition 2.22 A non-degenerate surface is projectively minimal if and only
if

ZEU (pij +qij) =0, where (7 := Z R*RI™ e,

1,7 k,m

for a Demoulin frame.

The computation of the condition (2.39) was given in [Th1926]. The differen-
tial equation of projective minimality in general dimension was given in [Sa1987]
in terms of affine invariants and by use of the formulation in [Sal1987] the above
proposition was proved in [Sal999]. Equivalence of (2.41) and (2.42) follow
more directly from (11.8), (11.11), (11.12), and (11.13) by using an explicit
form of a Demoulin frame. The next theorem states a fundamental property of
projectively minimal surfaces relative to Demoulin transform:

Theorem 2.23 Let S be a nondegenerate surface of indefinite type. Assume
the conditions bc # 0, €11022 # 0 and detp # 0 for a Demoulin frame. Then:
(1) If S is projectively minimal, then the conformal structure of a Demoulin
transform of S is the same as the conformal structure of S. (2) Conversely, if
the conformal structure of a Demoulin transform is the same as the conformal
structure of the original surface, then the original surface is projectively minimal
or a surface with the property piap21 = 0.

Proof. Since f11¢22 # 0 by assumption, the conditions in (2.43) show that @, is
conformal to 2 = wlw? in (2.22). The converse is also immediate.

Remark 2.24 A correspondence that preserves conformal structures in the the-
orem defines a W-congruence in the terminology explained in Sect. 3.2. The
surface with piaps1 = 0 is called a @-surface in [Bol, vol. 2, p. 318].
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Example 2.25 By Definition 2.8 and (2.40) or by (2.43), a Godeauz-Rozet
surface is projectively minimal. In particular, a Demoulin surface is also pro-
jectively minimal.

Remark 2.26 The books [FC1, FC2] and [L] as well as [Bol, AG] are good
references to the theory of projective surfaces. We refer to [Sal988, Sa1999] for
further details regarding Sects. 2.1 to 2.5, and to [L] for Sect.2.2. A generaliza-
tion of the subject in Sect. 2.1 is given in [Se1988, MSY1993, SYY1997]. The
proof of Proposition 2.22 is given in [Sa1999]. The projective minimality in terms
of affine invariants is given in [Sal987]. We refer also to [Th1926, May1932].
The notations L and M were introduced in [FC2]. See [Sa2001] for further
details on Example 2.20. For projective applicability and its further develop-
ment, we refer to [FC2, Chap. 6] and [Cal920]. J. Kanitani [Kal1922] classified
projectively applicable surfaces with three parameters by determining the corre-
sponding systems. Example 2.20 gives an explicit representation of such systems
for the nonflat case. We refer also to Fubini [FC1, §69]. Demoulin surfaces were
introduced by Demoulin [Dem1924]. For a general theory of R-surfaces and
Ry-surfaces, we refer to [FC2| and [Fe2000a]; the latter serves as a good intro-
duction to the theory of projective surfaces in view of integrable systems. We
refer also to [Fe1999].

3 Line congruences (1)

Line congruences and Laplace transformations are central notions treated in this
article. In this section, we introduce elementary terminology on line congruences
and explain what a W-conguence is, and in the next section we give fundamental
properties of Laplace transformations.

3.1 Line congruences

We call a 2-parameter family of lines in 3-dimensional projective space P3 a
line congruence. Given a surface in 3-dimensional Fuclidean space, the family
of normal lines to the surface is a typical example of a line congruence and is
called the normal congruence. Its study was begun by Kummer [Kul860]. We
give a sketch of an elementary treatment of normal congruences in Appendix B.

Another method of constructing a line congruence is given as follows: Given
a family of curves on a surface such that through any point passes a curve
belonging to this family, the set of tangent lines to the curves form a family
of lines parametrized by points of the surface. This congruence is called the
tangent congruence associated to the family of curves.

A practical way of presenting a line congruence is to give a pair of surfaces
{z(z,y),w(z,y)} with surface parameters z and y. Then to these parameters
we associate the line Zw joining the two points z(z,y) and w(zx,y), and thus
obtain a line congruence. We denote it simply by {z, w}.

Let t — (2z(t),y(t)) be a curve in the parameter space (x,y). Then we get a
ruled surface {z(z(t),y(t)), w(x(t),y(t))}. The condition for this surface to be
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developable is

which is equivalent to

dt dt dt dt
where
P = zAwAzy ANwy,
2Q = ZANWAZz AWy +2ANWAzZy N\ Wy,
R = z2NwAzy ANwy.

Hence, generally, there exist two directions on the parameter space so that, along
the integral curves of these direction fields, the ruled surface is developable and
its directrix curves for each family of directions comprise a surface; this surface
is called the focal surface of the line congruence. We remark that the integral
curves for normal congruence of a surface in Euclidean space are nothing but
the curvature lines. We refer to Appendix B.

Let 0/0x be one of the degenerate directions, i.e., let us assume P = 0, and
let z be the corresponding focal surface. We then have

2z =0 (mod z,w). (3.1)

The tangent plane of z is generated by {z,w,z,}. If wy, = 0 (mod z,w)
throughout, then (z A w), = Az A w; namely, the line z A w is stationary in the
direction 9/9x. To exclude this degenerate case, we assume now that w, # 0
(mod z,w).

We next let 9/0y be the other degenerate direction, i.e., R = 0, and let w
be the focal surface. We see that

wy =0 (mod z,w) (3.2)

and the tangent plane is generated by {z,w,w,}. Here we need the condition

Q #0:
ZAWA zy ANwg # 0, (3.3)

which we assume in the following.

3.2 WW-congruences

We write (3.1) and (3.2) more explicitly as

Zy = MW + T2,

Wy = SW + nz,
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where we assume m # 0 and n # 0 so that z and w really do depend on x and
1y, respectively. Further, we set

Zyy = Pwy (mod z,w, z,),
Wew = q2y (mod z,w, wy).
Then we have
Zow = MWy (mod z,w),
Zoy = 0 (mod z,w, zy),
Wey = 0 (mod z, w, wy),
Wyy = NZy (mod z, w).

We now compute the induced conformal structures on the surfaces. Set

E:z/\zm/\zy/\zm:sz/\w/\zy/\wz,
F=2Nzg N2y N2y =0,
G=2Nzg N2y N\ zyy = mpz Aw A 2y N\ Wy,
then Edx? + 2Fdxdy + Gdy? defines the conformal structure on the surface z,

which turns out to be
@, = mdx? + pdy?. (3.4)

Similarly, we get
Vw = qdz® + ndy?, (3.5)

which defines the conformal structure on the surface w. For the surfaces to be
nondegenerate, the condition

mnpq # 0 (3.6)

is necessary and sufficient.

Definition 3.1 We say that the line congruence {z, w} is a W-congruence (W
is after Weingarten) if the conformal class of ¢, is equal to the conformal class
of . Namely, if it holds that

W :=mn—pg=0. (3.7)

Remark 3.2 If we say that two vectors X and Y are conjugate relative to
a nondegenerate 2-form ¢ when ¢(X,Y) = 0, then a W-congruence is a line
congruence that preserves conjugate directions relative to ¢, and ¢,,. We refer
to Sect. 4.1 for an intrinsic definition of a conjugate system.

Given a line congruence {z,w}, we define a surface ¢ lying in P° by
E=zNw,

which lies in the quadratic hypersurface of P® defined by the Pliicker relation.
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Theorem 3.3 (G. Darboux) A congruence is a W-congruence if and only if
the second osculating space of the surface & is of codimension greater than 1.

Proof. The second osculating space of £ is a space spanned by the derivatives
of £ up to second order. It is enough to show that there exists a linear relation
among the six vectors &, &, &y, &ux, Say, and &yy if and only if W = 0. By a
computation, we see that

£ = 2Aw, (mod §),

& = zyhw (mod &),

Cox = MWAWE +qz A zy (mod §afm)7
oy = 2y Awy (mod &, &z, &y),

&yy = DPwz ANw+nzy Az (mod &, &).

Hence, for a linear relation such as
A&z + 2By +CEyy =0 (mod &, &, &y)
to exist, it is enough to solve

(Ag — Cn)z A zy + 2Bzy Awy + (Am — Cp)w A w,

=0 (mod zAw,zAwg,zy Aw).
Since z Aw A zy Awy # 0 by the assumption (3.3), this identity is equivalent to
Ag—Cn =0, B =0, Am —Cp=0.

Therefore, W = 0 is necessary for nontrivial A and C' to exist, and vice versa.

4 The Laplace transformation
This section treats the Laplace transformation of the differential equation
Zgy + a2g + b2y +cz2 =0,

which sends any solution of this equation to a solution of another differential
equation of the same form. We first interpret it in terms of tangent congruence
when z is regarded as an immersion of a surface, and then give fundamental
notions relative to the Laplace transformation following Darboux [D].

4.1 Laplace invariants

Let S be a surface in P3 defined by an immersion z(z,y) with parameter {z,y}
and the tangent planes T, ).
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Definition 4.1 The coordinate system {x, y} is called a conjugate system if the
limit of the line T, ) T {4+ dz,y), a8 dz — 0, tends to a line that is parallel to the
vector zy, or equivalently, as seen below, if the limit of the line T, ) NT( y4dy),
as dy — 0, tends to a line that is parallel to the vector z,.

We can interpret this definition in terms of z as follows. Let Z denote the
coordinate vector of P3. Then, for each (z,y), there exists a vector A(z,y) in
the dual space such that the tangent plane is written as

T(z,y) : <A(Ia y)7 Z> = Oa
where (-, -) denotes the dual pairing, and z satisfies
(A, z) = (A, zz) = (A, zy) = 0.

Since

T(z+dz,y) : <A(Qj‘, y) + AI (JC, y)dza Z> = Oa
the limit of the intersection of these planes is defined by the equation
(A, Z)y = (A;,Z) =0.
Hence the condition of the coordinates being conjugate is
(A, zy) = (Aqg, zy) = 0.
Therefore, we also have
0= (Asz,2y) = (A zy)e — (A, 2ay) = —(A, 2ay)-

Hence, we see that the four vectors z, 2z, 2, and 2, are linearly dependent.
Also, because the surface is regular, the first three are linearly independent.
This implies an equation of the form

(E) Zypy + 02y + b2y +c2 =0

holds. Conversely, this differential equation characterizes conjugate systems.

However, the derivation of the equation (E) is not unique. This is because
the system of homogeneous coordinates is determined only up to a scalar mul-
tiple and, in the definition above, only the directions of the coordinates are
considered. Namely, we have the following freedom:

1) we can choose w = A~'z in place of z, where \ is a scalar function,

2) we may choose coordinates (s,t), for which s = s(x) and t = t(y).

Though exchange of x and y is also possible, for the sake of simplicity we do
not consider it. Relative to the freedom above the equation (E) is changed as
folows:

1) Way + (@ + (log A)y)wy + (b + (log A) ) wy
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+(c+a(logN)g + b(log A)y + Agy/A)w =0,

dy dx drdy
2) zst—i—a%zs—i—bgzt—i—cE%z—O.
Now let us set
h=ab+a, —c, k=ab+b, —c. (4.1)

Then, if we denote the h and k for the new equations by A’ and k', we have the
identities

for 1) and
hdxdy = h'dsdt, kdxdy = k'dsdt

for 2). Hence, we have

Proposition 4.2 The 2-forms hdxdy and kdxdy are invariantly defined for the
conjugate system.

Definition 4.3 We call these two 2-forms (h and k for short) the Laplace in-
variants.

Remark 4.4 (1) According to 1), the quantity ab — ¢ is changed into ab — ¢ —
(log A\),y. Hence, we can always reduce the equation to the form ab = ¢ by
choosing A appropriately. In this case, the invariants are h = a, and k = b,,.

(2) If h = k, then a, = b,. Hence
a+ (log A)y, =0, b+ (logA), =0
is solvable. This implies that the equation (E) can be reduced to
Zay +cz=0.

(3) If we choose A so that a + (log A), = 0, then the new ¢, which is equal to
¢+ a(logA)y + b(log A)y + Azy /A, turns out to be h itself. Hence, if h = 0, then
the equation is reduced to a simpler equation of the form

Zgy + bzy = 0. (4.2)
Furthermore, if h = 0, then the equation (E) is solvable as follows. Since the

equation (E) is written as (z, 4+ az), = —b(zy + az) and the equation z} = —bz?
is solved by 2! = Y (y)e/ b4 where Y (y) is a space curve, z has the form

y
z=¢ Jod {X(:C) —l—/ Y(t)el “dy_fbd””dt} )

where X is an arbitrary space curve.
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4.2 The Laplace transformation

We define the Laplace transformation in terms of tangent congruence. Let z be
a surface with a conjugate system of coordinates {x,y}. We choose a point w
on each tangent line in the direction y; it is written as

W= 2y + A2

with parameter \. We assume that the point w draws a surface and that the
line zw is again tangent to the surface w; this implies that, relative to the
congruence {z,w}, the two surfaces z and w are focal surfaces. Since

Wy = (A —a)zg — bzy + (A\z — 0)z,

this assumption is satisfied if
A =a.

Thus we can introduce the following definition.

Definition 4.5 The surface 2' = 2, + az is called the first Laplace transform
of z and, similarly, the surface 27! = z, + bz is called the minus-first Laplace
transform.

We give some remarks on the definition. From (E) we see that
z; = —bz! + hz,
where h is one of the Laplace invariants, and

1 1 1 1
Zgy T 012, + blzy +cz0 =0,

where
a1 = a — (logh),,
b1 =0, (4.3)
1 =c—ag+ by —b(logh),.
Hence,

(217! = hz
and, if h # 0, the surface (21)~! is the same as the surface z. Similarly, if k # 0,

the surface (z71)! is the same as 2.

Let us next examine the case when z' is degenerate. This is the case where
Azl + Bz; +Cz' =0

for certain scalar functions A, B, and C. If B is identically zero, then we have
A(=bz' + hz) + Cz' = 0, which holds only if h = 0. If B is not vanishing,
then (z'), = 0 (mod 2',(z'),); hence, (z'), = 0 (mod z,z,). Since z, =
Zyy + (az)y, we have z,, =0 (mod z, z,). This means that z is ruled. If we
further have h # 0, then 2! is a curve and the ruling lines are tangent to this
curve, hence the surface z is developable.

38



Proposition 4.6 The transform z! is degenerate if and only if h = 0 or if the
surface z is developable.

Remark 4.7 The osculating plane of 2! along the z-curve is 2! AzL Az, . Since

2t = —bzy + (az — ¢)2,

2l =hze + (0* — ba)zy + (be + aze — 2)2,

we have
1 1 1 _ 32
N2 N gy = RT2 N 2g A 2y,

i.e., the osculating plane coincides with the tangent plane of z, unless h = 0.
Example 4.8 Consider the equation

(x — )822 +n%—m%—0
yaxay Ox oy

where m and n are constants. A surface satisfying this equation is, for example,
given by

z=[(x—a)"(y—a)" (z=b)"(y—=0)" (z = )" (y — )" (x = d)™(y — d)"]

for arbitrary constants a, b, ¢ and d. Then we see that

1 n n
Z2n=zy+
r—Yy rT—Y

[(x—a)™ (y—a)" " (=0 (y—b)" T,

)m+1( )nfl7 (35 o d)erl(y o d)nfl} .

(x—c y—c

Remark 4.9 S. S. Chern [Ch1944, Ch1947] first considered the Laplace trans-
formation when the dimension n is greater than 2. A systematic new treatment
was given in [KT1996].

4.3 Recursive relations of Laplace invariants

It is interesting to know how the Laplace invariants vary with Laplace transfor-
mations. We denote by z* the successive transforms, namely z**! = (2*)*!, and
we denote the Laplace invariants of z° by h; and k;. The sequence {z°}, when
well-defined, is called the Laplace sequence.

Proposition 4.10 The Laplace invariants satisfy the following relations.

0% log h;
1 hiz1 =2h; —k; — ———,
(1) + 0zxdy
kit1 = hg,
82 10g kiJrl
Ok R 2 oML,
kz kz-l—l hz+1 8x6y 3
0% log h;
2 hi hi_1=2h; — ———,
(2) +1 + hi—1 D20y
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0%log k;

ki ki_ = Qki — 3

+1 + 1 oz0y

(3) hit1 = hi +h —k — (log(hhy -~ h;))ay,

Proof. Tt is enough to check the identities when ¢ = 0 for (1). Set H = logh.
Then we have, by (4.1) and (4.3),

hi = (a—Hy)y — (¢c—az+by, —bHy,) +bla— Hy)
= 2(ab+a; —c)—(ab+by —c) — Hyy,
= h—k— H,y,
ki = by—(c—az+b,—bHy)+bla— Hy)
= ab+a; —c
- h,

which yield (1). The identities (2) and (3) follow from (1).

We write the equation of 2° as
(E:) (Zz)zy + ai(zi)w + bi(zi)y +ciz = 0.

The coeflicients a;, b;, and ¢; are determined recursively by the formula (4.3).
Namely, we see that

a; = Qj—1 — (log hifl)y;
b; = b,
¢i = ci—1 — (ai—1)z + by — b(log hi—1)y,

in the case 7 > 0. A similar formula holds for the case ¢ < 0.

4.4 Periodic Laplace sequences

We say that a Laplace sequence {z'} is periodic of period n if the surface z"
coincides with the starting surface z. In this case, we have h,, = h and k, = k.
We first give two examples.

Example 4.11 Assume (E) = (F1), i.e., hy = h and ky = k. Then, we get
k=h and (logh)zy = 0. Hence h = X(x)Y (y). By a change of coordinates, we
can assume h = 1, as long as h # 0. This means that the equation is nothing
but

Zypy = Z.

Example 4.12 Assume (E) = (Es), i.e., the transformation is doubly periodic,
and hk # 0. We have he = h and ko = k. From Proposition 4.10 (1) above,

0%logh o _ 9% — 0%logk

2k — 2h = .
Oxdy ’ Oxdy
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This implies (log hk)zy = 0; hence, hk = X (x)Y (y) and we can find coordinates
such that hk = 1. In this case, by setting h = €’, we have

020

0xdy

= 4sinh 6.

Conversely, for any solution 0 of this equation, let us define the equation (E),
where the coefficients a, b, and ¢ are defined by solving the equations

ay=h==¢€’, by:k:efe, c = ab;

then we get a surface and its Laplace sequence that is doubly periodic.

We next treat the general periodic case. By assumption,

2" =z
for a nonvanishing function p. Assume h; # 0 in the following. By Proposition
4.10 (3), it holds that
(10g hhl ce hnfl)zy =0.

Hence, hhq -« - hyp—1 = X (2)Y (y) for certain functions X and Y. By a coordinate
change, we can assume

hhy -+ hp_q = 1;
see Proposition 4.2. From (4.3),

bn = bv
ap = an—1— (loghp_1)zy =+ =a—(loghhi - hp_1)zy = a.

From h,, = h, we see that (a,)s + anbn, — ¢ = a, + ab — ¢; hence, we also get
¢n, = c. Therefore, z™ and z satisfy the same equation and p is constant. We
can see moreover that

2=zt for 0> 0,
— 1% — .
2= z " for 0<i<n.
hnflhn72 e hnfi

We restrict our further consideration to only the case h = k.

Proposition 4.13 Assume that the sequence is n-periodic and h = k. Choose
coordinates so that hhy---hp,—1 = 1. Then

(1) hop—i=hi-1 (i=1,2,...,p) when n = 2p,
(2) hopri—i=hi-1 (1=1,2,...,p) whenn=2p+1.

Proof. For the case where h = k, Proposition 4.10 (3) implies

hi = hi—l — (IOg hhl R hi—l)zy-
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When ¢ = 2p — 1, we have
hop—1 = hap + (log hhy - hap_1)zy = hap = h.
Assume that (1) holds for ¢ = 1,2,...,5. Then
hj—1="hj_2 — (log hhy - - - hj72)xy =hj_o— (log hop_1hop_o--- h2p7j+1)zy-

Combining this with the identity above for i = 2p — j, we get the result for (1).
The case (2) can be similarly shown.

Example 4.14 Consider the case where p = 1 and n = 3. Since hhihs = 1
and ho = h, we have hy = 1/h?. Hence, h satisfies the equation

(logh)wy = h — 1/h>. (4.4)
The associated differential equation is
Zpy = hz
and the Laplace sequence satisfies
2 =mz, 22=(m/h)z"", z'=mhz"2
On the other hand, by definition,

2t = Zy, 22 = Zyy — (log h)y 2y, 2 =z, 272 =240 — (log h) 2.

Therefore, z satisfies a system of differential equations

h 1 m h
== — 2y, Zay =hz, 2Zyy = 5 e + Tyzy (4.5)
Since the number of independent solutions of this system is three, the surface z
lies in a plane in the projective space.

Example 4.15 We next consider the case where p = 2 and n = 4. Here
hhihohs = 1, he = hy, and hs = h. We may assume hy = 1/h. Then h must
satisfy

1
(logh)ay = h — % (4.6)
and z is a solution of the system of differential equations
—h 4 _ 3_Mm 1 2 _ 2 R
Zoy =hz, 2"=mz, =027, 2f=m2T 2 =mhe
It is straightforward to see that this system is the same as
h h
Zoy = hz, Mzypy — 2yy = mfzm — ﬁzy (4.7)
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Conversely, for any h satisfying (4.6), four independent solutions of (4.7) define
a surface with the required periodicity and with equal Laplace invariants.

The simplest example of h is h = 1. The system is zzy = 2 and 2zz — Zyy =
0; the associated mapping is projectively equivalent to [e*TY, e™*"Y cos(x —
y),sin(x —y)] in P3 with the homogeneous coordinates [X,Y, Z,U]. The surface
is nothing but the quadric XY = Z2? + U?. Differentiating relative to y suc-
cessively, we get z' = z,, 2% = 2y, 2% = 2y, and 2t = 2. 2! is the quadric

-XY =272+ U2

Remark 4.16 A Laplace sequence {z°} is said to be self-projective if there
exists a projective transformation 7" and an integer such that Tz* = z™*? for
any 4. This is a more general notion than periodicity.

4.5 Terminating Laplace sequences

Historically, a special interest was paid to Laplace sequences that terminate in
a finite number of steps, say, h; = 0 but h;—; # 0. We exhibit some of the
treatment of this case. As in Remark 4.4 (3), the equation (E;) is written as

9 a—Zi—l—a-zi + b a—Zi-i-a'zi =0
Ox \ Oy ! '\ oy ! -

The general solution has the form
_ Yy
2= Juidy {X(:E) —l—/ Y (t)el @idt=f bidzdt} ,

where X and Y are arbitrary functions, so long as the integral is valid. Then
the solution of the original equation is given by tracing through the Laplace
transformations in reverse order.
We assume h; = 0, where ¢ > 0, for simplicity. Then by (4.2) the equation
(E;) is equivalent to
Zgy + bzy = 0.

We define a function o by b = —(log a),, so that
(E;) Zgy — (log @)z, = 0.
Then h;—1 = k; = —(log )4y by Proposition 4.10 (1). Now

0%log h;_1 0?
hi—o =2h;_1 — =— 1 wy — QzQly) .
2 ! 0zxdy 0zxdy 08 (atzy — azary)

Following Darboux, we introduce the notation

o day/Ox -+ OMap/0x™
Dy (aq,...,amy1) = det : :

Qi1 Omy1/0x -+ O™ auny1/0z™
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Analogously, we introduce D,. Then we set
Jda M« o« oM«
H,=D,|a,—,...,—— | =D Sy —— | .
(a dy aym) v (O‘ oz aw)
Lemma 4.17 For m > 0, we have

0%log H,,_1

ficm = = 00y

Proof. By a formula for the expansion of determinants, we have

0*Hd,, 0H,, 0H,,
Hy, 1Hni1 = Hnp — .
1Al 0xdy Jdr Oy

The righthand side is equal to HZ (log H,)ay. Hence, by derivation of both

sides, we have

(log Hn—1)zy + (108 Hint 1)y = 2(108 Hm)ay + (log(log Hin)ay),, -

This identity is the same as the recurrence formula satisfied by h;, up to a sign:
hm—l + hm+1 = 2hm - (IOg hm)my

Taking into account the expressions of h;_; and h;_o given above, we have the
conclusion.

This lemma shows that the invariants h and k of the equation (F;_,,) are
—(log Hy—1)zy and —(log H,y, )4y, respectively. The associated equation is

Zay — (log Hy—1)y2ze — (log Hp)wzy + (log Hy—1)y(log Hy,)zz = 0.

Here we assume H_; = 0. For any solution 0 of (E;), we define the function

m—1
0 = Dy 9,a,a—a,...,u , m>1.
Oy oym—1

Then we can assert:
Proposition 4.18 0, is a solution of (E;—n,).

We refer to [D, no 379; II, pp. 138-139] for the proof. If the Laplace sequence
terminates on both sides, then we must have (log Hy,—1)zy = 0 for certain m.
This implies H,,, = D, (a, /0y, ...,0™a/Iy™) = 0.

Hence the a must satisfy an ordinary differential equation of order m with
coefficients being functions of y alone. This property can be traced back to the
starting equation (F;) and we can get a general description of solutions of (E;)
in this case. We refer again to [D, no 382-386] for a detailed treatment.
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4.6 The Euler-Poisson-Darboux equation

The Euler-Poisson-Darboux equation is by definition a differential equation of

the form
n m P 0
Zay — Zg — Zy — z=0,
Yor—y™ y—a™ (z—y)?

where n, m, and p are constants. It is a special case of (E).
When we set z = (z — y)*w, w satisfies an equation of the same form with
constants replaced by

n—n+a, m—m+ a, p—p+a®+almtn—1).

Hence, for an appropriate «, we can reduce the equation to

(E(3,8)) zwfgézhfggz%:u

First we note that by setting z = (x — y)lfﬁ’ﬂ,w the equation for w remains
the same, but with coefficients replaced by

6—1-0 and 3 —1-4.
This is an involutive transformation from E(3,0') to E(1 — 3,1 — ).

We next remark that the equation has special solutions, by use of Gauss
hypergeometric functions. Let us set y/x = t and assume z has the form
z = 2 p(t). Then ¢ satisfies the Gauss hypergeometric equation

tl=1)¢" +{1 =B -2 —(1+6 = Nt}¢' + A5 =0.
In particular, this implies that E(3,8) has independent solutions
e F(=A B, 1= = Nyfe) and o PyTAFB, B+ 5+ X1+ B+ Ay/a),

where X is an arbitrary constant and F' denotes the Gauss hypergeometric fun-
tion. Furthermore, when A is a positive integer, the first solution is a homoge-
neous polynomial of degree .

The second remark we make is that the equation E(3,3’) has special so-
lutions of the form z = X (z)Y (y). Relative to this z, the equation is written
as

(x — ) X,Y, — B'X,Y + BXY, = 0.

Hence z + X/X,; = y+ #'Y/Y, must be a constant a; we get
X=@-a)" and Y=(@y-—a) "

up to multiplicative constants. Namely, (z — a) % (y — a)’ﬂl is a solution for
any constant a. By the involution stated above,

(y—2)"" (@ —a)’ My —a)’
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is also a solution.

The third remark we make is on the symmetry of the equation. We easily
see that the Laplace invariants are

_pa-n
(. —y)?

pa -5

" (x—y)*’

and k=

Let (x,y) — (s,t) be a coordinate transformation of the form

as+b and at +b
T = n = .
cs+d L +d
Since it holds that
ad — be ( b, d ad — be ad — be
xr — = (s — rT = —ds A
Y (cs +d)(ct + d) ’ (cs+d)2 4 (ct+d)? "

and because hdxdy = h'dsdt and kdxdy = k'dsdt, where h’ and k' are the
invariants for the new equation relative to (s,t), we see that
/ 1 _ 1 _ /
hlzﬂ( /B) and ]{;/:ﬂ( ﬂ)
(s —1)? (s —1)?
This implies that, if we denote by S(3,3’) the space of solutions, then the space
S(6, ) has an S La-action. More precisely, we have

Proposition 4.19 (Appell) For any solution ¢(x,y) of the equation E(3,[3),
the function

_ _g +d cy+d
b 8 b 8 CT
(az +b)""(ay +b) w(aﬂb,awb

is also a solution of E(B3,3'), where (i b) is any element of SLy. The

d
associated infinitesimal action is given by
1
Z =220, +y*0, + pz + B'y.

The correspondence with the matrix elements is given by X < (8 (1)) , Y &

<(1) 01>, and Z (g) 8) They satisfy the expected relations: [X,Z] =

20, [V, X] = - X, and [V, Z] = Z.
So far, we have two kinds of symmetries of the family {E(5,3')}. We next

give two other kinds of symmetries. The first one is given by the Laplace
transformation. Starting with the equation E (3, '), let E; be the ith Laplace
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transform with invariants h; and k;. By use of Proposition 4.10, we easily see
that
(+8)-5+1) (+5-1)G-5)
=y T
this means that E; = E(8 — 1,5 +1).

h; = and k; =

The second symmetry is given by the operation that associates to each so-
lution z of E(S, ") the derivative 9z/0x. Differentiating the equation E (3, '),
it is direct to see that dz/dz belongs to S(8 + 1,8). Similarly, dz/dy belongs
to S(8, 8" +1).

Proposition 4.20 Assume 8 # 0. Then the operator 8/0x is surjective from
S(B,8') to S(B+1,5).

Proof. Given z!' € S(8+1,/), it is necessary to solve 9z/0x = z'. If 2 exists
in S(3,3'), then (x — y)9z'/0y — #'2" + Bz, = 0. Hence, we must have
By x—y,
dz = 2 dx + (—z ——z | dy.
B g Y

The integrability of this Pfaff equation is nothing but the condition z! € S(3+
1,3'), as can be seen by taking exterior differentiation.

Remark 4.21 The general solution of the exceptional equation E(0, 8') is seen
to be of the form [* X (t)(y — t)~7dt + Y (y) in case § # 0, while E(0,0) is
the trivial equation z;, = 0. As for the equation E(1, '), the first invariant
vanishes. Considering the involution between E(1,3’) and E(1 — #',0), we get
a general solution of the form

(x—y) " {X(x) + /y Y (t)(x — t)ﬁ’—ldt} .

When both 8 and ' are integers, the equation E(1,1) is important. For any
solution z of this case, we set w = (z — y)z. Then it is straightforward to see
that wy, = 0. Hence, the general solution of E(1,1) is of the form (X (z) —

Y(y))/(x—y).

Now we consider a more general case: the case where 0 < Ref < 1 and
0 < Ref < 1. The formula called Poisson-Appell treats this case and asserts
that the general solution has the form

/y plu)(u—2) Py —u) P ds+ (x—y)' "7 /yw(u)(U—x)BLl(y—u)ﬁ*lds,

in the case 8+ 3 # 1 and

/0 go(m-i—(y—x)t)t_ﬁ(1—t)5_1dt+/0 V(x4 (y—2)t)t =P (1—t)P~log(t(1—t)(y—z))dt,
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in the case 8+ 3’ = 1, where ¢ and 1 are arbitrary functions, as long as the
integral can be defined. The proof is given by using the connection formula
of the Gauss hypergeometric functions. We refer to [D, no 362] for an elegant
theory on the Euler-Poisson-Darboux equation.

Remark 4.22 We refer [D] for Sect. 4.1-4.6.

4.7 The Echell of hypergeometric functions

We now make a short digression and discuss Appell’s hypergeometric system,
which gives an example of the Euler-Poisson-Darboux equation.
Appell’s system denoted by (F1) is a system defined by

{ 00 +60" +~v—1)z—z(0+ 60 + )@+ B)z=0,

(F1) OO+0 +v—1)z—yO0+0 +a)0+3) =0,

where § = 20, and ' = y9, and «, 3, 8’ and «y are complex parameters. Appell’s
hypergeometric function denoted by F} is a solution that is holomorphic around
the origin:

(a,m + n)(ﬁ, m)(ﬁ/an) Mym
(v, m+n)(1,m)(1,n) 7

F1(Oé,ﬁ,ﬁla7;$ay) = Z

m,n>0

we use here the notation (a,m) = a(a+1)---(a+m—1). By a straightforward
computation, we see that any solution z of (Fy) satisfies the Euler-Poisson-
Darboux equation E(f,3’). Hence, the first Laplace transform is

ﬁl
r—y

W= Zzy — 2,

and w itself satisfies the system (Fy) with different parameters. Relative to the
function Fi, the transformation can be interpreted by the identity

[ﬂ/ - (l’ - y)ay]Fl (Oé, ﬁa 5//7;%9) = /B/Fl(avﬂ - 175/ + 157;I7y)5 (48)

called the contiguity relation of Appell’s system. In particular, we can prove
that the solution space of (F}) is invariant under Laplace transformations.

Let us describe some details. For the pair A = (3,0’) we introduce the
notation A+1 = (-1, +1), in view of the translation in (4.8) of parameters.
We define

/
L(A) = 0,0y — x% b

Then we see that

D(A+1)U(A) = /(1= B) + (z — y)°L(A),
UA—-1)D(A) = p(1 - 3') + (x — y)’L(A).
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Hence, if we denote Fy(a, 8,3, v;x,y) by F(A), then
D(A)F(A)=08F(A-1), U(A)F(A) = -3 F(A+1).

These identities show that the system is invariant under Laplace transforma-
tions.

Using this invariance, K. Okamoto [01988] gave a solution of the Toda equa-
tion as follows: To make the formula simpler, let us define

fn=1/(n+1-0), gn=1/(n—1+p"),
X =0, Y=0,
/ —
L, =xy_ D Fny B=n
z—y z—y

Y,

)

and set
By =gn((x —y)X +  —n) = gnD(A +n),
Hy = fu((z —y)Y = 8" —n) = fuU(A+n).
Then, introducing the series of functions {¢,} by
$o = F(4), ¢n = Hpoo,

we see that
Hn¢n = ¢n+la Bn¢n = ¢n—1-

In particular, defining
Y = (-’L' - y)(ﬂin)(ﬁurn)(bna
we finally have:

Proposition 4.23

Q/Jn lwn—l
fagn XY logtp, = —*1/}72.

A similar formula of this kind also appears for the second Appell’s system
defined by

(FQ) Dlz =0 and DQZ = O7

where
Dy = (1 —2)0uy — 2y0sy +{v— (@ + [+ 1)2}0; — Bydy — af,
Dy = y(l - y)ayy - zyaﬂcy + {7/ - (0‘ + ﬂ/ + l)y}ay - ﬁlxaz - 04/8/-
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The following series is a solution that is holomorphic around the origin.

(0.m + m)(Bm)(F'm)
Com G m) )

FQ(OZ,B,BI,'}/,'}/;Z',y) = Z

m,n>0

The system has four independent solutions and any set of independent solutions
defines a surface in P3. The surface is uniquely defined up to a projective trans-
formation and it has a unique conformal structure, a nondegenerate quadratic
form y/(1 — x)dz? + 2dzdy + x/(1 — y)dy?. Relative to this form, one set of
conjugate directions is given by zd, and (x — 1)d, + y9,; see Appendix A. In
view of this fact, we define two operators by

H, = z0,+(B+n),
1

B, = ((x —1)0, +y0,) +ax + (B+n) — 7).
Then

Bui1Hy, —1=a,L(68+n), H,11B, —1=0b,L(8+n),
where

ar+0B+n—rv T
Ay = b, =

B+n-1)(B+n—-7) B+n-1)(B+n—-7)

The corresponding contiguity relation is

HoFy(e, B4 0,08, 7,7 5 2,y) = (6 +n)Fa(a, B+ n+ 1,57, 2,9).
If we set
Xn = cp(z = 1)"T(B + n)Fa(a, B+ n,8',7,7s2,y),
where ¢, is a certain constant depending on n, then we have

0y ((z — 1), + y0,) log xn = %

4.8 Godeaux sequences

L. Godeaux gave a method for studying projective surfaces through their Pliicker
images in P®. His method relies on the consideration of the Laplace sequence
assocated with the Pliicker image, called the Godeaux sequence. In this section,
we show a charaterization of Demoulin surfaces by Godeaux sequence and a
characterization of the Pliicker image of surfaces in view of distingushed choices
of frames of P°.

Given a surface by the system (2.12), we define two vectors in P® by

U=2Nzy, V=2Az,. (4.9)
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It is easy to see that
U, =0V, V,=cU,

and that U and V satisfy the Laplace equations:
Uzy = (logb) Uy + bcU, Vyy = (logc),V, + bcV.

By following the procedure given in Sect. 4.2, the first Laplace transform of U
relative to the coordinate y is given by

U' =U, — (logh),U.
It satisfies
Uy =mU, U, =hU"+ (logbhi),U,, hi =2k,

where k1 = (bc — (logb)sy)/2 was defined in (2.17). Continuing this process
successively, we can define

U™ = U} — (logbhy - - hy), U™,
where h,, is defined by
hn = hn,1 — (log bhl ce hnfl)xy

and U™ satisfies
U;ly = h,U" + (logbhy - - - hy)y, Uy

Similarly for V', we have a recursive definition

Vntl = v — (logcky - kn)a V"™, ki = 2ka,
kp =kn_1— (IOngl T kn*l)zy’
Vay = ko V" + (log ckr -+ - k)2 V'

Y

where ka = (be—(log ¢)zy)/2. The sequence {..., U™, ..., UL U, V,V1 .. .v"* .}
is called the Godeaux sequence. This sequence has a special property for a De-
moulin surface, which we now describe.

By Lemma 2.12 for a Demoulin surface, we see that

h4:]€1, hgibc, hg :hl; kQ :kl, kg :bC, k4:h1.

(Recall that we have set hy = 2k; and k; = 2k3.) This tells us that some
periodicity occurs in the sequence.
In order to look into the details, we introduce four vectors

My =2 N zgy, Mo=2z,Nzy, M3=2;N2py, My=2yN 2y,
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following Godeaux [G1934]. Then, by defining a frame T' = *(U, V, My, My, M3, My)
in P%, we see that

0 b 0 0 0 0

0 0 1 1 0 0

- be by+p 0 0 1 0

T 0 D 0 0 1 0 T

—bq — py 0 p by+p 0 b

0 -bg—p, 0 —bc 0 O

0 0 1 -1 0 0

c 0 0 0 0 O

- cz+q be 0 0 0 1
Ty = —q 0 0 0 0 -1 T

—Cp — qz 0 0 be 0 0

0 —CP—qzx q —Cx—4q C 0

From these relations, we can express U', U?, V1, and V2 in terms of the six
vectors above.

U' = —(logh),U + M; — Mo,
U? AU + beV — ((log b),, + K1y)(My — Ma) + 2My,

Vi = —(logc),V + My + Mo,
V2 = bcU + uV — ((logc), + Kop)(My + My) + 2Ms,
where
2 2
A=2Q+ 2—52 + (logb)y K1y, p=2P+ 2—; + (log ) Kog,

and where P and @) are given in (2.18) and K7 and K5 are given in (2.31). Since
U,V, My, My, M3, and M, are independent, as we assumed that the surface is
nondegenerate, there are no linear relations among U, V, U', U?, V!, and V2,
as can be seen from the above expressions. Now a slightly long computation
gives the formulas:

U = —((logbhs), + 2K1,)U? + (4Q — K1, — (logb), K1, — (K1,)*)U*
+(4(logb)yQ + 2Q,)U — 4¢PV + cKo, V' + cV?2,
V3 = —((logcks)y + 2Ky )VZ + (4P — Koyp — (log ¢) s Koy — (Ko )*) V!

+(4(loge), P + 2P,)V — 4bQU + bK,,U* + bU?.

Theorem 4.24 Assume that bc # 0 and k1k2 # 0. Then the Godeauz sequence
is periodic with period six if and only if the surface is Demoulin.

Proof. If the surface is Demoulin, we saw that P = Q = 0. Lemma 2.12 says
that the expressions above reduce to U? = ¢V? and V3 = bU?, which implies
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the periodicity. The converse statement also follows from the expressions above.

In general, any consective sequence of six vectors forms a frame in P° as we
have seen. We modify the frame T by introducing the vectors

N1 = 2N2gy— 2, N2y =M — My =U,,

No = 2Nzgy+2,Nzy =DM + My =1V, (4.10)
N3 = 2zy N zgy +bez A zy = 2My + bCV,

Ny = 224 N 2gy +bcz N\ 2z = 2M3 + beU.

The set of vectors {U,V, Ny,..., N4} are chosen to be orthonormal in the fol-
2
lowing sense. Given two vectors u and v in A R*, the product u A v is a vector
4
lying in A R?* which we identity with the scalar field R and we get a scalar

2
value (u,v) = uAv. We thus have an inner product on the space A R*. By the
identification z A z; A zy A 25y = —1/2, we can see that

(U,N3s)=—1, (V,Nj) =1, (Ni,Nj)=1, (Na,Ny)=—1 (4.11)

and the remaining products vanish. In particular, they are linearly independent
and we thus get a new frame 7 = *(U,V, N1, N2, N3, N,) in the space P5. We
remark that the signature of the inner product is (3, 3).

The frame 7 satisfies a Pfaff system

dT = T,
where
0 bdx dy 0 0 0
cdy 0 0 dx 0 0
bedxr + rdy bydx 0 0 dy 0
w= czdy bedy + ddx 0 0 0 dzr
0 pdx + vdy  bedx + kdy —cpdy 0 cdy
pdx + vdy 0 —bydx bedy + édx bdx 0
(4.12)
and
k=2¢+cy, 6=2p+by, pw=0by, —br, V=cyy— o (4.13)
The integrability condition dw = w A w is
Ky = (bc)y + by, 0y = (bC)y 4+ bcy, Vg — py = dcg — Kby, (4.14)

which is the same as the integrability condition of (2.13).
Let us make a simple consideration on the frame 7. By definition we have

Uy=bVand V, =cU, N;=U,and Ny =V,.
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While the line UV is lying in the quadric Q4 = {u € P®|(u,u) = 0}, the points
N; and N, are lying outside the quadric. We next have

dNy1 = dyN3, dN3 = dxNy (mod U, V).
Hence, both (N7), and (Nz), lie on the line UV and

(N1)y = N3, (N2)z = Ny (mod U, V).
We further see that

(N3)g = uV +beNy = beNy,  (Na)y = vU +beNy = beNy (mod U, V).

We conversely start with a projective frame t = (t1,...,ts) of P® depend-
ing on two parameters (z,y) such that it satisfies the orthonormality such as
(ti,t;) = hi;, where h = (h;;) is a nondegenerate constant matrix of signature
(3,3). Let us denote by so(h) the Lie algebra of the orthogonal group relative
to h, which is isomorphic to so(3,3;R). Then the equation of motion satisfied
by t is written as

dt =wt, dt; = wlit;,
j

where w is a 1-form with values in so(h). For a given ¢ to be a frame associated
to a projective surface, we impose the conditions that

dtl =0 (HlOd tl, tg, tg), dtQ =0 (IIlOd tl, tg, t4) (415)

and that

2

w=w? and wj=:w!

are linearly independent. (4.16)

In order that the line #1%5 lies in the quadric Q4 and the frame satisfies the
property (4.11), we further impose the condition that

With these conditions, the frame ¢ can be normalized. We say a change of frame:
t — gt is allowable if gh g = h. Then we have the following theorem.

Theorem 4.25 There is an allowable change of frame so that the form w has
the form given in (4.12).

Proof is given by a detailed examination of the integrability, which will be
given in Appendix C, where we also give a remark on the analogous presentation
relative to Lie sphere geometry of Euclidean surfaces.

Remark 4.26 For the present section, see [G1934] and [Fe2000a].
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5 Affine spheres and the Laplace transformation

In previous sections we defined several notions necessary in the following study
of surfaces. In this section, apart from the projective treatment of surfaces,
we examime the Laplace transformation of surfaces in the affine setting. To
do this, we first recall the historical notion of affine spheres, called S-surfaces
by Tzitzeica, and then explain a transformation of affine spheres called the
Tzitzeica transformation. We fix one affine chart of projective space P3, which
we denote by A3.

5.1 Affine surfaces

We consider an immersed surface given by a mapping (z,y) — z(x,y) € A3.
For a mapping to define a surface, the three vectors z, z;, and z, must be
independent, and then we have a system of the form

Zew = QZy +bzy +cz,

Zoy = a'zg +Vzy+ 2, (5.1)
_ " /! /!

Zyy = a'zp+b0"2y+ 2.

Each coordinate of z satisfies this system. Conversely, given a system as above,
any set of three independent solutions defines an immersion, thus defining a sur-
face. Two sets of independent solutions differ only by an affine transformation
leaving the origin fixed; hence the system defines a surface uniquely up to an
affine motion preserving the origin. The conformal structure of the surface is
well-defined and is given by

cdx® + 2c dady + ' dy®. (5.2)

(See Sect. 5.4.) We assume that this symmetric 2-form is nondegenerate. When
the coefficient field is the real number field, we assume further that the form is
indefinite, because we need a separate treatment for the definite case. Then the
coordinates (z,y) are asymptotic relative to this form if ¢ = ¢” = 0, which in
the following we fix once and for all.

Proposition 5.1 The equation zzy = o'z, +b'zy + 'z has equal Laplace invari-
ants.

Proof. We compute the integrability conditions of the system (5.1) by using the
identities:
(222)y = (2ay)as  and  (zay)y = (2yy)a-
The former implies
ay +a’b=al,+adb + ¢,
by +ab’ +bb" = b, +a'b+ b2, (5.3)

A !
ac =c, +0c,
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and the latter implies
by +a"b=1b, +a't' +,
ay, + a? +a"'t =a! +aad” +b"d, (5.4)
b'c’ = ¢, +a'c.

Hence, we get b’ = a — (log '), and o’ = 0" — (logc’),. In particular, we have
b, = ay — (logc')zy and a, = b — (logc')yy. Hence aj — b}, = b —a,. On
the other hand, the first equations of each of the two sets of equations above
imply that a), — b}, = a,, — b}. Therefore a, = b}, which shows that the Laplace
invariants h and k are equal.

By this proposition, we can set
a'=X/A and b =M /\ (5.5)

for some function A.

5.2 Affine spheres

We next fix a Euclidean structure on the affine space A3. Let Edx? +2Fdxdy+
Gdy? be the usual induced metric and set A = (EG — F?)Y/2. The induced
second fundamental form is

1
|22z 2o 2y| dT? + 2 |20y 22 2| dvdy + |2yy 20 2| dy?},

A

which is equal to (2¢//A)|z z; zy|dxdy in the notation of the previous section.
Let d = d(z,y) be the distance from the origin to the tangent plane at z(z,y).
It is given by

|z 2z 2yl
d=——"7"-—+.
A
Then, denoting the Gauss curvature by K, we get the formula
K c/2
d* |z 2z zy|2.

We define a scalar function p by p* = |d*/K|. Then p?c’ = £z 2z, 2,|, whose
logarithmic derivative gives
/ C/
2&+C—f =a+b and 2&+—§‘ =V +d.
wooc uwoc
The identities a = V' + (log '), and b’ = a’ + (log ¢),, which follow from (5.3)
and (5.4), then imply

a' =py/p and b = p/p,

which together with (5.5) imply that 4 = mA for some constant m. We have

seen that
K 1

YR
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Corollary 5.2 The quantity K/d* is uniquely determined from the system, up
to a constant factor.

Definition 5.3 The surface z is called an affine sphere if K/d* is constant.

This notion coincides with the definition of an affine sphere in affine differential
geometry. We refer to [NS1994].

The discussion above shows that an affine sphere is defined by a system of
the form
Zpx = QZg + b2y, zZay =hz, 2y =0a" 2z, + b2y,

where h = ¢’ because p is constant. We know h # 0 by nondegeneracy. The
integrability condition is the following:

hy =ah, ay+a’b=h, b,+b" =0,
hy=0"h, al+ad” =0, b/+a'b=nh.

Suppose that b = 0. Then the surface is ruled with = as the line coordinate.

When o = 0, y is the line coordinate. To exclude these cases, we assume
a’b # 0. Then the integrability condition is written as

h by = @ " __ Y(y) b= X(x)

= VT YT T h
and X(@)Y()
2)Y (y
(logh)zy =h — % ,

where X is a function of x and Y is a function of y. By suitably choosing
coordinates, we can further assume X and Y are constants so that XY = 1.
Namely, we have seen the following:

Proposition 5.4 Any affine sphere is given, up to an affine motion, by a sys-
tem of the form

hy m 1
Zwe = 5% + TR Fey = hz,  zyy = mhe + 7 (5.6)
where h is a solution of
1
(logh)yy = h — 72 (5.7)

and m is a constant.

Remark 5.5 We have already met the system above in Example 4.13 (see (4.4)
and (4.5)).

Example 5.6 When h = 1, the system 15 2zq = 2y, Zzy = 2, 0Nd Zyy = 25. For
any cubic root w, ewT e’y s g solution. The associated surface is XY Z =1
in the complex affine space with coordinates (X,Y, Z). In the real case, we also
have a representation of the form X(Y? + Z?) = 1.
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5.3 Affine polar surfaces

Let A3 denote the dual space of A® and ( , ) the dual pairing. Given a surface
zin A3, we define its polar surface ¢ : (x,y) — ((z,y) € A3 by requiring

(¢, 2) =1, (C, z2) =0, (¢, z,)=0.

Lemma 5.7 Assume the surface z is given by the system (5.1) with ¢ = ¢ = 0.
Then the surface C is determined by the system

Cmm - (a - 2b/)CZ - bCya
Cmy = 70/(1 - ble + CIC, (58)
ny =—a"C + (b// - 2a/)§y-

Proof. Set,

Coz =DCa +qCy +7¢, Gy =D'CG+d'G+7'¢ Cy=0"G+d"¢+1r"C

By differentiation of the parings above, we can get the following. From (¢, z) =
1

)

From <C7 Zz> =0 and <<, Zy> = 07

(2) (Czy 22) =0, (3) <Cy’ 2e) = (Cas Zy> = -, (4) <§y7 Zy> =0.

Differentiating (1) again, we see that ((zz, 2) =0, (Cay, 2) =, ((yy, 2) =
0; namely, r = 0, ' = ¢/, and " = 0. Differentiating (2), we get (Cpu, 2z) +
(Cor Zzz) = 0 and (Cuy, 2z) + (Csy Zay) = 0; both imply ¢ = —b and ¢’ =
—b’. Similarly, from (4), we get p’ = —a’ and p” = —a”. Differentiating (3),
we get (Cozy 2y) + (Coy Zay) = ¢, which implies p = =V’ + (logc’),. Since
(log '), = a—1b by the integrability, we see that p = a —2b’. Similarly, we have
¢ =V —2d.

Corollary 5.8 The asymptotic coordinates for the surface z are also asymptotic
for the polar surface . When z is an affine sphere, with parameter m, the polar
surface € is also an affine sphere, with parameter —m.

5.4 From an affine surface to a projective surface

Let 2!, 22, and 23 be independent solutions of the system (5.1). The surface
2(z,y) = (z4(x,y), 2%(x,y), 23 (z, y)) defines a surface in projective space by the
mapping

(z,y) — w(x,y) = [)\zl,)\z2,)\z?’,)\] =: [wl,w2,w3,w4],
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for an arbitrary nonvanishing scalar function A. The system that has solutions
w' is determined by the following

W Wy Wy Wey Wy W Wy Wy Wyy Wyy
wl wl w; wglﬁy wl, wl wl w; wglﬁy w;y
w?  w? w§ wgy w2, | =0, w?  w? wi wgy wiy =0,
w? w? wg wgy w?, w? wl wfj wgy wgy
wt wi w‘; wiy wi, wt w? ws wiy wéy

where w is an indeterminate. Since the projective class of the surface is inde-
pendent of the choice of A, we here assume for simplicity that A\ = 1. Then, the
system is written down as follows.

AWyy = CWgy + (a — ca’)wy + (/b — cb)w,,

dwyy = wyy+ (V' ="V )wy + (dd” — "a)w,.
Hence, the conformal structure of the surface is cdz? + 2¢/dzdy + ¢’ dy?, as we
have already claimed.

If c = ¢’ =0, then the system reduces to
Wy = aWg + bwy, Wyy = a’"wy + b wy.

In particular, for the system of affine spheres (5.6), the associated projective

system is
hy m 1 hy
Zpw = 7Rz + Ezyv Zyy = —7 2z + sz,

h mh
with the additional condition (5.7): (logh)., = h — 1/h?%.

5.5 Laplace transforms of affine spheres
Given an affine sphere z by the system (5.6), we define its first Laplace transform
wh = Azy

in the affine space, where A is a nonvanishing scalar function determined later.
Assume here m = 1 for simplicity. By computation,

A
wy, = (log \)aw' + Ahz, wy, = (log Ah)yw" + 7%

Hence, z and z, can be recovered by

1 h
z= E(w; — (log \)zw?), 2y = X(w; — (log Ah),w').
By differentiation, we get
wy, = (log A’h)wy 4+ hPwy, + ((1og N)ga — (log Ah)g(log )z — h*(log Ah), ) w',
w}cy = (log )\)Iw; + (log )\h)yw; + ((log A)zy — (log AR)y (log A) g + 1) wl,
1 1
wh, = Ew; + (log A?)yw, + ((1og M)y, — (log(A/h)), (log Ah), — E(log )\)m) w.
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From the second equation, the Laplace invariants of the surface w, which we
denote by h; and k1, are

hy = 1/h?, ki1 = h.
By definition, the second Laplace transform w? is given by
w® = u(w; — (log Ah),w")

for a certain scalar p, and we see that this is equal to (An/h)z,. By computation,
we get

= (log Aw)zw’ + (u/h*)w',
= ((log u)y + (log A/h)y + h(log N)z(log Au)x) w? + (1u/h)wy + (1/h)(log X)w?.

w

LN BN

w

Hence, we can write w', w}, and w,, in terms of w? as

2

wh = —(w; — (log Ap)ow?),
L
1 h? 2, 1 2 2
w, = ?(log Ah)ws + ;(1 — h*(log Ah), (log Ap)z )w?,
h 1
w o= = (wz - E(log N w2 — ((log Mz/h)y + h(log A), (log )\u)m)w2> .
i

From these relations we have

wiy = (log /\u/h)ng + (log /\U)zwi
+ ((log Ai)ay + 1/h* — (log Ap) (log A/ h),) w?.

This implies that the third Laplace transform is given by
w* = v(w? — (log \i/h),u?)

for a certain scalar v, and the Laplace invariants hy and ks are

ha=h, k=15

Now it is easy to see that

w® = Mz

Proposition 5.9 Assume A\uv = 1. Then the affine sphere z is 3-periodic
relative to Laplace transformation.
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5.6 Tzitzeica transforms of affine spheres

Tzitzeica found a transformation formula that sends a given affine sphere to a
new affine sphere. We reproduce the formula in our setting.

We start by recalling the Moutard transformation of the equation

which is a part of the system (5.6). For notational simplicity, we introduce the
operator

Then, the equation (5.9) is simply written as M (z) = h. Let R be an arbitrary
scalar solution of (5.9) and define a 1-form w associated to any solution z by

w = (Rzy — Ryz)dz — (Rzy — Ryz)dy.

Then computation shows that w is closed. This means that there is a function
u such that w = du, namely,

Uy = R2p — Ry 2, uy = —(Rzy — Ryz).

Furthermore, for w = u/R, we see that

wey = M (}lz) w, (5.10)

and
z

(Rw), = R? (R)m’ (Rw), = —R? (%)y

Hence, w is defined by the integral

1 z z
4w {(3). (), )
v R/ { ®)."  \®), "
The transformation of any solution z of (5.9) to a solution w of (5.10) is called
a Moutard transformation.

Let now z be any solution of the system (5.6) with parameter m = a and
choose a solution R of the same system with parameter m = b. Assuming a # b,
we define a new function w by

2a(log R)., 2b(log R),
- 2y Zg-
(a—b)h (a—b)h

(5.11)

Then computation shows that

a+b a+b
a/_b(RZIiRIZ)5 (Rw)y:7a_b

which implies that w is a Moutard transformation of z, up to a constant multiple.
Further, we can see that w satisfies the system (5.6) with the same constant m
and with i — 2(log R)., as the new h. Therefore we have the following theorem
due to Tzitzeica.

(Rw)y, = (Rzy — Ryz),
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Theorem 5.10 Let z be an affine sphere and define a new surface w by (5.11).
Then, (1) The surface w is again an affine sphere and the associated system is
determined by the potential h — 2(log R) 4y for h and the same parameter m = a
as for z. (2) The congruence made by lines joining z(xz,y) and w(z,y) is a
W -congruence.

Part (2) follows from the fact that the conformal structure of both surfaces
is conformal to dzdy. We remark that the potential h = h — 2(log R),,, satisfies

the equation (logh),, = h — 1/52.

Remark 5.11 A reference for affine differential geometry is [NS1994]. Fun-
damental references for Tzitzeica’s work are [Tz1907, Tz1924]. We refer to
Section 13 for a generalization of Theorem 5.10, and to [RS2002] for the Tzitze-
ica transformation. We refer also to [BS1999]. [Dem1920] is a good reference
for the Moutard transformation.

6 Line congruences (2)

In Section 3 we defined the notion of line congruence and explained a geomet-
rical characterization of W-congruence. This section aims at continuing the
consideration in a slightly different manner, using the moving frame method
and discussing the relation with a differential system.

6.1 The Weingarten invariant W

Definition 6.1 A projective frame e = {ey, ez, 3,64} in P3 defined along an
immersed surface M? is said to belong to a line congruence if the connection
form w, defined by de; = )~ w/e;, satisfies the condition

wi=ws =0, w}andwj; are linearly independent. (6.1)

1 4

We hereafter use the notation w! = w$ and w? = wj.

A geometric interpretation is the following: The vector e; is an immersion
of M and defines a surface Sy, and es defines a second surface Ss; the set of
lines joining two points e; and es is a line congruence in the sense defined in
Section 3. The Fig. 1 shows a line congruence between two paraboloids. The
tangent lines to the parameter curves of one of two surfaces are tangent to the
other surface.

Since we can see e1 A ea Ader Ades = w' - w? eq Aea Aes A ey by definition
(remark that the wedge product is made relative to vectors and the product of
differential forms is a symmetric product), the ruled surface given as the union
of lines through the integral curve of the equation w! = 0 is developable. The
same is true for w? = 0. Hence, the vectors e; and ey describe focal surfaces of
the congruence.

1
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30 s 2 3 30 2

Figure 1: Line congruence between two paraboloids

Two frames belonging to the same line congruence are related by a matrix
of the form

A B 0O
0 0

g=|7* ,
p g p 0

r s 0 o

which acts on the frame from the left. Such matrices form a group, say G, and
the set of such frames define a bundle over M with G the fiber group.

Let us see what the first condition of (6.1) implies. From dw$ = 0, we have
w? Aws +wi Aws = 0. Hence, if we set

2 1 2 4 1 2
wi = hpw + hpw’, ws = hziw + hzaw?,

then hi1 + haz = 0. From dwj = 0, we have wi A w? + wj Awi =0 and we can
set
ws = ho1w' + hoow?, Wi = hyyw' + hepw?,

so that hos + hg1 = 0.

Lemma 6.2 There always exists a frame satisfying h11 = hzs = hos = hy1 = 0.
For such a frame, we have

2 2 4 1 1 1 3 2
Wi = h12w N W3 = h31w N Wy = h21w 5 Wy = h42w . (62)

Proof. We define a new frame € = {€1, €2, €5,€4} by

€1 = €,
€2 = e,
ez = pei+qex+es,
€y = Trej+ sey+ ey.
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Then it is not difficult to see that

dey = (wi—pwi)er+ (Wf —qui)es +wies,
des = (wi—rwi)er + (w2 — swi)és + wiey,
des = (wi+qw3)es (mod &1,e,e3),
de, = (wi+rwdes (mod ey, e, ey).

This implies that the connection form @ corresponding to € has an expression
of the form

w7 = wi—qw'=(h1— qw' + hiaw?,
Oy = wd—1w? = how! + (hay — 1)w?,
Wy = wi+qw?=haw'+ (hs2 +q)w?,
03 = wi+rw! = (hy +r)wt + hgw?.

Hence the result follows, because h11 + hzo = 0 and hos + hyp = 0.

We now assume that the frame satisfies (6.2). Along the surface Sp, the
projective frame in the previous section is given by {e1,es,es, eq}; hence the
induced conformal structure, which we now denote by ¢4, is given by

2 4 3 4 11 2 2
D1 =w] - wy +wi - wy = h31w w + hpww”.

Similarly, for the surface Ss, we get the conformal structure

Pa = hglwlwl + h42w2w2.

Definition 6.3 We call W = hjsho; — h31hyo the Weingarten invariant of the
line congruence. This coincides with the definition of W given in (3.7); see Sect.
6.3.

6.2 Covariance of frames

We now consider how frames satisfying the condition (6.2) can vary. Let e and
€ be such frames and let g be the connecting matrix such that ¢ = ge:

(ER) (2 2) a5 0 ()

Then the connection forms are w above and @ = dg - ¢! + gwg~!. We denote

components of w by
(& 2)
w= ,
w3 w4

where wq, ..., wy are 2 X 2-matrix-valued 1-forms. The @ is also decomposed
similarly. Computation shows that
dA- A1 0
dP-A' —dA-A"'PA™Y dA-ATY)7

dg-g~" =
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A(UQA_l

PWQAil
—|—A(,U4A_1

AwlA_l — A(,UQA_lpA_l

Puwi A7+ Aws A= — PwsA—1pA—1t
—AwsA"TPATT

gwg ™!

Thus we see that

- 1 (X B plwd 0
wWo = AUJQA = <")/ M 0 0'71(.4}% .

~3
In order that this has a form (‘*61 (:?4), it is necessary that 3 = v = 0. In
2

this case,

G = e where A= A0

€y = Les 0 w/)’
We then have

O = Ap~ il O3 = po~tws.

For the component wy, we get

(.:}1 = AwlA_l — AWQA_lpA_l + dA - A_l
. wi ptaw? B @0 Al ulg n dlog A 0
o A pwd w? 0 @3 A uls 0 dlog
Hence
@f = AT Wi —p T ), @y = A u(wy — o rw).
Similarly,
Oy = PwoA7' 4+ AwgATFdA AT
_ (pwf oqw3 (p7! (s s ) (P L (logp
Wy swh ot ow; owj ot 0
Hence

@3 = p~(pwt + pwi) + dlog p,

@ = 07 (swy + ow}) + dlogo.

w3 = 0 (qw + pu3),
Wi =p 7 (rw} + owi),

We define ilij and (51 for @ similarly as was done for w. Then the formulas above
show the following:

hin = ppthin—plg, har = A %puhar,
his = oA 2hia, has = oA thay — A7 lr,
hsi = A lo'p?ha, hyy = M lohg +A7r,
hso = plphsgs+ulq, ha = p lum'ohas,
and ~ ~
¢ = Ao, $2 = p~ ' uca.

Summarizing the above considerations, we have the following covariance relation
between normalized frames.
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Lemma 6.4 The change of frames keeping the condition h11 = hss = hay =

hq1 = 0 has the form

A0 0 O
[0 p 0 O
I=1p 0 p 0
0 s 0 o
The connection forms satisfy the following covariance relations:
@ = wi—p'pw+dlog), @3 = wi+p 'pw' +dlogp,
&= o= olput,
@y = A luw, wi = plowi,
03 = wi-olsw?+dlogu, @ = wi+olsw?+dlogo.

(6.3)

6.3 Systems of differential equations of a line congruence

We continue the considerations of Sect. 3.2. We have seen that the congruence

{z,w} with parameter (z,y) is written by the system of equations:

Zy = MW, Zgz = az+bw+czp + dwy,
Wy = nz, Wy = dz+bw+dz+dw,.
So we get
Zyy = MNZ+ MW, Wzy = NyZ+ Mnuw,
Zyy = MyW+ MWy, Wgy = MNgZ+ N2

If we define a projective frame as follows:
€1 =z, €y = W, €3 = Zg, €4 = Wy,

then the associated connection form is

0 mdy dx 0

ndx 0 0 dy
adx + mndy bdx +m,dy cdx ddz
ady+nydr Vdy+mndx Jddy ddy

w =

In particular, we see that
wt = dz, w? = dy,
hi1 =0, hig=m, hs1 =d, hz =0,
hor =mn, hope =0, hy =0, hy=¢,

and
W =mn — cd.

(6.4)

The last expression coincides with the definition of W given in Sect. 3.2. The

invariant quadratic forms are

$1 = d(dz)* +m(dy)?, ¢2 = n(dzx)? + ' (dy)?.
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Compare (3.4) and (3.5) with (6.7) and (6.8). In the following, we assume
mnc'd # 0 (refer to (3.6)) so that both focal surfaces are nondegenerate; we say
that such a line congruence is nondegenerate.

The integrability condition of the system is nothing but dw = w Aw. A
calculation shows that

0 My 0 0
. —MNy 0 0
wAw= (e —ay  Mas —by  —c, —d, dx A dy.
ay — Ny b, — (mn)y, ¢, d,,

Hence, the integrability condition of the system (6.4) consists of the next eight
equations.
(mn)y +nmy —ay, —cmn —a'd =0,

Mgy — by —am —cmy —b'd =0,
cy —mn+cd=0,
dy+b+dd =0,
(mn)y +mny, — b, —bc’ —mnd =0,
Nyy —al, —b'n —d'ny —ac =0,
di, —mn+dd=0.
c+a +ecd =0,
From the third and the seventh equations, we get ¢, = d/,. This implies that
there is a nonvanishing function f so that

c=—fu/f, d'=—f,/f. (6.10)

In particular,
W =mn—cd=—(log f)ay- (6.11)

If we set
A=2zANwA 2z N\ wy,

then a simple calculation shows
A, =cA, A, =dA.

Namely, we have A = 1/f from (6.10), up to a constant multiple.

The system (6.4) is not uniquely determined by the given congruence. It has
some freedom of choice. One is a change of parameters

(1) (Ji,y) — (f:X(.’E),§:Y(y)),
and the other is a change of coordinates in P3

2 (zw)— (F=2/M2),w=w/uy))
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We look for dependence of coefficients separately for the two cases. By the
change (1), the system is written as follows:

m 1
2y = ?yw, 27 ﬁ(az +bw + (¢ Xy — Xoz) 2z + dY wy),
1
wy = Xiz, wyy = W(a’z +bw+ ! X2z + (d'Yy, — Yy )wyg).
@ y

In particular, the Weingarten invariant W of the new system is

1
w.

W = x.v,"

Under the change (2), the new system relative to (Z,w) is

_ noo_ A
Yy = me, Wy = —NZ,
_ . Av a2, (K, By o\ — 220\ _ | B
Zox = (a—i—Tc—T)z—i—(Xb—i—Td)w—i— c— X zz—l—xdwy,
A A A 2
W, = (—a’+ —c’)z+ (b’—i—@d’— @)w+—c’zz+ (d’— ﬂ) w,.
I jz I I I I

It is easy to see that the Weingarten invariant is unchanged. Since ¢, = W and
dl, = =W, we can solve ¢ — 2)\; /A = 0 and d’ — 24,/ = 0 in the case W = 0:

Corollary 6.5 If W = 0, then the system can be reduced to the case c = d' = 0.
By composing the above two kinds of changes, we get
Lemma 6.6 By the change of variables
(@,y;2,w) — (T = X(2),7 = Y(y);Z = 2/ @), w0 = w/u(y)),

the coefficients m, n, ¢’ and d are changed as follows:

mr— —m n +— n c/»—>>\X1c/ dr—»'ude
Y, uX, pYz2 AX2ZT

6.4 The dual of a line congruence

Let {z,w} be a line congruence. We denote by T, (resp. Ty,) the tangent space
of the surface z (resp. w). Each line of the congruence is represented by the
intersection T, NT,,. The dual of the plane T,, which we identify with the
vector z A z; A zy, describes a surface in the dual projective space. Similarly, we
have the surface given by w A w; A wy. Thus we get a congruence consisting of
lines connecting two surfaces that are points in the dual projective space. We
call this congruence the dual of a given congruence, or more briefly the dual
congruence. We now give the system of the dual congruence.

68



Since z A zz A zy = mz A zg Aw and w A wy A wy = nw A 2 A w,y, and since
we have assumed m # 0 and n # 0, the dual congruence is well-defined. Then
the dual image is described by two vectors

1
U:n—Aw/\wx/\wy:sz/\w/\wy,

1 1
V:mz/\zz/\zy:fzz/\w/\zz.

Proposition 6.7 The system of the dual line congruence {U,V'} is the follow-
mg:

Uy = [V, Uy = (a—c)U+ (nd —ny)V —cUy +nV,,

Va dUu, Vy, = (em—my)U+ (V' —dy)V +mU, —d'V,,.

The Weingarten invariant W? of the dual congruence is
W =dd—mn=-W.

Corollary 6.8 If the dual congruence is projectively equivalent to the original
congruence, then the Weingarten invariant vanishes.

In this case, because of Corollary 6.5, the system can be reduced to

Uy = dV, Uy = aU—nyV+nV,,

(6.12)
V., = dU, V,, = —-m.U+bV+mU,.

7 Linear complexes

Each line of a line congruence can be regarded a point of P® through the Pliicker
embedding, and thus any line congruence can be regarded as a surface in P°
contained in the quadratic hypersurface determined by the Pliicker relation.
In this section, we consider such a line congruence in the case that the image
surface is contained in a hyperplane.

7.1 Linear complexes

We say that a 3-dimensional family of lines is a linear complex when its Pliicker
image into P? lies in a hyperplane.

If y = [y 92,92, 9% and 2z = [21, 22,23, 2%] are two points on a line, the
Pliicker image of the line is the vector y A z. The homogeneous coordinates of
y A z are [T12, T13, T14, T23, T42, T34), Where 7;; = y'z9 — y2'. When they satisfy
a linear relation

a34T12 + Q42713 + a23T14 + 14723 + A13T42 + a12734 = 0,
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we have an associated vector £ = [£1, &2, &3, &4] given by

0 —aszs —ag2 —aos y!

€= a34 0 —ais 13 y?
| a awns 0 —aj2 y?
a23 —aiz a2 0 y?

where £ is also regarded as a column vector. Then, we see that the linear relation
is written as Y &2 = 0. Hence, £ can be regarded as the vector defining a
hyperplane, on which lies the point z. By definition, the point y itself lies on
the hyperplane. This means that, when given a linear complex, for any point
Y, we can associate a hyperplane through y so that the lines on this hyperplane
through y altogether form the linear complex. The correspondence of y to & is
a linear transformation of the space P3 to its dual space. Conversely, such a
transformation of the above form defines a linear complex.

7.2 The Pliicker image of a line congruence

The Pliicker image of a line congruence {z,w} is identified with
E=zNw.

The mapping (z,y) — &(z,y) defines generally a surface in P5. Since we know
any surface in P® can be described by a system of third-order differential equa-
tions, we compute the associated system for & here.

For simplicity, we set

N=2Nz; and (=wAw,y.
By using (6.4), we see that
Co = 2o Nw, &y =2 Nwy,
and, by (6.4) and (6.5),

Eze = a& + € — nn — d(,
Eoy = M€ + 25 N Wy, (7.1)
Eyy = V'EAd'E + I+ m(.

Then differentiating once more, we get third-order relations:

Soae = Clur + (a + Cz)éz - 2dn£y + (az —bn+ dny)g - (Cn + ﬂx)ﬁ —dC,

Comy = CEuy +2mnéy + aly + ((mn)y — emn)é — nyn + b¢,

Coyy = A&y + V& +2mn, + ((mn)y —mnd')§ — a’'n + m,(,

Eyyy = d'§yy —2dm& + (V' + dy)&y + (by, — a'm + 'my)§ + ciyn + (my +md')C.

(7.2)
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From the first and third relations of (7.1), we have

Wn = —m(&aw — e — a&) — d(&yy — d'&y — V¢),
W¢ = (&ow — o —al) +n(&yy — d'&y —VE),

where W = mn — c¢/d. Hence, if the Weingarten invariant does not vanish, the
equations in (7.2) can be written in closed forms depending only on ¢ and thus
the system associated with & is derived. For later use, we list the system up to
second-order terms.

cmn +mng — c'dy cn +ng)d — ndy

gxxa: (C + W ) gxx + ( mzv fyy (mOd SI; gyv 5)5

mn, + bc dn, +bn
gxxy = yT&zz + Cgacy + yT&yy (HlOd gxa gyv 5)5

a'm + c'my a'd 4+ mzn
gzyy = T&zw + dl&my + T&yy (mOd Ema gya 6)7

(my +md)d —cim (my +mdn —c,d
gyyy = ? W Y Eon + d + Y W Y gyy (mOd &z, €ya 5)

If the Weingarten invariant vanishes, £ must satisfy a second-order differential
equation

M(§ew — € — a&) +d(&yy — d'&y = V'E) =0,
which shows Theorem 3.3 again.

Given a line congruence {z,w}, we next construct the following sets of lines:

Ai(xz,y) = the set of lines joining z(x,y)
and any point on the line Wwy(x,y),
Ly = UgyAi(z,y),
As(xz,y) = the set of lines joining w(x,y)

and any point on the line z(z,y)z,(z, y),
L2 = Uz,yAQ(xv y)

For a line congruence {z,w}, the set of vectors {z, w, z,, wy } defines a projective
frame. We associate to it a moving frame in P® by defining

12 = zAw, 13 = 2 A2, fiu = 2z Awy,
oz = WA zg, by = W A Wy, 34 = Zg N Wy

The Pliicker coordinates p;; of any point of p € P® relative to the frame {&;;}
are defined by setting

D = p12&12 + p13&13 + P14&ia + P23€23 + p2aos + P34&34. (7.3)
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The Plucker image of a line in L, is given by
n=2zA(w+twy),

where t is a parameter. We regard 1 as a point in P5 with three parameters z,
y, and t. By a computation we have

Ne = Zg ANW+1tz2 ANwy +tmnz A w,
ny = tmwAwy+ (1+td)zAw, +tV'zAw+tcdz A 2,
n = zAw.

Hence the coordinates of these vectors are written as follows:

| D12 P13 P14 D23 P24 P34

7 1 0 t 0 0 0
Nz | tmn 0 0 -1 0 t
ny | tb t 1+td 0 tm O
N 0 0 1 0 0 0

From this table of coordinates, we can see that the hyperplane
mp13 — 'pas =0

is the unique hyperplane tangent to the set L; and including lines in A;(x,y)
at each fixed value (x,y). Similarly, for the set Lo, we get the hyperplane

dp13 — npas = 0.

These two hyperplanes coincide if and only if W = 0.

7.3 Line congruences belonging to a linear complex

We next want to consider when the hyperplanes obtained in Sect. 7.2 do not
depend on (z,y); namely, when the line congruence belongs to a linear complex.

Let us set
¢ =mp13 — C’p247

considered as a vector-valued function of (x,y). The condition we need is
(=0 and (,=0 (mod ().

By differentiating (7.3), we see that >, _(dpi;&i; + pijd&i;) = 0. If we write
d(&;) = (Mdx + Ndy) (&), where M and N are 6 x 6-matrices, we have

Dijz = — ZPMMZ@Z and  pijy = — ZPMNZ‘@-
I, Kt
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Since

§120 = —&23, 13z = b&12 + €13 + dE14,
§140 = mné12, a3z = —a&i2 + néiz + a3 + daa,
§o4e = —ny&12 + né14,
§340 = —Ny&13 + al1a — mn&as + bas + €34,

we have
0 0 0O -1 0 0
b c d 0 0 0
mn 0 0 0 1
M= —a n 0 c d 0
—Ny 0 n 0 0 0
0 -ny a —mn b c

Namely, we get
D13z = —CP13 — NP23 + NyP34, DP24e = —dpa3 — bp3y.
Therefore, we get
Ce = (my — em)piz — (mn — c'd)paz — c;,paa + (mny, + bc')pay,
and the condition that (; =0 (mod () is equal to

My —Cm ¢
W=mn—-dd=0, mny,+bc =0, ’ v z
m c

By a similar computation, we have the following:

12y = &1a, E13y = M2 + mé&as,
Cray = V' &12+ &g + d'&a + mos,  Eo3y = —mn&i2 — E34,
Eoay = —a'&1a + oz + d'Eay,
E3ay = —a'&13 + mn&ig — V' éoz + myos + d'Eay,

and

0 0 1 0 0 0
My 0 0 m 0 0
v c d’ 0 m 0
N = —-mn 0 0 0 0o -1
—a’ 0 0 ¢ d 0
0 —a mn =b m, d

Hence

P13y = *C/p14 + a’p34, D24y = MpP14 — d/p24 — Mg P34-

Then we see

Gy = myp13 — (C; — d")pas + (ma' + ¢'my)psa,
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and the condition that ¢, =0 (mod () is equivalent to

ma’ +d'mg =0, , =0. (7.5)

/ ! !
my ¢, —cd
m c

Since W = 0 by (7.4), we need not examine the set Lo. Namely, the condition
that a line congruence belongs to a linear complex is (7.4) and (7.5).

Theorem 7.1 A nondegenerate line congruence belongs to a linear complex if
and only if the condition

c=d =0, =m, d=n, b=-ny, da=-m, (7.6)

is satisfied. The system (6.4) then reduces to

Zy = MW, Zzp = G2 — NyW + NWy,

Wy = NW, Wy = —Mgz+bw+mz,.
Proof. Since W = 0, we may assume that ¢ = 0 and d’ = 0, by Corollary 6.5.
Then the two determinants in (7.4) and (7.5) are
_|my g
S m

/
my C, —0
/ ]

m C

Cl

from which ¢//m is seen to be a constant. By a frame change in Lemma 6.6,

the quantity ¢//m can be multiplied by A\*X,/u?Y,. Hence we may assume
m=c.

Note that by this change the condition ¢ = d’ = 0, i.e., the condition w3 = wj =

0 in view of (6.6), is preserved, by the formula (6.3) applied to the case where

p = s = 0. Thus we have completed the proof.

Remark 7.2 Under the condition (7.6), the dual congruence is

Uy, = mV, Uy = aU+bV +nV,,
Ve = nU, Vy a'U+ V'V 4+ mU,.

Hence it is autoreciprocal; we refer to (6.12).

Remark 7.3 The argument in this section relies on [W1911]. We refer to S.S.
Chern [Ch1936] for some higher order invariants by which the family of quadratic
complexes associated to a line congruence is described.

8 Laplace transforms of a line congruence

Let {z,w} be a line congruence normalized as in (6.4). The point w lies on
the tangent line of the surface z in the direction of the parameter y. This
means that the line congruence is one of the tangent congruences of z associated
with parameter curves. Hence, the other line congruence determined by the
parameter x should be canonically associated to the given one. This section
deals with this correspondence.
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8.1 Laplace transforms of a line congruence

Suppose we are given a line congruence {z,w}, which we denote by T'g. Let us
consider the tangent congruence {z,, z}, for which The surface z is by definition
one of the focal surfaces. We want to find the other focal surface, which should
have the form

21 = Zp + Q2.

The « is determined by supposing

z1y =0 (mod z, 21).
Since z1y = (ay +mn)z+ (am + my)w by (6.4), we must have a = —m,/m. In
this case, we call the congruence I'y = {z1, z} the Laplace transform of T'y.

We now compute the system associated with I';. Set wy = z/m. Then
z1y = (mn — (logm)zy)muws,
m
212 = (@ — (logmn) ,z)z + bw + (¢ — Hz)zz + dwy,
1 My
Wiy = —21, wly = __2Z+w.
m m

From these relations, we can compute the coefficients of the system describing
the congruence {z1,w; }. Denoting the coefficients by attaching the subscript 1,
we get the following:

m1 = m(mn— (logm)ay),

ng = 1/m,

ar = a— (log fm?).. + (logd/m).(log fm).,
bi = m(az —ady/d+bn+dny — (logm)zza)

+(logm)y(by — bdy/d + mnd)
+mg(a — (log fm?) g + (log fm).(logd/m),)

—m(logm)gz(log fm/d),, (8.1)
c = —(logfm/d)s,
di = by —bdy/d+dmn,
a'l = (log fm)w/d’
bi = —(logm)y,
— {am — m(logm) ., + b(logm), — m,(log fm),} /d,
Cll - 1/d7
di = —b/d— (logm),.

where f was defined in (6.10).

The transform in the inverse direction is 'y = {z_1,w_1} given by



Theorem 8.1 ([Dem1911, W1915)) If the first transform of a W-congruence
is a W-congruence, then the same is true for all of its Laplace transforms.

Proof. Since W = —(log f)ay by (6.11) and W7 = mani — cjdi equals to
—(logm)zy + (log d/ f)ay by (8.1) and by the identity b = —d,, —dd’ in (6.9), we
get

Wi —W = (log d) gy — (log m)ay.

Further, we get

m1 _ m(mn — (logm)ay)

di  d(mn — (logd/ [f)ay)
Then, W1 = W = 0 implies that (log f)zy = 0 and (log d)zy = (logm)ay, which
imply the identity m1/d; = m/d. This means that we can continue the process
while preserving the identity.

Remark 8.2 We can define the sequence of Laplace transforms successively.
B. Su [Sul935] and H. Hu [Hul993] studied and showed interesting results for
the case where the sequence is four-times periodic.

8.2 Laplace transforms of a linear complex

The property of belonging to a linear complex reflects a kind of degeneration
of line congruences. Wilczynski considered the case where both I'g and T’y
belong to linear complexes and derived the sinh-Gordon equation describing
such congruences. We will reproduce his computation in this section. The
number field in this section is the real field.

The condition that I'g belongs to a linear complex was given in (7.6):
c=d =0, m=d, n=d, b=-n, d=-m,.
In this case, the invariants of I'; are

my =m(mn — (logm)zy), n1=1/m, ¢ =1/n, di=n(mn— (logn)y)

and the Weingarten invariant is Wy = (log(n/m))sy,. Since W; vanishes when
I’y belongs to a linear complex, we can write

m/n = a(z)(y)

for certain nonvanishing functions « and 3. (Recall that we are assuming m # 0
and n # 0.) On the other hand, a change of variables from (x,y;z, w) to
(Z,7,z,w) that preserves the condition (7.6) is subject to the condition

N X, = (Y, = const,
and m/n is multiplied by u?X,/A?Y,. Hence, we can assume

m = +n.
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We have thus reduced the system to a simpler form with coefficients

/

c=d =0, m=n=¢, d=d=cp, d=—p,, b= —py,
with € = £1. Then the coefficients of I'; are computed as follows:
m1 = p(ep® — (log)ay), M =1/p, a1 =a—2(10g¢)ss,
b1 = 0tz — 0(108 )ax — 202108 P)az — €0y (108 )uy + P70y,
c1=0, di= 90(902 - G(IOgQO)my)a all = GQPI/SDQa
by = —0yy /0 + 200 /0% + €pa/p —ca, ¢ =¢€/p, dy=0.

The conditions given in (7.4) and (7.5) so that I'; is a linear complex are seen
to be

a=¢u/e+Y(y), mi/d =ep*(ep® — (logp)sy) =k,

where Y is a function of y and k is a constant. Next we check the integrability
condition (8.1). It shows that

Y' =0, pla+ eb') = Qus + €Pyy; b; = deppy.
Hence Y =/ is a constant and we have
(log )ay = €(¢® — kp™?).

The coeflicients are

m=p, n=ep,
_ Pan

a + £, b= —epy, c=0, d = ep,

a = —p,, b/:@fef, d =, d =0.
2
Now it is easy to see that a simple change of variables (z,y) shows that we can
assume k = £1. The result is summarized in the following theorem.

Theorem 8.3 (E.J. Wilczynski [W1911]) The congruences T'g and T'y both be-
long to linear complezes if and only if there exists a nonvanishing function ¢
satisfying the equation

02 log B
oxdy

e(¢® — ko),
and the line congruence is given by the system

Zy =W,  Zga = (Paz/P + L)z — €pyw + epwy,
Wy = €PZ, Wyy = —PzZ + ((Pyy/(P - eﬁ)w + vz,

where £ is any constant, e = +1 and k = +1.
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Figure 2: Line congruence between two hyperboloids
We call the function ¢ the potential for the pair {T'o,T'1}.

Corollary 8.4 Assume both I'g and I'y satisfy the condition in the theorem. Let
Ty be the (positive) Laplace transform of T'y. Then Ty is projectively equivalent
to I'g. In other words, I'g is doubly periodic.

Proof. By a direct calculation we can see that the potential of the pair {T'y, T2}
is equal to 1/¢.

Corollary 8.5 The congruence I'g is projectively equivalent to I'y if and only
if p=+£1.

Example 8.6 The focal surfaces when ¢ = £1 are hyperboloids.

The lines in Fig. 2 are the tangent lines to z-curves of the right surface and
are tangent to the left surface along a curve parametrized by x; and the lines
in Fig. 3 are the tangent lines to y-curves of the left surface and are tangent
to the right surface along a curve parametrized by y. The figures above were
drawn by W. Rossman.

9 Invariants of focal surfaces

A line congruence gives a correspondence between two focal surfaces. In this
section, we compute such a line congruence when both of the focal surfaces are
quadrics. This was first done by Wilczynski and we will follow a part of his
description of such congruences. To do this, we need to compute invariants of
focal surfaces in terms of invariants of line congruences. We continue to work
on the real field.
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Figure 3: Line congruence between two hyperboloids

9.1 Invariants of focal surfaces

Let a projective frame {ej,es,e3,e4} be a line congruence, as was explained
in Section 6. We regard the frame {e1,es, e3,e4} as a frame associated with
the first focal surface e;. Then by the process introduced in Section 2, we can
compute the invariants. Let w denote the associated coframe; see (6.6):

0 mdy dx 0

ndx 0 0 dy
adx + mndy bdxr +m.dy cdx ddx
d'dy +nydr bVdy+mndz Jddy ddy

w =

Since it is necessary to normalize the coframe, as required in Proposition 2.1,
we consider a change of frame of the form

€1 A 0 0 O el
e2| |gr g 0 O €2
53 o hs 0 h 0 €3 ’
€y 0 vp vq v eq

for which we assume Aghv > 0. The new coframe @ relative to this frame should
satisfy
0 =0, Wa+ws=0, w;=0.

Since we get

A A
de; = (dlog\—rmdy — sdx)e, + —mdyég + Edmég,
g
de; = (d(gr) + gndz)e; + +(dlog g + (rm — p)dy)(€2 — gre1)
Jr%(rda: — qdy)(es — hse1) + %dya,
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des = {d(hs)+ h(adz + mndy)}e;
+g{(b — dp)dx + (mg + sm)dy}(es — grei)

hd
+{dlogh + (¢ + s — qd)dx}(e3 — hse1) + —dxey,
v
des, = {(vgddx + (vd' + vp)dy +dvies (mod eq, ez, e3),

the condition we need is the following:

dlog A\ — sdz — rmdy = 0,
dlogv + gddx + (d' 4+ p)dy = 0,
dlog(gh) + (¢ + s — qd)dz + (rm — p)dy = 0.
By assuming
g=Am, h=)\

we see that

Oli=wl=dy, =W =dur.
Then we have N A
Wy = —mdy, U3 = —dx
v v

and the fundamental tensor of the new frame is

=2(5 )
Hence the condition | det h| = 1 is satisfied when
N |md| = 2.
In particular, the condition (9.1) gives the identity
dlog(\*vm) + cdx + d'dy = 0.
On the other hand, we know that we can set

c:_fz/fa dl:_fy/fa

(9.1)

(9.2)

by (6.10). Then we may assume A\>my = f > 0. In the following, we set
€1 = 1 when h is positive definite and €; = —1 when it is indefinite. To be more
precise, assume m > 0 and €; denotes the sign of d. And furthermore, let us
drop overlines from the notation. Then, from e;A\>md = v? and M3 mv = f, we

have

A= fY4%emBd)"Y8, g=Am, h=X\ v=fY4emd*)"/8,
wh = |m/d|"?dy, wi = ei|ld/m|/?dz.
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From (9.1.1), we have

r = —(log\), = (%_%@/_3;%),
xT dfl/‘ T
= - (2 m)

_1(6f, 3d, m, 1 (2f,  3d,  m,
p—( =g\t ) (9.3)

Thus we have a normalized coframe as follows:

wy = m(dr —rdlog A+ ndx + (pr + qs)dy),
wy = ds+(a—rb+rdp—cs—s* + qds)dx + (mn — rmy — rsm)dy,
w2 = dlog m + (rm — p)dy,
wy = m(rdz — qdy),

mws = (b—pd)dz + (my + sm)dy,
wi = dlog\+ (c+ s — qd)dz,

dmwi = d(vp) + v(mn + bg)dx + vV + qgmy)dy,
\of = d(vq) + vegdx 4 vd'dy,
Moj = —r{d(vp) + v(bqg +mn)dz + vt + qm,)dy}

—s{d(vq) + cvqdx + vc'dy}
+v{(ny + ag + pn)dz + (a’ + gmn)dy}.

By setting
p=m/d|'?,

the fundamental tensor is
hir=p, hiz =ho1 =0, ha=e1/p;
namely, the fundamental form s of the surface e; is given by
0o = pdy® 4+ e;p~tda (9.4)

We next compute the cubic tensor h;j;i, which is by definition
> higpwk =dhi; =Y hawfH = hgwl for 1<, 5k <2,
k k k

(Note that the indexing of w differs by 1 from that used in Section 2.) In fact,
we have

hii1dy + hirade = dhiy — 2h1 w3
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= dyu —2u(dlog hAm + (rm — p)dy)

and

dhgg — 2h22w§’
= dler/p) — (2e1/p)(dlog A+ (¢ + s — gd)d).

hao1dy + hasadx

Hence computation shows that
hiin = pB,  hio=—py, hisa=—eip™'B, haos =ep 'y,
where
8= 1 lo f—2 = E (lo f2dm3) (9.5)
1 g B ya Y 1 g " .
This means that the cubic form @3 of the surface ey is given by
03 = pBdy® — pydedy® — ey~ Bdz?dy + e p~ tyda®. (9.6)

For the second focal surface e,, the fundamental form o and the cubic form
13 of the surface ey are given by

Yo = pda® + eapy Hdy?, (9.7)

s = pafrda® — pundyda® — eopy  Brdy’de + eopy ' ndy®,  (9.8)

where
e = sign(nc'), 1 = |n/¢|'/?,

1 2 1
pr=— <1og / )z, m=7g (10gf2n3c’)y

4 ne'3

(9.9)

9.2 Line congruences both of whose focal surfaces are quadrics

We next describe line congruences whose focal surfaces are quadrics. Since the
signatures of w9 and 19 are important in the following argument, we assume
m > 0 and n > 0, which is possible by Lemma 6.6, and set e; = sign(d),
ea = sign(c’), and € = €1e5. If € = 1, both of ¢y and 12 have the same
signature and, if ¢ = —1, the signature of ¢, is opposite to the signature of
2. By Theorem 2.3, and by referring to (9.5) and (9.9), both focal surfaces are
quadrics if and only if

f? 23
(logm y:O7 (1ogf dm )z:O,

f2
(1og ) =0, (log f2n30’)y =0.

ne'3

(9.10)

From these relations, we see that

(logmd) sy = (lognc')zy =0
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and
(log mn3cld3)y =0, (log TTL3TLCI3d)z =0.

Then, for some positive-valued scalar functions Xi(z), Xa(z), X3(x), Y1(y),
Ya(y), Y3(y), we may set

md = e X3Y?2, nd = eX3Y7,

and
mn3cd® = eX3(x), minc’®d = €Y3(y).

Hence, we have

Xs = (XX, Y5 = 15 (M1a)°)
for some positive constant k. We next define ¢ by
m =Y Yao.
Then we have
e X? ;o €Y}

= kX1 X3 d= =2
n 149, Y71Y'2(,07 & leXQ(,D

Now, in view of Lemma 6.6, by a change of variables from (z,y; z,w) to (T =
X(x),7 = Y(y);Z = z/A(z),w = w/u(y)), the ratios m/n and d/c¢’ become
XL YPYo /(kN?Y, X1 X3) and ekpY,) XP X, /(N2 X2Y1Y5) respectively. This
shows that we may assume m = n and ¢ = ed by solving the equations
X /N2 = kX X3, N2 X3 = kX3 X, Y, /u? = Y2Ys and MQY;’ =YY, Then we
can suppose that X1, Xo, Y7 and Y5 are constants. Namely, we have reduced
to the case m = n = ¢ and eac’ = e1d = k1 /¢ for some constant k;. Applying
Lemma 6.6 once more, we see that we may assume ki = 1:

m=n=¢, d=e/p, [ =e/p.
In this case, (9.10) shows that f¢ is constant, and from (9.2) we see that
c=u/p, d'=py/p.
Then a check of the integrability (6.9) implies that
a=0, b=0, ay,=20p, b, =2pp,,

et €20
(logp)ew = at 5, (log @)y = b+ =

and
€

(log @)y = ¢° — 2

Then we have the following theorem due to Wilczynski.
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Theorem 9.1 Assume both focal surfaces are quadrics. Then there exists a
nonvanishing function ¢ such that

€ €
m=n=p, d:;j, c':;f.

Unless > =1 and € = 1, it must satisfy the following system of equations:
(log p)ay = ¢* — €92,

2005 = ((¢°(log )az — €1(log @)yy) /(¥ — €p™2))y,

2ppy = ((¢*(log )yy — €2(l0g P)ax)/(0* — €072))a-

The coefficients of the congruence are given by
a = (¢*(log )aw — €1(log )yy)/(¢° — ep™?),

= (@2(10g¢)yy - 62(10g90)m)/(902 - 690_2)a
b
b=0, c=w:/p, d =0, d=¢p,/p

Remark 9.2 For the line congruence above to be a W-congruence, the condi-
tion that ¢ = 1 and p? = 1 is necessary. When ¢ = 1 and € = 1, a and b’ are
seen to be constants and must satisfy a + b = 0. The system is then written as

Zy =W, Wg =2, Zgz=0Z+ Wy, Wyy = —0aW+ 2,

where a is a constant and this case is thus included in Theorem 8.3. We refer
to Sect. 10.2. Getting solutions of the above system in Theorem 9.1 is an open
problem.

10 Construction of I¥-congruences

G. Fubini and E. Cech [FC1] gave a method for constructing W-congruences
with a given surface as one of the focal surfaces. Since this method is funda-
mental for discussing W-congruences, we give a summary of the related compu-
tations. Omne application is the construction of all W-congruences whose focal
surfaces are quadrics. Sect. 10.3 treats the composition formula of two W-
congruences, starting from a given surface.

10.1 A description of W-congruences

Let the surface z be given by the system
Zpg = Oz2p + b2y +p2, 2yy = czp + 0yzy + q2.

We consider a family of curves on the surface infinitesimally written as Ady —
Bdx = 0, where A and B are nonvanishing functions on the surface. Let

w = pz + 2(Azy + Bzy) (10.1)
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be any point on the tangent line of curves of the given family, where u is a scalar
parameter on the line. We are going to determine p so that the point w is the
focal point. We first check the condition that the point z lies on the tangent
plane at w of the second surface, i.e., the condition z A w A wy A wy = 0. Since

wy = (u+24; +240,)z, +2(By + bA)zy + 2Bzyy + (g + 2pA)z,
wy = 2(Ay+cB)zg + (n+ 2By +2B0y)zy + 2Az5 + (1y + 2¢B)z,

the condition is seen to be the identity

B(Ay +¢B) | A(B, +b4)

w=—-A; — B, — Ab, — BO, + 1 5 . (10.2)
Furthermore, a computation shows that
1
W, = E(BI + bA)w + Ez — Azg + 2Bzyy,
1
wy = Z(Az + cB)w + Fz + Azy + 2Azg,,

where

A=-A,+B,—0,A+6,B+ %(BI +bA) — g(Ay +¢B),

B, +bA
E:Mz+2pA*MT7
Ay, +cB
F =, +2¢gB — p—24———.
A
In particular,
Aw, — Bw, = (Apy — Bpy +2A%p —2B%q)z

+(Ap+2AA, — 2BA, — 2¢B* + 2A%),) 2,
—(Bu+2BB, — 2AB, — 2bA% + 2B%9,)z,.

Hence, the identity (10.2) implies that the vector Aw, — Bw, is pointing in the
direction of the lines of the congruence. In fact, if we set

N = Ay + 2AE — 2BF, (10.3)
then we get a relation which is the reverse of (10.1):
Nz = —vw + 2(Aw, — Bwy),
where
A B
v=—-B,—0,B+ A, +0,A+ E(B”” +bA) — Z(Ay + ¢B).

We assume N # 0 in the following so that w is nondegenerate.
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Proposition 10.1 The line congruence joining z and w is a W -congruence if

and only if N 5 -
ytTC . z +
<7A > - (73 )y (10.4)

Proof. If the congruence is a W-congruence, then the z-curves are asymptotic
curves of the surface w, namely it holds that w A wy A wy A wze = 0. By a
computation, this is seen to be equivalent to (10.4). The symmetry of (10.4)
implies that the y-curves are also asymptotic.

We remark that the conformal structure of w is given by the 2-form

N (4a(Bdz + Ady)? — 2Ndzdy),

oo (AuteBY  (BatbA
B A N B ),

We next compute the system defining the surface w, assuming that the
congruence is a W-congruence. The condition (10.4) shows the existence of a
function ¢ such that

where

AyteB oy Batbd  po

A’ B o
Replacing A/¢ and B/ with A and B, the condition (10.4) can be reduced to
Ay +cB=0, B, +bA=0. (10.5)

In this case
uw=-A, — By, —0,A—-06,B,

A=—A,+ By —0,A+6,B,

and

Nz = w + 2Aw, — 2Bw,,. (10.6)
From the identities
W = (Ua + 2Ap)z — A2y + 2Bzgy, (10.7)
wy = (pby +2Bq)z + Azy + 2Az,,

we know that the system of differential equations for the surface w is

Wey = gzwz + bw + pw,
Cote TR (10.8)
Wyy = CWg + Oywy + qw,

where

0, =0, + (logN),, 60,=0,+ (logN),,

- A
b=—-b— —(logN)g, E:—C—E(logN)y,
(10.9)

_ A
p=p+b,+ b0, + ﬂ(logN)m,

A
x E(logN)y'
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Remark 10.2 By using Lemma 10.4 proven later, we have a remarkable iden-
tity:

be = be — (log N ) zy. (10.10)
For later use, we set
1 1
L=AA., — §A§ + A’L, M= BB,, — 535 + B2 M, (10.11)
then
N =2(M - L). (10.12)

Let us make a remark on the case when N is a constant. In this case, the
system satisfied by w is nothing but the dual of the system satisfied by z. Hence,
by recalling the reasoning in Sect. 7.1, we see that the line congruence {z, w}
belongs to a linear complex.

10.2 W-congruences whose focal surfaces are quadrics

Let us consider the special case where the surface z is a quadric and the congru-
ence is a W-congruence. Since b = ¢ = 0 (and hence we may assume p = ¢ =0
and 6 is constant), the condition (10.4) implies that A = X is a function of x
and B =Y is a function of y. Then we have

p=—-X-Y, A=-X+Y,
N=X?_-Y"?_2XX"+2YY",
b=2YX"/N, ¢=2XY"/N.

Here {'} means derivation relative to the respective variable. For b = ¢ = 0,
it is necessary and sufficient that X”'(x) = Y"”’(y) = 0 because A and B are
assumed to be not zero.

Theorem 10.3 When X and Y are polynomials of degree at most two, the
surface w is also a quadric.

Assume that X and Y are polynomials of degree at most two; in particular,
N is constant. Then the system for w is

Wee = Opwy + pw, Wyy = Oywy + qu,

which means that the surface w satisfies the same system as for z; geometrically,
w is a projective transformation of z. An explicit correspondence is given below:

Assume, for simplicity, that p = ¢ = 0 and 6 is constant; the surface z is
parametrized as z = [1,x, y, xy] in homogeneous coordinates. Set

X =pma*+2pr+p; and Y = qy® + 22y + gs.
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Then the surface w is given by

w = [-p2—q@—px—qy,p3+ (P2 — @) — qzy,
a3 + (g2 — p2)y — p1ay, g3z + psy + (p2 + q2)xy].

Namely,
—pP2—G —p1 —q1 0
D3 P2 — G2 0 —q1
w = gz; = )
g g q3 0 g2 —p2 —D1
0 q3 D3 P2 + @2

where detg = p3 — ¢3 — p1p3 + qigs. To simplify the representation of the
congruence, we introduce a new parametrization of the surface by defining new
coordinates (&, 7) by

0c = X0y + YO0y, Oy = (X0, —Y0y)/ det(g).
We set

Z = pz, w = pw, where p = (XY)_I/Q.
Then it is easy to see that the congruence is written as

W= 0z, Z=0,0.

Thus the parametrization by (£,7) defines a net on the surface associated to
the congruence. In this way, we get all W-congruences whose focal surfaces are
quadrics.

We add a few remarks. When one and only one of X and Y is a polynomial
of degree at most two, then the surface w is ruled. Thus, we get W-congruences
joining a quadratic surface and a ruled surface.

The second remark is on the case where w is not ruled: be # 0. Then
(logb) 4y = —(log Ny = N, N, /N = be.

Similarly, (log€)., = be. Hence, by Proposition 2.12, both parameter curves
on w belong to respective linear complexes. Conversely, given a surface both of
whose parameter curves belong to linear complexes, namely when the condition
(2.32) is holding, we can construct a W-congruence joining the surface and a
quadratic surface. We refer to [FC2, §47] for details.

10.3 Composition of W-congruences

Given two W-congruences w; and ws, each given by
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Fubini constructed a third surface z that is joined with w; and wy by respective
W-congruences. Here, we cite his construction.

Let \;, u; and N; be the corresponding quantities and define

A= ClAl + CQAQ, B = ClBl + CQBQ,
A=c' A+, p=clu + Aus,

where ¢! and ¢? are constants, and define N by the formula (10.3). Since N is
quadratic in A and B, it is possible to set

N = (01)2N1 —|— 20102N12 —|— (CQ)QNQ,
by appropriately defining Ni5. In fact, we have
1
Nig = 3 (M2 +A2p1) +4(A1 Asp — B1B2q) + (A1 piog + Asping — Bipgy — Bapiry).

Further, a computation shows that

N,
A Paz — Ozpiz + by — pu(by + b0y) + 4Bbg + 4A,p + 2Ap, + 2Bpy,
Ny
A = Hyy — Oufty + cliz — p(cy + cbz) + 4Acp +4Byq + 2Bqy + 2Aqs,
and note that the right-hand sides are linear in A, B and u. Hence, we have
N, N N-
Vo ch 1z +02 29;-
2A 24, 24,
From this follows 4 4
Nig)w = —2 Nip + —L Ny,
(N12) 2A11+2A22
Similarly,
By B,
N =—N —— Ny,
( 12)’9 231 ly + 232 2y
Lemma 10.4 N satisfies the equation
cB bA
Ngy + INI + ENy =0. (10.13)

The proof will be given in Sect. 13.1 (see Lemma 13.1). We now look for a
scalar function f and g so that

A2 B2 Al Bl
mi_va ——N, m*_va = —Nyy.
f A, 1 fy B, ly g A, 2 Gy B, 2y
From (10.5) and (10.13),
Asy As Ay, Ay
(fz)y oL Az 1 +A1 lzy
CBQ bAg
= ey, My
Al 1 Bl ly



and the same holds for (f,),. Hence, it is possible to find f by integration.
Similarly, we can find g. By definition, f + g — Nj2 is constant, and we may
assume it is equal to 0. Now we define two new surfaces

Zia = fz—Xowi +2(—Aswiy + Bowny),
Zyn = gz — Mws + 2(—Ai1wag + Brway).
Inserting the derivations of w; and ws given in (10.7), we get
Zias = (f —Aop1 — 24001, —4A1Asp + 2Bopuiy + 4B1B2g)z
+2(A1 A2 — A A1)zg +2(MBa — Ao B1)zy + 4(Ba A1 — AsBi)zgy,
Zyn = (g—Mpe —2A1p0, —4A1Asp + 2B oy + 4B1Bag)z

+2(A2A1 — AlAQ)Zz —+ 2(AgBl — )\1B2)Zy + 4(31142 — AlBg)ZIy.
Therefore,
Zio+ Zo1 = (f+9 —2N12)z =0.

Now we write Z for Z15 and we show that Z is one of the required surfaces. In
fact, by setting

)\10, Ala Bla
=—-X+—, A=-Ay+—, B=By——
I 2+ Ny 2+ N 2 Ny
where a is a constant of integration relative to f, we have
7 =y + 2(Awy, + Bwyy); (10.14)

see (10.6). If we denote by 0, by and ¢; the invariants 6, b and ¢ for w1, then we
see by a simple calculation that

Zy = 761?, Ez = 7blz
and o

Ay +0,A+ By +60,B= X —Aa/Ni.
Hence, we have proved the following theorem.

Theorem 10.5 Let {wy,z} and {ws,z} be two W -congruences. Define a third
surface Z by (10.14). Then, both {Z, w1} and {Z, w2} are W-congruences. The
constants ¢! and c® are arbitrary and the choice of f and g includes a constant
of integration.

11 Lie quadrics and Demoulin transforms

In Sect. 2.4 we have defined the Demoulin frame associated with a surface and
the Demoulin transform of the surface. In this section we revisit these notions,
following the development by S. Finikow and O. Mayer. We first recall how to
attach a quadric called the Lie quadric to each point of the surface, and then
prove that the envelope of Lie quadrics generally consists of four surfaces, each
being a Demoulin transform. We next define Demoulin congruences joining De-
moulin transforms and prove that the Demoulin congruence is a W-congruence
if and only if the original surface is projectively minimal. In the last section, we
compute explicitly the invariants of the Demoulin transform.
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11.1 Osculating quadrics

Let z = z1(z) + y2z2(x) be a ruled surface given by the normalized system (1.6).
We now define an osculating quadric to this ruled surface.

Given a set of skew three lines on the ruled surface, we generally have a
quadric including these lines. If these lines tend to one limit line, then the
quadric tends to a limit position, again a quadric. This is called an osculating
quadric, which might be degenerate. Assume that the limit quadric @ is defined
by the equation tzAz = 0. We denote ‘zAz = (z,z) for simplicity. The limit
line is in @ if and only if

(z1,21) = (21, 22) = (22, 22) = 0.
The limit process implies that the first derivatives of the limiting lines are also
in Q:

<21,Zi> = <21,Zé> + <Z£a22> = <Z2;Zé> =0.

Differentiating a second time implies

(21,21) = (21, 23) = (23, 23) =0,
in view of (1.6). If we write a general point z in P3 as w = p°2; + plze +p?2f +
p3z,, then

(w,w) = 2(p°p* — p'p*)(21, 23).
Hence the osculating quadric is defined by the equation p°p® — p'p? = 0. A part
of the condition (z1,21) = (z1,21) = (2],21) = 0 implies that the asymptotic
tangent belongs to the osculating quadric. Since this property does not depend

on y, all asymptotic lines through the limit ruling line give a ruling of the
osculating quadric.

11.2 Lie quadrics

Let z(x,y) be a nondegenerate surface:

Zgx = UOzpzg +bzy +pz,

11.1
Zyy = CZg+0yzy +qz. (11.1)

We consider one of the associated ruled surfaces

U)(Z', S) = Zy(za yO) + SZ(Ia yO)v

which consists of tangent lines to y-curves parametrized by x. The osculating
quadric to this ruled surface is determined by the asymptotic directions, as was
remarked in the previous section.

Let s = s(z) be such an asymptotic curve. Since

Wy = Zgy + s’z + SZg,
Wy = Zgay + 8 2 + 28" 25 + S240,
Zawy = OaZoy + (b + O22) 22 + (b0y + by + p)zy + (bq + py)2,
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and then
Wyp = (be + 28" + 04y) 20 (mod ()z, zy, wz)

in order that wyz =0 (mod ()z, 2y, ws), it is necessary that
be + 25’ + 0,y = 0.
Hence we have
We = Zgy + 825 — (1/2)(be + 04y) 2.

The asymptotic direction is written as
Wy 4 tW = Zgy + $25 + tzy + (st — (1/2)(be + O4y)) 2,

where ¢ is a line parameter. If we write any point in P? as p°z + p'z, + p?z, +
P32y, then the quadric consisting of the asymptotic directions above is

p°p® —p'p?* = —(1/2)(be + 0y) (). (11.2)

(If the original surface is ruled, then this coincides with the osculating quadric.
In fact, bc = 0 for a ruled surface, and 6 is constant for a ruled surface written
in the form (1.6).) This quadric is called a Lie quadric, which is the same as
the Lie quadratic hypersurface given in Sect. 2.2 in view of the frame (2.14).

11.3 Demoulin Transforms

To each point of the surface is associated a Lie quadric. The envelope of Lie
quadrics generally consists of four surfaces. We shall see that these four surfaces
are nothing but the Demoulin transforms of the original surface, defined in Sect.
2.4.

We assume that bc # 0 so that the surface is not ruled. Any Lie quadric is
of the form

W= Zgy + S2g + 12y + (st — @)z, a = =(bc+ Oyy).

N =

In order that w belongs to the envelope surface, its tangent vector, say w,,
belongs to the tangent plane of the Lie quadric. By a direct computation, we
have

wy = (E+0)w+ (a+ sz)(ze +t2)
+(b0y + by +p+ty +bs — 2 —t0,)(z, + s2) + Bz,

where
B = (bq +p, — az + aby) — (b, + b0,)s — bs>.

Since the tangent plane of the Lie quadric is spanned by the vectors w, ws =
zz + 1z, and wy = 2, + sz, the required condition for the vector w, is B = 0;
namely,

bs® + (by + b0,)s — (bg + p, — ax + ab,) = 0. (11.3)
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Similarly, for w, we have

wy = (s+0y)w+ (a+ty)(zy+s2)
+(cx + by +q+ sy +ct — 57— s0,) (2, +t2) + Cz,

where
C = (ep+qu — ay + aby) — (cp + cby)t — ct?.

The required condition for the vector w, is C' = 0; namely,
ct? + (cg + cly)t — (cp + gz — ay + aby) = 0. (11.4)

Hence the envelope surfaces are given by solving two equations (11.3) and
(11.4); generally, we have four solutions.

We denote the discriminants of both equations (11.3) and (11.4) by Ay and
Ao, respectively. They are given as follows, in view of integrability:

Ay =02 —2bby, —206°M, Ay = — 2ccye — 27 L. (11.5)

Referring to (2.10), we can see that these discriminants are the same as those
defined by (2.19). Since we have not assumed that 6 is constant, we need to
replace p and ¢ in (2.10) by p— 0,0 /2+0%/4+b0,/2 and g— 0y, /2+07 /4+cB, /2.

Note that
Avy = —2b(byyy + 2Mb, +bM,)), Aoy = —2¢(Cyze + 2Lcy +cLy),  (11.6)
hence the third integrability condition of (2.9) implies
CAly = bAzm,

and conversely, this identity is equivalent to the third integrability condition,
provided bc # 0.

To keep the notations P and @ defined in (2.18), in accordance with the
case where # is not necessarily constant, we need to change the formulas to

b ¢ c? 0 1 bl
popyly _ Cox G Ver L 00y
Pty T T g Tt
and 2
Cy byy Y ny 1., cb,
T TR —p2 4+ = 11.
Q=g+5 -9y Tz T+ 3 (11.7)

We refer to (2.11). For the benefit of later use, we introduce the notations o
and 7 by
2 _ A

A
o’ =5 2= =2 _ p, (11.8)

T T e ’

=Q,

93



we refer to (2.24). Then

by, 1 ¢ 1
—_ Y _Zp + t=—7%—20,+ 11.
STy T 2 27T (11.9)
and the Demoulin transform w is written as
1
W = Zgy + Szp +tzy + (st — §bc)z
b 1 [ |

by 1, ¢ 1 1
+ (G + 30 + 500) — 30c+62)) 2

+o (Zz(

Cy

1 b 1
50 + 591)Z> +7 (zy —(Z+ 5996)2) +o7z.

2b

We remark that this reduces to (2.25) when 6 is constant. In terms of o and T,
the formula in Lemma 2.12 can be written as follows:

b(o?), = (bK1)y, C(T2)y = (CK2)a, (11.10)

where k1 and kg are defined in (2.17).

11.4 Demoulin Lines

Here we look at the Demoulin transforms from a different point of view, by
repeating the computation given in Sect. 2.1 in part. For simplicity, we assume
that 6 is constant in this section.

We recall that the dual coordinate system (p°, p', p?, p®) was defined by

P=p"z+4plz, + p2,zy +p3zzy.

Relative to this coordinate system, the Lie quadric is defined by the equation
E =0, where

E =% —p'p? + a(p®)?, a= %bc.
We look for the characteristic points of the family of quadrics parametrized by
z. They are defined by the equations F = 0 and FE, = 0. To compute E,, we
need variation formulas of the homogeneous coordinates p* when the point P
remains fixed.
Since we have

P, = (p)+p'p+0%(py+0q)z + (p° + py + p°be)z,
+(bp" + p2 4+ P (by + )2y + (0> + P2) Zay,
Py = () +10*q+ 1+ cp))z+ (cp® +py, + 1 (ca + )2

+(0° + p 4+ p*oc)ze + (P! + D)) Zay,
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if we assume the point P remains fixed, then the coordinates p’ vary by the
following rules:

dp® = —(p'p+p’(py + bg))dz — (p*q + p*(gu + cp))dy,
dpt = —(p° + pPbe)dz — (cp? + pP(ca + q))dy,

dp> = —(bp' + pP(b, +p))dx — (p° + p3be)dy,

dp® = —p?dx —pldy.

Now it is easy to see that
E, =b(p')? +byp'p® — (by + bg — ;) (p%)?,

and that the equation F, = 0 is nothing but the homogeneous form of the
equation (11.3). Any point satisfying the equation lies on the lines defined by
the equations

f=p'=sp®=0,  g:=p"—sp”+ap’,
where s is one of the solutions of (11.3). Similarly, for the family parametrized
by y, we get the lines
pP-tp®=0, p’—tp' +ap’=0,

where ¢ is one of the solutions of (11.4). Thus we get four distinguished lines
on the Lie quadric, which were called the Demoulin lines.

Let us consider the line congruence consisting of Demoulin lines for each
fixed choice of s or ¢, which we call the Demoulin congruence.

We want to find the focal points of the Demoulin congruence. At such a
point, we have a direction along which df = 0 and dg = 0 hold. By computation,
we see that

df = —(s2 + a)p’de — (cp? + (co + g + 5y — s*)p°)dy

and
dg = — (s, + @)p?dx + ((s* — ¢ — sy)p2 + (o — Gz — cp)p®)dy.

Hence the direction is determined so that both df and dg are proportional, i.e.,
when the following identity holds:

(s2 + ) {c(p®)* + cap’p’ + (ay — @z — cp)(p*)?} = 0.

Since the focal surface is not determined if s, +a = 0, we assume in the following
that s; +a # 0. Then the condition above is the same as the condition E, = 0.
Thus, we have seen that the Demoulin congruence is stationary at the points
where the line in one family meets the line in the other family.
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11.5 Demoulin congruences

We compute the asymptotic directions of the Demoulin transforms. The induced
conformal form w on the surface is determined by the identity

WA Wy AWy A (wmdx2 + 2wyydady + wyydyQ) =Wz A 2g N2y N Zgy.

If we write w = Adz? 4 2Bdxdy + Cdy?, then a computation using the integra-
bility conditions (2.9) gives the formula

Ap(sx+a)<2%+%”>, Cp(ty+a)<2@+b%),

1 1
B = p(sz + a)(ty + o) — p(bs + §by)(ct + §cz)
b

by vy ( Cx Cax
s ) (1, + 4 22,
—i—p(sy—i—bs—i— 2b +c +20

where
p=(by +bs+ty +p—1t3)(cy + 5, +cqt —5%) — (s, +a)(t, + ).

If p = 0, then the Demoulin transform does not make a surface. Hence we
assume p # 0 in the following. By definitions (11.8) and (11.9), we have

Sz + =K1+ 0y, ty + =Ko+ Ty,

1 1
bs + §by = bo, ct + 501 = cT.

Hence, we can conclude that the conformal structure of the Demoulin transform
is defined by the form

w= ((m +o0.)dx + %dy) (ﬂdz + (ko + Ty)dy) — beordxdy.
c

We now define the nondegeneracy for a Demoulin transform by
por (k1 +00) (k2 +7,) # 0.

Since
(‘72)1 = (logb)yr1 + (K1)y, (72)74 = (log ¢)zrka + (K2)x
by (11.10), we must have k1k9 # 0 under the assumption of nondegeneracy.

Now we can state the following theorem:

Theorem 11.1 (S. Finikov [Fi1930]) Assume that the Demoulin transform is
nondegenerate. Then the Demoulin congruence is a W-congruence if and only
if the original surface is projectively minimal.
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Proof. For a fixed s, consider a Demoulin congruence joining two Demoulin
transforms corresponding to two values of ¢. In terms of o, one corresponds to
the value o and the other corresponds to —o. Since the asymptotic directions for
each transform are defined by the equation w = 0, in order that the congruence
be a W-congruence, it is necessary and sufficient that the equation w = 0 for
o and the equation w = 0 for —o define the same direction. Then, taking into
account the nondegeneracy defined above, we can see that

(bo)y =0 and (c71), =0.

To complete the proof, it is enough to see that this condition is equivalent to
(2.40) for projective minimality.

11.6 An explicit form of Demoulin frames

This section aims at getting a detailed form of a Demoulin transform.
We recall the notation of a nondegenerate surface z(x,y):

Zpg = Oz2y + b2y +p2, 2yy = czp + 0yzy + q2.

Differentiating these equations once, we get

Zoay = OgZay+ (bc+ Opy)ze + (b0y + by + p)zy + (bg + py)2,
Zoyy = Oyzay + (co + by + Q)zg + (be+ Oyy) 2y + (cp + g2 2.
We introduce the notations
= b
)\:bg+(CT) , X:m‘—l—(z)y, p=a+ s, po=a+ty, (11.11)
c

and we remark that the following identities hold:
o(bo)y =7(cT)s, boXN =cTA (11.12)
We define vectors Y, Z, and X by
Y =te+z2,, Z=sz+2y, X =2+ 52;+1tzy+ (st—a)z.

Then, from what we have shown, we get the following Pfaff equation:

z z
Y Y
Wz =9 z |
X X
where
—(tdz + sdy) dx dy 0
(A —=2bo)dx + p'dy  (0p + t)dz — sdy bdx dy
W=\ pdr+ (N —2cr)dy cdy —tdz + (8, + s)dy dx
0 pdx + N'dy Az + p'dy (0 +t)dx
+(0y + s)dy
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The integrability condition dw = w A w can be checked by using the identities

given above and the additional identities

fy =Ny = p' (2t +0,) —DN, py = N, = p(2s +6,) — .
Provided that R := A\ — pp’ # 0, the vector X defines a surface. Considering
the Pfaff equation above, it is easy to see that the conformal structure on X is

given by the 2-form
bu(er)pdz® + be(AN + pp’ — boX — et A)dzdy + c(bo), dy?.

The above coframe w satisfies the required condition for the frame {z,Y, Z, X }
to be a Demoulin frame defined in Sect. 2.4, up to scalar multiplication. The

invariants are seen to be as follows:

w' = d, w? = dy, hinn=—2b, hi1z=hiz2 =0, ho2 = —2¢,
A — 2bo ! Ao
(pij) = ( / ) (@) = ( )
AN =2 J N
a T a (11.13)
(Li)) = 200 0
W0 2er )

Now we assume that the surface z is projectively minimal, i.e., (bo), = 0
and (¢7), = 0. In this case, we simply get
A = bo, N =cr,

and, provided that R # 0, the induced conformal structure on the surface X is
the same as that on z. The system of equations defining X is given as follows:

Xz = 0, X, +0X, +9X, X, =¢X,+0,X, +7X.

To simplify notations, we set
v==0,+t, vV =0,+s.

Then, we can see that

_ R, - R
bo=0st o Oy =0+
- u,  R\N—R,\N _ o RN RN
b: —b _ = — B ——
0+ Ry € ‘uc+ Ry ) (11.14)

P=vy+ 12+ X—1v0, — Vb,
§:V;+l/’2+/\’71/§y—1/5.
We also have expressions
- 1
b= F v +) + Mo = Aop — bp®),
_ 1
c= E(/\/‘LL/(Z// +38)+ /\’u; - )\;;/ —cp/?).
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Let us normalize the frame *(X,Y, Z, z). We know

X p  pdr+Ndy Adx+ p'dy 0 X

d Y | | dy vdr—sdy bdx —Xdz + p'dy Y
Z | | dz cdy —tdr +v'dy  pdr — Ndy Z |’
z 0 dx dy —tdx — sdy z

where p = (0, + t)dz + (0y + s)dy. We define new vectors
Z=—Rz, =pY +XZ, Z=NY 4+ Z.

Y
Relative to the frame f = *(X,Y, Z,%), we get df = Qf, where

P dx dy 0
Az + pdy  ddx + vV'dy bdx dy
Q= de+ Ndy ady vdz + 8'dy dx ;
0 pder —Ndy —XMdx+pdy  (R./R-—t)dx

+(Ry/R — s)dy
and where
(=t e + N Ao — pp'v — ANt 4+ p\'b) /R,
(—putty 4+ ANy, — pp'v — AN's + ' Ac) / R,
= ()‘Mz - M)\z + )‘MV - M2b + )‘Mt)/R7
(N gy — "Ny, + N p'v' — e+ Ny's)/R.

YIRS TIRSURS
<
Il

The frame f is the Demoulin frame of the Demoulin transform with € as its
coframe when the original surface is projectively minimal.

Remark 11.2 The contents in this section were originally given by [Fil930]
and [May1932]. [L] is also helpful.

12 An intrinsic description of Demoulin trans-
forms of projectively minimal surfaces

In the previous section we have seen that projectively minimal surfaces enjoy
a special feature relative to Demoulin transforms. Referring to the intrinsic
formulation of projectively minimal surface in Sect. 2.7, we compute normalized
frames of Demoulin transforms and then get the formula of the second Demoulin
transforms. Relying on explicit forms of the second Demoulin transforms, we
reprove the result by O. Mayer and B. Su that a projectively minimal surface
generally yields nine second Demoulin transforms. As an example, we explicitly
give the second Demoulin transforms among the coincidence surfaces.

99



12.1 The normalized frame of a Demoulin transform

Let us recall the notation defined in Sect. 2.4: e denotes a Demoulin frame and
w its coframe. Let p and ¢ denote the matrices given in (2.20) and set P = det p.

We assume now that the surface is projectively minimal and that P # 0 so
that every Demoulin transform defines a surface. Then by Proposition 2.22 we
have the following expressions:

Ny [ P11 P12 N — —P11 P12
(pw) <p21 Pos >7 (‘Jw) ( Por —p2o >7

N —2p11 0
=70 )

The frame é = (es, e1, g, €p) is associated with the Demoulin transform es, and
the coframe defined by dé = @é has the form

(12.1)

Wi pow' — pow?  —prw! + prow? 0

o w? wg bw; pnwi + p12w2
w cw wh P21wW + Poaw
0 w! w? wd

This is not normalized, and in order to get a normalized frame, we need a slight
change of the frame as follows:

ey =des, €1 =0(parer —priea),

_ _ (12.2)
€2 = d(p12e2 — p22e1), € = —dPe,

where 6 = 1/ V/P. Then, the normalized coframe defined by de = we has the
form

dlog§ + wj w! w? 0
o p21wi - puw; gi g; wj ,
Pr2w™ — pa2aw w1 ws w
0 prow! + peow?  prw' + paw? W) — dlogd
(12.3)
where
PGy = —dP/2 — piadpa1 + pazdpi1 — prapaiwi
+P11P12wWs — P22Paiwi + Pr1P2sws,
Pw? = —piidpor + pardpin — pripaiwi
+(p11)?w3 — (p21)*wi + pr1ip21ws, (12.4)
PGy = piadpa — paadpia + prapowi '
—(p12)*w3 + (p22)?w? — prapasws,
Pwi = —dP/2+ p11dpas — pardpiz + p11paawi

1 2 2
—P11P12W5 + P21P22WT — P12P21W5.
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We note that the conditions @ + @3 = 0, &; + w3 = 0, and w9 =0 are satisfied
as required for normalization. The associated invariants h, p, g, and ¢ are

— 0 1 _ —p11 P21
B — -
( 10 ) P ( P12 —p22 ) ’
7= P11 P21 7— 2p11 0
P12 P22 ’ 0 2p22 '
These formulas say that, for the Demoulin transform es, p11 and pos are changed

into their negatives and py2 and po2; are interchanged. In particular for Godeaux-
Rozet surfaces, we have the following corollary in view of Remark 2.9.

Corollary 12.1 Any Demoulin transform of a Godeaux-Rozet surface is also a
Godeauz-Rozet surface.

_ The cubic invariants b and ¢ are defined by the formulas h111 = —2b and
hogoo = —2¢, and we see that
0 =bw!, Wy =cw?

We now calculate the cubic invariants explicitly.
We define covariant derivatives of p;; by

dpij — Zpikw;c — Zpkjwf + 2pijw8 = Zpij,kwk~ (125)
k k k

Lemma 12.2 P11,2 = P12,1 = 0 and D212 = P22,1 = 0.
Proof. The differentiation of w{ = p;;w’ implies dw? — dp;; A w? — p;jdw? =0,
and the left-hand side is equal to w? A (dpi; — pirw} — prjwf + 2pijw]). Hence,
we have p;j r = Dik,j- ‘

Next we differentiate w? = Y p1;w’ and get

dpi1 Awt 4+ dpra Aw? = 2p11(w% — wg) Awl — 2p12w8 A w? + bposw! A w?.
The differentiation of wj = Y ¢1;w’ gives

dqi1 Aw! + dqia N\ w? = 2q11(w% — wg) Aw! — 2q12w8 Aw? — bqggwl A w?.
Since q11 = —p11, Q12 = P12, and gas = —pao, the latter identity means

—dp11 Aw! 4+ dpra Aw? = —2p1; (W] — wg) Awl — 2p12w8 A w? + bpgow® A w?.

Hence, we have

dp11 Aw! = 2p11(wl — wd) Awt,
P11 S p11(11 20) . , (12.6)
dp1a N w® = bpaow™ A w* — 2p1awy A w=.
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By a similar computation for the identities w9 = pojw’ and wi = gojw?, we also
have
dpas A w? = —2pas(wi + wd) A w?,

12.7
dpor A w! = —cpriw! Aw? — 2p21w8 Awl. ( )

We now insert dpi1 = pn,lwl +p11,2w2 + 2p11w} + (p12 +p21)w% — 2p11w8, which
is one of the formulas in (12.5), into the first equation of (12.6) to get p11.2 =0
by using the property that w? = bw? contains no term with w'. The other
claimed identities are similarly shown.

Now it is easy to compute ow defined in (12.4) by use of the dps; and dp1y
given in (12.5), and we get
Pw; = (pa1pi1,1 — pripaig)w' — Pwi.

Hence, we have

Lemma 12.3 Let P = det(p) and let b and € denote the cubic invariants of the
Demoulin transfrom. Then

Pb = —Pbh+ P21P11,1 — P11P21,1,
Pc = —Pc+ piapaz2 — paapi2 2.

We assume in the following that Li;Los # 0 so that we have four distinct
Demoulin transforms. Let us recall the treatment in Sect. 2.4 again. Once
we get a Demoulin frame e, the other Demoulin frames are represented by ge,
where g is the transformation of the form

1 0 0 0
p? 1 0 O

g = 1 ;
b0 1 0
ptp* pt op? 1

the values p! and p? are determined by the conditions
b(p")? +L1pt =0 and c(p®)? + lazp® = 0.

We set
tl = —fll/b, t2 = —222/0.

Then, p' takes the value 0 or ¢! and p? takes the value 0 or ¢2.
We denote one of the new frames by € = {€y, €1, €2, €3}, where

€0 =rco, €1 =pleot+er, &y =plegtes, €3=p'pieg+pler +ples+es,
and then the new gij’s are given by
511 :611 +2bp1, EQQ 1622+2Cp2.

The coframe @, dé = @é, is
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W) — pPwt — plu? ol W2
. @Y wi + p2wt — plw? w?
YT o9 wsa w2 + pltw? — p2wt
0 ol o3
where
@) = W —plwi+dp® — (p*)’wi — p'wi + pPuy,
® = wy—plwy+dpt — (p")’w? — plwi + pluwg,
@3 = wi+plwy+dpt = (p')?w? 4 plet — plud,
02 = wi+prwl+dp? - (pH)Pwr + pPwi — pPws.

We remark that, for any choice of frame, the cubic invariants b and ¢ remain

the same.

We now assume that the surface is projectively minimal.

Lemma 12.4 The derivations of t*
Ing expressions:

dt' + t'(wl + wi) — (t1)w? = thw',

dt? + 2 (wd + w3) — (1?)%wt = t?2w2,

where t,ll and t?Q are thus defined.

Proof. The exterior derivative of wg — w? = (11w! yields

(dly1 + 2011 (W

_w%)) /\wl 207

and the exterior derivative of w? = bw! yields

db Aw' = —b(wg — Sw%) Aw! — O w!t A W3,

Hence, we have

(bdlyy — L11db + bly1 (W) + wi) + (£11)°w?) Aw! =0,

—l11/b and t? = —laa/c have the follow-

from which, by dividing both sides by b2, we get the first assertion. The second
assertion is similarly proved.

By this lemma, the new coframe simplifies to

~0 0

_ 1.2 42 2
Wy = wy — prwy + 1w,

~1 14 2014 41 1
w3 = w3 + pwy 15w,

~, 2, .1 1,1
B9 = — pu} + thut,

03 = w? + pluw? + t?2w2.

(12.8)

Here we understand that t}l = 0 when p! = 0 and t?Q =0 when p? = 0.

Summing up the discussion above, we get the following lemma.
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Proposition 12.5 Assume that the original surface is a non-ruled indefinite
projectively minimal surface and that 11022 # 0. Let e = {eg, e1,€2,e3} be one
of the Demoulin frames. Then the four Demoulin frames are given as follows.

fype pl p2 frame invariant p
P11 P12
1 0 O €0,€1,€2,€
v < D21 P22 )
2 t 0 eo,e1,€2 + treg, es +tle _11711 P12
P21 P22
/
3 0 t2 €0, €1 +t2€0,€2,€3 +t2@2 P11 D12
P21 —P22
— /
4 |t 1 | eo,e1+1t%en, 2 +tleg, 3+ tler +t2er + e ( i Pz
P21 —p22

where
Py = pa1 + t,lp Pla = P12 + t?g-

The following table gives the normalized frames and invariants for each of
these Demoulin transforms; let T% (1 < i < 4) denote the transform of type ¢
given in Lemma 12.5. Let e’ = {e}, el eb, 4} denote the normalized frame for
the transform 7'%. The matrix in the last column of the table below represents
the invariants of the transformed surface, whose determinant is denoted by P?.

65 = €3

T1 6% = P21€1 — P11€2 —P11 P21
ey = —paser + piaes P12 —P22
et = —Pleg
eg =e3+ tleq

o €1 =Pher+pules+tle) P11 Db
e3 = pra(ez + tleg) — pases P12 —DP22
eg = — P2
eg = eg + t2e;

T3 e3 = pa1(e1 + t2ep) — pr1e2 —p11 P21
e3 = plaea + poz(er + t2ep) Pla P22
eg = —P3eg

eé =e3 +tleg + t2ey + tHt3eg
4 €1 =poi(en +1%e0) +pu(ez +1tleo) <p11 p’gl)

IS

€5 = plo(ea +t'eo) + paa(er + t%e) Plo D22
el = —ple
3 0

IS

The above computation is valid even when £11f22 = 0 provided bc # 0. When
both of /11 and #25 vanish, namely, when the surface is a Demoulin surface, we
get only one surface. When £1; = 0 and f55 # 0, namely, when the surface is
a Godeaux-Rozet surface, we need to set t' = 0 in the above computation and
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we get t}l = 0. Then, we see that p5; = p21. Since p11 = 0 in this case, we get
T1=1T3 and T2 = T4. Similarly when £1; # 0 and f25 = 0, we get T1 = T3
and T2 =T4.

12.2 Second Demoulin transforms

The repeated use of the above procedure gives the second transforms, which
are listed below. Let us denote by b* and ¢’ the respective cubic invariants for
Ti. and we use the label Tj for denoting the second transforms of T, where
the number j is given by following the same rule as used for labelling 7. We
remark that for these transforms to really define surfaces, we need to assume
PP #£0,b" #£0, and ¢! #0.

T11 —Pleg

T12 *blpleo - 2]?11(172161 *p11€2)

T13 —c'Pley — 2pas(—pazer + praes)

T14 —blet Pleg — 2ctpri(parer — priea) — 2b pas(proea — pazer)
+4p11pazes

T21  —P2,

T22 —b2P2€0 + 2p11(p/21€1 +p11(€2 + tleo))

T23 —c?P?%ey — 2pas(—paser + pr2(es + tleg))

T24 —b202P2€0 + 202])11(]7/2161 + p11(€2 + tleo))
—2b%paa(pr2(ea + t'eg) — paoer) — Apripaa(es + tler)

T31 —P3eg

T32 —b3P3€0 — 2p11(p21(€1 + t2€0) — p11€2)

T33  —c*P3eg + 2paa(pioea + paa(er + t2ep))

T34 —b3c3P3eq — 2¢3p11(pa1(e1 + t2eg) — pr1ea)
+26%pas(pla€a + pao(er + t2eg)) — dpripaa(es + t2e2)

T4l —Ple,

T42 7b4P460 + 2]?11(])/21(61 =+ t2€0) + P11 (62 + tleo))

T43 —ctPreg + 2pas(pla(ea + theg) + paz(er + t2eq))

T44 —b4C4P4€0 — 204])11(]7/21(61 + t2€0) — p11(€2 + tleo))

+2b%pas (pho(e2 + tleg) + paa(er + t2ep))
—4p11paz(es + ther + t2es + t1t%eq)

As is seen above, each T4l (1 < i < 4) coincides with the original surface.
Further,

Proposition 12.6 The following coincidences of surfaces hold: T13 = T23,
T12=1T32,T22=T42, and T33 = T43.

Proof. We prove the coincidence T'13 = T'23. By definition,

T13 = —c'Pleg — 2pao(—paser + przes),
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T23 = —c*P?eg— 2paa(—paser + pralea +tleg))

= *(C2P2 + 2p22p12t1)€0 — 2p2a(—pazer + pize2),

Thus, it is enough to see that

Plcl = PQC2 + 2p22p12t1 = P202 + 4])11])22])12/[), (129)
where P2 = —p11P22 — D125, is the determinant of the invariant matrix for 7°23:
pu Pz \ _ [ pu Py
D21 D22 P12 —p22 )
By Lemma 12.3,
P'¢t = —Plc + P12P22,2 — P22P12,2
for the transform 7'13 and
P?c¢* = —P%c + P12P22,2 — P22P12,2
for the transform 7'23. The coframe for 723 is, by (12.10),
w) — tlw? w! w? 0
o= oY wi —tlw? w? w?
o 9 wa w2 + tlw? wt
0 &31) @32) wg + ttw?
By using this form,
Yo poapw® = dpae — > (Pok + Pr2)@05 + 2Pa0df
= dpaz — (p21 +p12 + t,11)wé — 2p2a(wi + c'w?) + 2P22(W8 — c'w?)

= 2p227kwk — (Ct’ll + 4t1p22)w2

and

S prepwk = dpra — P1103 — P12(@0F + 0F) — Poo®? + 2p120]

= dpi2 + priw3i — p12(w3 + wi) — prwi + 2p12(wf — c'w?)

= Y proaw® + (2p11c — 2prath)w?.

Here, we used w? = bw?, wi = cw!, and wi + w3 = 0. Hence,

D12D22,2 — P22P12,2 = P12P22,2 — P22P12,2 — Ct,l1p12 — 2ep11p22 — 2t prapas.

Now it is easy to show (12.9) by using t' = 2p;1/b.
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The arrangement of transforms can be illustrated as in the following diagram.

‘ T32=T12
T34 e o o T14
| T3 * * T1 |
| T33=T43 o ® o T13=T23 |
| T4 * * T2 |
‘ T44 o o o T24
T42 = T22

where © is the original surface, * denotes the first Demoulin transforms, and o
and e denote the second Demoulin transforms.

We next consider the line congruence joining the original projectively mini-
mal surface and four of the second transforms. We will show:

Proposition 12.7 The line congruence joining the original projectively min-
imal surface and each one of the surfaces T'13, T12, T33, and T22 is a W-
congruence, and these four surfaces are focal surfaces of each congruence.

Proof. We give a proof for T'13. Let us recall that the transform 71 has a
normalized frame

1 1 1 1 1
60 = €3, €1 = P21€1 — P11€2, €9 = —P22€1 -‘1-])1262, 63 =-P €0 (12.10)

up to a scalar factor. The invariant matrix, which we denote by p, is

P ( P11 P12 ) _ ( —P11 P21 )
D21 Do P12 —D22
Let?" = —2paa/ct be the value of t2 for the transform T'1. Then, the normalized
Demoulin frame for T'1 that is needed define 113 is given by
éo=¢ep, €E1=e] +E2€é, €y =3, €3=ec; +7el. (12.11)

The corresponding invariant matrix is
]3<P:11 P12 ><1j11 1_7&2 >7
P21 P22 P21 P22
where Ply = Dy + 5,22 and 5,22 is defined by
AP + (@3 — ot — () 2w = Tpw?

relative to the connection form @ in (12.3). Now we see that the normalized
Demoulin frame of T'13 is given by

fo=2¢€3, fi=paé1— P11, fo= —Pafy +P12éa, f3 = —Pé,
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up to a multiplicative factor, where P denotes the determinant of the matrix p.
Then, we see that

-2
fi = p12(p21€1 —prez +t 63) - (*p11)(p12€2 *p22€1)7
—2 —2
fo = (pa+ t72)(p1262 — page1) — paz(p2rer — priez + T es).
Thus, we get

-2
p22fi + piaf2 = (p11p22 + P12pa1 + P12t 5)(—pazer + pize2).

This means that the line joining the original surface and 713 is tangent to each
surface. The congruence obtained is a W-congruence because each Demoulin
transform preserves the conformal structure. Thus we have Proposition 12.7.

Now let us set aside the long procedure above for a moment and give a
summary. Given a (indefinite) projectively minimal non-ruled surface z with
a Demoulin frame e and coframe w, we defined the Demoulin transform. We

denoted by
_ P11 P12
P ( Pp21 P22 )

the invariant of the surface and assumed det(p) # 0 so that the transform
really defines a surface, and we assumed pi11p22 # 0 so that we get four distinct
transforms. Then, each transform is projectively minimal. We now define a new
surface w by

1 1

w = 5,%,2 + po1e1 — pr1ies Oor w = 5%’2 — poser + pioea, (12.12)

where k and &’ are certain scalar functions determined by composing (12.10)
and (12.11). Then the transform

ZHw

defines a W-congruence whose focal surfaces are both projectively minimal. By
using the notation in Sect. 11.6, the new surface is

1 1
w = §nz+uzz+/\zy or w= in'er/\’szru’zy,
respectively.

In Sect. 11.4 we defined a Demoulin congruence, and in Sect. 11.5 we
proved that the Demoulin congruence is a W-congruence when the surface is
projectively minimal. In the formulation of this section, this corresponds to
the following fact: Let us consider the line congruence joining two surfaces
T1 = ez and T2 = e3 +t'e;. The tangent plane of T'1 is spanned by the vectors
e% = po1e1 — p11e2 and e% = —poge; + pioes, and the tangent plane of T2 is
spanned by ef = phe1 + p11(e2 + t'eg) and €5 = pra(ea + t'eg) — paoer. Hence,
—Ple; is included in the tangent plane of T1 and —PZ2e; is included in the
tangent plane of T'3. Since the line joining 7'1 and 72 is in the direction of the
vector ey, both surfaces T'1 and T2 are focal surfaces of the congruence.
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12.3 Coincidence surfaces

The surface defined by the system
Zoa =2y + (kx + K1)z, 2zyy = 2o + (ky + k2)z

where k, k1, and ks are constants, is called a coincidence surface. We refer to
Example 2.19. It is easy to check that this surface z is projectively minimal
when k£ = 0, and it is a Demoulin surface only when k£ = k; = ko = 0. We
assume k = 0. Then the function exp(uz + vy) is a solution if u? = v + ky
and v2 = p + ka. According to the multiplicity of solutions (u,v), the surface
has different expressions: Z = X!Y™ when all solutions are distinct, Z =
nlog X — 1/nlogY when two solutions coincide, and Z = exp(Y — X?2) when
three solutions coincide. Here (X,Y, Z) denote the affine coordinates and ¢, m,
and n are constants.

In the case k = 0, the system can be written as
_ 2 _ 2
Zeg = 2y + 172, Zyy = 2z + 872,

The invariants are L = —2t2, M = —2s%, 62 = 2, 2 =t>, A =0, N =1,
and g = p/ = 1/2 in the notations in Sect. 11.6. In the following o = +s and
7 = £t. The Demoulin transform is

W= Zgy + 025 + T2y + (07 — 1/2)2),
and the normalized frame is
e="(eo,e1,e2,e3) = (2, 2: + T2, 2y + 0z, W).

Then e satisfies the Pfaff equation:

—7dx — ody dx dy 0
de — —odx + %dy Tdxr — ody dx dy .
%dx —7dy dy —7dx + ody dx ’
0 %dz +7dy odr+ %dy Tdx + ody

With the notation above, it is easy to compute the system satisfied by w, which
turns out to be the same system satisfied by z; namely, Demoulin transforms
do not yield any new surfaces, and, rather, the transforms give line congruences
among the coincidence surfaces. The second Demoulin transform u is given by

U= Wyy + 0wy + 7wy + (0'7" = 1/2)w,
where 0/ = +s and 7/ = +¢. A computation shows that

u = (0+0)(T+7)2ay
Holo+dYr+m)+7(r+7)+ (0 +0")/2} 2
Hr(o+d)T+7)+o(c+)+ (T+7)/2}2,
Hor(o+ oYt +7)+ 0% (o +0")+ 21+ 7)) — (o7 +0'7) /2 +1/4} 2,
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and we get the following list:

T1  zgy + Sz +tzy + (st — 1/2)7] T2  zgy — 2z +tzy + (—st —1/2)z
T3 zpy+ 82y —tzy + (—st —1/2)z T4 zgy — 2y —tzy + (st —1/2)z
T12 2t%2, +tzy + (263 + 1/4)2 T13 sz, + 28%2, + (283 + 1/4)2
T24 —szy +28%2y + (—2s° + 1/4)z T34 2t%z, —tzy + (—2t2 +1/4)z
T14 S(oc=t,7=35) T24 S(o=t,7=—5s)

T34 S(o=—t,7=25) T44 S(o=—t, 7= —s),

where S(o, 7) denotes the surface given by the vector
40T 25y + (4027 + 277 4+ 0) 2, + (doT? + 202 +7)2,
+(40%7% 4+ 20° +27° — o7 + 1/4)z.

Remark 12.8 The contents for Sects. 12.1 and 12.2 are based on [May1952]
and [Su1936, Sul957] with modification relying only on the moving frame. We
refer to [Mar1979] for Sect. 12.3.

13 Transformations of projectively minimal sur-
faces

In Sect. 5.6, we showed the formula for Tzitzeica transformation of affine
spheres. This section gives its generalization, a formula that transforms a given
projectively minimal surface to a new projectively minimal surface. The formula
is originally due to R. Marcus [Mar1980].

13.1 'W-congruences of projectively minimal surfaces

In Section 10, we exhibited how to construct W-congruences, where one of the
focal surfaces is given by the system

Zpg = Oz2z + b2y +p2, 2y = c2p +0y2y +q2,
and the other focal surface is defined by
w = pz + 2(Azy + Bzy).

In this section, we restrict our attention to projectively minimal surfaces.
We recall that we have assumed (10.5):

Ay+cB=0, B,+bA=0 (13.1)
so that the congruence is a W-congruence, and we defined p by

p=—A, — Ab, — B, — B,.
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We have also defined £ and M in (10.11):
1 1
L=AA,, — §A§ + AL, M= BB,, — 535 + B2M,
and saw that
N =2(M-1L).
We assume here that N # 0.

Lemma 13.1 Assume the surface is projectively miminal. Then, £, M, and
N satisfy the same equation

cB bA
Xoy+ S KXo+ =5 X, = 0.
Proof. Making use of the identity (13.1) and one of the integrability conditions

L, = —2bc; — cby, we see that
cB bA
a5t

The condition of projective minimality implies that the right-hand side vanishes,
and we get the result for £. The case for M is similarly done.

Loy + Ly =—AB(cypy + cLy + 2¢,L).

The invariants for the surface w were given in (10.9). By the expressions of
these invariants, we can compute L and M for w, which we denote by L and

M: )
L=1 _2 (== oz
TN 2(1\7) TAN
— N, 3/N,\* B, N
M=M+—ww_2(2y 2y My
TN 2<N TBN

We also recall Ay and Ag given in (11.5):
A = b§ — 2bb, — 20°M, Ay = ci — 2¢cy — 26°L.

Then we have the following lemma on such invariants for w by direct computa-
tion:

Lemma 13.2 Assume the surface z is projectively miminal. Then

_ AN, - AN,

Provided that bc # 0, the conditions Ay, = 0 and Ay, = 0 are equivalent,
and both imply the surface is projectively minimal; see (11.6). Hence we have
the following proposition.

Proposition 13.3 Assume that the surface z is projectively minimal and that
M=kL (13.2)

for a constant k # 1. Then the surface w is also projectively minimal.

111



Proof. From M = kL, we see that A; = A;. Hence A; is independent of 7,
which implies the result. k # 1 is necessary for N # 0.

Moreover, since A; = Ay = 0 means that the surface z is a Demoulin
surface, and since either one of the conditions A; = 0 and As = 0 implies that
the surface is a Godeaux-Rozet surface, we have the following proposition.

Proposition 13.4 Assume that the surface z is projectively minimal and that
M=EkL

for some constant k # 1. If z is a Godeauz-Rozet surface, then so is w. If z is

a Demoulin surface, then so is w.

13.2 Transformations of projectively minimal surfaces

We now apply the propositions above by finding A and B satisfying (13.1) and
(13.2). Let us consider the surface given by

1 1
Zpw = bzy + (M — §by)z7 Zyy = Czg + (p — 5035)2: (13.3)
so that L = —27 and M = —2p take simple forms. We assume z is projectively

minimal:

bM, + 2Mb, + byyy =0, Ly + 2Lcy + Capa = 0.
For a parameter a(# 1), we define a new system
_ _ o, o _ 1 _ 1 _
Zaz = bZy + (T — Eby)z, Zyy = %t (p— %cm)z. (13.4)

Since L = —27 and M = —2p also for this system, L and M are unchanged and
the product bc is also unchanged. Hence, the system for Z is integrable.
We now let ¢ and v be two independent solutions of (13.4) and define

A= —a(fpy —¢by), B=1vps— o (13.5)
It is easy to see that the condition (13.2) is satisfied; in fact
Ay = —apyy — eyy)
1 1 1 1
— —a(WGen + (0= 5e9) — elzovn + - 5e0))
= —cB.

Furthermore, by computation, we see that

2
?ﬁ = 2bc(¢¢y - ‘Pd’y)(d’@z - 301/11) - (%% - ¢z¢y)2 - (‘way — w@zy)2

H(—4vppy + 20(Pathy + V2 py) ) Vay
H(—4pY2thy + 20(athy + Vapy)) Pay-
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The computation of 2M yields the same right-hand side. Namely, we have
L=a’M.

Theorem 13.5 Assume the surface (13.3) is projectively minimal. For any
constant a(# 1) and independent solutions ¢ and ¢ of the system (13.4),
define A and B by (13.5), and define p by

p=(a+ D) (Yapy — Patby) + (@ = 1) (Ypay — @Pay)-

Then the surface
w = pz + 2(Azy + Bzy)

defines a projectively minimal surface. If z is a Demoulin (resp. Godeauz-Rozet)
surface, then so is w.

Let ¢1, ..., @4 be independent solutions of the system (13.4). Then ¢ and
are linear combinations of these solutions, say, ¢ = >, k'¢; and ¢ = Y, m'y;.
For i < j, we define the coefficients

Aij = —alpjpiy — @iviy),  Bij = iz — ¢ija,
piy = (@ + 1)(japiy — Piapjy) + (@ = 1)(0j@izy — PitPjay);
and the surface
wij = pigz + 2(Aijze + Bijzy).
Then, the surface w associated with the pair ¢ and v is a combination of w;;:
w = Z Cij’wij,
i<j

where ¢/ = k'm; — km’. The coefficients ¢*/ can be regarded as the wedge
product of the vectors (k%) and (m?) and they satisfy the Pliicker relation
cl?2c3t — e3¢  c14¢?3 = 0. We remark that the system satisfied by the surface
w can be computed by using the formulas (10.8) and (10.9).

We next modify the transformation formula in Theorem 13.5 to show that
the Tzitzeica transformation is derived from the above transformation. We start
with the projectively minimal surface z given by the system of a general form

Zow = Oz20 + b2y + D2,  2yy = 2z + Oyzy +qz
and then we introduce another system by
_ 5 = _ _ C_ 5 = __
Zaw = 0224 + abZy +DZ, Zyy = ~Za +0,Z, +qZ,

so that L = L and M = M. Since both systems can be normalized to the forms
in (13.3) and (13.4) by multiplying z and Z by some factors, existence of such a
system is trivial; however, finding explicit representations of 6, p, and 7 is not
simple. Not withstanding this ambiguity, we define A and B by

A= —aexp(—0)(Ypy —ptby), B =exp(—0)(Yos — piby).
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Furthermore, we can modifiy the systems above so that p =0 and § = 0:
Zow = Oz2p + b2y,  2yy = 2z + 0y2y,

and 3 . 3
Zaw = 0270 + bz, Zyy = ~Za ot 0,%,,
so that ¥ = 1 is a trivial solution. Then, we get

A= —aexp(—0)p,, B =exp(—0)y,.

We assume further that 6 = 6. Then, b0y +b, = 0 and cf, +c, = 0 are necessary
to conclude that L = L and M = M. Since (log(b/c)).y = 0 in this case, we can
assume that ¢ = b. Now the situation is reduced to the case where the original
system has the form

b
Zpx = —fzm +bzy, zyy =bzy — Fyzy
The integrability condition is
k

(logb)sy = b° + X

where k is any constant. If we set b = 1/h, then these equations are written as
ha 1 1 hy
The integrability condition is
1
(log h)yzy = —kh — =k

This is the case we have considered in Sect. 5.6 for Tzitzeica transformation of
affine spheres. In fact, setting £k = —1, we assume that z satisfies also

Zoy = hz,
so that z defines an affine sphere. Let ¢ be a nontrivial solution of
_ he_  o_ _ 1_ hy _
Zax = Tzz + Ezy, Zyy = %zz + sz,
and assume it satisfies also

Yzy = hop.
Then we get the transformed surface
1 o
w= 5(04 — 1z — %zw + %zy,

which is a new affine sphere. This gives nothing but the Tzitzeica transformation
stated in Theorem 5.10.

Remark 13.6 In [Fel999], E. V. Ferapontov and W. K. Schief gave the trans-
formation formula of 5.10 relative to Demoulin surfaces by appealing to the
system of nonlinear equations (2.27) and using the Moutard transformation.
Their formulation was generalized in [RS2002] to projectively minimal surfaces
by C. Rogers and W. K. Schief, resulting the same formula.
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A Line congruences derived from Appell’s sys-
tem (F2>

Appell’s system is defined in Sect. 4.7:

Diz=0 and Doz =0,

where
D, = (1 — 2)0pg — 2Y0gy + {7y — (a0 + B+ 1)z}, — fydy — af,
Dy = y(1—y)0yy — 2yley +{7v — (a+ 3 + 1)y}0y — 20, — af'.

Appell’s fuention Fy» = Fa(a, 5, 0,7v,7';x,y) is given also in Sect. 4.7. When
certain number of parameters are increased or decreased by 1, the set of param-
eters is said to be contiguous to the original set of parameters and any func-
tion Fy with (a set of) contiguous parameters, say, Fa(a £+ 1,5,8,v.v;2,v),
Fra+l,0+1,...52,y), -+, is called a contiguous function of F5. Since the
dimension of the solution space of the system is four, contiguous functions are
written by using Fb, (Fb)z, (F2)y, and (F3)gy and formulas representing such
relations are called contiguity relations. However, some contiguous functions
are written by using only the first three not including second order derivative.
For example, the operator H increases 8 by +1 and the operator By decreases
8 by —1 and both give contiguous functions; H, and B, are defined in Sect.
4.7. Geometrically speaking, in such a case, any point of the surface defined
by the system of contiguous parameters (to be called a contiguous surface) is
lying on the tangent plane at the point of the same coordinates of the original
surface. We refer to [Sal991] for the list of the basic contiguous relations of
Appell’s system corresponding to Appell’s function usually denoted by F3; note
that the system is equivalent to (F2). From the list, we can read that the pair of
Hjy and By is essentially unique in the sense that the contiguous surface is lying
on the tangent space of the original surface as well as the original surface is
lying on the tangent space of the contiguous surface. This means that these two
surfaces are focal surfaces of the line congruence joining them. In the following,
we describe explicitly this congruence in terms of Laplace transformation.

Since the invariant quadratic form is conformal to (y/(1 — x))dx? + 2dxdy +
(x/(1 — y))dy?, one choice of conjugate directional fields is given by (z — 1)9,
and (z — 1)0, + y0,. We adopt here the notation

X=(@-1)08,, Y=(-1)03+yd, (A1)

They are commutative: [X,Y] = 0.
In terms of X and Y, the operators D; and Dy are written as follows:

Dy =—

—— (XY + (8= 7) +a2)X + Bz — DY +afi(z — 1)),

_1
Dgz—y—YY—i—(
y

_ (A.2)
”” —y—l)XX+AY+BX+C,
r—1 Y
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where

A:,Q/gijﬂ,ﬂ/,aer*l’
Y Y
p=2B-Nl-y) 20+1-7 a+f-F-v
Ty Y rz—1
Ty

The first equation is

- ~1 —1
XYz—l—(u—i—a) Xz—i—ﬁx—Yz—i—aﬁx z=0. (A.3)
x x x
Hence the Laplace transforms are
- ~1
zlez—&—(u—i—a) z, z_lzXz—i—ﬁx z, (A4)
x

by definition. Note that 2! is equal to Hyz and 2! to Byz up to scalar multiple.
The Laplace invariants are

h=(E-DB-D 0 k=B D) et

The Laplace equation for z! is, by computation,

oy -2 1 1 1
Xyzl+(a 14 u) le—f—ﬁx—Yzl—i—(ﬁ(a S D p ) 2 =0
X X X

x2

We next define a projective frame to show how to compute the invariants of
the line congruence {z, 271} by

er = Pz,

e = 20PNz — 1PV (X2 + Bz —1)2),
-1

es — CL‘H <YZ + sz) ,
x

€4 = X€2,

and introduce coordinates (u,v) by requiring X = 9, and Y = 9,. Then for
any function f we have df = (X f)du+ (Y f)dv. By using the expressions (A.2),
we can prove the following:
wl = w? = dv, w? = wy = du,
w? =% (z — 1) du,
wy = BB =7+ )27 (@ — 1)*HITH
-1
wgf _rry=- Yy x%_v(x — l)v_a_ﬁ_ldv,
y—1
y—1 25— atf—

WZ = ﬁ(ﬂ - —+ Q)ry_le 28 2(1‘ — 1) +3 ’Y+2du.
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Therefore, by the definition of the invariant W in Sect. 4, we see that

z—1

W = higha1 — hathas = —f3

x2

which means the line congruence {z, 27!} is a W-congruence only when 3 = 0.

B Line congruences in E?

Let us give a brief summary of the theory of line congruences in the 3-dimensional
Euclidean space E3, first formulated by Kummer [Kul860], and then explain
how the notion of W-congruence was introduced.

1. Each line in the congruence parametrized by (x,y) is described by the pair
consisting of a base point z(x,y) on the line and the directional unit vector
¢(z,y). The line is expressed as z(z,y) + té(z,y) with the line parameter
t. On the other hand, we can regard z(x,y) as a surface and ¢(z,y) as a
spherical surface. The surface z is called a reference surface. If we choose
another reference surface z’(x, y), we have a relation such as 2'(z,y) = z(z,y) +
Ld(xz,y). The fundamental invariants related to this pair are the metric form of
the spherical surface

I = (d¢,do) = Edx? + 2Fdx dy + Gdy?, (B.1)
and the 2-form
I = —(dz,de) = pdz® + (q + ¢')dx dy + rdy?, (B.2)

where

E= <¢zv¢z>aF = <¢za¢y>aG = <¢y7¢y>7
p = <¢z;zm>7q = <¢Iaz’y>aq/ = <¢yvsz>ar = <¢yvzy>

The form I for the reference surface z’, denoted by I, is

I'=T1+ /L

1

If we write I as Y gijdz’dz?, where ! = x and 2? = y, then the Gauss

equation for the map ¢ is

bij = ZFZ% — 9% (B.3)
k

where T'};’s are the Christoffel symbols relative to {gi;}.

2. The line congruence is called a normal congruence if there exists a surface 2’
such that ¢ coincides with the unit normal of the surface z’. The condition is
(dZ', ) = 0, which implies (dz,®) + dt = 0. Then, by exterior differentiation,
we must have (zg, ¢y) = (zy, ¢z), namely, ¢ = ¢’. Conversely, if ¢ = ¢/, we can
find such a 2’
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3. The focal points on each line are Z(x,y) = z(z,y) + to(z,y) for which dZ
is parallel to ¢. This implies that I 4+ ¢tI = 0. In particular, the value ¢ is
determined by the quadratic equation

p+tE q+tF|

g +tF r+1tG =0

For each t, the direction dz : dy determines the degenerate ruled surface, in
which lies a focal point.

4. The fundamental equations of the congruence {z, ¢} are the Gauss equation
(B.3) and the system

Ze = QPz+ b¢y + mao,

zy = Cog +do, +no. (B-4)

The coefficients are determined by the formula

<i 2><Z i) <? 2) m =}, 2z), n={(P,2y)

The integrability condition of the last system is computed by developing the
equation (z;)y = (2y)s into a linear combination of ¢, ¢, and ¢,, by using
(B.3). The resulting equations are

ay +al'fy + b3y — ¢ — '}y —dliy —n =0,

by +al'2y + 0% — d, — cI'3 — dT2, +m =0,

My — Ny — aF —bG + cE + dF = 0.

By making use of the formula expressing the Christoffel symbol Ffj in terms of
E, F and G, we can see that the system above is equivalent to the system

Py —qe — Diop +T11q — T’ + T3yr + Fm — En = 0,
@y — 7z — Dhop 4+ T1aq — [35¢" + Tiyr + Gm — Fn =0, (B.5)
my —ng +q—¢ =0.
We summarize the above argument as follows:

Theorem B.1 The line congruence {¢, z} described above is determined by the
systems (B.3) and (B.4) satisfying the integrability condition (B.5). Conversely,
given a spherical surface ¢ and the coefficients p, q, q¢', v, m, and n satisfy-
ing (B.5), any solution of (B.4) gives a reference surface z, and thus the line
congruence.

Example B.2 Let us consider the normal congruence for a surface in the Fu-
clidean space. The surface is z and ¢ is its Gauss mapping. The shape operator
A is given by Vx¢ = —AX. The directional field dx : dy for determining the
focal points is given by —AX =0 (mod X). The integral curves are nothing but
the curvature lines.
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5. A surface in E? is called a Weingarten surface if there exists a functional
relation between the two principal curvatures. We here recall how normal con-
gruence is related to the W-congruence.

Assume (z,y) are the curvature coordinates so that the first fundamental
form of the surface is edz? + gdy? (to avoid confusion with the first fundamental
form I for the surface ¢, we do not use the usual notation E and G) and the
second fundamental form is nothing but I above with the condition ¢ = ¢’ = 0.

The principal curvatures kq and ko are given by k1 = p/e, ko =1/g.

The Codazzi identity is written as

dlogg Odloge
or oy

We assume ki1ko # 0 and set R; = 1/k;, which are the principal radii. Then the
coordinates have the property that

2z + R1¢; =0, Zy + R2¢y =0.
For the surface z, we define two mappings by

w; =2+ R;¢p 1 =1,2. (BG)

(k2)o + %(k@*kl) 0, (kl)yJF%(kl —k2) =0.

They define in general two surfaces called the central surfaces. (We do not treat
the case where these mappings are degenerate.)
Let w = w; for the moment. The relation above shows

Wy = led); Wy = (1 - Rl/R2)Zy + R1y¢v

which imply that the unit normal to w is ¢; = z,/+/e up to sign. Then it is
easily seen, by using the Coddazi identity, that the coefficients of the second
fundamental form of w, denoted by p1, q1, and ry, are given by

p1 = —Ve(logR1),, ¢ =0, r = _\551;2 (log R2)y-
Thus, the second fundamental form of the first surface is conformal to
eR3 Ry, dx* — gR} Ry, dy?.
Similarly, for the second surface we have
eR3 Ry, dx® — gR3 Roydy”.
These computations show the following theorem.

Theorem B.3 Assume the central surfaces are nondegenerate. Then the nor-
mal congruence between them is a W-congruence if and only if the principal
radii satisfy the relation

le RQI
Ry Ry

The original surface satisfying this relation is classically called a Weingarten
surface, and this is the origin of the naming of W-congruence.

For a general theory of normal congruence, we refer to e.g. [D, no 447-455]
and [E1909, Chap. XII).

= 0. (B.7)
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C Pliicker image of projective surfaces into P°

We here give a proof of Theorem 4.25.
From the asummption (,t) = h, the connection form w satisfies wh+h fw =
0. Together with the condition w{ = w} = w$ =0 and wj = wj = w§ = 0 from

(4.14), the form w can be written as

wi w? w? 0 0 0
wi o Wl 0 w! 0 0
wi w3 0 o w? 0
w =
wi w3 o 0 0 w! ’
0 T wi —wl -l Wl
T 0 —w? Wl w?  —w2

where we set 0 = wj and 7 = w?. It satisfies the following integrability condi-
tions.

dw} = W Aw 4+ wrAWl,

dw? = winw? + wiAwd: + WPAWE,

dwy = winwl + wWiAwl + wlAw],

dwi = winw? 4+ Wl AWl

dw! = W3AwW!,

dw? = wiAw?,

dwi = winwl + winwl + oAwl, c1
dw? = winw? + WiAw: 4+ oAwl 4+ WIAT, (C.1)
dw; = wiAwl + wWiAwl + oAwd + WIAT,

dw} = wiAw? + wiAwi + oAw3,

do = wirw!' — W?Aw},

dr = 7TAwl + TAwWS — wiAw] + wiAwl,

0 = wirw! — oAW?

0 = winw? — oAwh

To check the action of the transformation g, we devide w and g into 2 x 2-matrix
components:

o 0 0 Gn 0 0
w = Q% Q% Q% y g = G21 G22 0
Qé Q% Q% G31 Ggg G33

Since gh'g = h, we have

Gz = J('G11)™ ", GunJ'Gpn=J, GnJ'Gsy = GJ'Gss, (C.2)
G32J'G3p = G33J'G31 + G317 Gs3, '
By a transformation g, w changes to @ = dg - ¢~ ! + gwg~! that is written as
_ Q0 0
o-@h=( 9 @ 9,
O3 0F %
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O = dGuGy + Gu(Qf - 93G5 Gn)GYY,
0 = GuiGy,
Q% = dGuGyy + Gaa(Goy Gor1 3 + Q3 — Q3G 3 G32)Goy
03 = GG,
Q% = dGa — (dGQQ + Gglﬂ% + GQQQ%)GQ_QIGQlGl_ll
+(Ga1 Q1 + GQQQ%)Gil + G22923G§31(—Gs1 + G32G§21G21)Gf11,
QF = dG3 Gy — dGsGoy G GTY

+(dG33 + G303 + G33033) G35 (—Ga1 + GGy G21)G1'
+(G319 + G320 + G33Q3) G
— (G319} + G320 + G3303)Goy G G171

(C.3)
Now let us take
I 0 0
g = G21 I 0
o Gz 1

and set Ggl = ( f g ) Then G32 :JtGglji < p _ST ) and

~ 0 o 0 qu't + rw?
2 __
Q2<0‘ 0>+<qw1+rw2 0 :

) 2
Hence, we can assume Q2 = 0. In order to keep the form Q% = ( uz) £1 ),

i.e., in order to have ©f = ©3 = 0, it is necessary to assume either (1): both G1;
and Gag are diagonal or (2): both G1; and Gy are anti-diagonal. However, by
the second condition of (C.2), the case (2) does not occur. Hence we can see
a 0

0 4 ) G22=1I and G = G1i'; followingly,

that G1; is diagonal: G1; = <
2

Q2 = ( ac(‘)J dgjl ) = Q3. Now insert Q3 = Q3 = 0 in the second identity

of (C.3) and then we can see that Ga; must have the form ( g 2 ) and

0 s/d h
of (C.2). Then we see that e = p?/(2d), h = s*/(2d), g/a = f/d =: X\. Now we
have seen that Q} can take the form:

< wi +dloga — pw? %w%
= 4y w?+dlogd — sw! )’
a2 2 g Sw

Gsz = < p/a 0 ) By setting Gia1 = < Z / >,We check the 4-th condition

By the 5th formula of (C.3), we can see



It remains to see what is Q4. A computation shows:

~1 0 F F o= Lr4dA+ Md(logd) + wi + w3 — sw! — pw?)
Q3<~ o>’ P2y sy 2 sl
+2adw1 + 2ad %2 + ad%3 + ad“a-
Thus we have reduced the form of w. Next, we examin the integrability. By
dw! = w3 A w' and dw? = w} A w?, we can find coordinates (z,y) such that
wl = dz and w? = dy. Then G1; must be a constant matrix and we may
assume G = I>. In this case, we must have w3 Aw! = 0 and wi Aw? = 0 and,
by the formulas © = wi —pw? and ©3 = w3 — sw!, we can assume wi = w3 = 0.
Then Ga; = 0. Since we saw o = 0, it holds w} Aw! = wl Aw? = 0. This means
that we can set w? = bw' and wi = cw?. The first identity of (C.1) becomes
dw} = bew' A w? + w? A w} while dw] = 0. This implies that there exists a
scalar £ so that wi = bew' + kw?. Similarly, from the fourth identity of (C.1),
w? = bew? + dw! for another scalar §. From the second and the third identities,
we may set w3 = byw! + fw? and wi = c;w? + yw'. Further, o = 0 implies
w? Aw' = w? Aw). Hence, f = . Here we look at the formula of Q}, which
says that we can make 8 = v = 0 by choosing A appropriately. Now we have a
final form of w that is given in (4.12) by setting 7 = puw! + vw?. The conditions
relative to dw§ and dwi show that p = by, — kb and v = ¢, —dc. The conditions
relative to dwi, dw?, and dr give the three integrability conditions in (4.14). We
thus complete the proof.

Remark C.1 The consideration above works also for the case when the signa-
ture is (4, 2), which occurs in the Lie sphere geometry of surfaces in Euclidean

space. Let t = (t1,---,tg) be a frame of P® endowed with the inner product
defined by

(u,v) = —u®° + uto! + w0 + u3v® + uto* — uSo®
for two vectors u = [u®, -, u®] and v = [v°,- - v5]. We assume ¢ satisfies the

orthonormality (¢,t) = hz, where

0 0 —1Ir
he = 0 I 0
—1I 0 0

Let Q; = {u € P% (u,u) = 0} be a quadratic hypersurface called the Lie
hyperquadric of signature (4,2). We assume that the line 1¢3 lies in Q and
the conditions (4.15) and (4.16). Then, similarly as in the case of signature
(3,3), we can find a transformation g with ghz'g = h. such that the connection
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form relative to the frame gt reduces to

0 bdx dy 0 0 0
cdy 0 0 dx 0 0
_ bedr + kdy bydx 0 0 dy 0
o czdy bedy + ddx 0 0 0 dx
0 pdr +vdy  bedx + kdy Cpdy 0 —cdy
—pdr — vdy 0 bydx bedy + édx —bdx 0
(C.4)
and, in this case, we have identities
p=byy — bk, V= —Cgy+ (C.5)
and the integrability condition is
Ky = (bc)y + cby, 0y = (bC)z +bcy, vz — py = —0cy — Kby. (C.6)

The formulas (C.4)-(C.6) are different from the formulas (4.12)-(4.14) in Sect.
4.8 only in +-signs of certain variables. It is in [Fe2000b] and [Fe2002] that
the dual correspondence is shown to be possible. To the case where the system
(4.12) describes the image of a projectively minimal surface corresponds the
case where the system (C.4) desribes a Lie minimal surface. A unified approach
to both minimal surfaces was given in [BHJ2002].
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