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Example 1
massless box model.

G=Uc+ Fc=x1+x+x3+ x4 +x1X3 + ZXX3

/(dO;Vi Z) = const - (—s)d0/2*€*\1/| /
[0,-+00]*

— Pp2:p3 _ .

= pip S 2P P2

P2 P3

X3

X2 X4

X1

P1 Pa

4
dx;
e—dy/2 v YA
g I | X —
. Xi

i=1
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Minkowski inner product

2
Xy =X1y1 — XoY2 — X3y3 — Xays, X =X-X
Energy-momentum relation.
E? — (pc)® = (moc?)?

(E, —p1c, —pac,—p3c) & p (momentum) &FH < 5 L. Massless
7Ze p?=0.
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I(do,v;z) % z IZDWTHILTWL & do,v; DTN BT
THU.

Fact: | 1Z z IZDW T OMILEMS HEANZ2 -7

ZDHEADMEDEE %

(BT lX)master integrals

K& ZoflE 3 {E.

(—s)6<z(—s)l(4,0,1,0,2), (—s)/(4,1,0,2,0), 52(—5)2I(4,1,1,1,1)>

fH: master integrals? = D FEA?

NI AR AR SiFE SR T D Grobner basis O FRE Tl
master integrals ~ standard monomials of Z in R := C(z2)(09;).
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[ ZOBITIRE AT Z 797 ]
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[ HilBR (Restriction) HA A2 M EA? ]

G = z1x1 + 2ox0 + z3Xx3 + Z4X4 + Z5X1X3 + ZsX0Xa

DFES (GKZ %, ifERRDLPr->TB)TE £ 5 z DK%
21:'--225:1/\%U|3Ebf

G =x1+x2+ X3+ xa + x1X3 + ZgX0Xa

@ Lee-Pomeransky 877 (Feynman B DFR) D HERRZE5.

JiF2A D holonomic rank (generic point TO EHIfEZZHDIRIL) B
— IR

D-HIIFEDHIBR 7 VT XL KEIA (1997). — ki), S8R5 A
nk_restriction.rr(HILl, Phlll)

mt mm.rr (FHIRFEZ RO E I RS KTV TY XL

1:Pfaffian eq O HIR. 2:fERATEIIHIR 7L TV X L

R SEIE 2 DA,
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Pfaffian HREA & 13?7 ]
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Y =C™. Dy = C<21,...,Zm,81,...,am>. J= <Zl,...,Zm/>,

m <m F71% J = (L), L I¥ irreducible polynomial. Y’ = V(J).
Oy = Clz]/J, Oy = C[z]. M =Dy /I 7 regular holonomic
Dy-module. M @ Y’ ~NDHlE N 1

Oy ®o, M

Lemma 2

(well-known) N @ maximal open strata W C Y’ DER %= &L
95, 5= {S,’} X0 DE/SITI S DAERELGTC-RZ My
78 Dy /(T + Y7, zDy) OHETH D LT 5. DK

1esie Nlw, si €S, & Nljw D Oy-MEE UTDHIER 5 X 5.
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[ N @ stratification & (X7 ]
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[ HIRO Phaffian AR & 137 ]

Ry = frac(O(Y"))(Om+1, - - -, Om). Rational restriction

Ry ®p,, N

& frac(O(Y")) EOBBIKTER 2 MVERY 725
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r Z %I N @ holonomic rank &3 5.
Ry/ = (C(Zm/+1, e ,Zm)<am/+1, ceey 5m>
Ei%e)

0 |y

DEE. £ D 9i's AN z's N (BRR [0i,z] = 6; T) b

ST, TOFHERIZL TS z21=... =2y =0 BL. & 2IE

10121 ‘21:0 = (101 + 1)|21:0 =1L

= {(f,...,fy). M =Dy/L.
Theorem 3
Lemma 2 D S ZMENRT MV & ART. Ry/[@l,...,am/] %43 D
rx pfihl Qi & C(2') = C(zmats---»2Zm) B D rx r {751 P;
‘t‘x

S =PS+:Qf, . f)T ], 4

& Ryi[0r,...,0m] 2BVl T OITEE.
0; — P; I8 M OHiIfR N O Pfaffian eq.
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J= (L) DHA.

Theorem 4
Dy 3D rx u 115l Q;, Clz] 3D r x r matrix P;, ZIHA
qgeCT

qi0:S = P:S +: Qi(fi,...,f,)" : modL (1)

M Dy THATAEDOWEET S, 22T

Dy 3 ca(2)0=0mod L Id co(z) B L TEIDYINEZ L 2E
ke 5.

qi0;i — P; 8 M DR N @ Pfaffian eq.
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[ RS BRI 7 L T ) 2 A DFh ]
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Standard monomials S % 3K B HERPHELIA 7L T ) X L

c(0) = 807 | ol < k).
vk(0): 0 DZIARX L DEREARZT bv.

THTY) XA 1
(Rational restriction to z; = - -+ = z» = 0)
AJ: holonomic 1 77NV I C Dy DRI {f, ..., fu}. JH&
z=(z1,...,2m) = 0 TOIERRZEM DIRTT r. v > max(so, s1) &7 DEEE ~.
HI: FRAOHIRD C-HE (Lemma 2 O S).

L w=(1,...,1)

2: k=~

3: repeat

1 J=C{w (:0%:],,) [ordwam [T 876 < k o € Ng } € €W
5 k:=k+1

6: until dim C<")/JnC® = r

7: return A vector space basis of C°(V)/Jn €M),
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[ V9 2= D WNDY/| ]

x=z1,y = 2. T={2y0x + 3x20,, 2x0x + 3yd, — 3} I
(y2 = x3V2 2fRI2£D. D/ D (x,y) = (1,2) ~DHIBE % L1
AR ZRZEH x =x+1,y =y+2 w=(1,1), m=2,y=1,
c(y)=2,r=1 T#H.

i = 2(y+2)0x+3(x+1)%9,

fr = 2(x+1)0x+3(y +2)9, — 3.

k=17T®D J OERTTIX

Vk(fl‘xzy:O) = (47 3a 0)7 Vk(f2|x:y:0) = (27 6> _3)

Wcimm@J)ﬁ4y?vaxHHQMTé.<g 2_%)&;

2 0 -1\ .4 5
( 0 -3 2 ).(C/JO(C D rank 1% 1.
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Macaulay 1751 & 1%? RS 2 ] 51E? ]

A=(1,2).

2101 + 2200, — 1 = E
3% — 0

h B 9| & 1]

Z1 0 0 —221 Bl E

0 2z zn |Pf1—2 0 OE
1-— ,81 0 222 —2Z1 0 81E

OoE = 210105 + 22003 + 205 — 10»
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[ mtmm.rr DI VK ]

F2(37 bla b2,C1,C2;X,}/) = z;o,n:o %men. Zx=0
AHIBR. (a)k :=a(a+1)---(a+ k—1).

import ("mt_mm.rr")$

Ideal = [(-x"2+x)*dx"2+(-y*x)*dx*dy+((-a-bl-1)*x+cl)*dx-bl*y*dy-bl*a,
(-y~2+y) *dy "2+ (-x*y) *dy*dx+((-a-b2-1) *y+c2) xdy-b2*x*dx-b2*al $

Xvars = [x,yl$

//Rule for a probabilistic determination

// of RStd (Std for the restriction)

Rule=[[y,y+1/31,[a,1/2],[b1,1/3],[b2,1/5],[c1,1/7],[c2,1/1111%

Ideal_p = base_replace(Ideal,Rule);

RStd=mt_mm.restriction_to_pt_by_linsolv(Ideal_p,Gamma=2,KK=4, [x,y]);

RStd=reverse (map(dp_ptod,RStd[0], [dx,dyl));

Id = map(dp_ptod,Ideal,poly_dvar(Xvars))$

MData = mt_mm.find_macaulay(Id,RStd,Xvars | restriction_var=[x]);

P2 = mt_mm.find_pfaffian(MData,Xvars,2 | use_orig=1);
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Pfaffian system 9,S — P,S, S = (1,9,)7,

0 1
P> = —ba  —(atby+l)y+o
y(y—-1) y(y—1)
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KB 7Z245] (2 loop 0 mass doublebox)

GKZ system @ A:

20/23



rank 238 7% rank 12 (Z

y=1/7,v=3, k=5, 37 A—=XHLEFIZL T mod
p = 100000007 T4741®D echelon form % g5
(generic_gauss_elim mod).

[é)y£9215a 69223£)y’ 69224£9yv é)ga 692137 692157 692217 692227 69223’ 69224’ é)V’ 1]

12 > S=RStd DEMiAHIIEND. T IA 5 rank 12 ® ODE
(Pfaffian system) % Macaulay matrix TK&7z.

Timing on t-PC(AMD EPYC 7552 48-Core Processor * 4 @
1.5GHz, 1T memory)

23,815s (RStd @ guess, 132,145 x 33,649 1751)

502s (Macaulay matrix, 2926 x 10775 1741)

89,021s (rational reconstruction, FiniteFlow. ifi%1]T 20 431 &)
http://www.math.kobe-u.ac.jp/0OpenXM/Math/
amp-Restriction/ref.html rank 8 XX 7%.
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http://www.math.kobe-u.ac.jp/OpenXM/Math/amp-Restriction/ref.html
http://www.math.kobe-u.ac.jp/OpenXM/Math/amp-Restriction/ref.html

BT V(L) ~OHIEIC b2 3 1(5)

)it
i(c);

F4(av b7 C1,C2;X,_)/) = Z (1 Xi.yj' (3)

(a)i+;(b
ij=0 JAHL

)i(L)j(er)

fi = 0(0x+ca—1)—x(0«+6,+a)0+6,+b), (4
fh = 0,(6p+c—1)—y(0c+6,+a)0+6,+b). (5)

rank |3 4. FFE I

x((x —y)? =2x+y)+1)=0 (6)

NT A=K generic. L= (x—y)?—2(x+y)+1=0~DHIFRIE?
% Z: RStd i (1,0x,0,) T rank 3 @ ODE.

(a,b,c1,¢) =(-2/3,1/3,1/3,1/3) DT (x,y) = (1/4,1/4) T
DOYIHIE (1,0,0)T % 5 2 7K O BUEFHA
https://colab.research.google.com/drive/1UQI004B2qz_
6BNUbbzP1XDkxZPZh0f JQ7usp=sharing
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https://colab.research.google.com/drive/1UQIOo4B2qz_6BNUbbzP1XDkxZPZhOfJQ?usp=sharing
https://colab.research.google.com/drive/1UQIOo4B2qz_6BNUbbzP1XDkxZPZhOfJQ?usp=sharing
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