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Abstract

2

We find invariants for the differential systems of rank 2n in n* variables

with n unknowns under the linear changes of the unknowns with variable coef-
ficients. We look for a set of coefficients that determines the other coefficients,
and give transformation rules under the linear changes above and coordinate
changes. These can be considered as a generalization of the Schwarzian deriva-
tive, which is the invariant for second order ordinary differential equations
under the change of the unknown by multiplying a non-zero function. Special
treatment is done when n = 2: the conformal structure obtained through
the Pliicker embedding is studied, and a relation with line congruences is
discussed.
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1 Introduction

In order to help understand our result, we recall the prototype. Let us consider
linear ordinary differential equations

u' 4 ou' 4 Bu=0

(u' = du/dz) together with changes of unknown v — ku (k # 0). Two such equations
are said to be equivalent if one of such changes of unknown takes one into the other,
that is, the ratio of any two linearly independent solutions of one equation relates
projectively to that of the other. For a given equation u” 4+ au’ 4+ fu = 0, we can
find a suitable nonzero function k£ so that the equation changes into an equation of
the form
u” + Pu = 0;

the new coefficient 8 is a rational function of a, 3, and their derivatives: actually
we have B =  — a'/2 — /4. For any equation equivalent to this equation, the
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Schwarzian derivative {r;z} = 2 (T'"/T'>2 — 2" /1" of the ratio r of any two linearly
independent solutions is equal to 8. The Schwarzian derivative satisfies the following
chain rule for coordinate change z ¢ y:

{z;2}(dz)* = {y; 2 }(dz)* + {z;y }(dy)*.

This prototype treats linear equations in 1 variable of rank (= dimension of local
solutions around a nonsingular point) 2 with 1 unknown. Our hope is to generalize
the above theory of Schwarzian derivatives to systems of linear equations in m
variables of rank r with n unknowns. The corresponding Schwarz map is defined as

T = (;L'l, N [u(l), . ,u(,n)] € Gr(n,r),

where wu(;) are linearly independent n-column solutions and Gr(n,r) is the (n,r)-
Grassmannian manifold; for example, Gr(1,r) is the (r — 1)-dimensional projective
space P!, We are not so optimistic to believe the existence of a sufficiently nice
theory of Schwarzian derivatives for general (m,r,n).

When (m > 2,7 = m + 1,n = 1), it is the well-known theory of projective
connections (see e.g. [5]). We treated in [3] the case (m > 2,r = m + 2,n = 1),
and studied the conformal connections when the image of the Schwarz map is a
hyperquadric in P!, Several differential-geometric studies were made when (m =
L,r = 2n,n > 2) in [2] and [4]. In the paper [1] we encountered a system with
(m = 4,r = 6,n = 1) as the uniformizing equation of a 4-parameter family of
K3 surafces; the geometry appeared there strongly suggests that the target of the
Schwarz map should be Gr(2,4) rather than a quadratic hypersurface in P®, that is,
the system should be tranformed into a system with (m = 4,r = 4,n = 2). In this
way, we are led to the study of systems in 4 variables of rank 4 with 2 unknowns.
Meanwhile we realized that the study of systems with (m = n? r = 2n,n > 2) is
not more difficult (or rather more transparent) than that of the restricted system
with n = 2.

So, in this paper, we treat systems of linear differential equations in n* variables
2¥(1 < 4,7 < n) of rank 2n with n unknowns v*(1 < k < n). We consider the
transformation K of unknowns

(u*) — (Z Klkul> . det(K[) #0;

2

two systems related under such changes are said to be equivalent. Our Schwarz map

is defined on the n*-dimensional affine space with the coordinates x = (2%) and the

target is the Grassmannian manifold Gr(n,2n); two equivalent systems define the

same Schwarz map. We assume that n > 2 and the Schwarz map is nondegenerate.
To explain the result of this paper, we write down our system as

k kol kol

Ui = 0 uyy + 2 B,

(E) = FE,(a,b,a, ) . . o
U = a3 05

1 < k,l,i,j7 <n, where f;; stands for 9f/0z", and

E <k o
CLul—(sla bul—o-



We prove that two systems E,(a,b, a, 8) and E,(a,b, @, 3) are equivalent if and only
if there is an invertible n x n matrix K = (K[) such that

A=KAK™!

’

where

A= (af), af = Zafﬂ dz".
0

That is, {afﬂ} form the essential part of the coefficients. Though there is no natu-
ral representative in an equivalence class, and so no counterpart of the Schwarzian
derivative either, the matrix 1-form A will play for it; we call A the essential coeffi-
cients of the system. We also give transformation formulae for A under coordinate
changes.

The annoying fact, which we always encounter when treating systems in several
variables, 1s that there are no canonical way to write such systems. In this paper,

we also treat such systems expressed in the following form

k kol kol
Upkrr = 22007 Uy + 22 3wy
(E)
k kool koo -
Ui = Yaigjiug+Xibyu, 1<i4,5,k<n.

Y]

When we discuss the associated conformal structure in the case n = 2, this form
will be convenient.

When n = 2, as we mentioned above, the Plicker image of Gr(2,4) is a hyper-
quadric, which naturally carries a conformal structure. We express the pull-back
of the conformal structure in terms of the essential coefficients. In order to get a
converse expression, we define two differential 1-forms associated with the system,
and compute the covariance of these forms relative to linear change of unknowns
and relative to coordinate change. In view of the covariance, we give a procedure of
deriving the essential coefficients from the conformal structure.

When n = 2, the system (F) has a nice geometric interpretation. Since each
component of the unknowns is a vector in P?, the pair of fundamental solutions
defines a line that depends on the four variables . Thus the system can be seen
as defining a 2-parameter family of line congruences; here a line congruence is a 2-
parameter family of lines in P*. With this geometrical interpretation, we introduce a
normal form of the system (£). Relying on this normalization, we give a non-trivial
example of 2-parameter families of line congruences such that both associated focal
surfaces are quadratic surfaces.

2 Non-degeneracy

Let us consider a system (E) = F,(a,b,«, ). Since we can easily see that every
derivative of u* can be expressed in terms of u' and u!,,, and so that any system of
this form is of rank at most 2n. We assume that our system is of rank 2n. In other
words, the corresponding matrix system dU = QU with respect to the unknown
2n-vector

U="uly, . ul,u'y. o u®)



admits 2n linearly independent solutions. Let

be a basis of the solutions. We assume also that the Schwarz map
S (2Y) — [t(1ys - - -5 ugan)] € Gr(n,2n)
from the z-space to the (n,2n)-Grassmannian manifold
Gr(n,2n) = GL(n)\{n x 2n matrices of rank n}
is nondegenerate. Let us paraphrase this assumption.

Proposition 1. The Schwarz map of the system (E) is nondegenerate if and only
if the n? x n?-delerminant
k
W = det(ag;) (i,
does not vanish identically.

A straightforward computation leads to

Lemma 1. The transformation

u* = > KFu', det K[ #0
!

changes the coefficients a as

agy; — Y Kpal (K7,

in other words,

A=(q)) = KAK™, af =) al,dz",
and o as
A= (af) = 2K + KA)K™.
The 1dentity

det([{kap ([X/,_l)?)(i,j)’(k’[) = (det [()n det(ap )(i,j),(p,q)(det [(_1)”

p %ijq ijq
implies that W is invariant under the transformation K. Now take K the n x n

matrix consisting of n linearly independent solutions of the system. Then the new
system admits the n solutions

ey ="(1,0,...,0),..., €0 ="(0,...,0,1);

this implies bfﬂ = 0. Let

U(l) = 75(7](11)7 ey U?l))) RN U(n) =] t(’lj(ln)7 . ,UELH))

be n solutions which together with e, ..., ¢,y form a basis of the solutions. We
have .
a'U(l)
dzii

= Zafjp U?l):lh 1<k l<n
)
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so that the jacobian of the Schwarz map is given by

det (81}%) = W(det b )”
0™ J ;.m0 .

Since a fundamental solution of the corresponding matrix system dUU = QU can be

given by
€ 0 Empn P(a)yar Tt Pa)yar 0 v
€y Tt €n) vyt V() I, v ’
where v = (v(y), ..., V(n)), we conclude that detv.;; # 0. Thus the jacobian vanishes
if and only if W does; this completes the proof of Proposition 1.
3 The model equation

Let us consider a system of linear homogeneous differential equations in n? indepen-

dent variables 27 with n unknowns u*

: k
uhpae = Lo uly + X6

(E)
uki; = Yiahup+ ¥ ész u', 1 <,5,k <n.

3.1 (FE) versus (E)

Here we compare the coefficients of the two expressions (£) and (£). The equations

B Bl B B 1 n
Ui = Zakkluzlla U, = Eﬁuzu;u mod (u yeeey U )
1 1

lead to

Proposition 2. (af};) and (af;;) as well as (af;;, bf;;) and (gfjl,bfﬂ) are birationally

related. (gf“,ﬁ;“) can be expressed as rational functions of (a,b, o, B) and their deriva-
tives, and vice versa. The denominators are det(af,,)r; and det(a¥,))r 1, respectively.

3.2 The model equation

The system with a fundamental set of solutions
ul 1 0 .I'H xln

can be written as



This system is the model equation of the system (£) above, which means that every
system of the form (&) satisfying

det(al) (i), e0) # 0

is equivalent to the model system through a transformation K and a coordinate
change. In fact, if we take K the n x n matrix consisting of n linearly independent
solutions, and transform the system, then the new system has linearly indepen-

dent solutions ey, ..., ey and, say, vy, ...,vm). Now we have only to change the

coordinates as x' — ()
4 The transformation formula under changes of
unknowns

4.1 A set of essential coefficients

We assumed that the rank of the system FE is 2n; this implies that the coefficients
of the system must satisfy the so-called integrability condition. We analyze this
condition and see that the coefficients a,fj almost determine the remaining ones.
Thanks to Lemma 1, we may assume A = (af) = 0. Note that we still have a
freedom of transformations K satisfying K. = 0.

Define 1-forms as

B k i ko 2 i
a, = Zaijp dz", by = me’ dx',
i ij

Then we have

koo k., p k
du - Za’p u:ll +pr U’p7

koo Eoo,p k., p koo k., p
duy, = X Upyy Wy T 220, Uqpag + 20 bp;u uf +3° bp U.1q

= Z(a];:u + bg)u?u + Z(“f 5;19 + b];:u)up-
Thus the matrix 1-form €2 defined by dU = QU can be expressed as
0 — ( a];:ulj‘ bl; Zafc ﬂ;)l)k—l— bl;:u ) -

Clp p

The integrability condition is given by
dQ =Q N Q;

let us check its entries: left-bottom, left-top and right-bottom.
The left-bottom reads

daf = af Nabi + D ak ABL+ D BEAal,
which 1mplies

Za];/\bg—l—st /\ag = c]; (:= da]; —Za];/\ag:u).

To show the above, we need the following lemma which will be proved later.



Lemma 2. el
k i
=) Aupdxj (k,p=1,...,n)

be 1-forms in variables = (7,,] =1,...,n) salisfying det(A )(kp) # 0, and

zyp)
k —
Cy (k,p=1,...,n)
2-forms satisfying 3. CF = 0. Then equations
k. Ak k _ ik —
E;AJNBL+ B NAL=C], kp=1,....n
Jor the unknown 1-forms B} in x delermine
k k
B (k#q) and By —B}.
That is, they can be expressed in terms of A and C'.

The left-top reads
dal;:n + db]; = Z(a]qc:n + bl;) ( ap1 + bq + Z alﬁ + bq 11) p5

in particular, their coefficients of dz A dz'* imply

k
—Qyipi11:11 2]p 11 Zaz]lﬁ + bup 11 Zﬂ zgp

When k # p, since b]; are already expressed in terms of a (and their derivatives),
these identities can be regarded as equations for 6;; A scalar version of the lemma
above says that

By (k#p) and B7—pp
can be expressed in terms of a.
When k& = p, since
k al k ko al k_q
Zaijlﬁ Zﬁ mp Zaiﬂﬁp_zﬁq ijp,
I#£k q#k

so A% do not appear.) the identities above give expressions of 2b% .| in terms of a.
k ppear, g p k11
The right-bottom reads

dby = ay A (affy + blyy) + > bEA DL
When k # p, since
Sl S AR A (=),
a#k.p

the equality determines g2, if alC A a? # 0 for some k. Note that, since BE — BL are

expressed in terms of a, this Condl‘rlon is equivalent to A A A # 0, where A = ( l)
is the matrix of essentlal coefficients.

When k = p, since the right hand-side is already determined, this gives an expression

of dbt.

In this way, the coefficients

b]; (k 7&]7)’ bllz _bgv 6}19 (] 7ép>v bllzzlla 6};’ dbllz

are determined, that is, expressed in terms of a, in this order. Thus we get



Proposition 3. Under the assumptions det(af&-p)(m%(k’p) # 0 and ANA # 0,

where A = (af), af = Zafjl dz', the coefficients a determine the other coefficients

b and B up to adding an exact 1-form dk(z), where k(z) is independent of z'', to
b (k=1,...,n). This ambiguily is caused by the scalar transformation K = k(z)I,.

Hence we have the following main theorem.

Theorem 1. Two systems F,(a,b,c, ) and E,(a,b,a,3) are equivalent if only if
there is an invertible n X n matriz K such that

A=KT'AK

provided that det(afjp)(i,j),(km) £0 and ANA #£0. Here A and A are the malrices of
the essential coefficients of the systems E,(a,b, o, 3) and F,(a,b,a, ), respectively.

4.2 Sketch of the proof of Lemma 2

Note that
/\kva]; = det(Afjp)(7v.7)v(kvp) dx’ dx = de”'
t,J
For each unknown 1-form B := B]]f, we derive from the equations E;f in Lemma2

X i (ApayziaA?) A B = Xy de,

for every 1,7, where X;; is a function expressible in terms of A and €. These will
determine B.

Let us work on the unknown 1-form B;“ (k # p). The equations Ff, E?, Ezlf, and
E} read

Ef: > (AEABL— AL ABY) + A A By — AL A B = C},
a#k,p

E;;:;k(AgAB;—AgABg)JrAz/\B;;—A’;/\B,{? = Cv,
7P,

EF: 3 (AFABI— ATABY) + (AL — AD) ABY + AV A (B — Bf) = CF.
aFk,p

We multiply some 1-forms A% to each equation to kill terms containing B except

the multiple of the B]lf, and we get the equation of the form

F:(NAD) A B;f = a form expressed in terms of A and C.

The coefficients of B;f in the three equations thus obtained, call them F}, Fr, and F;,
have the unique factor A]; in common. To get such an equation that the coefficients
of B;j does not have A;j as a factor, we make use of the equation

BY o 3 (APABE— ALA BY) + (AL — AS) A BL + AL A (Bf — B) = Y,
9#p,k



which does not contain the term B%. To eliminate the last terms in the left hand-

sides of E;f and EY, we form AiE;; — A];E,f:

ALN ST (APABL— ASABY) — AD A ST (AP A BE — AL A BY)
q#k.p 9#k.p
+AL N (AL — AP) A BE — A% (AP — A}) A BY
= AP A C’* LA Cp

To eliminate the last term of the left hand-side of this equation, we add (A? — AR E?
and get

(A2 — AP A S (APABL— AZABY)+ ALA S (AR A B — AS A BY)

L qFk,p qFk,p . .
—ANN DT (APA B — AL A BE) + AL A (Af — AL) A B
qF£k,p

= (AL — A ACD+ ALANCH — AL A CY.

We multiply some 1-forms A} to this equation to kill terms containing B} except
the multiple of the B;f and we get the equation of the form F'. The coefficient of

lef in this equation and those of F}, EY, and FlC have no factor in common. Thus

by multiplying some 1-forms A} to these four equatlons we can get a system of the

form X.

5 Coordinate changes

Let us consider a coordinate transformation from = = (z“) to y = (y“). Put
@*(y) = u*(x(y)), and

E_ E g ij -k _ L
a; = Zaiﬂd:c 5 a; = Za”ldy .

Then the equations of the first order of (E) can be written as

Ea,un—du = aluu
Substituting
Ox¥ Ozt
—1 l n
AT Z zgayll = Z azgpull a 11 mOd ( LU )
] i,J,p

into the above identity, we have
k xij
Zalull Zzaawla 11 it
il g

Thus we get the following theorem giving the transformation formula.

Theorem 2. Lel A be the malriz of the essential coefficients of a system (E) in
x-coordinates. If A denotes the matriz in y-coordinates, then they are related as

_ i

A =AL, where L= ( Jlax ) .
2 i dylL

7] pJ



6 Conformal structures through the Plcker em-

beddings

From now on up to the end of this paper, assume n = 2.

6.1 Pliicker embedding

When n = 2, the target space of the Schwarz map § is the Grassmannian Gr(2,4),
which can be embedded (the so-called Pliicker embedding) into the 5-dimensional
projective space as a hyperquadric. The pull-back of the natural conformal structure
on the hyperquadric defines a conformal structure on the source space, the z = (2%)-
space. In this section, we see how this conformal structure on the z-space can be
expressed in terms of the coefficients a of the system.

We work on the system (F), and change notation as follows: The unknowns u'
and u? are denoted by u and v, and the variables are

1 11 ; 2 $12 3 _ .21 4 ; 22.

We in this section omit colons in differentiation. Thus we write the system as
uyy = Aup+ Bug+ Cu+ Ev,

apuy + brvg + cru +epv, k=1,....4

Vg PRy + qpug +rpu+ s, k=1,...,4

vae = Pui 4 Qus+ Ru + Sv,

Uk

(£)

where
alzla blzoa 61:07 61:07 p4:0) Q4:1, T4:0) 54:05

The determinant W is now equal to the determinant of the matrix

ar q1 p1 by
Gz 42 P2 by
as 43 ps b3
a4 G4 P4 by

Given a fundamental set of solutions
w' ow?owd ot
R T

define two vectors u = [u'. ©?, u?, u?] and v = [v!. v2, v>, v and put
) ) ) ) ) ) p

f=uAv

which takes values in P®. Derivatives of f can be written as linear combinations of
six vectors u A v, uy Av, uAvg, uAuy, vg Av, and u; Avg. The coefficients are listed

below:
UuNANv UL ANv uAvy uNup vaAv up Aoy
f 1 0 0 0 0 0
S S1 1 q1 P 0 0
fa e+ sy a3 q2 P2 by 0
fs ez s3 as g3 P3 bs 0
fa Cq ay 1 0 by 0
fia a1 o)) g3 04 05 T6,

10



where

o1 = Us+pUs+ ¢S+ sica + S14,

oy = Uy + s1a4,

o3 = piUs+qQ + qiea + qua + 51,
oy = puatpca+plUi+aqP,

o5 = Uy — qidy + s1by,

o6 = 1 —pibs+ quay;

As usual, the subindex denotes the differentiation relative to z: f; = 9f/dz",
s14 = 0s1/0z*, and so on. The list above implies that the vectors f, fi, fa, f3, fa,
and fi4 can be a basis if and only if

(1 — plb4 + q1a4)W ?é 0

Under this condition, the second derivatives f;; can be expressed as linear combina-

tions of f and f:
(CE): fij =Cijhia+ ZPZ'];‘fk + P f.
k

Then, the matrix C = (C;;) represents the conformal tensor induced by the em-
bedding f [3]. We know that the associated metric 3 C;;dz'dx? is conformally flat
because the image of the Plicker embedding f is in a quadratic hypersurface.

A computation shows the following expression of the matrix C =

2q q2 — p1by + quay g3 — pibs + qias L — pibs + qras
G2 — p1ba + qras 2(azqs — baps) a2qs + asqas — baps — bspy  ag — prby + gaay
qs — p1bs + qras  azqs + asqa — baps — bspy 2(asqs — bsps) asz — psbs + qza4
1 —pibs + qra4 as — pabs + qra4 as — psbs + gsa4 2a4

Note that (1j) component is equal to a;q; + a;q; — bip; — bjpi where a; =1, g4 = 1,
ps = 0, and by = 0. We can see that detC = W?2.

Remark 1. For the model system we have

0 0 0 1
0 0 -1 0
€= 0 -1 0 0
1 0 0 0

6.2 Invariant differential forms

Using the convention

as before, we define 1-forms as

a = aydr' + aydx® + asdz® + asdz?,

s = sydat + sqdr? + ssda® + sqdz?.

11



We occasionally use the matrices w and 6 defined as

o ( a b ) ’ 0— ( c e ) .
P q ros
With this notation, the equations of the first order of (F) can be written as

du = auy+bvy+ cu+ ev,
dv = puy + qug + ru + sv.

When « and v denote fundamental vectors of solutions, we have

duNdv = (a-q—=b-plus Nva+(a-r—c-plus Au
-I—(a-s—q-c)ul/\v-l—(b-r—p-e)m/\u
—I—(b-s—q-e)m/\v—l—(c-s—e-r)u/\v,

where the dot product - means the symmetric product of 1-forms. By definition, the
conformal structure is equal to a-q¢—b- p.

We will check the covariance of the forms above relative to linear change of
unknowns and to coordinate change. First, consider a transformation K of the

unknown (u,v) to (U, V) by
U:klu—l—kgv V:k3u+k4v.
Since

Uy = (kary + kip)u + (kgsy + ko )v + (k1 + kzpr)ur + kaquug,
Vi = (ksca + ksa)u + (ksds + kaa)v + ksaquy + (ksby + ka)va,

we have the formula of change of the frames as (U, V, Uy, Vi) = k "(u, v, uy, vq);

ky ks 0 0
L ks k4 0 0 [ K 0
| keri ki kst + Eka ko kapy kaq S\ M L)

ksca + ksq kady + kaa ksaq Fsbg + kq
where K, L, and M are 2 x 2 matrices. From this expression, the two conditions
det K ?é 0 and d:=det L = (kl + k2p1>(1€4 + k3b4) — k2k36l4ql ?é 0

are necessary for the new system relative to (U, V') to be written in the same form
as for (u,v), which we assume in the following. Now, introducing the notation
and O for U and V' in place of w and 6, we have

O=dK K '+ KO —-wL"M)K™, 0= KwlL™.
From this identity, by writing the equations of the first order relative to (U, V) as

Uy = AU+ BV, +C;U+ DV,
V}' — PJU1+QJV;1+RJU+SJV,

12



we have the following formulas:

Al = 1,

Ay = (kikaaz + kiks(agbs — asby) + koks(p2bs — quas) + kokapa) /6,
As = (kiksas + kiks(asbs — asbs) + koks(psbs — gsaa) + kakaps) /9,
A4 = CL4(]€1]€4 — k’gk’g)/(s,

B = 0,

By = (kiby + kika(gz + bapr — asqr) + 3 (qepr — qup2)) /6,
Bs = (kibs + kika(gs + bspr — asar) + k3 (gspr — qups)) /6,
By = (kibs + kik2(1 — asqr + bap1) + k3p1)/9,

Pr = (k3by + kska(1 — aagr + bapr) + kip1)/9,

P, = (kgz,(aﬂu — aaby) + kska(az + p2bs — quas) + k’im)/(s,
Py = (k(asbs — asbs) + kska(as + psbs — gsaa) + kips) /6,
Py =0,

o O

Q1 =
Q2 =
Qs =
Qs =

1(k1ks — koks)/d,
k1ksby + koks(bapy — azqr) + koka(qepr — qip2) + k1kaq2) /6,
k1ksbs + koks(bspr — asqi) + kaka(gspr — qips) + kikags) /9,

—_ e~

Second, the formulae similar to those in §6 relative to a coordinate transformation
from z = (21,22, 2%, 2%) to y = (y',y?%, y>, y?) is given as follows. Denote by (yF) =
(0y*/0x") the Jacobian matrix and put u(y) = u(z(y)) and v(y) = v(z(y)). By a

simple calculation, we have

ou c N e N a N

— = —U —v —U —_—v
oy! dy! dy! dy! ! dy! 4
Jv r s P q
R T R A

where we use the notation

T 0z N 0x? N oz? N oz*
dyt ‘@ Ay €2 Dy €3 By C4 Ayt

for 1-form 7 = cidz' + codz? + csdz® + cudz*. Then, the change of frame is written
as "(W,v,W,04) = g "(u, v, ur,v4), where

1 0 0 0
B 0 1 0 0 (T 0
I=N e/dy' e/dy' ajdy' bjdy' |~ ( B A ) '
r/dyt s/dy* p/dy* q/dy’

Letting 2 and © denote the matrix 1-forms w and 6 for the coordinate system
(y' 4%y "), we have

O=0-wA'B, 0 =wA™"

13



6.3 How to get a, b, p, and ¢ from C;;

Recall the transformation formulae
By = (k‘fb4 + k‘1k‘2(1 — aqq1 + b4p1) + k‘;[h)/CS,
P = (k§b4+k3k4(1 — asq1 + bapy) +k2p1)/5

of the coefficients under K in the previous subsection. We see that if § = det L £ 0
and

disc := (1 — aqqu + b4p1>2 —4p1by # 0,
then, by solving the quadratic equation in ky,. .., k4, we have K such that det K # 0
and B, = P, = 0. Note that we still have a transformation K of diagonal form.
Assuming p; = by = 0, our problem is to solve the following system:

2¢1 = Cy1, g2 + qraz = Ca, 2(a2qy — baps) = Caa,
g3 + qras = Csy, a2qs + azqa — baps — baps = Cag, 2(asqs — bsps) = Cas,
1+ graq = Cy1, az + gaaq = Cyg, az + qsag = Cy3, 2a4 = Cyy.

Let us normalize the conformal tensor C;; so that Cy = 1 + C11Caa/4 holds; we
multiply the tensor by «a satisfying the quadratic equation: aCsy = 1 + a?Cy1Cas/4.
Then we have

q1 = (311/2, a4 = C44/2-

The linear equations in ay, as, gz, gs:

q1a; +q2 = Ca,
q1a3 +q3 = Ca,

a3 +asqz = Cyo,
as +asqs = Cas

are solved as

aj = (asCj1 = Caj)/(qraa = 1), q; = (:Cs; = Cj)[(quas = 1), 7 =2,3.

Now it remains to solve the quadratic system

bzpz = T = d2qy — 022/2,
bSP3 = Y= dasqs — 633/2,
b2ps + bsps = =z := ayqs + azqs — Csy.

We have
pz = /by, ps =y/bs,
and the ratio 3 := b,/b3 is determined by the quadratic equation
ya =z =0,

of which discriminant can be checked to be a constant times of det(C;;). Recall
that the transformation k = diag(ky, k4) takes by to bsks/kq; it means that we can
normalize bs = 1.

Proposition 4. Assume § # 0 and disc # 0. Then the coefficients a, b, p, and q
can be derwed from C;; by solving two quadralic equations.

Remark 2. The uniformizing equation of a 4-dimensional orbifold is obtained in
[1]. This equalion is given in the form (CE). Thus the proposilion 4 gives a method
to rewrite il into a system in the form (E)
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7 Families of line congruences defined by (F)

We discuss the relation between our system (E) and a differential geometric object
known by the name of line congruences.

7.1 A geometric interpretation and a normalization of the
system

We give a geometric interpretation to the system written in terms of (u,v,u,v4)
as follows. Let u and v be vectors defined by a fundamental set of solutions as in
6.1; then the pair v and v determines a line that combines these points and, by
fixing 2 and z*, we have a 2-parameter family of lines parameterized by z' and z*,
which is usually called a line congruence. Thus, the system we are considering is
geometrically a 2-parameter family of line congruences £C = LC(z?, z°) depending
on z? and z”. Each line congruence is described by the subsystem

uy;; = Auy+ Bvg+ Cu—+ D,
Uy = aguy + byvg + cqu + dyv,
v = prug F qug +ru+ sy,

vgg = Puy+ Qus+ Ru+ Sv;

the remaining equations describe the dependence of the family on z? and z”.
Generally, a line congruence is better understood as a congruence of lines con-
necting two focal surfaces, which we now explain. Consider a curve 7 : ¢t —
(z'(t),2z*(t)) in the parameter space and the corresponding ruled surface £C|z, the
restriction of the congruence onto this curve. This ruled surface £C|7 is developable
only when u A v A du/dt A dv/dt = 0 by definition. This condition is equivalent to

L SRR i £l RO
51 di aah 4P1 d di a4 o = u.

Hence, by assuming
(14 asaqr — bapr)® — 4asqr # 0,

which coincides with the condition disc # 0 in 6.3, we have two directions at each
point on the parameter space called the asymptotic directions, and so the two in-
tegral curves passing through the point. Let us consider one of the two integral
curves and call it Z, and map this curve by u (we may take v instead, of course)
then the ruled surface £C|7 is developable along the image curve u o Z. By the
way, since any developable ruled surface is generally obtained as a family of tangent
lines of a certain curve, which is called the directrix curve, we can associate to each
line the point where the line is tangent to the directrix curve. Thus, since there
are two asymptotic directions at each point, we get two points on each line of the
congruence. These two points generate two surfaces, called the focal surfaces. The
condition above on coefficients, which we assume in the following, is necessary for
the system to define the focal surfaces.

Now choose the coordinates z' and z* so that the coordinate lines are the integral
curves above and let u and v be so chosen, by a linear change of the unknowns if
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necessary, that they generate the focal surfaces. Then, we must have the expressions
Uy = Cqtt + daqv v = MU+ S0

Namely, a4 = by = p1 = ¢1 = 0. Further, by multiplying some factors to u and v
separately, we can normalize the system so that ¢4 = 0 and s; = 0.

7.2 An example

We have seen that we can generally normalize the system so that
g = dyv, v, = T1U.

Assuming that dy = 1 and r; = 1, we give an example in this subsection.
We start with a seemingly simple system

Ug=v, U =U, Uy = Vg, Vgq = Uj.
The focal surface u is described by the induced system

Uil = Uaqa U4 = U,
which admits a fundamental system of solutions defined by

{X =exp(z' +2%), Y =exp(—z' —2), Z = cos(—2' +2*), U =sin(—z" +2")}.

These solutions define a quadratic surface XY = Z% 4+ U? in the projective space
of homogeneous coordinates (X,Y,Z,U). The surface for v is seen to be also a
quadratic surface defined by —XY = 7% + U?. The induced conformal structure is
(dz')? + (dz*)? for both surfaces. See Figure 1 and Figure 2.

Figure 1 Figure 2

The upper surface in each figure represents the surface XY = Z* + U? and the
lower surface represents the surface —XY = Z? 4+ U?. The curves drawn on the
surfaces are z'-curves and z'-curves. The bold linesegments denote linesegments
joining two points where the lines belonging to the line congruence are tangent to
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the focal surfaces. Those in Figure 1 are tangent to z*-curves of the upper surface
and those in Figure 2 are tangent to z'-curves of the lower surface.

We next try to deform the system above by considering the system

ug = v, v = u,
uy = v+ ku, V44 = uy — ko,

u; = aju; +bjvs+cju+djv, =23,
vj = pjur+ qvg+rju+siv, g =23

The integrability condition of this system has fortunately a fairly simple form,
though we do not reproduce it here. Assuming that k is a constant not depending
on any of the coordinates, we can see that the following set of coefficients solves the
integrability condition.

ay = (CZS + bC>Eh,

by = —(—2aSfs—2bCfs —2abSh + a’Ch — *Ch)E[2,
cy = —(aQS — 2abC + bQS)Eh/Q
+(bS — aC — a®S — 3a*bC + 3ab®S + b3C + kaS + EbC)E f3 + ga,
dy = —(=2abS +a*C — B*O)Efs+ (S + 3a%bC — 3ab*S — b*C' — 2bS + 2aC)h /2,
az = 0,

63 = (CI,S + bC)EfQ,
Cy = (GC — bS)EfQ + gs,

ds = —(a’C —2abS — b’ C)Ef,,

p2 = (2aSf3+2bC f3 — 2abSh + a*Ch — b*Ch)E /2,

@2 = —(=bS+aC)hE,

ry = —(a2S + 2aC'b — sz>Ef3 — (—3@265 + a®C = 3ab*C + b°S — 2aS — 2bC)hE )2,

s; = (bS —aC)Efs+ g2+ (—a’S — 2abC + b’ S)hE /2,

ps = (aS+bC)ES,,

g3 = 0,

rs = —(2abC + a*S — b*S)E fs,

s3 = (aC —bS+3a*bC + a’S — 3ab’S — b°C — k(bC + aS))E fy + g,

where h = h(z?), f = f(2* 2°) and g = g(2?, 2°) are arbitrary functions satisfying
faz = fs3; E, C, and S denote the functions exp(az' — bz*), cos(bz' + az*), and

sin(bz' 4+ ax*), respectively; a, b, and k are constant related as b = —1/a and
k = a* —1/a*. The system is nondegenerate.
When

k=0, a=1, f=((2**+(2*)%)/2, g =22, h=1,
we see that any solution (u,v) has the form
u=PX+QY+RZ+TU, v=PX -QY+TZ - RU,
where X, Y, Z, and U are given above, the coefficients are defined by
P = (4bo(2%)%a® + by (2® + 22%2°) + bax® + b3)p,
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Q = 605‘97
R = (2])0$2 + b1>s0,
T = (bo(42°2” — 227%) + by)e,

and by, by, by, and by are constants; ¢ denotes exp(z?z?). Hence, the following is a
set of four independent solutions:

Uy = (4($2>2.’E3X +VY +22%7 + (4z — 2$2)U)go,
(4($2)2$3X —Y —22°U + (430 — 2$2)Z)g0,

U = ((:c2 + 2$2:c3)X + Z)p, v = ((x2 + 2$2:c3)X —U)ep,
(*X +U)p, v2= ("X + Z)gp,

us = X, vy =pX.

2.3
X
2.3
Vo = z

Uy =

The surface defined by u = [ug, uy, us, u3] for each fixed z* and z* is a projective
transformation of the quadratic surface XY = Z% + U*%

Ug 1 222 4z%23 — 222 4($2)2$3 Y
Uy _ 0 1 0 Qa?a3 + 22 VA
uy | 1o o 1 x? U
Us 0 0 0 1 X
The surface defined by v = [vg, vy, vy, 03] is a projective transformation of the
quadratic surface = XY = Z% + U?:
Vo —1 4?23 — 22?2 —222 4($2)2$3 Y
v | 0 0 —1 22223 4+ 22 YA
v | TF 0 1 0 2’ U
U3 0 0 0 1 X

Note that the initial line congruence when z* = z® = 0 is deformed so that the two
focal surfaces are transformed by two different projective transformations.

Figure 3 and Figure 4 describe the congruence when z* = 6 and z* = 1. Figure
4 is the rotation of Figure 3 by 90 degrees.

Figure 3 Figure 4
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