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The uniformizing differential equation of the
complex hyperbolic structure on the moduli space
of marked cubic surface II
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Abstract: The relation between the uniformizing equation of the complex hy-
perbolic structure on the moduli space of marked cubic surfaces and an Appell-
Lauricella hypergeometric system in nine variables is clarified.

1 Introduction

In the previous paper ([B]) we found the uniformizing equation which governs the
developing map of the complex hyperbolic structure on the (4-dimensional) moduli
space of marked cubic surfaces. Our equation is invariant under the action of the
Weyl group of type Fg. Terasoma and Matsumoto are establishing a theory implying
that the variation of Hodge structure of the cubic surfaces is essentially equivalent
to that of a certain family of curves which are cyclic covers of the line branching at
twelve points ([f]). This theory suggests that our uniformizing equation should be
equivalent to a restriction of the Appell-Lauricella hypergeometric system Fp in nine
variables. In this paper, we carry out the computation and prove this observation.

2 Configuration spaces X(2, N)

Let X (2, N) be the configuration space of N (colored) points on the projective line
P! defined as

X(2,N) = PGLo\{(z1,...,on) € PN | i # z; (i # j)}-

By normalizing three points as 0, 1, oo, the space X (2, N) can be identified with the
open affine set

lﬁlxj(l — CCJ') H (x, - .’L’j) ?é 0

1<i<j<n
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in the affine space coordinatized by (z1, ..., %), where n+ 3 = N. On this configu-
ration space lives the Appell-Lauricella hypergeometric system Ep, which we review
in the next section. When n =1, X(2,4) is isomorphic to C — {0, 1}.

3 Appell-Lauricella hypergeometric system Ep

For coordinates z1, ..., x,, put D; := x;0/0x;. The system

n
D;Dju = prjDku-i-p?ju (i,j=1,...,n),
k=1

with parameters (a, b, c) = (a,by,...,by,c), where

z.. = b J s ’L ', 0 :G,b' . 9
pz] ]./L'Z' —.'L'] #] pu 11 —

k Ty Z; .
F b-( _ ) iy
Pis ‘Nl -z, xp—x; 7
bi)x; — 1
_Sh, T +(a+ )T — ¢+
iz Ti— Tk 1—2z;

i
by =

is called the Appell-Lauricella hypergeometric system of type D and is denoted by
E%(a,by,..., by, c). The Appell-Lauricella hypergeometric series

Fp(a;by,... bysclat, ... 2" =

i (a,my + - -+ my) (b, m1) - - - (bn, M)
(c,my + -+ +my)my!---my!

(J?l)ml . (xn)mn,
TN geneyTThy =0

where (a,m) = a(a+1)---(a+m—1), solves this system around the origin ([H],[]).
This system has singularities along the divisor defined by

f[lxj(l — ) H (i —z;) =0

1<i<j<n

and at infinity, that is, this system is regular in the configuration space X (2,n + 3).
The rank (the dimension of the space of local solutions at a(ny) regular point) is
n+ 1. When n = 1, E}(a,b,c) is the Gauss hypergeometric equation.

Note in general that if a system of the above form is of rank n + 1 then the
coefficients p?j can be expressed in terms of p, (1 < p,g,7 < n) and their derivatives;
so we often describe a system by presenting pfj only.



4 The pull-back of EFp under an embedding of
X(2,n+3) into X(2,2n +4)
Let us embed (a Zariski open subset of) the space X (2,n + 3) into X (2,2n + 4) as

t:X(2,n+3) > (0,00,1,21,...,2,)
— (0,00,1,%1, ..., Ty, —T1,y ..., —Tn, —1) € X(2,2n + 4).

The space X (2,2n + 4) is of dimension 2n + 1 and the Appell-Lauricella hypergeo-
metric system EZ'*! is of rank 2n + 2.

For a solution u = u(x1, ..., Ten41) of Extt = B2 (a, by, ..., byps1, ¢), put
V(Z1, ey Ty) = U(Ty, oo o Ty — L1,y e e, — Ty, —1).

For generic parameters (a, b, ¢), the system satisfied by the pull-back v of u under ¢
would be of rank 2n 4 2. We study whether the rank of this system may be of rank
n+ 1. We have

DiDjU = (DZDJ + DiDj+n + Di+nDj + Di—|—nDj+n)U
2n+1

k k k k
= Z (pi,j + Pijn T Pitn T pi—|—n,j+n)Dku’
k=0

where Dyu := u, and the right hand-sides denote the values restricted to
Tpt+l = —T1y---5 Top = —Tp, Ton+1 — —1.

For 1 <i # j < n, we have

2n

k k k k
Dz'DjU = Z(pi,j + Dijtn T Pign,; T pi+n,j+n)DkU,
k=1

= (pé,j + pé,j-l—n)Diu + (piizg + pgiZ,Hn)DHnU
+ (pl; +plin;)Dju+( z—]i_—?n + ii:,j+n)Dj+nUa

and
; 7 _ Jj+n
Pij + Pijyn = b + bjin
T; — IL']' T; — xj—kn
x . _x .
J J
= b + bjin ,
T; — Ty x; + T
i+n i+n _ J jtn
Pitn T Pitngjn = b + bjtn
Titn — Tj Titn — Lj4n
= b, Ty b. —
- J J+n
—X; — T —T; +



When i = j, we have

2n+1

k k k
D?y = Z (033 + 2P} i + Pitnjign) Dru
k=0

= (D420} s n + Phpmisn) Div 4+ 01" + 20080 + it ) Disnt

+ Y [0+ pE ) Deu O+ ) Dkt
1<k#i<n

+ O 4 ) Dot 4 (B2 4 D iin)Us

and

2+l i T — T; Z;
P = U - =0 - )
’ L=z Zopgr — 4 l—z —1-ua

on+1 Titn Titn —Z —Z;
Pifnitn = Ditn - =bn \T, T 3T :
1—=%itn  Tont1 — Tign +x; -1+

k k Z; Z; —Z; —X;
i = (52 ) )
pz’z * pz+n,z+n ! 1- Z; T — I; o 1+ Z; T + x;
Pii " Pignitn -2y~ — T\t )
; i ; _ Lk 1
Pii + 20500 Pitnjitn = — 2 b + {(a+bi)z; —c+1}

I<kpicontl LTi— Tk 1=

Titn b ( Titn Titn )
— i+n -
Ti — Tiyn 1—Ziyn Ty — Tign

= - > (bk xkx + Bt )

1<k#£i<n Ty — Tk T; + T
(a +b; + bH_n)J?ZQ + (a —c—boypi1+1+b— bz+n)xz +bopi1 —c+1

+ 2bi+n

+ ;
(1 —z;)(1 + )
itn | gpitn L opin g { Ti T } o Ti
i T Pigin T Pitnign = 01\ T2 T~ — T T —T; — T
1 -1 Tk
+ {(a—i—an)(—xi)—c—i-l—}— > by—————
L+ m; Zi 1<k#itn<on+l Litn — Tk
x -z
R (o SV
1<kzi<n > Vi T Tk —T; + T
N (@+b;+bin)r?+ (—a+c+byyr — 14+ b — biyn)Ti +bopy1 —c+1

In order the system for v to be of rank n 4+ 1, D;D;v must be linearly related with
Dyv and v. We have

2n+1 2n+1 _ k k _ L ki+n k+n . -
Pii T+ Ditniin =0 and Py D i = 00"+ Diman (1 <4,5 <n),
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if and only if b; = b;y, (1 <7 < n). Assuming these, we have
pé,i + 2p§,i+n + p§+n,i+n = pzjzrn + 2p;:zn + p::i:zb,i—kn (1 S i S n)7
if and only if a — ¢ — bop,11 +1 = 0.

Proposition 1 The pull-back, under the embedding ¢ : X(2,n + 3) — X(2,2n +
4) of a(ny) non-zero solution of the hypergeometic system EZ(a,by, ..., bypyi1,C)
satisfies a system of rank n + 1 if and only if

b =biyn, 1<i<n) and a—c—by +1=0.

This system of rank n+ 1 on X (2,n + 3), which will be called E(a,b, ..., by, c), is
given by

n
DiDjv = ¢iDpo+qlv (1 <i,j<n),

k=1
with parameters (a,by, ..., by, c), where
G = G Q= 1<ijk<n ¢;=¢;=0, i#jEk#q
2
_ _ ‘7 . .
Cl;j = p;,j +p:',j+n = 2b; IZQ _ 33]5" ]
0 0 0 x}
1
Qi = DPiitDignitn = a(2b;) 1 29
2 2
ko ok k _ Z; Z; :
i = DPiitPignitn = 2b; (1 _szz o x% _Z xZZ) , 17k

g = p:z + 2p::,i+n + pé—kn,i-l—n
(a+2b)z?+a—2c+2

2
T
= =Y U5+
P EE 1—a?

The system has reqular singularities along
H .’13,'(1 — ,’131)(1 + .’13,) H (33z — .’E])(.’L'Z -+ .Ij) =0
i=1 1<i<j<n

and at infinity.

Rewriting this system in the form 8%v/0z;0x; = - - -, we get

Corollary 1 This system is non-singular along {x; = 0} if and only if

(@hlso=) 2 > beta—2c4+2=0.
1<k(#j)<n

We need not check that this system is of rank n + 1, because of the following fact.
Note that if we introduce the variables y; = x?, then we have

D} =2D¥, where Dj=1x;0/0r;, Dj=y;0/0y;.

Comparing the coefficients of £(a, b, ¢) and those of E%(a,b,c), we have
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Corollary 2 The Appell-Lauricella system Ep(a/2,by, ..., by, c—a/2) iny-variables
is transformed into €(a,b, c) in x-variables by the change y; = :v?

Remark 1 The following integral representation of a solution of E%'(a,b,c)

/tafl(l _ t)c—a—l(l _ ml)fbl .. (1 _ ‘,L.2n)*b2n(1 _ x2n+1)szn+1dt

supports Proposition 1 and Corollary 2.

5 Systems invariant under the involution #

Conisder the involution

#:(r1,. . xn) — (1/zq,... 1))

on X(2,n + 3) and let # takes the system E(a,b,c) = E}(a,b,...,by,c) into a
system
#E(a,b,c) : DiDju="Y" ijDku +mpu,  (1<4,5<n).
k=1

Since the change of variables z; — 1/x; induces the change of the derivations D; —
—D;, we can easily see the coeflicients:

k k 0 0 . ) 0 k Sy .
Ti; = T Ty = Mg 1<14,75,k <n; Mij = Ty = 0, 1#7#k#1,
. T; 1
% ? . . 0
T = b; , UE T, Ti = ab; )
T — T 1—x

1
= bi( S ) i Ak

1—37i T — T
. : —c+1)z; b
T D e e L

ki i T 1—.’L‘i

In particular E(a,b,c) is not invariant under the involution # for any choice of
parameters not simultaneously zero.

Let us transform the systems E and #E into the normal forms defined below.
We change the unknown v of the system E(a, b, ¢) as v = pw, where p is a non-zero
function. If we write the new system as

n
NE(a,b,c): DiDjw =Y Pi’;.Dkw + Piw, (1<4,j<n)
k=1
then the coefficients Pz’; are given by

D; D,

G p



where § denotes the Kronecker symbol. Now choose p so that the system VE be of
normal form, which means by definition,

Y Pf=0, (1<j<n)

that is,
D; .
Zmu n+1p =0; (1<j<n)
it is known that if the given system E is integrable then there is a non-zero function
p solving the above first order system of differential equations. Thus we have

k
9 D oF
n+1"" n+1

k
P pZ] Dbj,

where

. ij$j+bkmk i (a-l—bj):vj—c—i-l

n
pj =) Dhj= D P+
k=1

Py iz Tk~ T 1—x;
The coefficients of the normal form Y E(a, b, ¢) are given by
bixi(zy — 1) .

Pk = k = haki 1 k‘

27 pZZ (1 _ ./I/‘l)(xk _ $Z)7 # Y

: . _ P bj; i
P = [ = — y 7

" P = 1 zi—x; n+l1 7

We next find the normal form

N#E(a,b,c) : D;Djw = ZH Dyw + 1w, (1<4,j<n)
k=1
of #E(a, b, c). Its coefficients are given by

k
O ) o
& £ n+1 n—i—lj’

where
bjxy + brx; N (—c+1)z; +a+b;

n .
D ITED SRR DY
k=1

pay izg Tk~ L 1—z;
Thus we have
bxi(zy — 1) ,

I~ k= ke , 1#k,

~ ~ v bix; s
.. = [ U Jr J ) ]

ij g n+1 i — a5 ntl’ i F#

. . T
I; = ng_2n_£1'



Compare the coefficients and recall an elementary fact that a rational function

z ;X + 5]'
j r — tj
in x vanishes identically if and only if a;t; 3°; +8; = 0 and 3°; ; = 0. Then we get

Proposition 2 The system N E(a, b, c) coincides with the system ¥ E(a, b, c) if and

only if
b1:"':bn(:b)a —nb+a+6—1:0-

Let us summarize the above computaion. We got a system &(a, b, ¢) = E(a, by, ..., by, ¢)
of rank n + 1 on X(2,n + 3), which was the pull-back under ¢ : X(2,n + 3) —
X (2,2n + 4) of the hypergeometric system E5'(a, by, ..., byys1,c), with

bpi1 =0b1,...,bop = by, boyy1 =a—c+ 1.
The normal forms of £(a, b, ¢) and its pull-back coincide if and only if
by=---=b, (=0, —2n+1)b+a+c—1.
These conditions lead to
a=(n+1)b, c=nb+1.

If moreover £ is regular along the divisors {z; = 0}, then we have b =1/(n — 1).

6 The double covering f: X(2,7) — X(3,6)

Let X (3,6) be the configuration space of colored six points in general position in
the projective plane

X (3,6) = GL3\{z € M(3,6) | no 3-minor vanishes}/(C*)®.

We define a rational map f from X (2,7) to X(3,6). We start from a system of seven
points on the line representing a point of X (2,7). We regard the line, carrying the
seven points, as a non-singular conic in the plane. The five points represented by the
last five points, and the intersection point of the tangent lines (to the conic) at the
first and the second points define a system of six points on the plane, representing a
point of X (3,6). Let us express this map f in terms of coordinates. We normalize
the system of seven points to be

x=(0,00,1,21,...,24) € X(2,7).

If the conic is given by tf — tota = 0 in the plane coordinatized by ¢y : t; : ty, the
seven points are represented by the seven columns

1011 1 1 1
0 01 = 29 73 w4
0 1 1 22 a3 22 22



Since the tangents of the conic at the first two points are t = 0 and ¢y = 0, the
intersection is given by 0: 1 : 0; so the point f(x) is represented by

01 1 1 1 1
1 1 27 29 z3 24 | € X(3,6).
0 1 22 22 22 22

Normalizing the above 3 x 6-matrix into

1001 1 1
0101 Z1 R92 y
0 011 zZ3 24

we can readily show

Proposition 3 The map
f:X2,7)2z=(x1,...,24) —> 2= (21,...,24) € X(3,6)

defined in this section is given by

. _ (373 + iL'l)(LL'Q — 1) 2 = (374 -+ 1'1)(372 — 1)
' (z3 — 1) (22 + 21)’ (x4 —1)(z2 + 21)’
= (x3+ 1)(z2 — 1) = (x4 + 1) (z2 — 1)
° (23 — x1) (22 + 1) (24 — 1) (22 + 1)

Remark 2 1. The Jacobian of f is given by

(r1 — 1) (=22 + 71) (w2 — 74) (T3 — T4) (T3 — T2) (T1 + 1)3(22 — 1)
(x5 — x1)2(x2 + 1)3(xq — 1)2(z2 + 21)3 (23 — 1)2(—24 + 21)2

2. Put

D, = 224 — 223, Dy = 2124 — 2923 — 24 + 29 + 23 — 21,

Q = —22321 — 292324 + 2023 + 212429 + 212423 — 2124.

Then the singular locus of the system found in [H] is defined by

D= 1:[12.7'(1 —zj) - (21 — 22) (21 — 23) (22 — 24) (23 — 24) D1.D2Q,

and f*(D) is given by

— (s +21) (2 — 1) (w4 + 21) (w3 + 1) (=22 + 71)° (24 + 1) (21 + 1)"
(23 — 22)° (22 — 14)° (w3 — 24)° (21 — 1)° (w3 + 22) (22 + 24) (23 + T4)

x (23 —1) (@ +21) Mag—1) (@3 —21) (22 + 1) (=24 + 1) "



Proposition 4 The map f is invariant under the involution # : x; — 1/x;. More-
over f is a two-to-one map.

Sketch of the proof. For given (z1,..., 24), we solve z1,...,z4. We can see that
must be a solution of the quadratic equation

where

Co

Cy

X

CyZ%+Ci1Z + Cy =0,

02 = —(—2224 + 232024 — 23 + 2123 + 24 — 212324)

(23 + 22 — 24 — 21 — 212324 + 212320 — 222421 + 232224 — 22023 + 22124),
—6212324 + 4z§z421 — 4z§zlzg + 4z§z§z1 + 4zszzg — 4,2%2224 -+ 4,2%,23,22
2212370 — 2292421 — 6232924 — 6222221z3 + 1629242123 — 22%232222
2z§zl,22 — 2zfz§zg — 222,2221 — 2,2%23,24 + 2zfz§z4 — 22%23,22 — 2,232;,24
223222 + 2252003 + Az zazy — 22024522 + A2 232 — 225 — 223

4z§z§ + 22123 — 22923 + 42423 + 4z4zf — 4zizf + 22924 + 4z1zi — 22124
22125 — 22523 + dzizg — 22524 + 22025 + 225 232420 + Au3Zs + 2232202

2.2 2 2
2z§z§z4zl — 22%2:42'1,23 + 421252520 — 227 232924 — 62125 2224.

The discriminant of the quadratic equation with respect to Z is given by

16(21 — 1)(20 — 1)(23 — 1) (24 — 1)(21 — 22) (23 — 24) D2Q.

Other ones z; and x3 can be expressed as rational functions in zo and z:

I

X3

o+ o+

+ +

—$2(—2123 ~+ 212329 + 2024 — 292421 — 22 + 21)/(—231'2 —+ 23 + 29 + 2429
24 — 21 — 212324 — 212324%9 + 212320 — 292421 + 2320240 + 232924
Xoz123 — 22923 — ToZoZy + 22124),

—29(1 — 221 + 2123 — To + T22123) (23 + 20 — 24 — 21 — 212324 + 212322
Zozaz1 + 232zs — 22923 + 22124) [ (20252120 + 23 + 20 — 24 — 21
6212324 + 2212329 — 292421 + 232924 + 229242123 — 4z§zlz2

z%zng + 2,2%2324 — z%z§z4 — 22% + 22123 — 42923 + 22423

22124 + zlz;‘: — zfz;; + 4z§zQ — zfzgzzz4 + z1z§2224

2x22§22z4 — 23:22% — 23322%,2322 + 2x2z§ + 33:22%,23 — X929

ToZ1 — 3ToZoZa21 + $2212§ZQZ4 — 2X92423 — 22§zgz

221232,24 — 23%9 + 24X + 2T92129 + 23:27:%,22,24 + 3232924%9

2 2.2 2 2.2
XoZiZ32024 — ToZi2324 — To2123 + To2i2322),

and x4 is obtained from the expression of x3 by the exchanges z; <> 2z and 23 > 2.
Therefore the map f is two-to-one.
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7 A system on X (3,6) induced by £ invariant un-
der #

We have now the system
g(a;b,C), a:5b,c:4b+1,b:b1:...:b4’

with a parameter b on X (2,7) invariant under the involution #. The push-down
f+€(a, b, c) of this system is a system defined on X (3,6). Here we confess honestly
that we still do not find a way to express the system f.€(a,b,c) in z-variables with
parameter b in a reasonably compact form. Nevertheless when the system &(a, b, ¢)
is non-sigular along the divisors {z; = 0}, that is, when b = 1/3, we can explicitly
find the coefficients of the system f.€(a,b,c) and we obtain

Theorem 1 The system £(5/3,1/3,7/3), as a system on on X (3,6), coincides with
the system we found in [/, which has singularities along the divsor {D = 0}.

Make the coordinate change z — z to transform the system &(a, b, ¢) into the form
0%v/02;0z; = --- and write the coefficients in terms of z. Though it is possible
to express these coefficients in z, it is much easier to rewrite the coefficients of the
system in [B] in termns of z. We then compare the coefficients of the two systems
to find that they coincide.
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