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Lp Boundedness of Higher Order Schrödinger Type Operators
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Abstract. We consider higher order Schrödinger type operators with nonnegative

potentials. We assume that the potential belongs to the reverse Hölder class which

includes nonnegative polynomials. We establish estimates of the fundamental solution

and show Lp boundedness of some Schrödinger type operators. We use pointwise

estimates by the Hardy-Littlewood maximal operator to prove our results.
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operator.

2010 Mathematics Subject Classification Numbers. 35J10, 42B25.

1. Introduction

Let VðxÞ be a nonnegative potential and consider the Schrödinger type
operators Hk ¼ ð$DÞk þ V k on Rn, where k is a positive integer and nb
2k þ 1. When V is a nonnegative polynomial, Zhong proved estimates of the
fundamental solution for H1 and H2 and showed some estimates for H1 and
H2 ([16]). More precisely, he showed the Lp boundedness of the operators
VH$1

1 , V 1=2‘H$1
1 , and V 2$j=2‘ jH$1

2 , where j ¼ 0; 1; 2; 3; 4. Recently, in [10],
the authors showed the Lp boundedness of the operators V kH$1

k , ‘2kH$1
k , and

‘kH
$1=2
k for nonnegative polynomial potentials V .
For the potential V which belongs to the reverse Hölder class, which in-

cludes nonnegative polynomials, Shen generalized Zhong’s results on H1 ([11]).
Actually, he established estimates of the fundamental solution for H1 and
showed the Lp estimates for the operators VH$1

1 , V 1=2‘H$1
1 , ‘2H$1

1 , and so
on. For the operator H1 with reverse Hölder class potentials, further results
have been investigated by many researchers. See [1], [3], [6], [7], and [12], for
example. For the operator H2 with reverse Hölder class potentials, in [13], the
author established estimates of the fundamental solution for H2 and showed
the Lp boundedness of the operators V 2$j=2‘ jH$1

2 , where j ¼ 0; 1; 2; 3; 4. For
the operator H2, further results have been shown by several researchers. See [2]
and [9] for example. Recently, in [14], the author established estimates of the
fundamental solution for H2m , where m is a positive integer satisfying mb 2,
and showed the Lp boundedness of the operators V 2m$j=2‘ jH$1

2m , where j is an
integer satisfying 1a ja 2mþ1 $ 1.



As mentioned above, in [10], the authors proved some results on Hk ¼
ð$DÞk þ V k, where V is a nonnegative polynomial and k is an integer satisfying
kb 3. The purpose of this paper is to show a result on Hk ¼ ð$DÞk þ V k,
where k is an integer satisfying kb 3, with potentials V which belong to the
reverse Hölder class, which includes nonnegative polynomials.

We recall the definitions of the reverse Hölder class (e.g. [11]). We denote
by Bðx; rÞ the ball centered at x with radius r.

Definition 1.1 (Reverse Hölder class). Let V b 0.
(1) For 1 < p < y one says that V A ðRHÞp, if V A Lp

locðR
nÞ and there

exists a positive constant C such that

1

jBðx; rÞj

ð

Bðx; rÞ
VðyÞpdy

 !1=p
a

C

jBðx; rÞj

ð

Bðx; rÞ
VðyÞdyð1:1Þ

holds for every x A Rn and 0 < r < y .
(2) One says that V A ðRHÞy , if V A Ly

locðR
nÞ and there exists a positive

constant C such that

kVkLy ðBðx; rÞÞ a
C

jBðx; rÞj

ð

Bðx; rÞ
VðyÞdyð1:2Þ

holds for every x A Rn and 0 < r < y .

Remark 1.2. (1) For 1 < p < y , it is easy to see ðRHÞy & ðRHÞp.
(2) If PðxÞ is a polynomial and a> 0, then VðxÞ ¼ jPðxÞja belongs to

ðRHÞy ([4, page 146]).
(3) If V A ðRHÞy then V a A ðRHÞy for every a> 0 ([8, Lemma 1]).

Definition 1.3 ([11, Definition 1.3]). Let V A ðRHÞn=2 and V 2 0. Then
it is well-known that there exists a positive e such that V A ðRHÞn=2þe ([5,
Lemma 2]). Then the function r ðx;VÞ is well-defined by

1

r ðx;VÞ ¼ sup r > 0 :
r2

jBðx; rÞj

ð

Bðx; rÞ
VðyÞdya 1

( )

ð1:3Þ

and satisfies 0 < r ðx;VÞ < y for every x A Rn.

Remark 1.4. (1) If V A ðRHÞy then there exists a positive constant C such
that VðxÞaCr ðx;VÞ2 for a.e. x A Rn ([11, Remark 2.9]).

(2) If V A ðRHÞp, pb n=2, then there exists a positive constant C such
that

1

jBðx; rÞj

ð

Bðx; rÞ
VðyÞpdy

 !1=p
aCr ðx;VÞ2ð1:4Þ

for every x A Rn and 0 < r < y ([13, Remark 2]).
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Let a¼ ða1; . . . ;anÞ denote the multi-index with ai A N , i A N , 1a ia n.
Define xa¼ xa1

1 . . . xan
n and ‘ j ¼ q a¼ q jaj=ðqxa1

1 . . . qxan
n Þ for j ¼ jaj ¼ a1 þ ' ' ' þ

an. For any positive integer j and a function u A C jðRnÞ, denote ‘ juðxÞ ¼
ðq auðxÞ : jaj ¼ jÞ and j‘ juðxÞj2 ¼

P
jaj¼ j jq

auðxÞj2. We denote by GHk
ðx; yÞ the

fundamental solution for Hk, where k is a positive integer. The operator H$1
k

is the integral operator with GHk
ðx; yÞ as its kernel.

Now we state our theorem.

Theorem 1.5. Let j, k, and n be integers, kb 1, 0a ja 2k $ 1, and nb

2k þ 1. Suppose that V A ðRHÞy . Then there exists a constant C such that

kV k$j=2‘ jfð$DÞk þ V kg$1f kL pðR nÞ aCk f kL pðRnÞ;ð1:5Þ

where 1 < pa y and f A Cy
0 ðRnÞ.

Remark 1.6. In Theorem 1.5, the case k ¼ 2m was shown in [14, Theorem
28].

To prove Theorem 1.5, we need the estimates of the fundamental solution.
Let l and m be integers, mb 0, and 1a la 2m. We consider H2mþl;2mþ1 ¼
ð$DÞ2

mþl þW 2mþ1
on Rn, where W b 0 and nb 2ð2m þ lÞ þ 1. We denote

by GH2mþl; 2mþ1 ðx; yÞ the fundamental solution for H2mþl;2mþ1 . The operator
H$1

2mþl;2mþ1 is the integral operator with GH2mþl; 2mþ1 ðx; yÞ as its kernel.

Theorem 1.7. Let l, m, and n be integers, mb 0, 1a la 2m, and nb

2ð2m þ lÞ þ 1. Suppose that W A ðRHÞ2mn=ð2mþlÞ and that there exists a positive

constant C such that r ðx;WÞaC. Then for any positive integer N there exists

a positive constant CN such that

ð0aÞGH2mþl; 2mþ1 ðx; yÞa
CN

f1þ r ðx;WÞjx$ yjgN
' 1

jx$ yjn$2ð2mþlÞ :ð1:6Þ

Theorem 1.8. Let j, l, m, and n be integers, mb 0, 1a la 2m, 1a ja
2ð2m þ lÞ $ 1, and nb 2ð2m þ lÞ þ 1. Suppose that W A ðRHÞ2mþ1n=f2ð2mþlÞ$jg
and that there exists a positive constant C such that r ðx;WÞaC. Then for any

positive integer N there exists a positive constant CN such that

j‘ jGH2mþl; 2mþ1 ðx; yÞja
CN

f1þ r ðx;WÞjx$ yjgN
' 1

jx$ yjn$2ð2mþlÞþj
:ð1:7Þ

Remark 1.9. In Theorems 1.7 and 1.8, the case l ¼ 2m was shown in
[14, Theorems 9 and 10] without the assumption r ðx;WÞaC.

The plan of this paper is as follows. In Section 2, we describe some
lemmas needed to prove Theorems 1.7 and 1.8. In Section 3, we prove
Theorems 1.7 and 1.8. Finally, in Section 4, we prove Theorem 1.5.
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Throughout this paper the letter C stands for a constant not necessarily
the same at each occurrence.

2. Preliminaries

In this section, we describe some lemmas needed later.

Lemma 2.1 ([11, Lemma 1.4 (b), (c)]).
(1) Suppose that V A ðRHÞn=2. Then there exist positive constants C and

k0 such that, for x; y A Rn,

r ðy;VÞaCf1þ r ðx;VÞjx$ yjgk0r ðx;VÞ:ð2:1Þ

(2) Suppose that V A ðRHÞn=2. Then there exist positive constants C and

k0 such that, for x; y A Rn,

r ðy;VÞb Cr ðx;VÞ
f1þ r ðx;VÞjx$ yjgk0=ðk0þ1Þ :ð2:2Þ

Lemma 2.2 (Caccioppoli type inequality, [14, Lemmas 13 and 15]). Let

i, j, l, and m be integers, mb 0, 1a la 2m, and 1a ia ja 2m þ l. Assume

that ð$DÞ2
mþluþW 2mþ1

u ¼ 0 in Bðx0;RÞ for some x0 A Rn. Then there exists a

positive constant C such that
ð

Bðx0;R=2Þ
j‘2mþ1þ2l$juðxÞj2dxþ

ð

Bðx0;R=2Þ
WðxÞ2

mþ1

juðxÞj jD2mþl$juðxÞjdxð2:3Þ

aC
Xj

i¼1

1

R2i

ð

Bðx0;RÞ
j‘2mþ1þ2l$j$iuðxÞj2dx:

Lemma 2.3. Let j, l, and m be integers, mb 0, 1a la 2m, and 0a ja

2m þ l $ 1. Assume that ð$DÞ2
mþluþW 2mþ1

u ¼ 0 in Bðx0;RÞ for some x0 A Rn.

Then there exists a positive constant C such that

ð

Bðx0;R=2Þ
WðxÞ2

mþ1

juðxÞj2dxaC
X2mþl$1

j¼0

1

R2ð2mþ1$jÞ

ð

Bðx0;RÞ
j‘ juðxÞj2dx:ð2:4Þ

Proof. Case l is an even number: Let a and b be nonnegative integers
satisfying aþ ba ð2m þ lÞ=2. We choose h A Cy

0 ðBðx0;RÞÞ such that h 1 1
on Bðx0;R=2Þ and j‘bðDah ÞjaC=R2aþbþ2mþ1$ð2mþlÞ. Note that, there exists a
positive constant Cm; l;a;b such that

Dð2mþlÞ=2ðuðxÞh ðxÞ2
mþlþ1Þ ¼

X

ab0;bb0
aþbað2mþlÞ=2

Cm; l;a;b‘
bðDð2mþlÞ=2$a$buÞðxÞð2:5Þ

' ‘bðDah 2
mþlþ1ÞðxÞ;
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where

‘bðDð2mþlÞ=2$a$buÞðxÞ ' ‘bðDah 2
mþlþ1ÞðxÞð2:6Þ

¼
Xn

i1; i2;...; ið2mþlÞ=2¼1

q b

qxi1qxi2 . . . qxib

' q 2

qx2
i1

q 2

qx2
i2

' ' ' q 2

qx2
ið2mþlÞ=2$a$b

u

 !

' ' '

 ! ! !

' q b

qxi1qxi2 . . . qxib

q 2

qx2
i1

q 2

qx2
i2

' ' ' q 2

qx2
ia

h 2
mþlþ1

 !

' ' '

 ! ! !

:

(See [15, Lemma 2.6].) Multiplying ð$DÞ2
mþluþW 2mþ1

u ¼ 0 by uh 2
mþlþ1 and

integrating over Rn by integrating by parts, we have
ð

Bðx0;R=2Þ
jDð2mþlÞ=2uðxÞj2dxþ

ð

Bðx0;R=2Þ
WðxÞ2

mþ1

juðxÞj2dxð2:7Þ

aC

ð

Bðx0;RÞ

X

ab0;bb0
1aaþbað2mþlÞ=2

jDð2mþlÞ=2uðxÞj

' j‘bðDð2mþlÞ=2$a$buÞðxÞ ' ‘bðDah 2
mþlþ1ÞðxÞjdx:

Let e be a positive real number which will be determined later. Then the right
hand side of (2.7) is bounded by

C

ð

Bðx0;RÞ

X

ab0;bb0
1aaþbað2mþlÞ=2

ffiffi
e

p
jDð2mþlÞ=2uðxÞj ' 1ffiffi

e
pð2:8Þ

' 1

R2aþbþ2mþ1$ð2mþlÞ j‘
bðDð2mþlÞ=2$a$buÞðxÞjdx

aC

ð

Bðx0;RÞ

X

ab0;bb0
1aaþbað2mþlÞ=2

#
ejDð2mþlÞ=2uðxÞj2

þ 1

e
' 1

R2f2aþbþ2mþ1$ð2mþlÞg j‘
bðDð2mþlÞ=2$a$buÞðxÞj2

$
dx:

Then choosing e such that Cefð2m þ lÞ=2gfð2m þ lÞ=2þ 1g=2 ¼ 1 we arrive at
the desired inequality.

Case l is an odd number: Let a and b be nonnegative integers satisfying
aþ ba ð2m þ l $ 1Þ=2. We choose h A Cy

0 ðBðx0;RÞÞ such that h 1 1 on
Bðx0;R=2Þ and j‘bþ1ðDah ÞjaC=R2aþbþ2mþ1$ð2mþl$1Þ. Multiplying ð$DÞ2

mþluþ
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W 2mþ1
u ¼ 0 by uh 2

mþlþ1 and integrating over Rn by integrating by parts, we
have

ð

Bðx0;R=2Þ
j‘ðDð2mþl$1Þ=2uÞðxÞj2dxþ

ð

Bðx0;R=2Þ
WðxÞ2

mþ1

juðxÞj2dxð2:9Þ

aC

ð

Bðx0;RÞ

X

ab0;bb0
1aaþbað2mþl$1Þ=2

j‘ðDð2mþl$1Þ=2uÞðxÞj

' j‘bþ1ðDð2mþl$1Þ=2$a$buÞðxÞ ' ‘bðDah 2
mþlþ1ÞðxÞjdx

þ C

ð

Bðx0;RÞ

X

ab0;bb0
aþbað2mþl$1Þ=2

j‘ðDð2mþl$1Þ=2uÞðxÞj

' j‘bðDð2mþl$1Þ=2$a$buÞðxÞ ' ‘bþ1ðDah 2
mþlþ1ÞðxÞjdx:

Then by the same argument as the case k is an even number, we arrive at the
desired inequality. r

Lemma 2.4 (cf. [14, Lemma 17]). Let j, l, m, and n be integers,

mb 0, 1a la 2m, nb 2ð2m þ lÞ þ 1, and 0a ja 2m þ l $ 1. Assume that

ð$DÞ2
mþluþW 2mþ1

u ¼ 0, ub 0, in Bðx0;RÞ for some x0 A Rn. Then there

exists a positive constant C such that

sup
y ABðx0;R=2Þ

juðyÞjaC
X2mþl$1

j¼0

R j 1

jBðx0;RÞj

ð

Bðx0;RÞ
j‘ juðxÞj2dx

 !1=2
:ð2:10Þ

Proof. We can prove Lemma 2.4 by the same way as in the proof of
[14, Lemma 17]. We omit the details. r

Lemma 2.5 ([14, Lemma 19]). Let m and n be integers, mb 0, and nb
2mþ1 þ 1. Suppose that W A ðRHÞn=2. Then there exists a positive constant C

such that

kr ð';WÞ2
mþ1

H$1
2m;2m f kL pðRnÞ aCk f kL pðR nÞ;ð2:11Þ

where 1a pa y .

Lemma 2.6 ([14, Lemma 20]). Let j, m, and n be integers, mb 0, nb
2mþ1 þ 1, and 1a ja 2mþ1 $ 1. Suppose that W A ðRHÞq 0 for some q 0 satisfy-

ing n=2a q 0 < 2mn=ð2mþ1 $ jÞ. Then for 1a pa p0 there exists a positive

constant C such that

kr ð';WÞ2
mþ1$j‘ jH$1

2m;2m f kL pðRnÞ aCk f kL pðR nÞ;ð2:12Þ

where 1=p0 ¼ 2m=q 0 $ ð2mþ1 $ jÞ=n.
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Let l and m be integers satisfying mb 0 and 1a la 2m. For the case
q 0 ¼ n=2 in Lemma 2.6, if 1a ja 2m þ l $ 1 and nb 2ð2m þ lÞ þ 1, letting
p ¼ 2 we have

Corollary 2.7. Let j, l, m, and n be integers, mb 0, 1a la 2m, nb
2ð2m þ lÞ þ 1, and 1a ja 2m þ l $ 1. Suppose that W A ðRHÞn=2. Then there

exists a positive constant C such that

kr ð';WÞ2
mþ1$j‘ jH$1

2m;2m f kL2ðR nÞ aCk f kL2ðRnÞ:ð2:13Þ

3. Proofs

In this section, we prove Theorems 1.7 and 1.8. To prove Theorem 1.7,
we need the following lemmas.

Lemma 3.1. Let j, l, m, and n be integers, mb 0, 1a la 2m, nb
2ð2m þ lÞ þ 1, and 1a ja 2ð2m þ lÞ $ 1. Suppose that W A ðRHÞq 0 for some

q 0 satisfying n=2a q 0 < 2mþ1n=f2ð2m þ lÞ $ jg. Assume also that ð$DÞ2
mþluþ

W 2mþ1
u ¼ 0 in Bðx0;RÞ for some x0 A Rn. Then there exists a positive constant

C such that

ð

Bðx0;R=2Þ
j‘ juðxÞj tdx

 !1=t
ð3:1Þ

aCR2mþ1n=q 0$2ð2mþlÞf1þ R2ð2mþlÞr ðx0;WÞ2
mþ2

g sup
y ABðx0;RÞ

juðyÞj;

where 1=t ¼ 2mþ1=q 0 $ f2ð2m þ lÞ $ jg=n.

Proof. We show Lemma 3.1 by a method similar to the one used in the
proof of [11, Lemma 4.6]. Let a and b be nonnegative integers satisfying 1a
aþ ba 2m þ l. We choose h A Cy

0 ðBðx0;RÞÞ such that h 1 1 on Bðx0; 3R=4Þ
and j‘bðDah ÞjaC=R2aþb. We denote by G0ðx; yÞ the fundamental solution

for ð$DÞ2
mþl . It is known that there exists a positive constant C such that

0aG0ðx; yÞaCjx$ yj2ð2
mþlÞ$n. (See [10].) Note that, there exists a positive

constant Cm; l;a;b such that

uðxÞh ðxÞ ¼
ð

Rn
G0ðx; yÞ

0

B@$WðyÞ2
mþ1

uðyÞh ðyÞ þ ð$1Þ2
mþlð3:2Þ

'
X

ab0;bb0
1aaþba2mþl

Cm; l;a;b‘
bðD2mþl$a$buÞðyÞ ' ‘bðDah ÞðyÞ

1

CAdy:
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Then integrating by parts, for x A Bðx0;R=2Þ, we have

j‘ juðxÞjaC

ð

Bðx0;RÞ

WðyÞ2
mþ1

juðyÞj jh ðyÞj
jx$ yjn$2ð2mþlÞþj

dyð3:3Þ

þ C

Rn$2ð2mþlÞþjþbþ2ð2mþl$a$bÞþ2aþb

ð

Bðx0;RÞ
juðyÞjdy

aC sup
y ABðx0;RÞ

juðyÞj '
ð

Bðx0;RÞ

WðyÞ2
mþ1

jx$ yjn$2ð2mþlÞþj
dy

þ C

Rnþj

ð

Bðx0;RÞ
juðyÞjdy:

It then follows from the well-known theorem on fractional integrals that

ð

Bðx0;R=2Þ
j‘ juðxÞj tdx

 !1=t
ð3:4Þ

aC sup
y ABðx0;RÞ

juðyÞj
ð

Bðx0;RÞ
WðxÞq 0dx

 !2mþ1=q 0

þ CR2mþ1n=q 0$2ð2mþlÞ sup
y ABðx0;RÞ

juðyÞj

aCR2mþ1n=q 0$2ð2mþlÞf1þ R2ð2mþlÞr ðx0;WÞ2
mþ2

g sup
y ABðx0;RÞ

juðyÞj;

where 1=t ¼ 2mþ1=q 0 $ f2ð2m þ lÞ $ jg=n and we have used Remark 1.4 (2).
Then the proof is complete. r

If nb 2ð2m þ lÞ þ 1 and 1a ja 2m þ l $ 1, then letting q 0 ¼ 2mn=ð2m þ lÞ
in Lemma 3.1 we have

Corollary 3.2. Let j, l, m, and n be integers, mb 0, 1a la 2m, nb
2ð2m þ lÞ þ 1, and 1a ja 2m þ l $ 1. Suppose that W A ðRHÞ2mn=ð2mþlÞ and

that ð$DÞ2
mþluþW 2mþ1

u ¼ 0 in Bðx0;RÞ for some x0 A Rn. Then there exists a

positive constant C such that

1

jBðx0;R=2Þj

ð

Bðx0;R=2Þ
j‘ juðxÞj2dx

 !1=2
ð3:5Þ

a
Cf1þ R2ð2mþlÞr ðx0;WÞ2

mþ2

g
R j

sup
y ABðx0;RÞ

juðyÞj:
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In Corollary 3.2, if we assume that there exists a positive constant C such
that r ðx0;WÞaC then we have

Corollary 3.3. Let j, l, m, and n be integers, mb 0, 1a la 2m, nb

2ð2m þ lÞ þ 1, and 1a ja 2m þ l $ 1. Suppose that W A ðRHÞ2mn=ð2mþlÞ and

that ð$DÞ2
mþluþW 2mþ1

u ¼ 0 in Bðx0;RÞ for some x0 A Rn. Assume also that

there exists a positive constant C such that r ðx0;WÞaC. Then there exists a

positive constant C 0 such that

1

jBðx0;R=2Þj

ð

Bðx0;R=2Þ
j‘ juðxÞj2dx

 !1=2
ð3:6Þ

a
C 0f1þ Rr ðx0;WÞg2ð2

mþlÞ

R j
sup

y ABðx0;RÞ
juðyÞj:

Lemma 3.4. Let j, l, m, and n be integers, mb 0, 1a la 2m, nb

2ð2m þ lÞ þ 1, and 0a ja 2m þ l $ 1. Suppose that W A ðRHÞn=2. Then there

exists a positive constant C such that

X2mþl$1

j¼0

ð

R n
r ðx;WÞ2ð2

mþ1$jÞj‘ juðxÞj2dxð3:7Þ

aC

ð

Rn
jD2m

uðxÞj2dxþ
ð

R n
WðxÞ2

mþ1

juðxÞj2dx
# $

;

where u A Cy
0 ðRnÞ.

Proof. By the case p ¼ 2 in Lemma 2.5 and Corollary 2.7, we have

X2mþl$1

j¼0

ð

R n
r ðx;WÞ2ð2

mþ1$jÞj‘ juðxÞj2dxð3:8Þ

aC

ð

R n
jfð$DÞ2

m

þW 2mguðxÞj2dx

aC

ð

R n
jD2m

uðxÞj2dxþ
ð

Rn
WðxÞ2

mþ1

juðxÞj2dx
# $

: r

Lemma 3.5. Let l, m, and n be integers, mb 0, 1a la 2m, and nb
2ð2m þ lÞ þ 1. Suppose that W A ðRHÞ2mþ1n=ð2mþlÞ and that ð$DÞ2

mþluþW 2mþ1
u

¼ 0 in Bðx0;RÞ for some x0 A Rn. Then for any positive integer N there exists a

positive constant CN such that
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sup
y ABðx0;R=2Þ

juðyÞja CN

f1þ Rr ðx0;WÞgNð3:9Þ

'
X2mþl$1

j¼0

R j 1

jBðx0;RÞj

ð

Bðx0;RÞ
j‘ juðxÞj2dx

 !1=2
:

Proof. Let h A Cy
0 ðBðx0;R=22

mÞÞ such that h 1 1 on Bðx0;R=22
mþ1Þ,

j‘ jh jaC=R j, where j is an integer satisfying 1a ja 2mþ1 $ 1. Applying
Lemma 3.4 to uh we have

X2mþl$1

j¼0

ð

Bðx0;R=22mþ1Þ
r ðx;WÞ2ð2

mþ1$jÞj‘ juðxÞj2dxð3:10Þ

aC

ð

Bðx0;R=22m Þ
jD2m

uðxÞj2dxþ
ð

Bðx0;R=22m Þ
WðxÞ2

mþ1

juðxÞj2dx

 !

¼ CðI1 þ I2Þ:

We estimate I1. We show that, for all integer l satisfying 1a la 2m,

I1 aC
X2mþl$1

k¼0

1

R2ð2mþ1$kÞ

ð

Bðx0;R=2 l$1Þ
j‘kuðxÞj2dx:ð3:11Þ

First we show the case l ¼ 2m. From the case l ¼ 2m and j ¼ 2mþ1 in Lemma
2.2, we deduce that

I1 aC
X2mþ1

i¼1

1

R2i

ð

Bðx0;R=22m$1Þ
j‘2mþ1$iuðxÞj2dxð3:12Þ

¼ C
X2mþ1$1

k¼0

1

R2ð2mþ1$kÞ

ð

Bðx0;R=22m$1Þ
j‘kuðxÞj2dx:

This means that (3.11) is true for l ¼ 2m. Let a be an integer satisfying
0a aa 2m $ 2. We assume that (3.11) is true for l ¼ 2m $ a and show the
case l ¼ 2m $ a$ 1. From the inductive assumption we deduce that

I1 aC
X2mþ1$a$1

k¼0

1

R2ð2mþ1$kÞ

ð

Bðx0;R=22m$a$1Þ
j‘kuðxÞj2dx:ð3:13Þ

Note that, (3.13) is equivalent to
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I1 aC

 
1

R2ðaþ1Þ

ð

Bðx0;R=22m$a$1Þ
j‘2mþ1$a$1uðxÞj2dxð3:14Þ

þ 1

R2ðaþ2Þ

ð

Bðx0;R=22m$a$1Þ
j‘2mþ1$a$2uðxÞj2dx

þ ' ' ' þ 1

R2'2mþ1

ð

Bðx0;R=22m$a$1Þ
juðxÞj2dx

!

¼ CðJ aþ1 þ J aþ2 þ ' ' ' þ J 2mþ1Þ:

From the case l ¼ 2m $ a$ 1 and j ¼ 2mþ1 $ a$ 1 in Lemma 2.2, we deduce
that

J aþ1 a
C

R2ðaþ1Þ

X2mþ1$a$1

i¼1

1

R2i

ð

Bðx0;R=22m$a$2Þ
j‘2mþ1$a$1$iuðxÞj2dxð3:15Þ

¼ C

R2ðaþ1Þ

X2mþ1$a$2

k¼0

1

R2ð2mþ1$a$1$kÞ

ð

Bðx0;R=22m$a$2Þ
j‘kuðxÞj2dx

¼ C
X2mþ1$a$2

k¼0

1

R2ð2mþ1$kÞ

ð

Bðx0;R=22m$a$2Þ
j‘kuðxÞj2dx:

Combining (3.14) with (3.15) we have

I1 aC
X2mþ1$a$2

k¼0

1

R2ð2mþ1$kÞ

ð

Bðx0;R=22m$a$2Þ
j‘kuðxÞj2dx:ð3:16Þ

This means (3.11) is true for l ¼ 2m $ a$ 1. Hence (3.11) is true for all integer
l satisfying 1a la 2m. From (3.10), (3.11), and Lemma 2.3 it follows for each
integer l satisfying 1a la 2m that

X2mþl$1

j¼0

ð

Bðx0;R=22mþ1Þ
r ðx;WÞ2ð2

mþ1$jÞj‘ juðxÞj2dxð3:17Þ

aC
X2mþl$1

j¼0

1

R2ð2mþ1$jÞ

ð

Bðx0;RÞ
j‘ juðxÞj2dx:

From Lemma 2.1 (2) it follows for each integer j satisfying 1a ja 2m þ l $ 1
that
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ð

Bðx0;R=22mþ1Þ
j‘ juðxÞj2dxa Cf1þ Rr ðx0;WÞg2ð2

mþ1$jÞk0=ðk0þ1Þ

fRr ðx0;WÞg2ð2mþ1$jÞ ' R
2mþ2

R2j
ð3:18Þ

'
X2mþl$1

i¼0

R2i

R2mþ2

ð

Bðx0;RÞ
j‘ iuðxÞj2dx:

Then we have

X2mþl$1

j¼0

R j 1

jBðx0;R=22mþ1Þj

ð

Bðx0;R=22mþ1Þ
j‘ juðxÞj2dx

 !1=2
ð3:19Þ

a
C

f1þ Rr ðx0;WÞg2ð2mþ1$jÞ=ðk0þ1Þ

'
X2mþl$1

i¼0

Ri 1

jBðx0;RÞj

ð

Bðx0;RÞ
j‘ iuðxÞj2dx

 !1=2
:

Repeating above argument, for any positive integer K we have

X2mþl$1

j¼0

R j 1

jBðx0;R=2ð2mþ1ÞKÞj

ð

Bðx0;R=2ð2mþ1ÞK Þ
j‘ juðxÞj2dx

 !1=2
ð3:20Þ

a
CK

f1þ Rr ðx0;WÞg2ð2mþ1$jÞK=ðk0þ1Þ

'
X2mþl$1

j¼0

R j 1

jBðx0;RÞj

ð

Bðx0;RÞ
j‘ juðxÞj2dx

 !1=2
:

Then using Lemma 2.4 and (3.20), we arrive at the desired inequality. r

Combining Corollary 3.3 with Lemma 3.5, we have

Lemma 3.6. Let l, m, and n be integers, mb 0, 1a la 2m, and nb
2ð2m þ lÞ þ 1. Suppose that W A ðRHÞ2mn=ð2mþlÞ and that ð$DÞ2

mþluþW 2mþ1
u

¼ 0 in Bðx0;RÞ for some x0 A Rn. Assume also that there exists a positive

constant C such that r ðx0;WÞaC. Then for any positive integer N there exists

a positive constant CN such that

sup
y ABðx0;R=2Þ

juðyÞja CN

f1þ Rr ðx0;WÞgN
sup

y ABðx0;RÞ
juðyÞj:ð3:21Þ

Now we are ready to give
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Proof of Theorem 1.7. Fix x0; y0 A Rn and put R ¼ jx0 $ y0j. Then
uðxÞ ¼ GH2mþl; 2mþ1 ðx; y0Þ is a solution of ð$DÞ2

mþluþW 2mþ1
u ¼ 0 on Bðx0;R=2Þ.

We note that there exists a positive constant C such that

0aGH2mþl; 2mþ1 ðx; yÞa
C

jx$ yjn$2ð2mþlÞ :ð3:22Þ

(See [10].) Using (3.21) and (3.22), we arrive at the desired inequality. r

Next we prove Theorem 1.8. We arrive at Theorem 1.8 combining the
following Lemma 3.7 with Lemma 3.6.

Lemma 3.7. Let j, l, m, and n be integers, mb 0, 1a la 2m, nb

2ð2m þ lÞþ 1, and 1a ja2ð2m þ lÞ$ 1. Suppose that W A ðRHÞ2mþ1n=f2ð2mþlÞ$jg
and that ð$DÞ2

mþluþW 2mþ1
u ¼ 0 in Bðx0;RÞ for some x0 A Rn. Assume also

that there exists a positive constant C such that r ðx0;WÞaC. Then there exist

positive constants Cj and C 0
j such that

sup
y ABðx0;R=2Þ

j‘ juðyÞja Cjf1þ Rr ðx0;WÞgC 0
j

R j
sup

y ABðx0;RÞ
juðyÞj:ð3:23Þ

Proof. Let a and b be nonnegative integers satisfying 1a aþ ba 2m þ l.
We choose h A Cy

0 ðBðx0;RÞÞ such that h 1 1 on Bðx0; 3R=4Þ and j‘bðDah Þja
C=R2aþb. We use (3.2); by integration by parts, we have

j‘ juðx0ÞjaC

ð

Bðx0;RÞ

WðyÞ2
mþ1

juðyÞj
jx0 $ yjn$2ð2mþlÞþj

dyþ C

Rnþj

ð

Bðx0;RÞ
juðyÞjdy:ð3:24Þ

Since W A ðRHÞ2mþ1n=f2ð2mþlÞ$jg, it follows that W A ðRHÞq for some q >

2mþ1n=f2ð2m þ lÞ $ jg. We choose r such that 2mþ1=q þ 1=r ¼ 1 and r > 1.
By Hölder’s inequality we have

j‘ juðx0ÞjaCRn 1

Rn

ð

Bðx0;RÞ
WðyÞq dy

 !2mþ1=q

ð3:25Þ

' 1

Rn

ð

Bðx0;RÞ

dy

jx0 $ yjfn$2ð2mþlÞþjgr

 !1=r
sup

y ABðx0;RÞ
juðyÞj

þ C

Rnþj

ð

Bðx0;RÞ
juðyÞjdy

a
Cf1þ R2ð2mþlÞr ðx0;WÞ2

mþ2

g
R j

sup
y ABðx0;RÞ

juðyÞj;
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where we have used Remark 1.4 (2). From (3.25) we have for all y A
Bðx0;R=2Þ,

j‘ juðyÞja Cf1þ R2ð2mþlÞr ðy;WÞ2
mþ2

g
R j

sup
x ABðy;R=4Þ

juðxÞj:ð3:26Þ

Using Lemma 2.1 (1) and the fact that r ðx0;WÞaC we have

sup
y ABðx0;R=2Þ

j‘ juðyÞja Cf1þ Rr ðx0;WÞg2
mþ2k0þ2ð2mþlÞ

R j
sup

y ABðx0;RÞ
juðyÞj:ð3:27Þ

Then the proof is complete. r

At the end of Section 3, we state a remark on the estimate of the fun-
damental solution. In Corollary 3.2, if we add the assumption Rb 1 then we
have

Corollary 3.8. Let j, l, m, and n be integers, mb 0, 1a la 2m, nb

2ð2m þ lÞ þ 1, and 1a ja 2m þ l $ 1. Suppose that W A ðRHÞ2mn=ð2mþlÞ, Rb 1,
and that ð$DÞ2

mþluþW 2mþ1
u ¼ 0 in Bðx0;RÞ for some x0 A Rn. Then there

exists a positive constant C such that

1

jBðx0;R=2Þj

ð

Bðx0;R=2Þ
j‘ juðxÞj2dx

 !1=2
ð3:28Þ

a
Cf1þ Rr ðx0;WÞg2

mþ2

R j
sup

y ABðx0;RÞ
juðyÞj:

Using Corollary 3.8 we have an estimate of the fundamental solution under the
assumption jx$ yjb 1 instead of r ðx;WÞaC.

Theorem 3.9. Let l, m, and n be integers, mb 0, 1a la 2m, and nb
2ð2m þ lÞ þ 1. Suppose that W A ðRHÞ2mn=ð2mþlÞ. Then for any positive integer

N there exists a positive constant CN such that

ð0aÞGH2mþl; 2mþ1 ðx; yÞa
CN

f1þ r ðx;WÞjx$ yjgN ' 1

jx$ yjn$2ð2mþlÞ ;ð3:29Þ

where jx$ yjb 1.

4. Proof of Theorem 1.5

Theorem 1.5 follows easily from the following lemma.

Lemma 4.1. Let j, l, m, and n be integers, mb 0, 1a la 2m, nb

2ð2m þ lÞþ 1, and 0a ja2ð2m þ lÞ$ 1. Suppose that W A ðRHÞ2mþ1n=f2ð2mþlÞ$jg.
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Then there exists a positive constant C such that

jr ðx;WÞ2
mþ2$2mþ1j=ð2mþlÞ‘ jfð$DÞ2

mþl þW 2mþ1g$1f ðxÞjaCMf ðxÞ;ð4:1Þ

where f A Cy
0 ðRnÞ and M is the Hardy-Littlewood maximal operator.

Proof. Let r ¼ 1=r ðx;WÞ. It follows from Theorem 1.7 for j ¼ 0 and
from Theorem 1.8 for jb 1 that

jr ðx;WÞ2
mþ2$2mþ1j=ð2mþlÞ‘ jH$1

2mþl;2mþ1 f ðxÞjð4:2Þ

aCNr ðx;WÞ2ð2
m$lÞþj$2mþ1j=ð2mþlÞ

'
ð

R n

r ðx;WÞ2ð2
mþlÞ$jj f ðyÞj

f1þ r ðx;WÞjx$ yjgN jx$ yjn$2ð2mþlÞþj
dy

¼ CCN

Xy

i¼$y

ð

2 i$1r<jx$yja2 ir

j f ðyÞjdy
r2ð2mþlÞ$jð1þ r$1jx$ yjÞN jx$ yjn$2ð2mþlÞþj

aCCN

Xy

i¼$y

ð2 i$1Þ2ð2
mþlÞ$j

ð1þ 2 i$1ÞN
' 1

ð2 i$1rÞn
ð

jx$yja2 ir

j f ðyÞjdy

aCCN

Xy

i¼$y

ð2 iÞ2ð2
mþlÞ$j

ð1þ 2 iÞN
Mf ðxÞ:

Then choosing Nb 2ð2m þ lÞ $ j þ 1 we have

jr ðx;WÞ2
mþ2$2mþ1j=ð2mþlÞ‘ jH$1

2mþl;2mþ1 f ðxÞjaCMf ðxÞ:ð4:3Þ

Then the proof is complete. r

Proof of Theorem 1.5. Let j, l, m, and n be integers, mb 0, 1a la 2m,
nb 2ð2m þ lÞ þ 1, and 0a ja 2ð2m þ lÞ $ 1. Let V ¼ W 2mþ1=ð2mþlÞ. From
Remark 1.2 (3) if V A ðRHÞy then W A ðRHÞy . We note that W A ðRHÞy
implies ‘‘W A ðRHÞ2mþ1n=f2ð2mþlÞ$jg and there exists a constant C such that
WðxÞaCr ðx;WÞ2’’. Using Lemma 4.1 and the fact that the Hardy-
Littlewood maximal operator is bounded on LpðRnÞ, 1 < pa y , we have

kW 2mþ1$2mj=ð2mþlÞ‘ jfð$DÞ2
mþl þW 2mþ1g$1f kL pðRnÞ aCk f kL pðR nÞ;ð4:4Þ

where 1 < pa y . Using W ¼ V ð2mþlÞ=2mþ1
and letting k ¼ 2m þ l, we arrive

at the desired inequality. r
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