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ann ¥ = {0 € D,|[toff =0}, =T

£95. V=d+) Bidlogf; £BL. ZDH,
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FIERA:
RO7.(Dp/1) 3 € — (LefP)fPdx € Q" H dx, dx = dxiA---Adx,
HEIELE 5.2 5. Well-defined THDZ L Z2RT. L€,
Piy € C[X] DI,
((L+) " 0ipin @) o ) Plx
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ZZT, (dx)' & dx; A (dx)' = dx 725 n— 1-form, f[y] I%
Ve P =fly|fP 723 C[x,1/f] ®rt. EOEFEDRIE
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Fun with Macaulay 2

i3 : load "Dmodules.m2"
i4 : QQ[x,dx,WeylAlgebra=>{x=>dx}]
i5: I=AnnFs(x*(1-x)*(2-x))
3 2 2
05 = ideal(x dx - 3x dx - 3x s + 2x*dx + 6x*s - 2s)
i6 : R = QQ[x,dx,WeylAlgebra=>{x=>dx}]
i7 : J=ideal (x"3*dx-3*x"2*dx-3*x"2*(-1/2)+2*x*dx+6*x*(-1/:
i8 : Dintegration(J,{1})
2
08 = HashTable{0 => QQ }
1=>0

f=x(1-x)(2—x),V=d—dlogf®, s=—1/2 (generic). Z®D
FEEIE H(C\ {0,1,2},V) DKL,



Fun with Risa/Asir

import ("names.rr")$

import ("nk_restriction.rr")$

F=x*(1-x)*(2-x)*(3-x)$

I=[F*dx+(1/2)*diff (F,x)];

nk_restriction.integration(I, [x], [dx],[1]);
(01,C02],01],00]11]1 //[[2],[1],[0]] a basis of C~3

G=x*(1-x)*(2-x)$ F=G*x(z-x)$

I=[F*dx+(1/2)*diff (F,x) ,red ((Fxdz+(1/2)*diff (F,z))/G)];

nk_restriction.integration(I, [x,z], [dx,dz],[1,0]);
[[-4%dz"3*z"3+ ... snip, -2xdz*x+2xdz*z+1],[[1],[0]]]

nk_restriction.integration_ideal(I, [x,z], [dx,dz],[1,0]);
[4%dz"2*%z"3+(-12%dz"2+12%dz) *z" 2+ (8*dz"2-24*dz+3) *z+8*dz-

f=x(1-x)2—x)(3—x), V=d—dlogf*, s=—1/2 (generic).
The result is a basis of H}(C\ {0,1,2,3}, V).



NSOy r—=VEBTHOWTWS 7ILT Y X L0
BT m, = [ Dt (Oaku, 1997. Oaku-Takayama, 2001).
7:C— {pt} (LIKGTCTHEL DT AT« 7 ZH).
BUTrMC%KERT. f=3T, fixl & x O—ZHLIHERX.
m = ordy(f), w = (1). K[x]x 1ZIKED k LT DEIHA» 5725
K X2 b )LZE.

x'f(x) = Z fix/ ¥
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j=0

Z DB DITHIRBLZ M (f) &F & Macaulay type matrix of
the degree k & &.&. (BiRZ ML - 175] = B~ 27 b))



xif(x) = Z fjx”"
j=0
KXk 13IREAD k LFDZIHA» 575 K N2 hVZER]. RO
£ ISV ERE DD . (e > x1)
m
Kixlkem = K™ 5 65 > figiyi € KM o KXk
j=0
Example B1: f(x) = x? + 1.
eor—>1-(X2+1):ez—l—eo,e1r—)x-(X2+1):e3+e1
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D = K(x,0)

(BIRRIE Ox =x0+1.) w=1, ord(_yy ) (x'd) = —i.
f=>cx'd 1 (— i) EDVTARTHUBOKE, (—w,w)
homogeneous & LS,

#i€ B2: D Ot f, g » (—w, w) homogeneous 72 5 fg
(—w, w) homogeneous.

GERH. XD Leipnitz DX ZH S .

0Px% — x99 + paxi-1gpt 4 PP 1;’(" “Da2pp2y
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XV, j—i <k DED K RXRZ MVERE V, bEL (2
(—w, w)- IR k LFDICETH D). Vo1 CTxD 2D TEH
<. Kashiwara-Malgrange filtration (with degree shift).
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homogeneous TIXEIE m KD EIZKE W, X>T qjg1 =0 TdH
5. L7zhoT ¢y =0. TNIEFFE. //



faDODILLTD. > ixdV (0FRLIZEDD) DD f DK
/R % the normally ordered expression & IECF, 55 : f: THRT.
Example. : Ox := x0x + 1.
HARE k % fix 5. ge D, ord(_y,w)(g) =J IR D & 5 IZHRIE
RS ' .

K[a]k_j 50 8’g . ‘XZO S K[a]k
EEHRTD. ZOEHETHIRIL7ZEH D% Macaulay type
matrix for restriction of degree k & X UF M (g) £ &EX.
Example B5: g = x0? + x0, k = 2.

1 = x0?°+xD: |x==0
D = :10g: |x=0=x0>+0°+x0%+0|x=0=0>+0

0 0O
K[kt BAFRZ ML L Al T



C* . 0 7mt Kbm £ Kbnoy It kb By e B g

ZIZT o i KAEEBRTHS. piopirr =0 WY ILDE ED
X% complex of vector spaces (N2 MVZERIDHIR) & &I

s Ker ¢;

Hoi(C*) = L9

() Impjtq

CREHTD. ZNE KR MVERTHS.
Example B6: g = x0? + x0.

c* . 0— K28 3 g

H=1(C*) ~ K, HO(C*) ~ K2.



Theorem

g €D IZTXHUT kg 2 Dg D indicial polynomial (b-function) @ &
ROBEBIE T 5. k> ko IZHUTIRD &K S22 bIVZEFED
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DEFHE. D/xD < D/AD.



AERA. K-~XZ MOVZER]D complex

0— D/xD®p D28 D/xD®p D — 0
FRDE S ITHEEED.
G*:0—=D/xD>f % fg: |,—o€ D/xD~ K[J] =0

H/(C®) — HI(G®) WA TH B ERES. HOIZDWT. 0
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b(s) % Dg @ indicial polynomial (b-function) &9 5.

b(xd) =x"g mod V_; ¥RETS. k' >k L &S, 0 2l
ZAEREET b(K)OK +x(---)= 0¥ x"g mod V_1p. £oT
b(k")o* =0 mod V_y s + Dg +xD. THIEe4t%FEkd 5.

H=1 22\ T, Ker Mi(g) 75 Kerp ~D K-#RIEEARD
isomorphism 728 W5 ZEERED. Y, 0 # 0 DY My(g)
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LHMEERT720DIZ, g DERK (—w, w) IREDIEN ST ) eix o
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W B1L f € VN (Dg +xD) WXL, f = xu+ qg € Vy 75 5%
BT, ord(xu) < k &7 % u,q BFIET 5. :: k i b(s) =0
D KFELAR LA _E DEL
FERA: EDORIIT, j— 1 =ord(xu) BEhNE b u 2L 3.
J—1>k EIRETS. ub(xd) =0 modDgNVj+ Vi1 TH5.
b(x0+j)Ju=0 modDgnNV;+V,;

L%, x0 DIEFEZANEZ S &,

b(Ox —1+j)u=0, modDgnNV;+ Vj_;

T, j—1>k KOIRENS xu DIEIRDIEIL qg DEEIRD
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© H.Nakayama, N.Takayama, Computing differential equations
for integrals associated to smooth Fano polytope, Japan
Journal of Industrial and Applied Mathematics 30 (2013),
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0 3%t 11 FH (K6 1) £T.

@ K.Nishiyama, M.Noro, Stratification associated with local
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O x*v* + x%y?2% 4+ 2x%yPwz 4 2xyzw + 22w? + w2.
@ resultant(fy, /) T I T o = xM 4 g + upx + -+ - + upx*L
k=3 £T.
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@ http://www.math.sci.osaka-u.ac.jp/ msj-si-2015
M.Stillman, Computing with coherent sheaves and sheaf
cohomology with applications to geometry and string theory
(with Macaulay 2). X C P", X i non-sigular. HI(Q%) DX
JEDFHA.

© [MRE: nearby cycle, vanishing cycle, H/(C"\ V(f); L) ®
mixed Hodge #H&ED 7))L TV A LIZ & B5HE.

Q [MiE: P! ® £ D-JfEL U(sl(2))-module DX
(Beilinson-Bernstein %fJii3).

0, — e, =220, h, O, — T,

w = 1/z. sheaf cohomology. 43 BFDFHEIZ?
@ Y Z T algorithmic IR TE 2007 FHE (Fv b7 —
7)) EBFOEmE T D, FIEE (Y b T —2) LI <.
e



