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hgm OpenXM search.
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Let A = (aij) be a d × n matrix (aij ∈ Z). We denote by aj ∈ Zd

the j-th column vector of A. We assume that there exists a row i
such that aij > 0. For β ∈ N0A = N0a1 + · · ·+N0an, the
polynomial

ZA(β; x) =
∑

Au=β,u∈Nd
0

xu

u!
=

∑
Au=β,u∈Nd

0

∏
xuii∏
ui !

(1)

is called the A-hypergeometric polynomial [6].
P(U = u) = xu

u! /ZA(β; x) is a probability distributioin on Au = β
with a parameter vector x .
Goal: Exact numerical evaluation of the polynomial ZA(β; x) and
its derivatives.
This problem is fundamental and has a lot of applications, e.g.,
E [Ui ] = xi

∂Z
∂xi

/Z .
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ZA(β; x) =
∑

Au=β,u∈Nd
0

xu

u!

Example(2× 2 contingency table): A =

 0 0 1 1
1 0 1 0
0 1 0 1

,

β = (37, 36, 12)T . We denote u by

(
u1 u2
u3 u4

)
. u’s satisfying

Au = β are

u =

(
11 0
25 12

)
, . . . , u =

(
4 7
32 5

)
, . . . , u =

(
0 11
36 1

)
.

ZA(β; x) =
x112 x363 x4
11!36!1! 2F1 (−12,−11, 26; y) , y = x1x4

x2x3
.
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The polynomial ZA satisfies the A-hypergeometric system
(Gel’fand-Kapranov-Zelevinsky hypergeometric system): ai spans
Zd . c1, . . . , cd : indeterminates.

D[c] = C[c1, . . . , cd ]⟨x1, . . . , xn, ∂1, . . . , ∂n⟩

where ∂ixj = xj∂i + δij . HA[c] is the left ideal in D[c] generated by

n∑
j=1

aijxj∂j − ci =: Ei − ci , (i = 1, . . . , d) (2)

n∏
i=1

∂ui
i −

n∏
j=1

∂
vj
j (3)

( u, v runs over all u, v ∈ Nn
0 satisfying Au = Av .)

The ideal generated by (3) is IA (the affine toric ideal). For
β ∈ N0A, the left ideal (generated by ) HA[β] (in D), which is
called the A-hypergeometric system HA(β), annihilates the
polynomial ZA(β; x).
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Contiguity relation/Recurrence relation

∂i • ZA(β; x) = ZA(β − ai ; x)

(the contiguity relation)
Numerical evaluation of hypergeometric polynomial becomes hard
problem when dimKerA and the rank of HA(β) increase and β
becomes larger.
Example:

FC (a, b, c; y) =
∑
k∈Nn

0

(a)|k|(b)|k|∏
ki !

∏
(ci )ki

yk , A =

(
1 1

En+1 −En+1

)

where (a)m = a(a+ 1) · · · (a+m − 1) and |k | = k1 + · · ·+ kn.
n = 4, a = −179− N, b = −139− N, c = (37, 23, 13, 31),
y = (31/64, 357/800, 51/320, 87/160)
N Evaluating series method of Macaulay type matrix

0 6822s (1.89 hour) 61399s (about 17 hours)
100 138640s (1 day and about 14.5 h) 73126s(about 20.3 hours)
200 More than 2 days 84562s (about 23.5 hours)
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N=200

A=[[1,0,0,1,0,1,0,1,0,1],[0,1,0,1,0,1,0,1,0,1],[0,0,1,-1,0,0,0,0,0,0],[0,0,0,0,1,-1,0,0,0,0],[0,0,0,0,0,0,1,-1,0,0],[0,0,0,0,0,0,0,0,1,-1]]

Beta=[452,412,-37,-23,-13,31]

at ([x1,x2,x3,x4,x5,x6,x7,x8,x9,x10]=[140/411,40/137,25/822,31/411,14/411,17/274,17/822,5/137,10/137,29/822])

oohg_native=0, oohg_curl=1

EV([x3])=[484018240471728953822203320553380653219481012643866487201043272204554116427335942534923953734369224115118588984123072569136290891579520329541553442865752590415520319485421065595137301328883979140023812923275660710730421232058161700705547449268377195194228077351043108101578345063216794271693352810730334947439153057972224676949248193530257593491171415513944172055

863656998391689243859475296234352137555517730222159221047221525046528456147511166276227650243450974228077404468895995531696472995397633930662766475574990610840725549419942714191953927850677112637154311595545477579283438183380723306933695028413902272323650590868061416758103036261902982300160735105205734309775420779540081602023240782619255433487826859925775415744182023576

305750092193523229313167685161576286201466399466487213469381535663734384193880974741829514261324096233334597958181233341683292648618581876456024935247488712945778994419534817889865543297153602500642431997207160323881134324772247206961352639369970074124439991338325437430542989018067434026678441879647198415451602359167716578467056337098202325211336313239576308589685507405

344275350822035203131054916726819435165178778325389866000027699548897905993488167196392728277735383730885104289031199118571536797893081066025576227107335096676724654476129124957508961837473988172546512178202116468537245761216175710219483357860356170512291354827074858376471273890592577267051501344093037297728309535056658588699524982174052337266327701447028826667768850730107588600049186455367399530574292981190368764873068889092542386936010749485482228269987418802938675068376457543091603817046668312077467915517373475

/19442228498425155530438424291258885951160065533306378943684005607207680083449525569604031294035766826584812783743314823200354152931689206417431338066334120276564960367602082573820341085361638027417758933807593620290223824105749853259449849607778331460631637605029577016232851717191883682058950882307371610800934683219212550724634134908233858903760315796665288188264736609

20636859057551023139439540444360178054580858641760937317843818981263740587028035356318196511904938764035017858910404662300431121901949249816362709318833980427882535835790456096768353496004755155228108003410713814585916514587492319257416861023791973494879599629718859437032960019602588522101656082395695425447863898848137796625992961523433213543034744850879459027184936075030641057447702689958276095772570805266333446287445152519885608

941772514489533194749781746840208705674606008876031734288671532476200701856516011956451597268538379935874158960104859542989280731874731798324225857088610362705068285274105252549767902002738816722833067153908128001513382661594128238627186431628490021881628155794006498048786187219157799292613900000891762318537257330170928000544328628936682249495555512840064115310617164969

320906272014298259515698562808086396098869061102204255115706387649155785914644280004302208683409377394435414368852870906677122916240560958859979007117098578683515122765908200602714595004642507884608434942147057693274419786847034903320856408965476285926896546137995926044911307306943630358164774683745845155483582353122140724857539258219017556281884035014757780794661933709

9573932056327206030262721912023810463723569352286063413912998077871191506911]

Time=84562.4

N Evaluating of series method of Macaulay type matrix

0 6822s (1.89 hour) 61399s (about 17 hours)
100 138640s (1 day and about 14.5 h) 73126s(about 20.3 hours)
200 More than 2 days 84562s (about 23.5 hours)

Intel Xeon E5-4650 (2.7GHz) with 256G memory, the computer algebra system

Risa/Asir (20140528).
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Method: the holonomic gradient method (HGM) consisting of 3
steps.
hgm OpenXM search.
The method of Macaulay type matrix is a variation of the HGM.
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hgm OpenXM search.

Step 1. (Find a holonomic system for an integral or a sum.) Derive
a Pfaffian system for the holonomic system HA[c].

Rn = C(c , x)⟨∂1, . . . , ∂n⟩. (4)

RnHA[c] is a zero dimensional ideal in Rn. G : a Gröbner basis of
the ideal. {s1, . . . , sr} : the set of the standard monomials for G . r
: the rank of HA[c] (See [1] as to the rank of HA(β).)
S = (s1, . . . , sr )

T : the column vector of the standard monomials.
The matrix Pi satisfying ∂iS ≡ Pi (c, x)S modRnHA[c] can be
obtained by the normal form computation of ∂i sj by G . Y : a
column vector of r unknown functions r .

∂i • Y =
∂Y

∂xi
= PiY (5)

is called the Pfaffian system. Y (β; x) = (s1 • ZA, . . . , sr • ZA)
T

satisfies (5). From the contiguity relation, we have

Y (β − ai ; x) = Pi (β, x)Y (β; x) (6)
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Y (β − ai ; x) = Pi (β, x)Y (β; x)
Example (2 × 2 contingency table) :

Y (β − a1) =
1

x1

(
−B −x2

β3Bx3
D

β2x1x4+β3x2x3
D

)
Y (β; x), D = x1x4 − x2x3, B = β1 − β2 − β3

Step 2. Evaluate Y (β′; x) for a small β′ by evaluating the
hypergeometric polynonomial and its derivatives.
Step 3. Extend the value of Y by applying the following relation
repeatedly

Y (β′′; x) = Pi (β
′′, x)−1Y (β′′ − ai ; x) (7)

along a suitable path from β′ to β.
Difficulties of the “generic” or “general” HGM above are

...1 Computation of the Gröbner basis of RnHA[c] and normal forms is hard.
For example, the normal form algorithm stops with a memory exhaustion
in our example.

...2 We need to find a suitable path from β′ to β. The denominator of the
matrix Pi might be zero for a β′′ on the path and the matrix Pi might
not have the inverse for a β′′ on the path.
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Solution to the difficulty 2.
A basis S of Rn/(RnHA[c]) as a vector space over C(c , x) is called
a good basis for N0A when the following two conditions are
satisfied.

...1 The singularity polynomial for the Pfaffian system does not
contain the variables ci ’s.

...2 S is a basis of R ′/R ′HA(β), R
′ = C(x)⟨∂1, . . . , ∂n⟩ for all

β ∈ N0A.

.
Theorem (Ohara-T [4])
..

......

When A is normal and S is a good basis, then the matrix
Pi (β + ai ; x) has the inverse for β satisfying β −

∑
uiai ∈ N0A for

all ∂u ∈ S and for any x out of a measure zero set.
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Solution to the difficulty 1.
1-a: A basis S is determined by the following theorem.
.
Theorem (Hibi-Nishiyama-T [2])
..

......

Let w ∈ Zn be a generic weight vector for the affine toric ideal IA
such that deg inw (IA) = deg IA. Let u1, . . . , ur be a monomial basis
of Rn/(RnJ) where the left ideal J is generated by inw (IA) and
Ei − ci , i = 1, . . . , d in Rn. Then, {ui} is a basis of Rn/(RnHA[c]).

1-b: Use of Macaulay type matrix [3], which is a generalization of
the Sylvester matrix. We construct the Macaulay type matrix FT from the generators of the ideal

RnHA[c] and the basis S up to the degree T . We simplify the matrix FT by a Gröbner basis of the toric ideal IA

and construct a simplifed matrix F ′
T . Note that we no longer need non-commutative multiplication to construct

the Pfaffian system Pi (c; x) from F ′
T . We specialize the parameter c to the vector of natural numbers β′′ and the

variable x to the evaluation point ξ and construct the Pfaffian system Pi (β
′′; ξ) by computing the echelon form of

F ′
T .
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.
Theorem (Ohara-T [4])
..

......

...1 When T is sufficiently large, the reduced row echelon form of
F ′ = F ′

T contains the Pfaffian operator ∂i s −
∑

t∈S ctt if ∂i s
is irreducible by the Gröbner basis of IA.

...2 Let f be a solution of HA(c). The numerical value (∂i s) • f at
a generic point x = ξ ∈ Qn, c = β′′ ∈ Qd , can be obtained
from the numerical values of s • f , s ∈ S at a point
x = ξ, c = β′′ by computing the reduced row echelon form of
the numerical matrix F ′|x=ξ,c=β′′ .

The Macaulay type algorithm is implemented in the package
ot hgm ahg.rr for Risa/Asir.
Note: For the two way contingency tables, a construction of
Pfaffian systems by utilyzing twisted cohomology groups is studied
by Y.Goto and K.Matsumoto. See [5] and its references for the
case of 2×m contingency tables.
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Example: Consider the A-hypergeometric ideal generated by

x1∂1 + x2∂2 + x3∂3 + x4∂4 − c1, x2∂2 + x4∂4 − c2, x3∂3 + x4∂4 − c3,

∂2∂3 − ∂1∂4.

For the graded reverse lexicographic order such that ∂1 > ∂2 > ∂3 > ∂4, the basis by the algorithm [2] is

S = {1, ∂4}. Put the degree T = 1. We multiply the monomials in NT = {1, ∂1, ∂2, ∂3, ∂4} to the generators.

The table below is the result of the multiplication where the index i1 i2 · · · im in the top row stands for the

monomial
∏m

k=1 ∂ik
and the index 0 denotes the monomial 1.
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M′ Mr M′ S
11 12 13 14 22 23 24 33 34 44 1 2 3 4 0

x1 x2 x3 x4 −c1
x1 x2 x3 x4 1 − c1

x1 x2 x3 x4 1 − c1
x1 x2 x3 x4 1 − c1

x1 x2 x3 x4 1 − c1
x2 x4 −c2

x2 x4 −c2
x2 x4 1 − c2

x2 x4 −c2
x2 x4 1 − c2

x3 x4 −c3
x3 x4 −c3

x3 x4 −c3
x3 x4 1 − c3

x3 x4 1 − c3
−1 1

and
Mi \ M′ Mr Mi \ M′ Mr

114 123 124 134 144 223 233 234
−1 1

−1 1
−1 1

−1 1

We put

Mt = {23, 114, 123, 124, 134, 144, 223, 233, 234}

M′ = {1, 2, 3, 11, 12, 13, 14, 22, 24, 33, 34, 44}.

Note that Mt = Mr ∪ (Mi \ M′) in the proof. The join of the two tables is the matrix F and M = Mt ∪ M′.
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Let us use the order of indices such that Mt > M′ > S. Apply the Gaussian elimination with this order to the
first table. We eliminate elements of the column standing for the index 23 by the last row and then remove the last
row. Then, we obtain the following matrix which agrees with the matrix F ′

T , (T = 1) in the algorithm.

11 12 13 14 22 23 24 33 34 44 1 2 3 4 0
x1 x2 x3 x4 −c1

x1 x2 x3 x4 1 − c1
x1 −x3 x2 x4 1 − c1

x1 −x2 x3 x4 1 − c1
x1 x2 x3 x4 1 − c1

x2 x4 −c2
x2 x4 −c2

x2 x4 1 − c2
−x2 x4 −c2

x2 x4 1 − c2
x3 x4 −c3

x3 x4 −c3
−x3 x4 −c3

x3 x4 1 − c3
x3 x4 1 − c3

We can see, by a calculation, that this matrix can be transformed into the reduced row echelon form whose rank is

12. The reduced row echelon form contains the Pfaffian operators.
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