Goal of today: Solving a linear indefinite equation in the ring of
polynomials by GB

Let K be a field. K[x] = K[x1,...,Xa]. We use the multi-index
notation, e.g., x* = [[_; x™. Let w € Z" be a vector, which we
call a weight vector. We define a total order <,, among

monomials by

X<y x’ o aw<fBow
or (a-w=p -wanda <)

where o <jox 8 when the first non-zero component of 5§ — « is
positive.
Example. n =2, w = (1,1). (We use x, y instead of xi, x2.)

1<Wy<Wx<Wy2<ny<Wx2<W~-

ax® <, bxP, a,b € K is defined by x* <,, x? (ignore coefficients).
In particular, ax® =,, bx® (in the sense of order).



in., (f) = the leading term of f by the order <,

Example.
in.,(3xy + y% + 2x) = 3xy

For f,g € K|[x], define f <, g iff in. (f) <in.,(g). Note that if
f <. g then hf <, hg holds for any non-zero polynomial h.

f is called divisible by g with respect to <,, when in., (g)|in<, (f).
Example. 3xy + y? + 2x is divisible by 5x + 1.

Assume that a term m of f is divisible by g. Rewriting f to

m - .
fli=f-—g, g=inc,(g)
g
is called the m-reduction of f by g and denoted by
f—f byg

Example.

3 3 2
3ﬂ+y2+2x—>y2+2ix—gy—>y2—gy—g by 5x +1



When w; > 0 for i = 1,...,n m-reduction stops in finite steps,
because there exists only finite lattice points « in the first orthant
satisfying o - w = (a given positive integer).

Exercise 1. Prove this fact when w; > 0.

Let G be a finite set of polynomials. Assume that a term m of f is
divisible by a polynomial g in G. (Add a figure of a monoideal.)
We reduce f by g. The reduction, which is also called the
m-reduction by G, is written as

f—f byG

If w; > 0, the m-reduction by G stops in finite steps. When the
m-reductions are performed as

f—f —f"—.. . —f
where f contains no divisible term by G. Then it is written as
F—*f



Example. w =(1,1,1,1,1,1,1).
L >w 2 >w Y1 2w Y2 >w Y3 >w Ya.

G={th—y1,t3—yo, tito — y3, t1t3 — ya}

titsto —  yato by G
titpts — y3t3 — yoy3 by G

When f —* h by G, h is not necessarily unique.
Define

sp(f,g) = g

g
where f =in_ (f) = axP, § = in.,(g) = bx9,
lem(F, &) = [, x"*P9) (Add a figure of lcm.)

lem(F, &) . lem(f, &)
F



Theorem (Buchberger, 50 years ago)

Assume that w; > 0. We fix the order <,,. When the S-pair
criterion

sp(gi,g) —"0 by G
holds for any gi,g; € G, i # j, we have the following properties.

@ (Standard representationi) For any f € (G), there exist
hi € K[x] such that

f=Y hg and f>, hg
@ (Ideal membership) For f € (G) we always have f —* 0 by
G.

@ IfK[x] > f —* u by G, then u is unique, which is called the
normal form of f by G and <,,.




Example TGB.

G = {Q_ylaﬁ_)’%tl)’l—)@,
tiy2 — ya, Y1ya — y2y3}

The set G satisfies the S-pair criterion.

titots — titsyr — tiyiye — yoy3
titots — titoyo — toya — y1ya — Yoy3

Confluence of the m-reduction.



. Since sp(g1,42) —* 0 by G, we have

sp(81,82) = c181 — 28 = Zsigi

where c1g1 =w & > Sigi. Before proceeding to the proof, we
introduce the important construction. We call the vector

(51 —C1,5 + C€2,53,54, .. )

the syzygy vector of the S-pair sp(g1, g2) and denote it by
syzsp(g1,82). We have syzsp(gi, gj) - G = 0 where G is regarded

as a vector (g1, 42, - - )
Suppose that f = ) h;g;. By changing indexes, we assume that

hlgl —w h2g2 =w " =w hkgk >w hk+1gk+1 ZW te

holds. If k =0, then we have f >, h;g;. We assume that k > 0.
Since in<,, (h1g1) =w in<, (h2g2), there exists m = ax® such that
minc,(c181) = inc, (hg1).



Multiplying m to the syzygy of the S-pair syzsp(g1, g2) and adding
it to the vector (hy, hy,...), we construct a new h" as

h = (hy+sim — cim, hy + m(sy + c2), h3 + ms3, hy + msy, . ..).

Since hig1 <w hi1g1 and h.g; <, h;gj for i > 2, k descreases or
max., (h,g;) decreases for the new h'. Repeating this procedure,
we obtain (1) in finite steps.



Conside the special case of ) hjgi = 0. The important
consequence of this proof is that the solution space of the linear
indefinite equation (syzygy equation)

sv2(G) = {h e KIxI| Y higi = 0

is generated by the syzygies of the S-pairs syzsp(gi, gj)-
Exercise 2. Find the generators of the solutions of the linear
indefinite equation for G in the Example TGB.



