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Abstract: We consider bases of Pfaffian systems for A-hypergeometric sys-
tems. These are given by Grobner deformations, they also provide bases for
twisted cohomology groups. For a hypergeometric system associated with a
class of order polytopes, these bases have a combinatorial description. The size
of the bases associated with a subclass of the order polytopes has a growth rate
of polynomial order.

1 Introduction

The gamma distribution in statistics is a probability distribution on ¢ € (0, +00)
with two parameters v > 0 (shape) and > 0 (rate). The probability density
function is written as exp(—at)t?~!/®(v; ) where the normalizing constant ®
can be expressed in terms of the gamma function as

“+o0
O(y;x) = / exp(—at)t? " tdt = 27T (7).
0

Numerical evaluation of the Gamma function is an important problem to apply
the Gamma distribution to problems in statistics. In [12], [22], a new method
to evaluate numerically normalizing constants for a class of unnormalized dis-
tributions was proposed. It is the holonomic gradient method (HGM). The key
step of this method is to construct a Pfaffian system of differential or difference
equations associated to the normalizing constant.

In a series of papers, we are going to study numerical evaluations of A-
hypergeometric functions regarded as a generalization of the gamma and the
beta distributions by the HGM, which leads us interesting mathematical prob-
lems. We will discuss on one of them, which is a method to construct bases of
Pfaffian systems associated to A-hypergeometric functions.

Let g(x,t) = Y ,caZat?, t* = 17" ---t3* be a generic sparse polynomial
int = (t1,...,tq) with the support on a finite set of points A C Z?. The
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coefficients x,, a € A are denoted by x;, ¢ = 1,...,n. The function defined by
the integral

O(x) :/ glx,t)*t"dt, or P(x) :/ exp(g(x,t))tVdt, dt =dty---dtg
C1 Ca

over a cycle C; in the t-space is called an A-hypergeometric function of x with
parameters « € C, y; € C [1], [9], [11]. It is known that the A-hypergeometric
function satisfies a system of linear partial differential equations in x, which is
called the A-hypergeometric system. The A-hypergeometric system is a holo-
nomic system, and the operators of the system generate a zero-dimensional ideal
in the ring of differential operators with rational function coefficients (see, e.g.,
[13, Chapter 6]). A-hypergeometric systems have been studied for the past 25
years (see, e.g., [10], [11], [26]), and they have applications in many fields.

The function g(z,t)*t"/®(x) or exp(g(x,t))t?/P(x) can be regarded as a
probability distribution function on C; with parameters x, «,y satisfying cer-
tain conditions. This distribution, which we will call the A-distribution, is a
generalization of the beta distribution or the gamma distribution. In this con-
text, the function ®(x) is called the normalizing constant of the A-distribution.
In [12], [13], [22], some new statistical methods were proposed. These were the
holonomic gradient method (HGM) and the holonomic gradient descent (HGD).
The HGM is a method for numerically evaluating the normalizing constant,
which is a function of the parameters x, for a given unnormalized probability
distribution, and the HGD uses the HGM to obtain the maximum likelihood es-
timate. The key step for both of these methods is to construct a Pfaffian system
associated with the normalizing constant. The size of the Pfaffian system deter-
mines the complexity of the HGM and the HGD (see, e.g., [19]). The HGM and
HGD lead us to the following fundamental goals for applying A-hypergeometric
systems to statistics.

1. Find an efficient method for constructing a Pfaffian system associated with
a given A-hypergeometric system.

2. Find a subclass of A-hypergeometric systems for which the associated
Pfaffian systems are of moderate size.

Let us turn into more precise statements of the mathematical problem which

will be discussed in this paper. Let F be a vector-valued function in x1,...,x,.
We suppose the length of F' is r and that F' is a column vector. Let Q;(x),
1 =1,...,n, be r X r matrices satisfying

0Q; 0Q;

gt Q=5+ Q0

for all i # j. The system of linear differential equations

oz, =Qix)F, i=1,...,n



is called a Pfaffian system. We also call the system of linear differential oper-
ators O%i — @; a Pfaffian system. The number r is called the size or the rank
of the Pfaffian system. For a given zero-dimensional left ideal in the ring of
differential operators with rational function coefficients, it is well known that
an associated Pfaffian system can be obtained using a Groébner basis method
and some computer algebra systems can perform this translation (see, e.g., [22,
Appendix]). However, in general, this computation is difficult, and we wish to
provide an efficient method for translating the A-hypergeometric system into a
Pfaffian system.

Twisted cohomology groups can be used as a geometric method for finding
a Pfaffian system associated with a given definite integral that contains param-
eters (see, e.g., the book by Aomoto-Kita [3, Chapter 3, §8]). This approach is
as follows: (1) obtain a basis for a twisted cohomology group, and (2) calculate
the Pfaffian system associated with that basis. We will use this approach to
obtain a Pfaffian system, and in this paper, we consider the step (1).

Gel’fand, Kapranov, and Zelevinsky expressed A-hypergeometric functions
with regular singularities as pairings of twisted cycles and twisted cocycles [11].
Esterov and Takeuchi expressed confluent A-hypergeometric functions as pair-
ings of rapid-decay twisted cycles and twisted cocycles [9]. The cohomology
groups that come from geometry and are associated with A-hypergeometric
systems were discussed by Adolphson and Sperber [2]. The next step is to
obtain explicit bases for these twisted cohomology groups. Orlik and Terao
provided the fBnbc bases for the twisted cohomology groups associated with
hyperplane arrangements [25] (see also Remark 3). Aomoto, Kita, Orlik, and
Terao [4] provided a basis for a class of confluent hypergeometric integrals. In
this paper, we will give a computational method for determining the bases of
the twisted cohomology groups associated with generic sparse polynomials or
any A-hypergeometric system, and we will also give a combinatorial method for
a class of generic sparse polynomials.

Let R,, be the ring of differential operators with rational function coefficients
in K(x) of n-variables = (z1,...,%,) where K is a field of characteristic 0.
The first step in finding a Pfaffian system associated with a zero-dimensional
left ideal I in R, is to obtain a basis for R,,/I as a K (z)-vector space. It is well
known that a basis can be obtained by computing a Grobner basis of I in R,,.

Definition 1 Suppose that a left ideal I of R, is zero-dimensional. Let {uq,...,u,}
be a basis of R, /I as a K(z) vector space and Q;(z) be r X r matrix satisfying
821- U=Q;UmodI,U = (uy,...,u.)T. The system of linear differential opera-
tors 9/0x; — Qi, i = 1,...,n is called a Pfaffian system for the basis {u;} and

the basis is called the basis of the Pfaffian system.

In Theorem 1, we show that standard monomials for an ideal in a polynomial
ring give bases and provide an algorithm that is more efficient than computing
the Grobner basis of I itself. In Theorems 2 and 3, we show that this gives a
basis of the twisted cohomology group.

Our theorems are not only useful for computations, but they also pose in-
teresting theoretical problems in commutative algebra and combinatorics. We



study the hypergeometric system associated with a class of order polytopes (see,
e.g., [15]). We prove that bases of Pfaffian systems or twisted cohomology groups
have combinatorial descriptions (Theorems 4 and 7). The size of the Pfaffian
system associated with a subclass of the order polytopes has a growth rate of
polynomial order (Theorem 6). We expect that our results will yield a new class
of exponential probability distributions for which we can efficiently apply the
holonomic gradient method (HGM) and the holonomic gradient descent (HGD).
Construction algorithms for Pfaffian systems, utilizing the results of this paper
and examples of numerical evaluations, will be discussed in next papers.

2 Bases for the Pfaffian System

We denote by A = (a;;) a d x n-matrix whose elements are integers. We suppose
that the set of the column vectors of A spans Z¢. Let s, ...,sq be indetermi-
nates. Let D(s) be the Weyl algebra

D(s) =C(s1,.--,84){(T1,...,Tn,01,...,0n), O; = 0/0x;
over the field C(s) = C(s1,. .., Sq).
Definition 2 ([10], [26, p.105])
1. The ideal in C[0y,...,0y] generated by

[Tor 11y M
i=1 j=1
(with p,v € N§ running over all u, v such that Ay = Av).

is called the affine toric ideal and is denoted by I4.

2. The left ideal in D(s) generated by the elements of T4 and
Eifsi = Zaijxjﬁj—si, (Z:L,d) (2)
j=1
is called the A-hypergeometric ideal or system with indefinite parameters

{s;}. The left ideal is denoted by H(s).

For complex parameters 3;, the system of linear differential equations (E; —
Gi)f=0(@G=1,...,d),(0"=0")f =0 (Au = Av) is called the A-hypergeometric
system of differential equations or just the A-hypergeometric system.

Let R, be the ring of differential operators with rational function coefficients

R, =C(s,2){01,...,0n). (3)

We are interested in bases of R, /(R,Ha(s)) as a vector space over the field
C(s,z) = C(s1,...,84,%1,...,Z,). Any basis of the vector space yields an



associated Pfaffian system or an integrable connection associated with H4(s).
Let uq, ..., u, be abasis of R,,/(R,Ha(s)). For u;, there exist rational functions
pfj € C(s,z) such that Qu; = ZZ=1p§juk mod R, H4(s). The action of a
differential operator u on a function F' is denoted by u e F. The system of
differential equations 9;  F = (pf; |1 < j,k < r)F, where F is a vector valued
function of size r, is called a Pfaffian system, and {u;} is the basis of the Pfaffian
system (Definition 1).

Let w be a vector in Z™. For an ideal I in C[0, ..., 0,], we denote by in,, (I)
the ideal generated by in,(¢), £ € I, which is the sum of the highest w-order
terms in £. The ideal is called the initial ideal of I for the weight vector w. For
a left ideal J in D(s) and u,v € Z" such that u + v > 0, the initial ideal of J,
which is denoted by in, (), is analogously defined (see, e.g., [26, p.4]). It is
known that in(_, .)(Ha(s)) is generated by in,(la) and E; —s;, i =1,...,d
26, Th. 3.1.3).

Bases of R, /(Rn,Ha(s)) can be described by simpler quotients as in the
following theorem.

Theorem 1 Let w € Z™ be a generic weight vector for the affine toric ideal
I4 such that degin,(Ia) = degla. Let uy,...,u, be a monomial basis of
R,./(R,J), where the left ideal J is generated by in,(I4) and E;—s;, i =1,...,d
in R,,. Then, the set {uy,...,u,} is a basis of the vector space Ry, /(R,Ha(s)).

Proof. We denote by r the normalized volume of A. Since the s; are inde-
terminate, the holonomic ranks of J and H,(s) are r by Adolphson’s theorem
(see, e.g., [1], [26]). In other words, we have dimg(s,z)Rn/(R,HA(s)) = r and
dimC(s,m)Rn/J =T

We may assume that the u; are expressed as monomials in terms of Euler
operators 0; = x;0;. When we regard J as a system of linear differential
equations, it has 7 linearly independent solutions of the form z”, where p €
C(s)". We denote them by g; = 2, i = 1,...,r. Since the g; are linearly
independent solutions, the Wronskian determinant det(u; ® g;) is not identically
equal to 0. The solution g; can be extended to a solution f; of H4(s) such that
g; is the leading monomial of f; with respect to the weight vector w (see, e.g.,
23], [26, Chapters 2 and 3]). The series f; is expressed as f; = g; > ey, Cyxt,
Co = 1, where M; denotes the set of lattice points in a cone and Cy is a constant
belonging to C(s). The series converges in the space of convergent power series
g; - O(U){M;}, where U is an open set in the s-space and O(U) is the space
of holomorphic functions on U [23]. We replace z; by ;" for all ¢ in f; and
denote by xt® the vector (z1t",...,z,t""). From the construction algorithm
of f;, we may assume that f;(zt") = g;(2t")(1+0O(t)) when t — 0 as a function
of t when z is fixed and s lies in U.

Let us prove W = det(u; o f;) # 0. We denote by u;(p(j)) the constant
(u; ® xP9)) /2P(). Under this notation, we have 27 Wu; o g; = u;(p(j)) and

(@7 (g 0 f)) (@) = Y uilp(j) + O)Cox't"™ (4)

LeM;



Note that fw > 0 for £ # 0 and ¢ € M;. Therefore, we have
det(z™ Py, o f;)(xt?) = det(z "D u; o g;) (™) + O(t) (5)

from (4) when « is fixed and ¢ — 0. This implies that the Wronskian determinant
det(u;of;) = (HJ J:p(j)) det(z~PWuy;e f;) is not identically equal to 0. Therefore
the u; are linearly independent in R, /(R,Ha(s)). Q.E.D.

Let M be a monomial ideal in C[0]. When M is gencrated by {0}, the
distraction M C C[6] is generated by I, 0:(6; —1)---(6; — o; + 1), where
0; = x;0; [26, p.68]. Let M = in,(I4). Then, the ideal J in Theorem 1 is
generated by M and > iy aijfy —si i =1,...,d [26, Sec. 2.3, Prop. 3.1.5].
This leads us to the following corollary.

Corollary 1 Retain the assumptions of Theorem 1. Let J be the ideal generated
by M and )" a;j0;—s;, i =1,...,d in the polynomial ring C(s)[0] over the field
C(s). The set of the monomial basis of C(s)[0]/.J gives a basis of Ry,/RnHa(s)
by the replacement 0; = x;0;.

Remark 1 Theorem 1 and Corollary 1 give an efficient method to find bases
for Pfaffian systems. Let w be a vector in Z™. It is shown in [26, p.6 and Th.
3.1.3] that the set of <,,-Grobner basis of T4 and E; —s;’s is a <(—w,w)-Grobner
basis of H4(s) in the Weyl algebra D(s). Let <; be a term order in the ring
of differential operators with rational function coeflicients R, and we extend
it to an order < on D(s) by a block ordering as 8% < x* 9" if and only if
% <1 0% or (= and 2 <y ) where <5 is a term order in C(s)[z]. It
is known that any <-Grobner basis in D(s) is a <;-Grébner basis in R,, (see,
e.g., [13, Th 6.9.3]). This implies that Grobner bases by block orders in the
Weyl algebra can be regarded as Grobner bases in R,,. Although the <(_, -
Grobner basis of H4(s) has a simple form, Grébner bases for block orders are
(1) 1 ; ) The set
G = {8183 —8227 E1 — 81 = (Elal +$282 +$383 — 81, E2 — 89 1= x282 +2!L‘383 - 82}
is & <(_y,w)-Grobner basis for any w € Z>. On the other hand, the Grébner fan
of Ha(s) in the homogenized Weyl algebra [26, Sec. 2.1] when s is specialized
to (1/2,1/3) ! consists of 26 maximal dimensional cones and only one of them
stands for the Grobner basis of the 3 elements and other cones stand for more
complicated Grobner bases. For example, when <; is the graded lexicographic
order, the Grobner basis is the union of G and

not as simple as it in general. For example, set A = (

{ 721’13% — 2%282(93 — 21’383? — 83,
—123311‘38283 — 6$2$36§ — 433182 — 71‘283,
g6 1= 6231303 — 24212303 + 41120905 + Tw303 — 20712303}

LComputing the Grébner fan with indeterminates s; is not easy on our software “kan/sml
gfan.sm1 package (http://www.openxm.org)”. Then, we specialize s;’s to numbers.



The corresponding Grébner basis in Rg is {Ey — s1, Fa — $2,96}. The operator
g does not have a simple form even in this case. The set of the standard
monomials for a Grobner basis is the set of the monomials which are irreducible
by the division in terms of the Grobner basis. The theory of Grobner basis tells
that the set of the standard monomials gives a basis of the quotient ring by the
ideal standing for the Grobner basis as a vector space over the coefficient field.
Theorem 1 and Corollary 1 claim that a basis of R,, /R, Ha(s) can be obtained
by a computation of a Grobner basis in the polynomial ring and we do not need
a computation of a Grébner basis in R,,. We can expect the former method is
more efficient than the latter method of computing a Grébner basis in R,, to
obtain a basis of the quotient space. In fact, our computational experiments in
[16] and [24, Sec. 6] support this expectation.

3 Bases of Twisted Cohomology Groups

Let A1 = (a1,---yan, )y Ak = (Qny_y 415+, any, ), ai € Z°. To each matrix
Aj, we associate a generic sparse polynomial in ¢

nj
fj (QC, t) = Z :cit“i s (6)
i=nj_1+1

where t* = Hle tfi. For parameters aq,...,a; and 71, ...,7s, we consider the

integral
k
®(a,y;x) = / P(z,t)dty -+~ dts, P(x,t) =[] fi(z,t)*t7 (7)
c .
j=1

for a suitable twisted cycle C' [11, 2.2]. The function ® is satisfied by the A-
hypergeometric system for

1 - 1 0 e 0 0 0
1 1 0 0
0 0 0 0
A= (8)
0 --- 0 0 o0 1 o1
a1 e anl an1+1 PN anz ank71+l cae ank
and 8= (ag,...,ap, -y —1,...,—7s — 1)T, where we assume that the rank of

A is maximal [11]. Set P’ = P|q—y=1. Let n = Zle n;, and define a projection

p by
p: CT\V(P) 3 (x,t) — x € C"



We regard P as a function in ¢ = (¢1,...,ts) with the parameter vector x. Define
the connection V with rational function coefficients by

Vv =d, +é (gg/za) dt; 9)

where d; is the exterior derivative with respect to the variables ¢, ..., ts.

We fix a parameter vector z. Then, p~!(z) is a complement in C° of the
algebraic variety V (P’) where P’ is regarded as a polynomial in ¢. The (rational)
twisted cohomology group H®(p~'(z),V) is defined by

C[tl,. . ts, 1/P/]dt1 A Adts
v (Zf:l Cltr, - ots, 1/ P N dtj)

which is a C-vector space. When we say a basis of the twisted cohomology
group, it means that a basis of the cohomology group as the C vector space.

(10)

Theorem 2 Assume that the matriz A is expressed as (8). Let o,y be generic
complex parameters, and let {uy, ..., u.} be a basis as given in Theorem 1. Then
the set of rational expressions {(u; @ P)/P} is a basis of the twisted cohomology
group HO(p~Y(x),V) when x lies outside of an analytic set.

We mean by “generic complex parameters” parameters such that a set of
logarithm free solutions [26, Sec. 3.4] spans the solution space when we specialize
s to the parameter vector J in the proof of Theorem 1.

Proof. Tt follows from the local triviality theorem [29, 5.1 Corollaire] that
the projection p is a locally trivial map on a Zariski open subset U of C™. Take
a point xg in U. Then the inverse image p~!(U’) of a small neighborhood U’ of
T is isomorphic, as a smooth manifold, to the direct product of p=1(xq) x U’.
Therefore, we can form a basis from the twisted homology group Hs(p~*(x), Py),
x € U’ of the form Y ¢;A; ® P, where ¢; is a constant that does not depend
on x and A; is a smooth simplex that does not depend on x. Here, P, is the
local system defined by P at x. Note that P, and P,  are isomorphic for any
z, ' e U'.

Let {u1,...,u,} be a basis of R,,/(R,Ha(s)) as given in Theorem 1. For
generic parameters o and y and a twisted cycle C; = >, ¢jr A ® P, where cjj,
and Ajj does not depend on the parameter x, the integral

ioP
u; @ Oa,v;x) = Z cjk/ u; @ Pdt = chk/ %Pdt
Ajk Ajk

can be regarded as a pairing (p;, C;) of the twisted cocycle ¢; = %dt €
H°(p~'(z),V) and the twisted cycle C;. Since the matrix-valued function
(@i, Cj)) is a fundamental set of solutions of the Pfaffian system for the A-
hypergeometric system H4(f3), its determinant does not vanish away from an
analytic set. This implies that the pairing of H®(p~'(x),V) x Hs(p~'(x), Px)
is perfect away from the analytic set in the x space. Thus, the set u; @ P/P is
a basis of the twisted cohomology group. Q.E.D.



We consider general A-hypergeometric systems without assuming the special
form of A in (8). We put

n d
gla,t) =3 gt o = ] 6
i=1 j=1

where a;’s are column vectors of the matrix A = (a;;) and (a;); = a;; denotes
the j-th element of the vector a;. Define a projection p by

p: (CHH" S (z,t) e C”

We regard g as a function in ¢ = (¢1,...,¢;) with the parameter vector z. Let
Y1, - - -,7Y4 be complex numbers. Define the connection V with rational function
coefficients and the twisted cohomology group by

Cltf, ..., tF)dty A~ Adty

\ (Ele C[t, ... t7] A dtj)

d
- 99 v d (-1
th+;<8ti+ti>a H'(p™ (), V)

Theorem 3 Lety = (;) be generic complex parameter vector and let {uy, ..., u,}
be a basis given in Theorem 1. Then the set of rational forms
u; ® exp(g)tVdt

P T N~ .:]—7“'7
7 exp(g)t? Z '

is a basis of the twisted cohomology group H%(p~'(x), V) when x lies outside of
an analytic set.

Proof. Our proof relies on the theory of rapid decay homology groups
and confluent A-hypergeometric systems. It follows from Esterov-Takeuchi
[9] and the generic condition on the parameter v that we can form a basis
C from the rapid decay homology cycles ¢, ® exp(g)t? (¢, is the support set)
such that fcw exp(g)t7dt, ¢, ® exp(g)t” € C span the solution space of the A-
hypergeometric system for 3; = —y; — 1 on C™ \ D where D is the algebraic
set defined by the non-degeneracy condition of ¢ (see, e.g., [9, Def 2.3]). In
particular, C = r (the normalized volume of A). Hien and Roucairol [18, Th
3.5 and its proof] prove that the integration over the rapid decay cycles and the
differentiation with respect to z; can be exchanged in this case. In other words,
we have

U; ® €X tY
u; -/c exp(g)t7dt = / exp(z)(fj exp(g)t7dt = (pi, ce ® exp(g)t7).

x

It follows from these two results that the rest of the proof is analogous with that
of Theorem 2 under the perfect pairing theorem of the rapid decay homology
group and the twisted cohomology group by Hien [17]. Q.E.D.



Figure 1: Cq11

Example 1 Consider the matrix

Ty T2 T3 T4 Ts Te T7 T
1 1 1 1 1 1 1 1

A— o 100 1100
“lo o 1 0 1 0 1 1
0O 0 0 1 0 1 1 1

(which are the vertices of the order polytope associated to the distributive lattice
of Figure 1; see Section 4). The basis given by Theorem 1 is {1, 95, s, 07, 93, 3 }.
It is determined by computing a Grobner basis for the ideal J or J by a com-
puter. Note that this computation is easier than computing the Grébner basis
in Rg of Ha(s). The corresponding basis of the twisted cohomology group is
{1, igdt tatsdt iatadt trtghadt (atala)dty yhore Q = gy + woty + w3ty + Tats +
Tstits + xetits + xrtats + xstitats and dt = dtidtedts. Note that we assume
that parameters o, y; are generic.

Example 2 Let

T2 T3 T4 Tz Te T7 Tg
1 0 O 1 1 0 1
A = 0 1 0 1 0 1 1
0 0 1 0 1 1 1

The hypergeometric system associated with A’ is a confluent system of the pre-
vious example. Put Q = wot1+x3to+xats+xst1to+xetits+x7tots+xst 1tats and
dt = dt1dtadts. Then the integral [, o exp(Q)t7dt, where C' is a rapid decay cycle,
is a solution. The toric ideal 4 is obtained formally by setting 9; = 1 in I 4 of
Example 1. A basis given by Theorem 1 is {1, 35, 05, 07, 95, 92 }. The correspond-
ing basis of the twisted cohomology group is {1, t1tadt, t1tzdt, totsdt, titatadt, (t1tats)?dt}.

4 A-hypergeometric Systems for Order Polytopes

For some classes of generic sparse polynomials or A, we can calculate by hand the
set of standard monomials for J. These are order polytopes associated to posets

10



Figure 2: A poset P Figure 3: Distributive lattice of J(P)

which decompose into two chains and to posets which are buquets. We note
that it yields the celebrated theorem of K. Aomoto on the twisted cohomology
group for a hyperplane arrangement in a general position as a special case. We
change a gear in this section to combinatorics and symbols P, k, r, s, w, «,
will be redefined and (ideal) J in this section stands for (ideal) .J in the previous
sections.

First, recall the order polytope of a finite partially ordered set ([15, p. 115]).
Let P = {v1,...,v,,} be a finite partially ordered set with |P| = m. A poset
ideal of P is a subset « of P such that if v € a, w € P, and w < v, then w € a.
Thus in particular the empty set and P itself are poset ideals of P. Let J(P)
denote the distributive lattice ([15, p.118]) consisting of all poset ideals of P,
ordered by inclusion. For example, if P is the disjoint union of two chains of
length 2 and length 3 shown in Figure 2, then L = J(P) is the distributive
lattice shown in Figure 3.

Let ey, ..., e, denote the standard unit coordinate vectors of R™. If § is a
subset of P, then we write ag for the (0,1)-vector > ;e; € R™. The order
polytope O(P) C R™ of P is the convex hull of the finite set {a : o € J(P)}.
Its dimension is dim O(P) = m.

Let K = C({{a}acy(p)) denote the rational function field in |J(P)| vari-
ables over C. Let Klt1,...,tn,s] be the polynomial ring in m + 1 variables
over K. If (3 is a subset of P, then we write ug for the square-free monomial
[1,,eptis Let K[O(P)] denote the subalgebra of K[ti,...,,s] that is gener-
ated by those square-free monomials ug with 5 € J(P). The semigroup ring
K[O(P)] was introduced in [14]. We call K[O(P)] the toric ring of O(P). The
Krull dimension of K[O(P)] is m + 1.

Let K[{ya}acs(p)] denote the polynomial ring in |7 (P)| variables over K,
and define the surjective ring homomorphism 7 : K[{ya}acsp)] — K[O(P)]
by setting 7(ya) = ua. Its kernel Io(py is called the toric ideal of O(P). It is
known [14] that Io(p) is generated by quadratic binomials

YaYp — YarsYavps, (11)

such that o and § are incomparable in the distributive lattice J(P). We fix
an ordering < of variables of K[{ya}aes(p)] With the property that if o >
B in J(P), then yo < yg. Let <,ev be the reverse lexicographic order on

11



U3 w3

V2 w2

U1 w1
Figure 4: P

Figure 5: J(P)

K[{Ya}acs(p) induced by the ordering <. In [14] it was shown that the set of
binomials (11) is the reduced Grobner basis of Io(py with respect to <;ey. Thus
inc,, (Io(py) is generated by those square-free quadratic monomials y,ys such
that o and § are incomparable in J(P).
Let
Gizzgayafnh 1<i<m,

ViEQ
and let
O = Z EalYa — Nos

acJ(P)

where n; € K. It then follows that the sequence (09, 01, ..., 0,,) is a system of
parameters of both the residue rings K[{ya }acs(p)]/Io(p) and K[{Ya}acg(p))/in<... lop))-
The fundamental goal is to find a K-basis of the zero-dimensional residue ring

K{yataeg )/ (in<,..(Iop)), ©0, 01, Om). (12)

In general, however, this is difficult. When P can be decomposed into two
chains, a complete answer can be found, as shown below. For example, the
poset P of Figure 4 can be decomposed into the chains v; < vy < w3 and
w < wy < wsz < Wy.

Now, suppose that a finite poset P can be decomposed into two chains
Cp:v1 <---<wypoflengthp—1and C;:wy <--- < w, of length ¢ — 1, where
p>1and ¢ > 1. Let £ denote the set of those pairs (4, ), where 0 < < p and
0 < j <g, for which {v1,...,v;,w1,...,w;} is a poset ideal of P. In particular,
(0,0), (p,q) € L. When (i,7) € L, we write «; ; for {v1,...,v;,w1,...,w;}. For
example, g = 0 and o, ; = P. We then have L = {«;; : (i,j) € L}. When
(i,7) € L, we write & ; for &, ; and y; ; for yq, . Let

O = Z Ek,jYk,j — Misy  0<1<p
i<k<p,0<j<q, (k,j)€L

and

0. = > SieYie =14, 0<j<q
0<i<p, j<L<q, (i,£)EL

12



In particular,

Opx = O, = Z &Y — 1o,
(i,5)€L

with 79 = 70« = ns0. Let K[y] = K[{yi ;j }o<i<p,0<j<q, (i.j)ec] and
J = (inc,.,(lop)); {Oito<i<p, {Oxjto<i<q), (13)
where
inc,..(lop)) = ({Yijyke 1 1 <k, £<j, (i,7) € L, (k,{) € L}).

Then the residue ring (12) is K[y]/J. Let <oy denote the reverse lexicographic
order on K[y] induced by the ordering of the variables, as follows: y; ; > y ¢ if
cither i +j < k+ L ori+j=k+{ withi> k.

Lemma 1 In Klyl]/in<,_ (J),
Yi¥ig = YijYirg = 0,
where (i, ), (i,7") and (i, j) belong to L.

Proof. Let i < i'. Then

OirslYij — Yij (( > fk,@i%,é) - 77i’*>
i'<k,j<¢, (kL)L
belongs to in< , (Ip(py). Hence
Yi,j (( Z €k,zyk,z) - 772'/*)

i <k,j<t, (k0)EL

belongs to J. Thus its initial monomial y; jy,; ; belongs to in< ., (J).
Let 7 = 7. Let f be the polynomial

OisYij — 5;]1@*j< Z §i,kyz‘,k)7

0<k<j—1, (i,k)EL

and write f = fi+f2, where fo € inc_, (Ip(p)) and where none of the monomials
appearing in f; belongs to in<,, (Io(py). Then f; € J and the initial monomial
of fi is yfj Hence yfj €inc,,(J). Similarly, y; ;v ;» € in<,., (J). Q.E.D.

Lemma 2 For each 0 <1 < p, we write j? for the smallest integer for which
(i,j?) € L. For each 0 < j < q, we write zz for the smallest integer for which
(ig,j) € L. Then Yi ¢ and Y j belong to inc,(J).

Proof . Since ©;, and O,; belong to J, their initial monomials y, j and y;» ;
i %
belong to inc,_ (J). Q.E.D.

13



Figure 6:

Let S denote the set of square-free monomials of Kly]| of the form
Yir,gi1Yiz,52  Yiryjrs (14)
with each (i, ji) € L\ ({y; ;2 : 0<i<p}U{yp ; : 0<j <q}) such that
Jq 77

0<ip<ig< - <ip<p, 0<j1<ja<--<jr<q r=0,1,2,....

Theorem 4 The set of standard monomials of in.,_ (J) is equal to S.

Proof. In [7, Th. 2.2], it was proven that the number of standard monomials
of degree r coincides with the number of maximal chains of [ (P) with r descents.
Recall that the descents of a maximal chain

0,0 = g jo < Miyyjy < < Wiy gjpig = Opg

of J(P) are those o, j, with 1 <k < p+ ¢ such that

i1 =ik <ikst, Gk <Jk = kb1, Jki1 #dh -

Now, given a square-free monomial (14) of degree r, we can associate a unique
maximal chain whose descents are

Qi —1,51> Xig—1,5oy """ s Mip—1,5,5

in the obvious way (see Figure 6.)

Hence the number of square-free monomials (14) of degree r is less than or
equal to that of standard monomials of degree r. On the other hand, since
Lemmata 1 and 2 guarantee that each standard monomial must belong to S, it
follows that S is the set of standard monomials of in<___(J), as desired. Q.E.D.

14



V2 W
U1 N w1

Figure 7: P

Figure 8: J(P)

Remark 2 When the variables n;, and 7,; are 0 in the rational function field,
we can work with a system of parameters consisting of homogeneous elements
and both Lemma 2 and Lemma 1 are valid without modification. This observa-
tion is crucial to our argument of counting the number of standard monomials
in the proof of Theorem 4. We also note that &; may be specialized to any
nonzero number for K = C without changing the claims of this section.

Example 3 Let P be the finite poset of Figure 7, and let L = J(P) be the
distributive lattice shown in Figure 8. Then the standard monomials of in<___(.J)

are 15 y1,15 ¥1,2; ¥2,2; and Y1,1Y2,2-

Let us turn to the discussion of A-hypergeometric systems. Let P, , denote
the disjoint union of two chains C}, : v1 < -+ < v, of length p — 1 and Cj :
wy < -+ < wy of length ¢ — 1. Let o, where 0 < ¢ < pand 0 < j < g, be
the poset ideal {v1,...,v;,w1,...,w;}. In particular oo = ). This is a special
and interesting subclass of poset ideals. We regard the vector aq, o € J(Pp q),
as a column vector and construct a matrix A, , with these column vectors and
a row vector (1,1,...,1). For example, Ay o is

0o 01 02 10 11 12 20 21 22

OO OO
O = O O
_ =0 O
OO O ==
O = O =
—_— = O =
OO = ==
e e
e

By elementary row transformations, we transform the matrix A, , into the ma-
trix A, , of the form (8) with k=p+1,n; = - =n, =q¢+1,and a; = 0 € R?
when ¢ =1 modg+1, a;11 = e € R? when ¢ = k mod g+ 1. For example, As o
can be transformed into

00 01 02 10 11 12 20 21 22

&

[N

|
SO oOo OO
O OO
_ o O o
[l e Nl o)
O = O = O
_ O O = O
OOk OO
O = = OO
= O = OO



We note that A, , and A, , define the same A-hypergeometric system.

The matrix A, which represents a poset P that can be decomposed into two
chains (as considered in this section), is obtained by removing some columns
from flp,q. For example, the A that represents Figure 8 is obtained by deleting
the seventh column of the matrix Ag 5. Therefore, for A, the sparse polynomials
fj (6) that can be decomposed into two chains are linear in ¢. In particular,
the f;’s for P, , are in the general linear position. It follows from the inte-
gral representation (7) that the A, ,-hypergeometric system agrees with the
Aomoto-Gel'fand system E(p+ 1, (p+ 1)+ (¢+1)) [3], because the matrix A, ,
defines a hyperplane arrangement V ([[¢; [[ f;) in a general position. The initial
ideal in<,_, (I4) is a square-free monomial ideal. In particular, it follows from
Corollary 1 that the standard monomials of the ideal J defined in (13) provide
a basis of the Pfaffian system for H4(s) when y;; is replaced by 0;;.

Let S be the set of standard monomials given in Theorem 4 for the poset
ideal J(P). Then, the set S|,,. s, gives a basis of the Pfaffian system for the
A-hypergeometric system.

From our Theorems 2 and 4 and the correspondence that we have explained
above, we have the following theorem (we locally use o and + to denote complex
parameters in this theorem to use the notation in the previous sections).

Theorem 5 Let A be the matriz in the form (8) representing a poset P that
can be decomposed into two chains, and let S = {uy,...,u.} be the set of
standard monomials given in Theorem 4 with y;; replaced by 0. Set @ =

H?:1 fi(x,0)%9t7 and Q" = Qla,=v,=1. Then, the set of rational forms

u; o Q)
Q

is a basis of the twisted cohomology group (10) (with P replaced by Q) when
o,y are generic complex numbers and x lies outside of an analytic set.

dty---dts, i=1,...,r (15)

Remark 3 In the case P = P, 4, this theorem is a different presentation of the
celebrated work of K. Aomoto, who gave a basis for the twisted cohomology
group associated with a hyperplane arrangement in a general position (see, e.g.,
[3, Theorem 9.6.2]). In a more general result, Orlik and Terao gave bases of
twisted cohomology groups associated with hyperplane arrangements in terms
of the fnbc basis [25, 6.3]. Our theorem gives bases for twisted cohomology
groups in a very different way for a class of hyperplane arrangements obtained
by restricting the arrangements in the general position to the z;; = 0’s.

Example 4 The A-hypergeometric system associated with Figure 8 is the re-
striction of F(3,6) to x99 = 0. Figure 9 illustrates the arrangement that repre-
sents it.
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Figure 9: V(t1t2 1] f;)

5 Rank of a Class of Order Polytopes

We now turn to the discussion of the normalized volume of order polytopes,
which stands for the rank of the Pfaffian system with generic parameters. It
follows from [27] that the normalized volume of the order polytope O(P) is
equal to e(P), the number of linear extensions of P. Recall that an antichain
of P is a subset B of P such that if v and w belong to B with v # w, then v
and w are incomparable in P. The width of P is the supremum of cardinalities
of antichains of P. The length of a chain C is |C| — 1. The rank of P is the
supremum of lengths of chains of P.

Lemma 3 Fiz positive integers q and r. Let P be the disjoint union of q chains
Ch,...,Cq, and assume that the length of each chain C; with 1 <1 < q is at
most r — 1. Then there exists a polynomial f(m) in m of degree r(q — 1) such
that e(P) is at most f(m), where m = |P|.

Proof. Let £; denote the length of C;. Then the number of linear extensions

of P is |
m m.

P) = - m

e(P) (51752,...,1@) AT

Since ¢, =m — 2{1:—11 0; >m —r(qg—1), it follows that

K2

Let
fm)y=mim—-1)(m—-2)---(m—r(g—1)+ 1),

which is a polynomial in m of degree r(¢ — 1). Then e(P) < f(m), as required.
Q.E.D.

Theorem 6 Fix positive integers q and r. Let P be a finite partially ordered
set, and suppose that there exists a chain C of P such that

17



Figure 10: J(Py 1)
' Figure 11: The bouquet of 3 J(P;1)’s

(i) the width of P\ C is at most ¢ — 1;
(ii) the rank of P\ C is at most r — 1.

Then there exists a polynomial f(m) in m of degree r(q — 1) such that e(P) is
at most f(m), where m = |P)|.

Proof. Since the width of P\ C is at most ¢ — 1, Dilworth’s theorem [8]
guarantees the existence of ¢—1 chains C1, . .., Cq—1 of P\C, where the length of
each C; is at most r—1, such that P\C' = C1UC,U---UC,_1 and C;NC; = () for
1 # j. Hence there exists a partially ordered set ) that is the disjoint union of
q chains (7, ..., C, where the length of each C} with 1 <4 < ¢ is at most r —1,
such that there is an order-preserving bijection ¢ : Q — P. Hence e(P) < ¢(Q).
Thus the desired result follows from Lemma 3. Q.E.D.

Let us turn to the discussion of A-hypergeometric systems. By Theorem 6,
the rank e(P) of the hypergeometric system associated with the order polytope
O(P) (m = |P|), has a polynomial growth property with respect to m. This is
good news, since the rank determines the complexity of the holonomic gradient
method [22].

6 Bouquet

We now wish to introduce a “bouquet” of finite distributive lattices. The asso-
ciated hypergeometric systems include the Lauricella function F4 as we will see
in Example 5. Let P, ..., P, be finite posets, where

P={ o), 1<i<g,

and let L; = J(P;) be the distributive lattice consisting of all poset ideals of P;.
The finite meet-semilattice (28, p. 249, 3.3]) UL, (T (P;)) is called the bouquet
of Ly = J(P1),...,Ly = J(P,). For example, if ¢ = 3 and P, = P, = P5 are
the finite poset P ; shown in Figure 10, then the Hasse diagram of the bouquet
of Ly, Lo, L3 is shown in Figure 11.
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Let e§i), 1<i<gq,1<j<m;, denote the standard unit coordinate vectors
of R™, where m = my + -+ my. If 3 is a subset of P;, then we write ag for

the (0, 1)-vector 5 el
(0, Devector 3,

O(P,...,P;) C R™ denote the convex hull of the finite set

€ R™. In particular, wy is the origin of R™. Let

{aq : aEUJ(Pi)}.

Its dimension is dim O(Pi, ..., P;) = m. In the language of combinatorics, the
convex polytope O(Py, ..., P,) is called the free sum ([6]) of O(P1),...,O(F,).
Let

q .
K=C({& :aelJIP)}{n 1<i<q1<j<mi}.m)

i=1

denote the rational function field in |J!_, J(P;) + (m + 1)| variables over C,
and let ‘
K[{t{ 1 1<i<q1<j<m}, s

be the polynomial ring in m + 1 variables over K. If § is a subset of P,
then we write ug for the square-free monomial (Hv;i>€ﬁ t;l))s. The toric ring
K[O(Py,...,P))] of O(Py,...,P,) is the subalgebra of K[{t;i)}, s] that is gen-
erated by those square-free monomials u, with a € (J, J(P;). Its Krull
dimension is m + 1.

Let K[{Ya}a) = K[{ya : a € U2, T(P;)}] denote the polynomial ring in
UL, J(P;)| variables over K, and define the surjective ring homomorphism

T: K[{Ya}a] — K[O(P,...,P,)]

by setting 7(ya) = ua- Its kernel is the toric ideal Io(p, ... p,) of O(P1, ..., ).
It follows that Ip(p, ... p,) is generated by those quadratic binomials

Ya¥p — YanpYavs, (16)

where both a and 3 belong to J(P;) for some 1 < i < g and where « and (3 are
incomparable in J(F;).

We fix an ordering < of the variables of K[{yq}a] with the property that
if both « and 8 belong to J(F;) for some 1 < i < ¢ and if & > § in J(P),
then yo < yg. Let <;ev denote the reverse lexicographic order on K[{yn}a]
induced by the ordering <. It then follows that the set of binomials (16) is
the reduced Grobner basis of Ip(p, ... p,) With respect to <;ey. Thus the initial
idealin_, (I@(phm,pq)) of Io(p,,...,p,) with respect to <,ey is generated by those
square-free quadratic monomials y,ys such that both a and 3 belong to J(F;)
for some 1 <4 < ¢q and that « and 8 are incomparable in J(F;).

Let _ _

0= 3" tua -, 1<i<q 1<j<m,

v;i) ca
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and let

O = Z §aYa — Mo-

aeJ(P)

It then follows that the sequence

(©0,0",...,000 6% ... 0@ .. e . e
is a system of parameters of both the residue rings K[{ya}al/lo(p,,....p,) and
K[{yatal/in<...(lop,...P,))-

Now, suppose that each poset P; can be decomposed into two chains, and
write S; for the set of standard monomials, which is obtained using Theorem 4,
for the residue class ring arising from O(P;). By virtue of the fact that ©¢ plays
no rule in the proof of Lemma 1, it follows that the set of standard monomials
of

K[{ya}a]/in<mv (ine,., (IO(Pl ,,,,, Pq))7 ©o, @§1)7 B @%Z) (17)

with respect to <,.y is a subset of

{ﬁui:uieé‘i,lgigq}. (18)

=1

Finally, the computation of the number of standard monomials based on the
equality (7) of [6, Theorem 1.4] together with the information on the facets of
the order polytopes ([27, p. 10]) guarantee the following theorem.

Theorem 7 The set of standard monomials of the residue class ring (17) with
respect to <oy coincides with the set of square-free monomials (18).

Example 5 For the bouquet of Figure 11, the set of standard monomials ob-
tained by Theorem 7 (labeling variables as in Figure 11 and replacing y;; by
8¢ ) is

{071 053053 | ki € {0,1}}.

We will show that this bouquet represents the Lauricella hypergeometric func-
tion F4 of three variables [5, Chapitre VII]. We note that the twisted coho-
mology groups associated with the F4 are studied in [20] in a quite different
way. We consider A-hypergeometric system associated with the lattice shown
in Figure 11. The independent variables of the system will be denoted by
D005 P01, P02, P03, P10; P205 P30, P11, P22, P33 or simply as 00, 01, 02, 03, 10, 20, 30,11, 22, 33
if no confusion arises. The differential operators of the system will be denoted by
(900, 801, 802, 803, (910, 820, (930, (311, (922, (933 or Simply as 00, 01, 02, 03, 10, 20, 30, 11, 22, 33
if no confusion arises. The toric ideal associated with the lattice is generated by

10-01 —00-11,20-02 — 00 - 22,30 - 03 — 00 - 33. (19)
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The underlined terms are the leading terms for the reverse lexicographic order
such that 00 < other variables, and the set is a Grobner basis with this order.
Hence, the A-hypergeometric system has a solution of the form

10-01 20-02 30-03
X
pf<00-11’00-22’00-33>' (20)
Set
_10-01
T 01
2002
YT 0022
30 - 03
z = —.
00 - 33

The differential operator p1opo1Poop11 (010001 —o0011) can be written as 610691 —
x6p0©11, where 8;; = p;;0;; (the Euler operator). We will derive a differen-
tial operator that annihilates the function f from this operator. Apply 617 to
p" f(x,y,z). Then, we have p¥(y11 — 6.)f. Apply ©g to this function. Then,
we have

Yoov11P” f+p 111 (=02 =0y —0.) f —voop o f —p" (=1)2 for =P 2(—0,— 0, —0.) fu.
This can be factored as
p'y(gx + Gy +0. — 700)(990 - 'Yll)f~
An analogous calculation leads us to
0100010" f (2, y,2) = " (02 +v01)(0x + Y10) f-
Therefore, the function f(z,y, z) satisfies
(02 +01) (0 +710) — (02 + 0y + 0. —v00) (02 — 11)) [ = 0. (21)

By analogous calculations, we have

((oy + 702)(921 =+ 720) - y(ozc + oy + 02 - ’700)(034 - 722)) f = 07 (22)

(0= +703) (0 +730) — 2(0x + 0y + 0 —700) (0= —733)) f =0. (23)

By these equations for the function f, we conclude that the function g =
xT oLy TY02 708 f(g gy 2) satisfies the differential equations for the Lauricella
function Fl4, n = 3.

The bouquet of n squares stands for the Lauricella F'4 of n variables.

Remark 4 The Lauricella functions belong to the Mellin hypergeometric sys-
tems introduced in the 19-th century [3, Appendix 1], [21]. A categorial corre-
spondence between Mellin systems and A-hypergeometric systems is discussed
in [30].

Acknowledgments: The authors are grateful to Prof. Kiyoshi Takeuchi for
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and constructive criticisms to improve this paper.
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