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and p(7') is equal to —(p- p')(7 - 7'), where (p-p') and (7 -4') are intersection numbers of
curves p and p' and v and 7', respectively. One has only to sum up.

For a general S(q, /) we define the cycles ¢}(q,?),...,c7(g,¢) and ¢1(g,?),...,c7(q,0)
by tracing c},...,¢; and ¢y,...,¢7 continuously along a path C' connecting the original
configuration and (¢, ¢) in X. Notice that these cycles depend only on the homotopy class
of the path C' and that the intersection matrix (¢} - Clj)lgi,]g? and the relation c; - c']- = b;j
are preserved.

§A4. Periods of the surface S(¢,/¢)

The integral of the 2-form (g, ) over a 2-cycle is called a period of the surface S(q,¢).
Since the integral over an algebraic cycle vanishes, we have only to consider the following
seven periods

wila,0) = / @, (1<i<T).
ci(q)g)

They satisfy the Riemann relation and the Riemann inequality:

Z AZJWZ(Q7£)WJ(Q7£) = 07

1<i,j<7

Y Aijwilg, 0w;(g,0) > 0.
1<i,j<7

The correspondence ¢
X3 (q,0) = w(g,0) = (wi(g,0),...,wr(g,0)) € P°

is called the period map of the family S = U, 0exS(g,¢). By virtue of the Riemann
relation and inequality, the image of ¢ is contained in one of the connected components of

{z = (z1,...,27) € P° | 42T =0, zAZT =0},

which is called the 5-dimensional bounded symmetric domain D4 of type IV. Since the
cycles ¢1(q,0),...,c7(q,¢) depend on the path C connecting the original configuration and
(¢,¢) in X, this map is not single-valued. In order to describe the multi-valuedness, let us
introduce the monodromy group. By the continuation along a loop C' in X starting and
ending at the original configuration, there is a matrix M¢c € GL(7,C) such that w changes
into Mcw; the matrix Mc is called the circuit matrix of w along the loop C. This gives the
homomorphism (called the monodromy representation) of the fundamental group of X into
GL(7,C), whose image is called monodromy group. Since the multi-valuedness is caused
by the change of the cycles cy,...,c7, and the intersection matrix A = (¢}, c})1<i j<7 is
preserved, the monodromy group is a subgroup of {g € GL(7,Z) | gAgT = A}.

We think that the monodromy group is commensurable with the reflection group
treated in [MY].
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G Y1+ Y2
12y,

Figure 5

In fact, one can easily check that at each terminal point of the curves the generating cycles
in question vanish; so they are closed surfaces.

Proposition A3.2. The cycles ¢; (1 <@ < 7) are dual to c’j (1<;<7):

The intersection matrix (c} - clj)i,j is

U

1
24 =2 U : U:(O 1), I = 1
10
—I

Sketch of a proof. To compute the intersection number of two such 2-cycles, we study
how they intersect on each fiber of the intersection points of the two base arcs. Since we
do not concern about the intersection numbers among ¢y, ..., c7, the intersection points
in question are on regular fibers. For two curves p and p' in B intersecting at a point b
and for v,v" € Hy(nw~'(b),Z), the intersection number p(v) - p'(y') of two surfaces p(y)
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is denote by p(7); the curve p is called the base arc and v the generating cycle. We get
closed real surfaces

c1:=(p7'ps ps p1 )(72)s <= (prpspapio)(m),

Cfo, = (p1p2p3papsps)(V2), Ci; = (papspepr)(M);

in fact we have

1 0
NyN5NgN7 = NeNgNgN1g = N1 No N3Ny N5 Ng = I, = (0 1>'

We need three other closed surfaces. Consider two open surfaces

(p1p2)(v2) and  p3(71)

which have common boundary in 77 '(bg); glue them together to get a closed surface cf,
which is denoted by

(p1p2)(72) + p3(71).

In the same way we get two closed surfaces
co = ps(71) + (pop10)(72), 7 := pa(m1) + (psps)(72).

Proposition A3.1. The cycles ¢, (1 <i < 7) are orthogonal to AC.

Proof. It is clear that a regular fiber 771(b), b € B—U!2, p; of the elliptic surface (S, 7, B)
does not intersect ¢/, ..., c}. Since the exceptional curves, which arise from the intersection
points of the conic and the four lines except Ey,, are on singular fibers of (5,7, B), they
do not intersect ¢}, ..., c%. Since we have

2@2 =F + Elq — E2q1 — E2q2 - ZEQJ',
22
we see how ¢|,...,c} intersect {5 instead of E,,. By the ccinstruction of ¢f,...,c;, they do
not touch the ramification locus of p’ o p, which includes /5.

For b; (1 < i < 10), let u; denote an oriented curve in BT = {t € C | Im(t) > 0}
starting from by and ending at b;. The following is another set of closed surfaces in S :

T+ 72) + p2(=2m) + ps(—72) + pal=v2) + pe(11 + 72),
—m = 272) + pe(71 +72) + pr(y2),

—2) + pe(m1 +72) + pr(—m),

v2) + po(=71 = 272) + pao(y1 +72),

—71 = 72) + pa(m) + ps(r2),

+ po(—=m — 272)) + pao(m +72),

+ps(=71 = 272) + pe(71 +72)-

C1 =
Cy =

C3 =

Cy =

Cg :—

TN TN TN TN N N N

7
7
7
C4 1= U7
7
7
7

C7 =
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Figure 3

Let us choose paths p; (1 <17 < 10) with base point by in B — {b1,...,b1o} as indicated in
the Figure 4, which represent generators of the fundamental group of B — {b1,...,b10}

10 ho—L—0h O 08 O OF OB B8 Of

v b B by by b B by by by by

Figure 4

Let N; (1 <4 < 10) be the circuit matrices of (y1,72)? along p;. By tracing deformations
of the 7;’s along p;, we have

3 2 1 0 1 2
(B 5) o= (L) =),
1 2 5 8 3 2 -1 0
N4_<0 1)7 N5_<_2 3)7 N6_<_2 _1)7 N7_<0 _1)7
1 2 5) 8 3 2
o 1) = (B 5) me-(5 4)

Now we construct 2-cycles on S. For a curve p starting from by and a 1-cycle v on 71 (by),
there is, by the local flatness of the fibering S — B, a continuous family of 1-cycles 74 of
7=1(b) (b € p) such that v5, = 7; the union Upe,7ys, which is a real 2-dimensional surface,
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§A3. Cycles ¢|,...,ct and cq,...,c7 in Hy(S(q,0),2)

Let us fix a configuration (g, ¢) defined for real w;; and z;; as in Figure 2, and construct
2-cycles on the K3 surface S = S(q,£) by using the structure of the elliptic surface.

P
lql

AN

Figure 2

For the elliptic surface (S, 7, B), each singular fiber F; (1 < < 10) lies over b; € B = {4,
where

by = T(P34)7 by 1= T(P4Q1)7 by 1= T(P24)7 by = T(P3Q1)7 bs 1= T(P4Q2)7

bg :=1(Payg,), br:=1(Py), bs:=1(Psg,), by :=1r(Pas), big:=r(Pay);

The singular fiber F; is of type I and the others are of type I5.

Let us study the global monodromy of the elliptic surface (S, 7, B). In order to do so,
let us choose a base point by in B as indicated in Figure 2, express the fiber 77 1(bg) as
the double cover of the line L defined by Py, and by branching at four intersection points
v1 < ...<wvgof L and (q,0) except P;,. Let us choose a basis 71 and 2 of Hy(7~!(bg),Z)
as in Figure 3.
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where a; € Z (1 <1 < 22) and

(Cgy-vyChy) = (F, Erg, Ej

1qg>-

.. ,E4q1,E4q2,E12, ce ,E34).

Then we have a; = ¢g - ¢, = 0 for 1 < < 7 by definition and the fact that rank (AC') = 15
implies vanishing of the remaining coefficeints. Hence they are independent.
Next consider

for any cycle ¢/ € ACt. Then we easily see that ¢} - ¢} = 0 for all 7 because ¢} - ¢; = §;;
for 1 <i,j <Tandd,ct (1 <i<7)¢c ACL. Since Hy(S,Z) is an unimodular lattice of
rank 22, we conclude that ¢ = 0, which implies that any ¢’ € AC* can be expressed as a
linear combination of ¢} (1 < ¢ < 7) over Z.

(2) Since H,(S,Z) is unimodular, it suffices to show that the lattice (c1,...,c7) @ AC is
also unimodular. Since the discriminant of AC+ @ AC is —222, we only have to show that
[(c1,...,c7) ®AC : AC+ @ AC] equals to 2'! in view of Lemma A2.1; it is equivalent to

[(e1,...,c1) @ AC : ACH @ AC] =27

in view of Proposition A2.2. We express ¢; in terms of ¢ (1 < j < 22) as follows:

Then, inverting the relation (c; - ¢j) = >_;2, a; ;(c} - ¢}), we have

(@51, s@igg) = (ci-chynycie)((€) - i r<jk<oz)

Since c; - c'j = 6;; and (¢; - ¢},) € Z, there exist E; € AC (1 <i < 7) such that

1 1
(1r- - ver)” = S )T + (B, Br)T

by referring to the intersection matrix of AC & AC. Hence we have the assertion.
(3) By definition, we have L
AC C NS(9)

and, by (2) above, any element E € NS(S) has the expression
E=aic;+...+arc;+E', a;, €, E e AC.

If the rank of NS(S) is equal to the rank of AC, then every ¢ belongs to NS(S)t. Since
ci-ci=0bij,and E-c; = E'- ¢} =0, we have a; = 0, i.e., E = E' € AC.
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which implies

rank (AC) =15 and disc(AC) = 2",

where rank (L) and disc (L) denote the rank of and the discriminant of a lattice L, respec-
tively. The following lemma is well known.

Lemma A2.1. Let L be a nondegenerate lattice and M a submodule of L. Then we have
(1) rank (M) + rank (]\IJ‘) = rank (L),
(2) if rank (M) = rank (L) then [L : M]* = d(M)d(L)~".

Let ¢; be the reduced divisor of the strict transform of ¢; under the morphism p' o p :

S — P?. Let AC be the Z-submodule of NS(S) generated by AC' and /; (1<7<4).
Proposition A2.2. [AC : AC] = 2%

Proof. Consider on S the rational function
b
(wop) li(zi,t)’

where f is a linear form defining the line p' o p(F') in P2 since its divisor is linearly
equivalent to

F+ Ey — {20; + E;y + Ez{q + ZE”}’
J#1

we have

~ 1
li = {F+ By~ Eif - Ej, =Y Ei},
JF#i
where = denotes linear equivalence. Notice that, in the above expressions for 1 <7 < 4,
the cycle qu appears only in the expression of ¢;, which proves the proposition.
In the next section we explicitly construct 2-cycles ¢, ..., ¢4, c1,...,¢7 € Ho(S,Z) such
that ¢} € ACHt (1 <i<7),ch-¢; =6;j and that the intersection matrix (c'lc'J) (1<4,5,<7)

is given by 2A where

U 1
A= U ) U:<0 1)7 Iy = 1
10
_I3

Let us assume for the moment the existence of such cycles.

Proposition A2.3. (1) The cycles c},...,c; form a Z-basis of AC*.

(2) Hy(S,2) =< c1,...,c1 > DAC (as a Z-module).

(3) If the rank of the Néron-Severi group NS(S) of S = S(q, () is equal to that of AC, then
we have NS(S) = AC.

Proof. (1) We first see that 22 cycles c1,...,c7, F, Ejj (1 <4 < j <4) and Eyg, B}, (1 <
k < 4) are linearly independent. In fact, assume that it holds a linear relation

7 22
!
co = g a;c; + a;c; =0
=1 1=8
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commutes. The triple (S(q, (), r, B) forms an elliptic surface with base B := {3, which has
singular fibers on r(¢y) of type I} (Euler number = 6) and on r(Pj,, ), r(Pig,) (2 <1 < 4)
and r(P;;) (2 <1 < j < 4) of type I, (Euler number = 2). The Euler number of the
elliptic surface S(g,¢), which is the sum of those of the singular fibers, is

6+(2-3+3)-2=24

Thus we see that the surface S(q, ¢) is a K3 surface. Since S(¢,¢) and S(¢', (') are isomor-
phic if (¢,¢) and (¢',¢') give the same configurations, we have a family of K3 surfaces on

X:

S = U(M)EX S(q,0).

Piqg

Figure 1

§A2. Bases of Hy(S(q,0),2)

It 1s well known that for a K3 surface the second homology group equipped with the
intersection form (-) is an even unimodular lattice with signature (43, —19). Let us study
some important sublattices of the homology group H3(S,Z) of the surface S = S(¢,¢). On
the surface S, we see an elliptic curve F' as a regular fiber of an elliptic surface (S(g¢, (), 7, B)
and 14 rational curves Ekan;cq (1<k<4)and E;; (1 <1<y <4). Let AC = AC(q,0)
be the Z-submodule of the Néron-Severi group NS(.5), which is the submodule of Hy(S,Z)
consisting of all curves on S, generated by these 15 curves. The intersection matrix of the
15 curves is given as follows:
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Appendix
Structure of the cycles of double covers of the projective
plane branching along a conic and four lines

§A1. Double cover of P? branching along a conic and four lines
Let

g={t=0" )P’ lqw,t)= >  wytth =twt’ =0}, wi; =wy;
1<4,j<3
3
ﬁk:{tG[Fﬂ |€k(zk,t):ZZikti:0}, 1<k <4,
1=1
be a non-degenerate conic and four lines in the complex projective plane P? lying in general

position, namely, with the property that no intersection point ¢; N ¢; of two lines is not on
another line ¢} nor on the conic ¢, and no line ¢} is tangent to the conic ¢g. Let

w=wT € M(3,3), z=(z1,...,24) € M(3,4)
X' =< (w,2) det(w) # 0, det(zi, zj,z1) #0 (e < j < k)
2l w2z £0, (zi Azj)Tw(zi Azj) #£0 (i < j)
denote the space parametrizing q and the £x’s; the groups GL(3,C) and (C*)® act on this
space as in §1. The quotient space

X = GL(3,C)\X'/(C*)®

is the configuration space of a conic and four lines in general position in P2. Let (¢,0)
represent an element of X, where ¢ stands for a conic and ¢ a system of four lines ¢} (1 <
k < 4). Let S'(q,£) be the double cover of P? branching along the union ¢ U (Ui_, %)
and let p' : S'(¢,¢) — P? be the projection; there are 14 singular points of S'(¢, (), which
arise from 14 intersection points {Pyy, Py, } = (x N g and P;; = ¢; N {; (i # j). Denote by
S(¢,?) the minimal smooth model of S'(¢,¢) that is obtained from S’(¢,¢) by replacing
each singular points, coming from qu,P,éq and P;;, by rational curve Ekq7E;cq and E;;
of self-intersection number —2; let p : S(¢,¢) — S'(¢,¢) be the birational morphism. On
S(q,?) there is a unique nowhere-vanishing holomorphic 2-form

4
n(g,0) = (p' o p)*q(w,t) "> T] tr(zr, t) 72 (2 dt" A dt® +t'dt> A dt® + ¢*dt> A dt')
k=1
up to multiplicative constant. Let

r:P?—{Py,} =l

be the projection with center P;, onto the line ;. Then there is an unique morphism
7 : S(q,0) — {3 such that the diagram

s & S, 0)—E, = S(g0)
p? Il
TN\

ly — ly

24



We second treat the integral (7.2). The group of symmetry is now (GL3 x ( C*)*)/ C*
of dimension 12 and the number of coefficients is 6 x 2+ 3 x 2 = 18; the number of variables,
that is, the dimension of the quotient space is 6. The requirement on the parameter is

(74) 2(611 + CLQ) -+ as + ag = 3.
We use the notation
9k = Z ‘wfjtit]‘ = twktT for k=1,2; t=(" T, w= (wij), wk = wk
iJ

b= zit! = (t,z), i=1,2
pa(a;z,wit) = g gy T g !
and

u(a; z,w) = u(ai;zij,wfj) = /pz(a;z,w;t)dt.

Then the calculation similar to the above shows that the system consists of the following
differential equations.

(I) Zz]‘ka—g:(akﬂ—l)u for k =1,2; Zwk 8uk =(ar —lu for k=12,

j 025 i>j 7 Ow
2 2 2
Ou r Ou 5 Ou
(II3) szk Oz r + Z wzmm + wam = —bemu,
k=1 k=1 j=1 mj
Pu  u
I 342322-1 N 8zz-182:j2’
(IL:) 0%u &*u

(2 —8;¢)(2 - 5im)m =(2—6m)(2 - 5:‘;‘)7&0%&0% :

Remark. We believe that both systems are holonomic and the rank is 9 or 8, respectively,
which however we do not proved yet.
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By letting A = 1, we get

(1) Z@é?:m—m.

k
>3 LY

The differentiation of 2° gives

0
Z wf wk Z gzwgi 8wuk

agp k;p<e pl Ek<p Lp
-1
= W(ip—cofactor) - u.
Then, letting ¢ = 1, we have
(I14) Z wema + Zw”a k = —dimu.

k

In addition to these equations of equivariance, the following sets of equations are satisfied:
By differentiation, we have

Jdu o
owk. /(2 — 6ij)(ar — 1)t't o1 /qrdt,
ij
78211 1154P14 2
Sk ok~ | (27 02 = 6pg)ak — D)ar — 2t o1 /gt
L) prq
78211 11J1P 14
Sk ant. — [ (2702 = bpg)lar — D)(ae — DEF 01/ qrgedt,
L) prq

and, by the symmetry relative to 2, j, p, ¢, we get

92u &*u
(I1L,) (2= 8ig)(2 = 8jp) gg = = (2= 6ij)(2 = 6pg) 5
ij Pq iq pJ

The combination of (k,¢) is 6:
(1,1), (1,2), (1,3), (2,2), (2,3), (3,3)
and the combination of (ij; pq) are 6:
(11;22), (11;33), (22;33), (11;23), (22;13), (33;12);

hence we have 36 equations. The system of equations associated with the integral (7.1) is
eventually the set of (Iy), (IIy) and (III;). The number of variables is 18 — 11 = 7.

22



§7. Systems of differential equations analogous to Q(3,4)

In this section, we give a sketch how to derive the systems of differential equations
associated with the integrals

(7.1) /w%rwﬂ%
(72) [ara e g e,

which are further generalizations of the integral (1.1) in the special case where k = 3 and
n = 4. Here ¢, ¢; are quadratic forms on P?. These integrals are also related to certain
families of K 3-surfaces when the complex parameters are equal to 1/2.

First, we treat the integral (7.1). We lavel the quadratic forms as

k 419 k,T
Q= Z] wht't! = twht” for 1<k <3
T k k
t:(t17t27t3) ; w:(w”), 'IUZ]:UJJ“
where tT means the transposed vector of ¢. Put

a1—1 a2—1 a3—1

Sol(afw;t) =q 9z q3

and consider the integral

u(a;w) = u(ai;wl) = /991(a;w;t)dt-
In order that the integral is well-defined, we require the condition
(73) 2(&1 + ag + CL3) = 3.

The number of coefficients of g is 18. The group (GL3 x (C*)?)/C* of dimension 11 acts
on the integrals as shown in §2:

The action of the diagonal element A = (A1, A2, A3) induces the formula

1° u(a; )\kwfj) = H()\k)ak_lu(a§ wzl‘cj)
k

and the action of the element ¢ € GLj3 yields
2° u(a; gwkgT) = (det g) " u(a; wk).

Differentiating the first identity by Ax, we have

Ou ¢ Ou ae—2
SNk = (ar — D)™ s
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we have

(6.9) 1(2',0,0,0,z°)
— (_1)1—a2+a52a5—1(21)1—a5—a2(25)1—a5—a3J(072570725721721 - 1)

and, when z! = 22 = 23 = 0, by the transformation

. 1 1
hl :17 h2:Z47 h32257 h4:1’ g:dlag (]_72—472_5)7

we have

(6.10) 1(0,0,0, 2%, 2°)
— 2(15—1(24)1—(15—a2(z5)1—a5—(13!](170707257 —24, _1)

Then, combining the formulas (6.4)-(6.10), we get

(6.11) /D (yta—aty +yty — (x4 Dtats)*> 757577 (L by +83) "7 dt
2

= (1) 2t T T Yy T Ry (o, B, 8,77 2, y),
where

a1 :1_/87 az :Oé_ryl—l_lv as :Oé_7‘|‘17

as=1-p4as=v+7" —a—1,
Dy ={(1,t9,t3); t2 <0, t3 <0, x(1 +t3) +1ty >0,
yty — xty + yts — (z 4 1)tats > 0};

As for Fy, we have

(6-12) / (=ytataty +tata) MGG T (L 4ty o+ 1) T dt
Ds
= (1)t ol = Oy Y By(a, By, 7 s 2, ),
where

ay=B—-v—7,aa=a—7"+1, as=a—v+1, a4 =15, a5 =7+7" —a,
Dy = {(1,t2,t3);t2 <0, t3 <0, © 4+t >0, —yty + xt3 + tatz > 0}.

The variables (z,y) are assumed to be real positive in the calculation of both integrals;
the formulas themselves hold by analytic continuation around the origin.
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for both and the coefficient is

q—osinm(a—7)  T()I(7')
€= T  Tly+y-a-1)

Refer to [Y1, 2]. We will convert these integrals so that they look like the integrals treated
in §5. For this purpose and for later use, consider generally the integral

(6.6) I(z',2%,2°, 2% 2°)
e /(tltg — t1t3 — tztg)aB_l(tl —|— thg)al_l(tz —|— 22t3)a2_1(t3 —|— Z3t1)a3—1

(1 + 2y + 20ty) Tt

Define 2 3 4 3.5
hy=1422"2" — 2°2°,

- 1 4 1.3.5

ho=—z " +2" 42 22",

1.2 2 4 5

hy =z 2" — 272" 4+ 27,

he =1+ 212223,

hl 0 h323 !
g = hlzl h2 0
0 h222 h3

Then the change of variables from z to y by

0 1 -1
(yij)=9g| 1 0 —1]g"
-1 -1 0
induces the transformation
(6.7) I(z) = B 7 R RS T RS T (det ) 1 T (y)
where
(6.8) J(y) = J(y11,v22, Y33, Y12, Y13, Y23)

- /(Z yigtity)" T TGP (bt +85) " T,

Now the calculation shows the following formulas (6.11) and (6.12) realizing Appell’s func-
tions F, and Fj in terms of the function J.

When z? = z* = 2* = 0, by the transformation

1 0 0
hl:l? h2:_217 h32257 h4:17 9 = 1 _21_1 0 )
0 0 -1
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as the cycle of integration. Define

T(ag + as + aq)
I'(az2)l'(a3)(aq)

(6.1) F(a;y) = (—1)"=F" / g s TP T T T (bt o+ £y) " dE
A

Then we have
Proposition 6.1. The function F has the following expansion around the origin.

(62) F(a17a27a37a47a5;y17y27y37y47y5)

(e @)

_ Z (1—as,e+7+k+0+m)(az,2e + k+m)(as,2) + L+ m)
l]k‘f m=1 (172)(17])(17k)(17£)(17m)(a2 —I_ag —I_ a4722. —I_ 2.7 —I_ k —I_E—I_ 2m)

< (y") ()Y (y*) (" ()™

Proof is given by a straightforward calculation: expand ¢**~! relative to (t1,t2,t3) =
(1,—t,—s) and get

(1—as,i+7+k+0+m)
2 (1,0)(1,7)(L, k)(1, £)(1,m)

then use the formula

") (WP () ) (o)™ - gty

/ tp—lsq—l(l —t— S)r—ldtds — P(p)P(Q)P(T) )
{t,s,1—t—s>0} P(p +q+ T)

This expansion shows in particular

(63) F(a17a27a37a47a5; 0707y37y470) = Fl(l — a5,42,43,02 + a3 + ay, y37y4)7

where F) 1s Appell’s first hypergeometric function.

Appell’s second and fourth hypergeometric functions have the relation with the inte-
gral (1.3) in the following way. Recall the integral representations of them:

(64) F2(a7/87/3l7777,;$7y)
= C/ (u+v— uv)7+71_a_2ua_7/va_7(1 —zu) (1 - yv)_ﬂ/dudv,
D

(6.5)  Fu(a,8,7,7"52,y)
— Cv/ (u + v — uv)7+’\//_a_2ua_’ylva_7(1 — U — yv)_ﬂdUdv7
D

where the domain of integration is
D={(u,v) €ER*; 0<u<1,v<0,u+v—uv <0}
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Then the computation of the symbols of [1]-[24] can be easily done. Since the coefficients
cij are rational functions of y*, a necessary check can be done by restricting the variables
to special values. In this way we can get the following.

Theorem 5.3. The rank of the system Q(3,4) is 7.

The contiguity relations in Proposition 4.1 can be rephrased as follows.
Proposition 5.4. The function w(a; x) satisfies the contiguity relations:
(1) Sijw(a) = (a; — Dw(a +1; = 1),

Tiw(a) = (as — Dw(a +1; — 1y),
Y Sijw(a) = (a; — Lw(a — 1; + Ly),

1 3,
) 2 — &y axijw(a) = (a5 — Dw(a+1; +1; — 15),
P 9 _w(a) = (as = Dula+ 1 + 1 — 15)
j 2—6i]‘al’i]‘wa_a5 wla 2 4 5),
3]
Z P w(a) = (a5 — Lw(a + 24 — 15),
. Uiy
12]
(3) > wijLjkiew(a) = (ar — 1)(ar — 1 = bge)w(a — 1 — 1o + 15),
L,

> @i M jew(a) = (as — 1)(ae — Dw(a — 1, — 14 + 15),
X

inj(TiTj — 6i;T)w(a) = (ag — 1)(as — 2)w(a — 24 + 15).

§6. Power-series solutions and related hypergeometric functions

In this section we give an explicit solution of the system Q(3,4) and show how Appell’s
hypergeometric functions of two variables can be written by use of the integral (1.1). Refer
to [Y2] for Appell’s hypergeometric functions.

The space {z = (z;;)} admits a C*-action as was mentioned in the previous section.
To kill this action, we introduce the new coordinates y = (y', y*,y*, y*, y°) related with z

by
11 =1, 292 = —yl, T33 = _y27 T12 = 93/27 T13 = 94/27 T23 = —y5/2.
Then the quadratic form ¢ is
g =17 —y't; — 15 + vty + y'tats — Y tats.
We here lower indices to t for simplicity. We choose

A={t1 =1,t2 <0,t3 < 0,1+t +t3 >0}
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In terms of T; and S;;, these can be rewritten as follows:

7] T1523 = TZSIS
9] T2531 = T3521

[ 8] TISSZ = TSSIZ
[

[11] (T1 —|— 1)531 — T3511

[

[

[

[10] (71 + 1)S21 = T2.S11

[12] (T3 4+ 1)S12 = T1.S92

13] (Ty + 1)S32 = T3 529 [14] (T5 + 1)S13 = T1 S33
15] (T4 + 1)Sas = Ts Sas

16 522511 — 512521 - 511 - 521
18 533522 — 523532 - 522 - 532

[16]

[ ] 532511 - 512531 = _531
[20] 523511 - 513521 = _521

[22]

[24]

513522 - 523512 = _512
22 522531 - 532521 = 531
24 533521 - 523531 = 521-

Thus we have reduced the system:

Proposition 5.2. The system Q(3,4) reduced on the space G"\X"(3,4) with respect to
the indeterminate w(a; ) consists of (5.14) and the equations [1]-[24].

In order to reduce Q(3,4) on the space G(3,4)\X"(3,4), we introduce the set of new
variables y = (y',y%,y°,y%,y") by

1 12 2 13 3 22 4 T23 5 33

y:—7 :—7 - - -

11 11 T11 T11 11

Then w has the expression
w(a; ) = (211)" 7" fla;y)

for a new function f(a;y) of y. The system Q(3,4) relative to y can be expressed by a
system 1n the following form:

or _ +Z + f
Oyidyl ]8y“8y ¢

for all {z,7} # {a, b}, where a and b are indices fixed appropriately, say,a = 4 and b = 5. If
the matrix (¢;;) is known to be nondegenerate, then the rank of the system is equal to 7 by
a general theory of such systems, refer to [SY]. The actual computation of the coefficients
¢ij can be done successfully by looking at the symbols of the equations [1]-[24], though we
omit to give them explicitly. In this computation we must take into account the condition
(5.14) that is written as follows:

Xi1wle,,=1 = — Z V'

=1
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where

(5.18)
(5.19)

Lijk,ie = SieSjr + (6i — 6ir)Sjx — 60 Sik,
_ZVL‘,][ = TiSﬂ — (52] — (52‘3)5]‘@.
Now we see that Lemma 3.1 and its consequence in §4 imply the following lemma.

Lemma 5.1. The differential operators T; and Sji form a Lie algebra by the following
rules:

[Sie; Sjk] = 6¢jSir — 6irSje + (6i5 — 8je)Sie + (6ir — i) Sk,
(T3, Sk) = (6i — 6i)Sjr + 0i;Ti — 6ir T},
[Tl‘,Tj] = 0.
To see the structure of this Lie algebra, put
Ujk = Tj + Sjk.
Then the bracket relations turn out to be
[Uie, Uji) = 80Uk — 6ixUje, (T3, Ujk] = 6iUir — 6ixUji, [T;,T;] = 0.

Since Tj = 1 —a; 4+ Ujj, the algebra is C{1,U;x} unless a; are all equal to 1. Thus in this
case, the algebra is isomorphic to Chgls.

The set of equations (5.17) gives the following equations:

2 2

[1] 481?1;)1;22 - ax?z(;uxlz
2 2

2] 48;32;;33 - axig;zs
2 2

[3] 48;315;33 - 8:6183;0;613
2 2

[4] 28;5?1;;23 - 8:10?2;;13
2 2

[5] 2axi(‘;0x13 - 8xi;)x23

o *Srntis = Bod

82533851512 - 8301383023'
We give numbers to the equations in (5.15) and (5.16) as follows:

[7] 17\11’23 = 17\’[2,13 [8] 17\’[3,12 = _Z\“fl,gg [9] 17\12}31 = J\“fg,gl

[10] 1"[2,11 = ]\“11,21 [11] ]\“13,11 = 1‘[1’31 [12] ]\“11,22 = 1&12,12
[13] 1"[3,22 = ]\“12,32 [14] ]\“11,33 = 1‘[3’13 [15] ]\“12,33 = 1&13,23
[16] Li122 = Loy 12 [17] Lyy,33 = L3113 [18] L3 33 = L33 23
[19] Liy132 = L3112 [20] L1723 = Ly 13 [21] L3313 = L1323
[22] L3199 = L 32 (23] Li333 = L3313 [24] Ly 33 = L3y 23.
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Since

Yi; = Xij, Zi=Zi — a;,

we can see by using (4.8) and (4.12) that

Qjr = 61 + h_Z(H] + Rji).

Hence
(5.10) Sik = Qjkln=1 = —6;k + R,

where h = 1 denotes the condition iy = hy = h3 = 1. We can also see that

(5.11) QicQjrw = (i — Rie)(0jk — Rjx)w + (655 — bir ) Rjrw
h=1
= SitSjkw + (6ij — 6ik) Sjkw.

Similarly, from the identity

)
= —hi(ai + Xi + H,),
R (a; + X; + H;)
we have
O ~
? h=1
= Tl‘Sjg’w — (5” — 52‘3)5]‘@10,
where
(5.13) T; = —a; — X;.
The equivariance condition (4.9) is now R;jw = —a;w, which is automatically satisfied

in view of the definition of R;;. The condition (4.10) is — > (a; + X;)w = (a4 —1)w, which
is the same as the following consequence of (4.11):

(5.14) > Xijw = (a5 — Lw.

2]

The system (4.17) now consists of

(5.15) Lijk,iev = Lig jev,
(5.16) M; jov = M; v,

9*v d*v
5.17 26 )2—6j0)s—— = (2= 6:;)(2 — bre) =—n—,
(5.17) (2= dir)( Je)axijaxu (2 —ij)( M)awikafﬂjlf
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Relative to these coordinates, the function v can be written as

(5.5) v(a; ¢, n) = ¢(¢,nw(a; ),
where
¢(C,n) = hi*hy*hy®

5.6
>0 =G G

The aim of the following computation is to rewrite the system (III) and its consequence
(4.15) for the indeterminate w; thus, killing the action by (C*)3. We use the abbreviation

0 0 3]
. Xy =y Vy=musee Zi= G, Hi=hio-
(5.7) 3= Tij oy, J = Ty Anij ¢ a¢;’ Oh;

The action of the operators Z; and Y;; on functions of (k,z) is seen to be

(
_ ey 90 N~ 0 (1) 9
4i= sz a¢; (Ck@) O e + Q; a¢; (Ck) Ohy

k>t
_ bir  bie\ mee O . (=bik) O
a QZ<Ck+Ce>CkCﬁawu+Q< (i >ahk

_ e Nkq l 8
B lz: CiCe O Z CrCi 3561” Ci Oh;

= —X; — Hj,
i \ 0
’ T\ CiG5 /) Owij
where
(58) X = X“—I_ZXU
1=1

Define

Tkq T
(5.9) Rjp = a;+ X; — —2 X5 = > X,

Tjj 7 it

9 < 9
= aj+ (25— k) 5—+ > _(@je —whe) 5

Oz j;

Given a differential operator P acting on functions of (1, (), we define the operator P by
the formula

P=¢"1 P o
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those in (3) yield the difference equations. Moreover, two equations (4.10) and (4.11) give
also difference equations in view of (1) and (2). These difference equations comprise the
Gauss relations in the present case, which however we do not write down here.

§5. Further reduction of Q(3,4)

This section treats the system Q(3,4). Because of the invariance (I), the system can
be reduced onto the configuration space G(3,4)\X(3,4). Since the dimension of X(3,4) is
18 and that of G(3,4) is 13, the quotient space has dimension 5, while the rank of Q(3,4)
is 7 as we shall see later. This implies that the difference of the dimension of the domain
of definition and the dimension of the space of solutions is two, which falls into the special
case that was fully considered in the paper [SY]. A precise form of the induced system is
indispensable for application.

In the previous section we have computed its intermediate reduction on the space
GL;\X'(3,4). Since G(3,4)/GL3 = (C*)*, it remains to kill the action (C*)*. However, we
have several possibilities to do this. In fact, the process we followed in the previous section
was restricted to the subspace X'(k,n) of the space X(k,n). For the understanding of the
configuration space G(k,n)\X(k,n), we need to know the action of G(k,n) on X(k,n). A
part of this action will be discussed in Appendix. With this general remark in mind, we
choose the open dense subspace X" (3,4) of X(3,4) defined by

X"(3,4) = {(z,w) € X(3,4); every 3 x 3-minor of z # 0},

on which acts the group G" = GL3 x (C*)® as we specify below. Then the quotient space
G'"\X"(3,4) is a C*-fiber space over the base space G(3,4)\ X" (3,4); that is, we still have
a freedom of C*-action, which will be taken care of later. We use the notations in the
previous section freely. For simplicity, we write (; for (;4 and M; je for M;4 je. Indices in
this section range from 1 to 3.

For a given ((,n) let us find (hy, ke, h3), (91, 92,93), and z;; so that

1 Gy 1 1
(51) 1 C2 :diag(g17927g3) 1 1 diag(hlvh27h371)7
1 (s 1 1
M1 M2 M3 T11 T12 T13
(5.2) M1 M2z 723 | = diag(g1,92,93) | 21 w22 w3 | diag(gi,g2,93)-
31 132 733 r31 T32 T33
One solution is
1 1 1 ij
(53) @1=C, 92=C, g3=CG, hi=—, hi=—, hy= Tij = Ty

G GG

This defines a change of coordinates from ((,n) to (h,z), where h = (hy,h2,h3). The
converse relation is

1 1 1 Tiq
4 L N .. )
(5 ) G G2 G hs’ Mij hih;

12



The operators Ap,, Bpq, and C,, defined in §2 have the corresponding operators on
the space ((,n), which are listed below by use of the same letters. The index range is as
was mentioned above.

Aje = Qje, Ajg = 58,
Ape =Y, CipQir, Apg =2, Cip%v

(4.18) Bjt = 55500 Bj, =By = ¥, 54 5o
Byy = Yis; CinCia o Cie =2 NimLmj,it,
Cig=Cqj = Zi,m Nim Mmg,ij Cpg = Zi,m Wim#;gmq'

These operators satisfy the commutation relations of Lemma 3.1. In particular, {Q;e,

0/0Cq,>_ CipQie, Y Cip0/OCiq} generate the Lie algebra isomorphic to gl,,.
The contiguity relations (3.4)-(3.6) can be rewritten as follows.
Proposition 4.1. The function v(a;(,n) satisfies the following relations.

(1) Qijv(a) = (a; — L)v(a+1; — 1j),

0
5 (@) = (o~ Dela+1 - 1,),

Z CipQiev(a) = (ae — L)v(a + 1, — 1o),

0
Z Cip% = (ag — Dv(a+1, — 1y),

1 0
® 5735, n —v(a@) = (anpr = Dv(a+ 1+ 1o = Tnta),
] J
C” i = 1 1,+1,—1
5 o) (s = 141, L),

Z gzpC]q ‘U a) = ((In+1 — 1)1)((1 + 1p + 1q — 1”_+_1)7
1>

(3) Z ij(QitQjm — 0jeQim)v(a) = (am —1)(a¢ =1 — éme)v(a — L — 1o+ Lnya),
0
3 s Quen(a) = (ar — )(ap — Lola — ¢ — 1, + L),
i ICjp
> i
Nij 5z v(a) = (ap = 1)(ag =1 = épg)v(a — 1) = 1y + Lnt1),
= 36,00,
where 72, 7, ¢/, m run from 1 to k¥ and p, ¢ from k& + 1 to n.

The sets of equations (1), (2) and (3) correspond to the operators A, B and C, respectively.
Combinations of equations among (2) and combinations of equations in (1) and (2) with

11



which is equal to —0;m0i¢r — 0;md0j¢ When g = Iy. We see further the identity

0%
= (=6;¢Pim + PitPjm)v.
azzﬁazjm ( Je + L )U

Then, defining the operator L, ;¢ by

0%u

Lipmitv=—"—""
Jm,?
0210z jm

9
g=1I

we get a relation
(4.14) Lim,it = 6jmbie + 0im0je — 6jmPie — 0i¢Pjm — 050Pim + Pi¢Pjm
= QitQjm — 6j0Qim.
Next, because of the identity
Pu
0zip0zje  Ozip

(—(det 9) 2Cjpv + (det g) ™! Ov )
0zjy

Ov 0%v
= —(det g)7*C; letg) ™' ———
(detg) *Cpeg ™+ (detg) ™ 520
we have o2
U
_— = M;, i¢v
aZl‘pang g=T “ip,jt
where
0 0
4.15 Mip o = —6;0—— + —P;
( ) Viip,gt ]EaCip + aCz‘p Je
0
pr— —QE‘
agip !
Finally, we see
0’u 0%v

4.16 CYr Y G
( ) 02407 jp g=1I\ 9CiqCjp

As for the second set of equations of (III), we have 9*u/dw;;0wen = 8%v/0n;jONem when
g = Ir. Hence, we have seen that the system (III) on the space GLi\X'(k,n) can be
written as follows:

Ljm, iev = Lim jev for 1<4,5,0,m <k,

_Z\'fl‘p,]‘gv = _Z\'fjp’igv for 1<4,5,0<k, k+1<p<n,

0%v 0%v
= for 1<4,5<k, k+1<p,g<n,
(4.17) 0Ciq0C;,  0Cip0lsq J b4
d%v 0%v
268002 —b6im)=——=(2—6;; (2 — Oppp) ———
( E)( J )an”anmg ( ])( Z)anwan]m

for 1<4,5,0,m < k.
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Define the vector field Pj, by

0
(4.8) Pie=—> (ipr— ac;, W’a
P
Then we get
v Ov
— 3 iy~
0zje |1, ZZ,p: "0y i>m

7ev.

This means that 9/0zj

condition (I) is written as follows:

(4.9)
ov
4.10 S —
( ) ; C]P aC]p
v
(4.11) ij o

Z Nem ~——

For later use, it is convenient to introduce the operator

(4.12) ij = _5jk + P]‘k.
Then, (4.9) can be rewritten as
(4.13) Qj;v = (a; —1)v.

877]m

Z(&mm + 0itdjm )

;e on the space of functions of (¢, 7).

Ov

The equivariance

The condition (II) turns out to be equal to the identity 9/0z;; = Pjs. Note that the
conditions (4.9)-(4.11) are not independent; namely, (4.11) follows from (4.9) and (4.10)

in view of (4.8).

Let us next examine the second-order derivatives. We consider the first set of equations

of (IIT). By (4.5) we have

0%u o 9
- let 2 jm — (det —2 im
azigaij Oz {(Ce g) CJ }v (Ce g) C] D2t
Ov 920
_ —2 o v
(det g)"“Clis Dzim + (det g) 021402 ,
where 5 .
95, W(det ) Clm} = —2(detg) ™ CieCym + (det g) > 7%,



Let us consider the coordinate change

(z,w) — (g,(,m)

defined by

(4.1) (21 22) =g(Ix Q)

T
(4.2) w=gng",
where g = (gl]) is a k X k-matrix and Iy is the k x k identity matrix; so, ( is a k x (n — k)-
matrix. The component-wise expression is
Zij =91, Zip= 2 91Cip  Wij = Y 0 9 Imeds

(4.3) | -
gl =zij,  Cp=2;Glzjp,  Mij = 200 Gl wmeGS,

where G = (Gf) is the inverse matrix of ¢g. In the following, ¢, j, £, m are reserved for
the index range from 1 to k, and p, ¢ from k + 1 to n unless otherwise stated. With this
change the function u transforms as

(4.4) u(a; z,w) = (det g)"'v(a; (,n),

by thus defining v. It is easy to see

9 J J el 9
8ng ag] ZZ: ngGl aC ;(Gznfm + nlme)anim )

0 0
a9
8ij Z ! an

GJG ,
8w“ Z g@mg

) o B
= GG, + G,GI for 1 #j.
Ow;; sz( ¢ ¢ )377gm 7
Let (Cj¢) denote the cofactor matrix of g. Then we have
Ou v
4. = —(det g)7°C} letg) ™' —
( 5) az]l{ (Ce g) C]gv + (Ce g) aZ]g )
Ou
4.6 (det Gl —
( ) aZ]p Ce g Z 2 aczp
Ju 2—06; . - Ov
4- — 1 t —1 7] o Fal 1 1] .
(4.7) By, = (et )T =5 D (GiG £ GiGh) g

{>m
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Let us consider the case where the matrix z has the form

Cl k+1 Cl n+1
Z = Ik ......

Ck k+1 e Ck nt1

Then it is easy to see that the rank of the matrix M in this case is k(k 4+ 1)/2. More
precisely, we can solve (3.10):

(3.11)
)‘ij == Z Cipij/\pp - Z (Cipqu + Ciqup)/\pq - Z (5ip§jq + 5ijiq)/\pq-

k<p<n k<p<g<n 1<p<k<g<ln

For a general z = (z1 z2) where z; is a k X k non-singular matrix, we need only to put
¢ = (z1)"'#2. Thus, when the rank of z is k, the dimension of the space {(\,,)} is
n(n+1)/2 —k(k +1)/2 and the dimension of C{B,,} is k(k + 1)/2.

The identities (3.11) and (3.4)-(3.6) imply the relations that hold among v with dis-
tinct parameters.

Proposition 3.2. Let z = (21 z2) be general in the sense that z is non-singular and put
¢ = (21) '22. Then the integral u satisfies the following difference equations relative to
the parameters a;.

(S1) u(a+2p —log1) = Y CpGpu(a+1i+1;—1ng1) fork <p<n,
1<i i<k

(SQ) U(CL + 1p + 1q — 1n+1) =
Y Cinlip + CigCipJula+ 1+ 15 = Loga) fork <p<g<n,
1<i,j<k
(S?)) U(CL + 1,‘ + 1p — 1n+1) =

2 Y Gpulatli+1;—1lay) forl<i<k<p<n
1<k

We call these relations (S1)-(S3) the Gauss relations.

§4. Reduction of the system Q(k,n)

Because of the symmetry under the group G(k,n), the system Q(k,n) can be pushed
down onto the space G(k,n)\X(k,n). In this section, we derive an intermediate system
that is the reduction of Q(k,n) on the quotient space GL;\ X (k,n) and, in the next section,
we treat ((3,4) more concretely. To be precise, the space X (k,n) is a little too large for
our purpose; instead, we consider the subspace X'(k,n) consisting of (z1, z2) such that z;
is nonsingular.



Referring to the expression (2.2), we easily see that

(3.4) Apgu(a; z,w) = (ag — Du(a + 1, — 145 2z, w),

(3.5) Byqu(a; z,w) = (ang1 — Du(a+ 1 + 15 — Iny; 2, w),

(3.6) Cpqula; z,w) = (ap — 1)(ag =1 = bpgJula —1p =1y + 1nga; 2, w).

Here and in what follows we use the abbreviation such as a +1, — 1, = (a1,... ,ap +

1,...,a0—=1,...,apy1) and a+2, = (a1,...,ap+2,...,an41). We call the identities (3.4)-
(3.6) the contiguity relations of the integral u. The operators has the following property.

Lemma 3.1. (1) B,, = By, and Cpy = Cyp.

(2) {445 1 < p,qg < n}and {Cpy; 1 < p < ¢ < n} are linearly independent over C for
generic z and w.

(3) {Bpq; 1 <p < ¢ <n} span a vector space of dimension k(k + 1)/2 when the matrix z
is of maximal rank.

(4) The space generated by Ap, and B,, and the space generated by A,, and C,, are Lie
algebras by the respective rules:

(3-7) [quv Ars] = 5qrAps - 53pArqv
(3-8) [quv Brs] = 5qr’Bps + 5qupr’v [quvBrs] =0,
(3-9) [quv Crs] = _619801)8 - 51)qu57 [Cpqv Crs] = 0.

(5) The subalgebra C{A,,} is isomorphic to gl,.

Proof. The property (1) follows from the definition, the property (2) is seen easily, and
the bracket relations in (4) are easy consequences of the definition. The isomorphism in
(5) is given by corresponding A,, to the matrix E,, with 1 at the (pg)-th component and
0 elsewhere. The property (3) will be checked in the following.

Assume that {B,,} has a relation
n
Z ApgBpg =0 where A,y = Ay € C.
p,q=1
This relation is equivalent to the condition
n

Z ApgZipZjq = 0 for any ¢,7.
p,g=1

If we denote by (i5) and (pg) the unordered pairs of ¢,j and p, ¢, then the condition is

(3.10) Z(M) Mijy(pg)Apg) = 0,

where

. B ZipZjp for ¢=p
‘A[(l])(pq) o { Ziijq —I— Ziqsz for q % p-
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that @y = -+ = ap, = 0 and apmy1 # 0,-- -, ar # 0 for some m. Then p;(2 — 6;)cic; =0
for 1 < j < m. Hence ¢; = 0 and we may assume that ¢; = --- =¢p, = -+ = ¢, = 0,
ci+1 # 0,...,cx # 0 without loss of generality; here, £ > m. If { < k and ¢,j,5' > 0+ 1,
then by (2.10) we have

—pi(2 = 8ij)eicifaj = Y ziphp = —pi(2 — bij )eicyr ;.

p

In particular, for j' = ¢, we have (2 — é;;)c;/a; = ¢;/a;. Hence, if ¢ # j, this leads to
2¢j/a; = c¢ifa;; then, by reversing the role of ¢ and j, we see ¢; = 0. This means that
we must have £ + 1 = k in case ¢ # 0. However, by (2.5), this leads to a contradiction.
Namely, ¢ = 0 and n = 0. Now (2.10) reduces to

a; Z 2jpbp = 0.

p

Then the argument in [GG] can be repeated for getting a = 0. In fact, if we assume a; # 0
for some ¢z, then we get > z;,b, = 0 for any j. Since every k x k-minor of z is nonsingular,
the number of the nonzero components of b is not smaller than k. Then we have at least
k equations such as ) z;jpa; = 0, which implies a = 0. Hence £ = 0 and this completes the
proof.

Remark. As for the dimension of the space of solutions, called the rank of the system,
we know the following: If one of the exponents a; is not an integer, then by the pure co-
dimensionality ([KN], [C]) of twisted cohomology groups associated to the integral (1.1),
the dimension r of the unique non-vanishing cohomology group of degree k¥ — 1 is equal to
(—1)¥~1-times of the Euler number of the complement of {q H?:l [; =0} in P*~1 which
can be known easily by induction; we have

r = k—l

Thus the rank of the system Q(k,n) is equal to or greater than r; we believe that it is
exactly equal to r, though we have no proof yet in general. In §5 we show that this is the
case when k = 3 and n = 4.

§3. Contiguity relations and Gauss relations

We define three kinds of differential operators on the space X(k,n) by

k
0
(3.1) Apg = szp87’ 1<pq=n,
j—l Jq

(32) qu = Z ZZPZJQ a 9 1 S P, q S n,

=1 b;j Owij

k 82
3.3 C,y = —_— 1< < n.
(35) " E:jl wz azlpaz]q = ha=n



we obtain differential identities
0%u B 0%u
aZ]‘qaZip N 8ziqasz - -

(I (2= 6502 — G =L (2= (2 — 1) O

awgmawi]‘
for 1<4,5,0,m <n.

Thus, we obtain a system Q(k,n): (I), (II), (III).

Theorem 2.1. The system Q(k,n) is holonomic.

Proof. Let V be the characteristic variety of the system, that is, the set of common zeros
of the principal symbols of the equations (I) to (III) and the equations that are derived
recursively by these equations. The holonomicity means that the dimension of V' is one
half of the dimension of 7*X. Instead of V, we consider the variety Z C T*X that is
defined as the set of common zeros of the principal symbols of (I) to (III). It is the set of
(z,w;¢&,n) € T*X which satisfy the following equations:

(2.4) Y ziplip =0 1<p<m,

7

(2:5) > winij =0,
ij

(2.6) > zmpby +2) wmine =0 1< 6m <k,
P l}

. fjpfiq - fipéjq =0,
(2.8) (2 =64 )(2 = bem)Nimnje — (2 = 6im )(2 — 82 )Mijnem = 0.

Since dim X < dimV < dim Z, it suffices to prove that dim Z = dim X.

First, from (2.8), the rank of £ is not greater than 1. Hence it is written as &, = a;/3,
for a k-vector a and an n-vector #. From (5) similarly, n;; = (2 — 6;5)7:7y; for a k-
vector 7. Second, since w is symmetric, we may assume that it is diagonal: instead
of (z,w;€,n), consider (gz,gwgT; g€, gng™T) so that gwgT is diagonal for some matrix g.
Then, for w = diag(p1, ..., k), the equations (2.4) and (2.6) are written as follows:

(29) /3]9 Z ZipQly = 07

7

(2.10) i Y zjpBy + 1i(2 = 6ij)viv; = 0.

P

The equation (2.5) that is written as tr(wn) = 0 is a consequence of (2.4) and (2.6). Let U
be the subset of X consisting of points (z,w) where any k X k-minor of z and the matrix w
are nonsingular. We prove that { = n = 0 when (z,w) € U. For this purpose, we assume

4



acts on this space as follows:

(C*)n+1 SA= ()\17 .. -7)\n7/\n+1) :

(z,w) = (21, .., 2n,w) — A(z,0) = (A121,. ., AnZn,y Apt1w0),

T
GLr>g:(z,w) — g(z,w) = (gz,9wg" ).
This action can be naturally extended to the functions u. The first action induces the
transformation rule

1° u(a; A(z,w)) = [T () " Hula; 2,0)

and the second action yields

2° u(a; g(z,w) /H (t,92p)"" " q(gwg t)a""'l_ldt
/H tg, zp)* " 1q(w, tg)*+ Tl dt

= (det ¢) "' u(a; z,w).

These two kinds of rules imply that the infinitesimal generators of the action define differ-
ential operators on the space of the functions u. Let us first differentiate 1° relative to A;
then we obtain

Z 48_1%:(ap—1)u for 1<p<mn,
(1) !

Next note that we have (gz,); = Zg}zip and (gwgT);; = Ee,m gfwgmg}” for an element
g= (g;) € G Lg; then the differentiation of 2° relative to ¢ shows

0 0 ;
—:zp:azu ZZ@ wzg]—l-zzau gijwje.

i<m 1 i>m

Setting g = I, we have

“ Ju Ju k Ju
(IT) Zzﬁpa -|- wlim v + Z Wy Do, = —dpmt.
r=1 j=1
Since
Ju 4
= /(ap —Dt?p/lydt  for 1<p<n,
) Ju i
e = [(2 8w~ Fpadt,
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A1 of Appendix explains how a K3 surface S arises when £ = 3, n =4, and a; = 1/2. In
Section A2, we explicitly clarify the lattice structure of the second homology group of the
surface S and, in Section A3, construct 7 transcendental cycles. These cycles define the
period mapping associated with the integral (1.1), which is explained in Section A4.

Acknowledgement. The authors are very grateful to Professor M. Yoshida for the dis-
cussions during the preparation of this paper, which are very helpful for us.
§2. The system of differential equations

In this section we derive the system of differential equations associated with the inte-
gral (1.1). Let ¢,, 1 < p < n, be linear forms and ¢ a quadratic form both defined on the

complex vector space Ck(t):

g=qlw,t) =Y witth = twt’; wi; =w;, t=(t',... ")
Kp:Zz]pt (t,zp), 1<p<m; Zp:(le,...,ka)T,

T

where -* means transposition. Here z = (z;,) is a k X n-matrix and w = (w;;) is a

symmetric k£ x k-matrix. Set

o(z,w;t) = ¢*nt1— Hﬂ“ _1

where a = (a1,...,an41) is a set of complex parameters, and let
k
dt = Z(_l)l_ltzdtl A A dtz_l A dtH—l N dtk
=1

be a (k — 1)-form. We assume that k¥ < n and that the parameter satisfies a relation

(2.1) a1+ +an + 20,41 =n—k+2

so that the total degree of the form ¢dt relative to ¢ is zero, which means that this form
is defined on the projective space Pk_l(t). We further assume that k£ > 3 in the following.
Then consider the integral

(2.2) u(a; z,w) = /c,o(z,w;t)dt

over a certain cycle in Pk_l(t). The set X = X(k,n) = {(z,w)} parametrizes the set of
¢, and ¢; the integral u(a; z,w) is a function on the space X. The space X has a natural
symmetry. In fact, the group

G = G(k,n) = (GLy x (C*)"t!)/C*
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On the system of differential equations associated
with a quadric and hyperlanes

Keiji Matsumoto and Takeshi Sasaki

§1. Introduction

Consider the integral
(1.1) /qa"“_lﬂ?:lﬁ?i_l%,

where ¢; are linear forms and ¢ is a quadratic form on the projective space Pk_l(t) of
dimension k—1; wy = Zle(—l)i_ltidtl Ao AdETEAAEFY A dEE where t = (1. tF),
denotes the homogeneous coordinates and ay + - - - + a,, + 2a,4+1 = n — k + 2. The integral
is a function of the coefficients of ¢; and ¢. In this paper, we derive a system of differential
equations which annihilate the integral and prove that the system is holonomic. We also
investigate the structure of contiguity operators.

The integral (1.1) can be thought of a generalization of Aomoto’s integral representa-
tion of the so-called Appell hypergeometric function Fy; refer to §6, [A].

The integral (1.1) can be also thought of a generalization of the following integral

(1:2) [ar e, Ya=a-t

which is studied by many authors from various aspects (|G|, [KY], [MY], [MSY2], [MSTY],
[T]). Especially when k = 3,n = 6,a; = 1/2, the integral gives a period of the K3 surface
which is the double cover of the projective plane ramifying along the 6 lines {/; = 0}; the
period map is deeply studied in [MSY1]. Refer also to [M] and [GGR1,2], [S], [SU]. So we
are naturally interested in the K3 surface which is the double cover of the projective plane
ramifying along four lines and a conic in general position; the structure of algebraic and
transcendental lattices are clarified in Appendix. For surfaces obtained from degenerate
arrangements of four lines and a conic, see [Sh].

The content is as follows. In Section 2, we derive the system associated with the
integral (1.1); we denote it by Q(k,n). The system is defined on the coarse configuration
space, which we denote by X (see §2), and the group G = (GLj x (C*)"*1)/C* acts on
this space. Hence, the system has a symmetry, which is sometimes called the contiguity
relations. In Section 3, we compute the symmetry and also the Gauss relations that are
difference equations relative to the complex parameters. In Section 4, we derive the system
induced on the quotient space GLi\X and, in Section 5, we pay special attention to the
system @(3,4) and compute the system induced on the quotient space G\X. In Section
6, we calculate an explicit solution of the system ((3,4) that is given by a power-series
and discuss the relation with classical hypergeometric functions. In Section 7, we briefly
mention a few analogous integrals and how to derive the associated systems. The section
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