Evaluating the normalized constant of 2 x 2 with the following
marginal sums by the modular method.
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Data 1: Naive rational arithmetic
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Data 2: Integer arithmetic

Numerators and denominators are evaluated separately.
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Data 3: Modular method

16 processes, 1000 primes of 100 digits.

160

140 + e
120 | o 1
100 ¢ o :

80 | L ]

Time(sec)

o
I
60 | R ,

40 b :

o
0 100 200 300 400 500 600 700 800 900 1000

N

4/16



Super impose of data 2 and data 3
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The modular method is useful for exact evaluation of the
normalizing constant and its derivatives.
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5 x 5 contingency tables

Marginal sums are
[ [4N 4N 4N 4N 4N | [2N 3N 5N 5N 5N | |
200 prime numbers of 100 digits, 8 processes. Failure at N = 90.
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7 X T contingency tables

B = [[4N 4N 5N 5N 5N 5N 5N |
[ 6N 3N 4N 4N 4N 6N 6N |]

200 prime number of 100 digits. 16 processes. Failure at N = 35.
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setup of gtt ekn.rr

Options.
© nps : number of processes.
@ nprm : number of primes)
© minp : use primes more than minp.
@ report=1: show the current option values.

Default values are nps=1, nprm=10, minp=101°.
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[2163]
Number
Number
Min of

[2164]
Number
Number
Min of

gtt_ekn.setup(|nps=4,nprm=200,minp=10-100) ;
of process = 4.

of prime = 200.

plist = 100000...000267.

gtt_ekn.report();

of process = 4.

of prime = 200.

plist = 100000...000267.
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gtt_ekn.nc (normalizing constant)

Web:

http://asir2.math.kobe-u.ac. jp/cgi-bin/cgi-cmle.sh
input 8 =[[row sums],[column sums]], p: probability
return normalizing constant Z and its derivatibes((k + 1) x (n+ 1))

[2162] gtt_ekn.nc([[5,5],[3,3,41]1,[[1,1,1],[1,1/2,1/3]11);
[947/62208, [ 2779/186624 2179/93312 589/15552 1]
[ 3569/11664 4165/93312 179/2592 1]

marginal sums 8 probability p
5 111 1
5 111/2|1/3
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http://asir2.math.kobe-u.ac.jp/cgi-bin/cgi-cmle.sh

gtt_ekn.expectation

input 8 =[[row sums],[column sums]], p: probability

return expectation of each cells.

[2163] gtt_ekn.expectation([[5,5],[3,3,4]1],
[01,1,11,01,1/2,1/311);

[ 2779/2841 4358/2841 2356/947 ]

[ 5744/2841 4165/2841 1432/947 ]

marginal sums £ probability p
5 111 1
5 111/2|1/3
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When crt=1, the modular method is used by utilizing crt =
chinese reminder theorem.

[2166] gtt_ekn.setup()$
Number of processes = 1.
Number of primes = 10.

Min of plist = 10000000019.

[2167] gtt_ekn.nc([[5,5],[3,3,4]1],

[[1,1,1]1,[1,1/2,1/3]1] lcrt=1);
[947/62208, [ 2779/186624 2179/93312 589/15552 ]
[ 359/11664 4165/93312 179/2592 1]

[2168] gtt_ekn.expectation([[5,5],[3,3,4]1],
[[1,1,11,01,1/2,1/3]1] lcrt=1);

[ 2779/2841 4358/2841 2356/947 ]

[ 5744/2841 4165/2841 1432/947 ]
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Comparison with the Markov chain Monte Carlo

(3 x 3contingency tables)

probability p

uiy | Uiz | Uiz 400 1 1/1000 1/1001
unq uzo us3 410 1 1/2 1/3
u3y | uzp | uzz | 1011 1 1 1

910 411 500 1821

Compare our exact result with values by MCMC.
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[2719] Beta = [[400,410,1011],[910,411,500]1]1%

[(2720] p = [[1,1/1000,1/1001],[1,1/2,1/3],[1,1,1]11$%

[2721] Expect=gtt_ekn.expectation(Beta,P)$

[2722] ExpectMCMC=expectT([[400,0,0],[410,0,0],[100,411,50(
[2723] eRatio(Expect,ExpectMCMC); // ratios with the exact
[ 1.00045 0.821255 0.855683 1]

[ 0.999222 0.997529 1.00455 ]

[ 0.999952 1.00115 0.999172 ]

MCMC :
Burn-in = 10°, Number of steps = 10°.
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[2724] Expect[0]1[0];
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1 i { 7 47¢ 2 725454 70: 4. 0944 7 75107
4! 7 617 7621 ) 7 4! 5 4707 974061 5710 ( 06184
0 4 3! 75! 773646125312 7 3310 01476957240450: 0. 67022,
2 4 6 12 07513 0. 744 7 1 0403: 277011847006, 0573 47189
9 7 0. 7 1 8227. 68906 643! 0. 1 6 015 153096102176845: 715887
Of 1 0 304 1809086442 57650! 981719 7 41 511 3! 247727257229697! 111558,
2 2 004301 861 7 10596292( 4586611 2870611905180 4 04430366101346214063167:
1 2491 7071 ). 6. 020767 00: 7: 6! 13 08 7. 9! 7 130 0900C 280100
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211549 6 251 4 ( 60! 465241943430 5 4 7 7848871048 7 73850 1 10281760
213689 0! 190 9 5. 6121316 35 16575 7609700426 40019470 3 77742 7 2738481
060757 9 6 1 4 126 307403 416! 492 6113( 11 7. 1 3 76408740842
585091 7375t 550: 4010454 27408 524 8 50645649 72780714 24 30711 60( 1 9329313
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75440863907 321607917 214 718592450107 276489757 310756742509547075917301 00397062394 8396801
60947500160: 707714867 707 30726075808 70743740 06687885721( 7AT67 sa 376! 6165882044360
76884350154 122! 65967820 2037 1904 0545015 044, 4610075090 70575490 )
94917 41 (% 47 528 543! 620! 07 411 74271 8091 0 517: 667
067657 7 77 0! 5 743 1 2. 439 34 ! 9! 3 910
07566 41022: 7 36493 0t 5468400430 361 9 70 6746780821060 21490616061
71075: 39985 12560 7 70 70 0 4735747 3 7 7 0840: 7 0f
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[2724] Expect[0] [0];

2146591140541890764728160569649975526614855320003820687236:
4374747600837657576543817160213973561467717042624372969512!
1026172488561510617787540978948055913792961545470370963336¢
09406544004420508726239056651840066765865363486592597997 64
889733109658810741942606072063437307147031203502541585424 1¢
2587714551147096562612820212908397254549821689179705962456¢
4380618422082084851144670472447539129075968773646125312889°
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0134621406316751132424963070718250659990336198637553550207¢
1232145577725797064488500004850281286436188102129193633326¢
4893587196063654767674166068386889840621149939259293757294°
4948894298373451316442115498528546836251699448150283360916¢
6760970042654001947031283449042777428121381280753471712738:
3750703976451455084010454027408552408827318283506456495727
171466681442450750000/537909525471669567070951580950290105!
1842054487930040912280709525545359581160271601825687587621:
602442753670771486773707430726075808414503170743740175997 3



