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What is a sampler? Sampler = generate random vectors with a
given distribution.

Example

Generate random vectors u = (u1, u2) satisfying

u1 + u2 = β, ui ∈ N0

with the distribution
β!

u1!u2!
pu11 pu22 (1)

where pi ≥ 0, p1 + p2 = 1.

P(U = u) = (1)

When β = 2, pi = 1/2, then

P(U = (0, 2)) =
1

4
,P(U = (1, 1)) =

1

2
,P(U = (2, 0)) =

1

4
rbinom(20,size=2,prob=1/2);

[1] 1 2 1 2 1 1 0 2 0 1 1 2 2 0 2 2 1 2 1 1

stands for random vectors (1, 1), (2, 0), (1, 1), (2, 0), (1, 1), (1, 1), (0, 2), . . .

hist(rbinom(2000,size=2,prob=1/2))
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How to generate these random vectors by a direct sampler?
Input: β, p1, p2
Output: (u1, u2)

1. (c1, c2) = (0, 0) (init count vector)

2. e1 =
p1

p1+p2
, e2 =

p2
p1+p2

.

3. Divide [0, 1] by e1 : e2. It is divided into E1, E2.

4. Generate a random number in [0, 1] with the uniform
distribution.

5. if t ∈ E1, then c1 ++, β −− else if t ∈ E2, then c2 ++,
β −−.

6. if β > 0, then goto 4 else return u = (c1, c2).

Theorem (well-known)

The change of getting (u1, u2) is (1).

Proof . Let i1, i2, . . . , iβ be the sequence obtained in the step 5. ij
is 1 or 2. Note ♯{k | ik = 1} = c1, ♯{k | ik = 2} = c2. Then the
chance of getting this index sequence is pc11 pc22 . When we have the

count vector (c1, c2), the number of positions of 1, 2 is
(
β
c1

)
. 2
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(3, 0) 1
8

(2, 1) 3
8

(1, 2) 3
8

(0, 3) 1
8

4 / 22



What is the A distribution?

A: d × n matrix. Integer entries†. p ∈ Rn
≥0. u ∈ Nn

0, β ∈ Nd
0 . Put

ZA(β; p) =
∑

Au=β,u∈Nn
0

pu

u!
(2)

The A distribuion of u ∈ Nn
0 is

P(U = u) =
pu

u!ZA(β; p)
(3)

u! = u1! · · · un!.
Example: When A = (1, 1), it is the distribution of the previous
slide. β1!ZA(β; p) = (p1 + p2)

β.
Mano’s direct sampler for A-distribution: S.Mano, The A-hypergeometric

System Associated with the Rational Normal Curve and Exchangeable

Structures, Electronic Journal of Statistics 11 (2017), 4452–4487 ‡.
†The first row consists of 1’s. rank = d .
‡https://projecteuclid.org/euclid.ejs/1510887943
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Direct sampler algorithm(S.Mano, 2018)

Input: β, p
Output: c

1. c := (0, 0, . . . , 0) (init count vector)

2. ei :=
piZ(β−ai ;p)
β1Z(β;p) , i = 1, . . . , n§.

3. Divide [0, 1] with e1 : e2 : . . . : en.

4. Generate a random number t in [0, 1] with the uniform
distribution.

5. If t is in the segment of ej , then increase cj by 1. β := β − aj .

6. If β ̸= 0, then goto 2.

The output c satisfies Ac = β¶. ai is the i-th column of the
matrix A.

§β − ai ̸∈ Nd
0 なら ei = 0. |β| = β1 + . . .+ βd

¶This β is not an intermedfiate beta, and is the input β
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Evaluation of ei ⇐ Recurrence relation by computer algebra

1. Since D.Zeilberger from the late 1980’s. The book “A = B”,
https://www.math.upenn.edu/~wilf/AeqB.html

2. Gröbner basis in the ring of differential difference operators
(I + (S − 1)Dn) ∩ Dn−1. S is a difference operator.

3. Creative Telescoping. (I + (S − 1)Rn) ∩ Rn−1.
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Properties of Mano’s direct sampler ZA(β; p) を定義から計算
するのは β1 や A が大きいと計算時間の点で困難が増す.

Theorem

1. Obtain a Pfaffian system of A-hypergeometric system (by
Gröbner basis). This gives a recurrence relation for ZA(β; p)
and the transition probability ei can be evaluated by the
recurrence relation. ∥.

2. The complexity of getting N random vectors is O(r2β1N) plus
the complexity of computing the Gröbner basis. r is the
normalized volume of A. Here, we assume the complexity of
the arithmetics of rational numbers is O(1).

Note:

1. The complexity of MCMC∗∗ is O(n′(N ∗ T + (the number of burn-in)))
††.

2. Goto-Matsumoto gave recurrence relations of E(k, n) by the twisted
cohomology groups ⇒ efficient sampler. ‡‡.

3. Direct sample: parallelizable, need no tuning of parameters.
∥Implementation tk ds ahg.rr

∗∗Diaconis-Sturmfels, 1998, その後は “グレブナー道場” 参照
††n′ is the max degree of generators of IA. T is the interval of the thinning
‡‡Implementation gtt ds.rr
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gtt ds.rr の timing data

geom/stat A B C sum

A 2 2 0 4
B 8 9 2 19
C 0 0 3 3

sum 10 11 5 26

P =

 1 9/10 11/10
1 13/10 99/100
1 1 1


Au = β : the row sums and the column sums are fixed with the
values above.
100 random vectors: 81.5s + 48.1s
r = 6, β1 = 26.
When 5× 5, r =

(8
4

)
= 70.

bignum...
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Evaluation of a p-value by MCMC and direct sampler(Tatsuya Hiradai (M2)
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The figure is evaluations of p-values by the
χ2 test statistics. Here, p is

1.01 1.05 0.95 1.06 0.93
0.97 1.05 0.97 1.07 0.97
0.94 1.03 0.98 0.99 1.07
0.97 1.01 0.93 0.99 1.01
1.01 1.01 0.99 1.03 1.06


The direct sampler by Hiradai does not use

the recurrence and use the approximation of

ZA(β; p) by the Taylor expansion at p = 1.

It works well by the Taylor expansion upto

the degree 2.
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Contingency table, timing data

geom/stat 5 4 3 2 1 sum

5 2 1 1 0 0 4
4 8 3 3 0 0 14
3 0 2 1 1 1 5
2 0 0 0 1 1 2
1 0 0 0 0 1 1

sum 10 6 5 2 3 26
990,000 samples.

MCMC CPU time

burn-in:0, no thinnng 362,809
burn-in:10000, no thinnng 378,440
burn-in:0 thinnng:100 17,063,450
burn-in:10000 thinnng:100 17,064,158

MANO
　 Taylor 0th 27,174,019

　 Taylor 1th 289,105,633

　 Taylor 2th 14,849,937,181

CPU time∗ 1,000,000=1 second.

∗By clock(). Xeon E5-4650 CPU, 2.7 GHz; 256 GB of memory.
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Figure: Evaluation of a p-value by MCMC and direct sampler(Tatuya
Hiradai (M2))[拡大図] 右端は thining 100(が切れてる)
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A超幾何系 (とばす)

A : d × n 行列. 整数成分. A の列ベクトルは ai . ai は Zd を生成.
β = (β1, . . . , βd) ∈ Cd (parameters).

C⟨x1, . . . , xn, ∂1, . . . , ∂n⟩, xjxj = xjxi , ∂i∂j = ∂j∂i , ∂ixj = xj∂i + δij

を D または Dn と書く.

Definition
A-hypergeometric system または GKZ hypergeometric system
(GKZ, 1989), HA(β), MA(β) = Dn/HA(β):

(Ei − βi ) • f = 0, Ei − βi =
n∑

j=1

aijxj∂j − βi , (i = 1, . . . , d)

2u • f = 0, 2u =
∏

{i | 1≤i≤n,ui>0}

∂ui
i −

∏
{j | 1≤j≤n,uj<0}

∂
−uj
j

with u ∈ Zn running over all u such that Au = 0, u ̸= 0.

IA は 2u 達が C[∂1, . . . , ∂n]で生成するイデアル.
13 / 22



例 (とばす)

A(FC , 2) =


1 0 0 −1 0 0
0 1 0 0 −1 0
0 0 1 0 0 −1
1 1 1 1 1 1


degree(IA) = vol(A).

Example
Macaulay2 commands to evaluate the volume (the degree) of
A(0134). Here, o5 is IA.

loadPackage "FourTiTwo"

M=matrix "1,1,1,1; 0,1,3,4"

R=QQ[a..d]

I=toricGroebner(M,R)

o5 = ideal (b^3 - a^2*c, b*c - a*d, - a*c^2 + b^2*d, c^3 - b*d^2 )

degree(I)

o6 = 4
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contigyity と 例 (とばす)

性質: f が HA(β) の解なら, ∂i f は HA(β − ai ) の解となる.
f および f の偏微分を basis vector F とした Pfaffian

∂iF = PiF

を作ると, Pi は contiguity

Pi (β)F (β; x) = F (β − ai ; x)

を与える. ⇒ 期待値の比 ei の計算が漸化式で可能
例: A=[[1,1,1],[0,1,2]]. Pfaffian は

∂2 −

( β2
x1

−2x3
x2

2β2(β2−1)x1
4x2(x1x3−x22 )

−4(β2−1)x1x3+(β2−2β1)x22
4x2(x1x3−x22 )

)

load("tk_ds_ahg.rr")$ C=tk_ds_ahg.build_contiguity_0([[1,1,1],[0,1,2]]);
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Example: Naive evaluation of Z is time consuming 1

Contiguity relation/Recurrence relation

∂i • ZA(β; x) = ZA(β − ai ; x)

(the contiguity relation)
Numerical evaluation of hypergeometric polynomial becomes hard
problem when dimKerA and the rank of HA(β) increase and β
becomes larger.
Example:

FC (a, b, c ; y) =
∑
k∈Nn

0

(a)|k|(b)|k|∏
ki !
∏
(ci )ki

yk , A =

(
1 1

En+1 −En+1

)
where (a)m = a(a+ 1) · · · (a+m − 1) and |k | = k1 + · · ·+ kn.
n = 4, a = −179− N, b = −139− N, c = (37, 23, 13, 31),
y = (31/64, 357/800, 51/320, 87/160)
N Evaluating series method of Macaulay type matrix

0 6822s (1.89 hour) 61399s (about 17 hours)
100 138640s (1 day and about 14.5 h) 73126s(about 20.3 hours)
200 More than 2 days 84562s (about 23.5 hours)
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Example: Naive evaluation of Z is time consuming 2

N=200

A=[[1,0,0,1,0,1,0,1,0,1],[0,1,0,1,0,1,0,1,0,1],[0,0,1,-1,0,0,0,0,0,0],[0,0,0,0,1,-1,0,0,0,0],[0,0,0,0,0,0,1,-1,0,0],[0,0,0,0,0,0,0,0,1,-1]]

Beta=[452,412,-37,-23,-13,31]

at ([x1,x2,x3,x4,x5,x6,x7,x8,x9,x10]=[140/411,40/137,25/822,31/411,14/411,17/274,17/822,5/137,10/137,29/822])

oohg_native=0, oohg_curl=1

EV([x3])=[484018240471728953822203320553380653219481012643866487201043272204554116427335942534923953734369224115118588984123072569136290891579520329541553442865752590415520319485421065595137301328883979140023812923275660710730421232058161700705547449268377195194228077351043108101578345063216794271693352810730334947439153057972224676949248193530257593491171415513944172055

863656998391689243859475296234352137555517730222159221047221525046528456147511166276227650243450974228077404468895995531696472995397633930662766475574990610840725549419942714191953927850677112637154311595545477579283438183380723306933695028413902272323650590868061416758103036261902982300160735105205734309775420779540081602023240782619255433487826859925775415744182023576

305750092193523229313167685161576286201466399466487213469381535663734384193880974741829514261324096233334597958181233341683292648618581876456024935247488712945778994419534817889865543297153602500642431997207160323881134324772247206961352639369970074124439991338325437430542989018067434026678441879647198415451602359167716578467056337098202325211336313239576308589685507405

344275350822035203131054916726819435165178778325389866000027699548897905993488167196392728277735383730885104289031199118571536797893081066025576227107335096676724654476129124957508961837473988172546512178202116468537245761216175710219483357860356170512291354827074858376471273890592577267051501344093037297728309535056658588699524982174052337266327701447028826667768850730107588600049186455367399530574292981190368764873068889092542386936010749485482228269987418802938675068376457543091603817046668312077467915517373475

/19442228498425155530438424291258885951160065533306378943684005607207680083449525569604031294035766826584812783743314823200354152931689206417431338066334120276564960367602082573820341085361638027417758933807593620290223824105749853259449849607778331460631637605029577016232851717191883682058950882307371610800934683219212550724634134908233858903760315796665288188264736609

20636859057551023139439540444360178054580858641760937317843818981263740587028035356318196511904938764035017858910404662300431121901949249816362709318833980427882535835790456096768353496004755155228108003410713814585916514587492319257416861023791973494879599629718859437032960019602588522101656082395695425447863898848137796625992961523433213543034744850879459027184936075030641057447702689958276095772570805266333446287445152519885608

941772514489533194749781746840208705674606008876031734288671532476200701856516011956451597268538379935874158960104859542989280731874731798324225857088610362705068285274105252549767902002738816722833067153908128001513382661594128238627186431628490021881628155794006498048786187219157799292613900000891762318537257330170928000544328628936682249495555512840064115310617164969

320906272014298259515698562808086396098869061102204255115706387649155785914644280004302208683409377394435414368852870906677122916240560958859979007117098578683515122765908200602714595004642507884608434942147057693274419786847034903320856408965476285926896546137995926044911307306943630358164774683745845155483582353122140724857539258219017556281884035014757780794661933709

9573932056327206030262721912023810463723569352286063413912998077871191506911]

Time=84562.4

N Evaluating of series method of Macaulay type matrix

0 6822s (1.89 hour) 61399s (about 17 hours)
100 138640s (1 day and about 14.5 h) 73126s(about 20.3 hours)
200 More than 2 days 84562s (about 23.5 hours)

Intel Xeon E5-4650 (2.7GHz) with 256G memory, the computer algebra system

Risa/Asir (20140528).
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Software gtt ds.rr, tk ds ahg.rr.

[1822] load("gtt_ds.rr");

[2720] gtt_ds.direct_sampler([[4,14,3],[10,6,5]],

[[1,9/10,11/10],[1,13/10,99/100],[1,1,1]]);

[ 0 1 3 ]

[ 8 5 1 ]

[ 2 0 1 ]

[2721] gtt_ds.direct_sampler([[4,14,3],[10,6,5]],[[1,9/10,11/10],[1,13/10,99/100],[1,1,1]]);

[ 3 1 0 ]

[ 6 4 4 ]

[ 1 1 1 ]

[2722] gtt_ds.direct_sampler([[4,14,3],[10,6,5]],[[1,9/10,11/10],[1,13/10,99/100],[1,1,1]]);

[ 2 1 1 ]

[ 6 4 4 ]

[ 2 1 0 ]
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Creative telescoping is useful.
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Figure: Graph for A

AT =



1 1 0 0 0
0 1 1 0 0
0 0 1 1 0
1 0 0 1 0
1 0 0 0 1
0 1 0 0 1
0 0 1 0 1
0 0 0 1 1


(4)

When the vertex i and the vertex j is connected, set 1 on the i-th
column and the j-th column (Figure 2). 19 / 22



Creative telescoping is useful.

Want recurrences of ZA(b; 1) w.r.t b

Answer by HolonomicFunctions.m (Christopher Kouchan),
https://risc.jku.at/m/christoph-koutschan/

((1 + b1)(1 + 2b1)(1 + b1 + b2 + b3 + b4 − b5)(1 + b1 − b2 + b3 − b4 + b5))S1

+ (1 + b1 + b3)(1 + 2b1 + 2b3)(b1 − b2 + b3 − b4 − b5),

(1 + b2)(1 + 2b2)(−1 + b1 − b2 + b3 − b4 − b5)(1 + b1 + b2 + b3 + b4 − b5)S2

+ (1 + b2 + b4)(1 + 2b2 + 2b4)(b1 − b2 + b3 − b4 + b5),

(1 + b3)(1 + 2b3)(1 + b1 + b2 + b3 + b4 − b5)(1 + b1 − b2 + b3 − b4 + b5)S3

+ (1 + b1 + b3)(1 + 2b1 + 2b3)(b1 − b2 + b3 − b4 − b5),

(1 + b4)(1 + 2b4)(−1 + b1 − b2 + b3 − b4 − b5)(1 + b1 + b2 + b3 + b4 − b5)S4

+ (1 + b2 + b4)(1 + 2b2 + 2b4)(b1 − b2 + b3 − b4 + b5),

(−1 + b1 − b2 + b3 − b4 − b5)(1 + b1 − b2 + b3 − b4 + b5)S5

− (−b1 − b2 − b3 − b4 + b5)

Here, Si f (bi ) = f (bi + 1) (difference operator w.r.t. bi ).
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Creative telescoping is useful 2

Input to Mathematica

ann4 = Annihilator[(1/Factorial[u1])*(1/Factorial[u2])*(1/

Factorial[u3])*(1/

Factorial[-b1 - b2 - b3 + u1 + u2 + b4 + b5])*(1/

Factorial[2*b3 - u2 - u3])*(1/Factorial[2*b2 - u1 - u2])*(1/

Factorial[b1 - b2 - b3 + u2 + u3 - b4 + b5])*(1/

Factorial[b1 + b2 + b3 - u1 - u2 - u3 + b4 - b5])*1, {S[b1],

S[b2], S[b3], S[b4], S[b5], S[u1], S[u2], S[u3]}]

FindCreativeTelescoping[ann4, {S[u1] - 1, S[u2] - 1,

S[u3] - 1}, {S[b1], S[b2], S[b3], S[b4], S[b5]}]

Heuristics (by C.Kouchan) to find a smaller denominator
polynomial is a point.
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Summary and analogy

Interesting A ⇒ Want a direct sampler ⇒
Recurrence relations by computer algebra

Introductory book on computer algebra and recurrence relations:
The book “A = B”,
https://www.math.upenn.edu/~wilf/AeqB.html

Gröbner basis of IA ⇒ MCMC †

Recurrence of A-hypergeometric fn‡ ⇒ Mano’s direct sampler §.

1. 素手で (理論的考察で) 漸化式を作れれば, random vector を
生成する高速アルゴリズムが作れる.

2. 計算代数の手法で ZA(β; p) の β についての漸化式が作れれ
ば高速な direct sampler が作れる.

†see, e.g., the book Gröbner Bases: statistics and software systems
‡= contiguity
§S.Mano, Partitions, Hypergeometric Systems, and Dirichlet Processes in

Statistics, JSS Research Series in Statistics (2018), Springer
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