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[ What is the restriction ideal (restriction to a linear space) ]

Dm=C(z1,...,2Zm,01,...,0m) and | is a left ideal of Dp,. The
restriction ideal of | to z;y = ¢1,...,Zyw = Cpy iS

/+Z(ZJ — Cj)Dm ﬂC(Zm/+1,...,Zm,am/+1,...,am> (1)
=1

If a function F(z) is annihilated by / and holomorphic around
z = ¢, then

F(ciy. s CnsZny+1,- -+, Zm) is annihilated by the re-
striction ideal.

It is the elimination of z,...,zw, O1,..., 0. Algorithms for
elimination have been studied in the Grobner basis theory, but ...
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Example

Oy — 8, (2)
9y — (xOx + ydy, + a) (3)

Let f(x,y) be a solution of it. Can we find an ODE for f(x,0)?
Answer:

[ Ox — (x0x + a) ]

Taking y — 0 (2), (3) does not give the answer.
The left ideal / in D = C(x, y, 0x,0,) generated by (2), (3)
contains

Ox — (xOx + y0y + a)

Taking y — 0 gives the answer; [ + xD contains the answer.
flx,y) =1 —x-y)°
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Example 1
massless box model.

G=Uc+ Fc=x1+x+x3+ x4 +x1X3 + ZXX3

/(dO;Vi Z) = const - (—s)d0/2*€*\1/| /
[0,-+00]*

— Pp2:p3 _ .

= pip S 2P P2

P2 P3

X3

X2 X4

X1

P1 Pa

4
dx;
e—dy/2 v YA
g I | X —
. Xi
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[ GKZ system = restriction = ODE(Pfaff eq) for FI

G = z1x1 + 20X + 23X3 + Z4X4 + Z5X1X3 + ZsX0X4
The integral F(z) = [, G55x_f3% satisfies the GKZ system

6
> ayzi0 - B, 0" — 9, (Au=Av)

j=1
where
100010
01 0001
A=(aj)=| 001010
0 00101
111111
If we can compute the restriction of the GKZ system to
z; = -+ = z5 = 1 then we can obtain a system of PDE’s of the

Lee-Pomenransky integral of

G=x1+x2+ x3+ Xa + x1X3 + ZsXoXa
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Algorithms and implementations

1. Restriction to a linear space Oaku1997 [2].
nk_restriction.rr(Nakayama, Nishiyama on Risa/Asir),
Singular (V.Levandovsky), Macaulay2 (A.Leykin, H.Tsai).
Several algorithms of computing b-function
Clz101 + - - - + Zp Opy] N 1. (—1,1)-Grobner basis.

Hard, e.g., GKZ of 9 — 5-variables (1L1m box).

2. We can get a Pfaffian system of restriction for larger systems
CMMT2023 [4]. (1) Moser reduction, ... (2) Restriction to a
point (probabilistic algorithm) and Macaulay matrix. It also
gives a Pfaffian system of restriction to hypersurfaces.
[CMMT2023] V.Chestnov, S.J.Matsubara-Heo, H.J.Munch,
N.T., Restrictions of Pfaffian Systems for Feynman Integrals,
https://arxiv.org/abs/2305.01685. mt mm.rr .
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Current computer algebra systems compute restrictions for

(small) inputs

F(1,1,1,1,1, z) with 8 = (d, d, d, d, e) satisifes the following
ODE.

import ("mt_gkz.rr")$ import("nk_restriction.rr")$
Xm_noX=1$
A=

s e

1,0,0,0,1,0],
0,1,0,0,0,11,
0,0,1,0,1,01,
0,0,0,1,0,11,
1,1,1,1,1,1]

1

Beta = [d,d,d,d,e];

FO=sml.gkz([A,Betal) [0];

F=base_replace(FO, [[x1,x1+1], [x2,x2+1], [x3,x3+1], [x4,x4+1], [x5,x5+111);

dp_gr_print(1); // to be verbose

G=nk_restriction.restriction_ideal(F, [x1,x2,x3,x4,x5,x6],
[dx1,dx2,dx3,dx4,dx5,dx6],[1,1,1,1,1,0]);

Output FO:
[x5*dx5+x1*dx1-d,x6*dx6+x2*dx2-d, x5*dx5+x3*dx3-d, x6*dx6+x4*dx4-d,
x6*dx6+x5*%dx5+x4*dx4+x3*dx3+x2*dx2+x1*dx1-e,dx1*dx3*dx6-dx2*dx4*dx5]

Output G:

[(x6°3+x672) *dx6"~3+((-6*d+e+3) *x6 "2+ (~6*d+2*e+3) *x6) *dx6 "2+
((9%d~2+(-2%e-6) *d+e+1) ¥x6+9*d "2+ (~6%e—6) *d+e~2+2*e+1) ¥dx6-4+d " 3+e*d 2]
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From restriction ideal to restriction (module)

D D
p~ m = = m ®'Dm Dm/l (4)
I+321(z = ¢)Dm  22754(2 — ¢)Dm

(Suppose ¢; = 0 for simplicity.)

Y=C". Dy =C{z1,...,2m,01,...,0m). J={z1,...,2Zp),
m' < mor J= (L), Lis an irreducible polynomial.

Y' = V(). Oy =Clz]/J, Oy = C|z]. The restriction N of
M=Dy/TtoYis

N =0y ®0, M
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What is a Pfaffian system of the restriction N' = Oys ®0,

M?

Ry = frac(O(Y"))(Om+1, - - -, Om). Rational restriction

7?‘Y/ ®Dy/ N

When M is holonomic, the rational restriction is a finite
dimensional vector space over the field frac(O(Y")).

{s1,...,s/} be a basis (standard monomials, RStd).
S1 51
S2 So
O; — P; in Ry ®p,, N.
S Sr

P;'s are r x r matrix of frac(O(Y") entries.
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[ Algorithm for rational restriction (probalistic) ]

1. Choose a generic point in Y’ (probalistic). Compute the
restriction to the point to obtain a set of the standard
monomials S (RStd) for the rational restriction (approximate,
probalistic).

2. Find Q;, P;, g; of Theorems 5, 6 by a Macaulay matrix method
with increasing the order of 0 in Q;.
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Restriction to a hypersurface: J = (L). I = (f,...,f,).
Theorem 2 (Th6)

S: RStd (standard monomials of the restriction). There exist r X p
matrix Q; of entries in Dy, r X r matrix P; of entries in C|z],
polynomial q; € C|z] such that

f
qi0;S = P;S +: Q; . : modL (5)
fu

holds in Dy. Here, Dy > ) c,(2)0“ = 0 mod L means that L
divides c,(z).

qi0; — P; is the Pfaffian system of the rational restriction A to
V(L) of M modulo L.
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Implementation in mt_ mm.rr

F2(av bla b2) 1, C2;X7_y) = Z?,in:() %X”’yn. We

restrict the rank 4 system for Appell function F, to x = 0.
(a)k :=a(a+1)---(a+k—1).

import ("mt_mm.rr")$

Ideal = [(-x"2+x)*dx"2+(-y*x)*dx*dy+((-a-bl-1)*x+cl)*dx-bl*y*dy-bl*a,
(~y~2+y) *dy "2+ (-x*y) *dy*dx+((-a-b2-1) *y+c2) *dy-b2*x*dx-b2*al $

Xvars = [x,y]$

//Rule for a probabilistic determination

// of RStd (Std for the restriction)

Rule=[[y,y+1/3],[a,1/2],[b1,1/3],[b2,1/5],[c1,1/7],[c2,1/11]]$

Ideal_p = base_replace(Ideal,Rule);

RStd=mt_mm.restriction_to_pt_by_linsolv(Ideal_p,Gamma=2,KK=4, [x,y]);

RStd=reverse (map(dp_ptod,RStd[0], [dx,dy]l));

Id = map(dp_ptod,Ideal,poly_dvar(Xvars))$

MData = mt_mm.find_macaulay(Id,RStd,Xvars | restriction_var=[x]);

P2 = mt_mm.find_pfaffian(MData,Xvars,2 | use_orig=1);
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Pfaffian system 9,S — P,S, S = (1,9,)7,

0 1
P> = —ba  —(atby+l)y+o
y(y—-1) y(y—1)
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Larger example(2 loop 0 mass doublebox)

|

A of the GKZ system:

The holonomic rank (dim of solutions) of the GKZ system is 238.

< 25 76

1<

We need to restrict it to z; = 1,

p3

D2

D4

D1

15/39



The rank of the rational restriction is 12 (< 238)

y =1/7, v =3, k =5, Specialize parameters to random numbers
and the echelon form is computed with mod p = 100000007.
(generic_gauss_elim mod).

[8}’82157 a223 8}/’ a2248}/7 8)2/’ 82137 82157 3221, 8222’ 82237 a2247 ay’ 1]

Output S=RStd consisting of 12 elements. Computing rank 12
ODE (Pfaffian system) by the Macaulay matrix method (Th 5).
Timing on t-PC(AMD EPYC 7552 48-Core Processor * 4 @
1.5GHz, 1T memory)

23,815s (Guess RStd, 132,145 x 33,649 matrix)

502s (Macaulay matrix, 2926 x 10775 matrix)

89,021s (rational reconstruction, FiniteFlow. About 20min by
distributed computation)
http://www.math.kobe-u.ac.jp/OpenXM/Math/
amp-Restriction/ref .html
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[ Example of the restriction to V(L) ]

oo a)iti bi ;
Fa(a, b, c1, 2%, y) = MZ_:O (1)(,-()1)JJF-J((C1;;EZQ)1

fi = 6(bcx+ca—-1)—x(0«+6,+a)(0+6,+b), (8)

fh = 6,0 +c2—1)—y(0«+0,+a)b0c+6,+b). (9)
generates the rank 4 holonomic ideal. The singular locus is

xy((x =y =2(x+y)+1) =0 (10)

Let parameters be generic. Compute the restriction to
L=(x—y)?-2(x+y)+1=0.
Ans: RStd is (1,0, 0y) (rank 3, ODE).
Put (a, b,c1, ) =(—-2/3,1/3,1/3,1/3). Give initial value
(1,0,0)7 at (x,y) = (1/4,1/4). Numerically solve the ODE as
https://colab.research.google.com/drive/1UQI004B2qz_

6BNUbbzP1XDkxZPZh0f JQ7usp=sharing Todo, include
Prog:amp22/Data2/2023-03-29-rest-hs.rr in mt_mm.rr

X'yl (7)
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Summary

We give an algorithm to obtain the Pfaffian system (ODE’s) of the
rational restriction of a holonomic D-module.

1. The algorithm can find rational restrictions, e.g., the GKZ
system of 26 — 8 variables (2LOm model).

2. The algorithm can also find rational restrictions to
hypersurfaces, e.g., Appell system Fj4 to
(x—y)?=2(x+y)+1=0.
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Technical details
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[ What is the restriction? Toward more general setting. ]

Dm=C(z1,...,2Zm,01,...,0m) and | is a left ideal of Dp,. The
restriction® of the D,,-module Dm/l to a linear subspace

Z] = Cl,---,Zny = Cpy, for some constant ¢; € C, is defined by
D D
—— ®p,, Dm/l = —— . (11)
> i21(Z = ¢)Dm I+371(z — ¢)Dm

A left D,-module is called holonomic if the Hilbert polynomial
w.r.t. a good filtration is of degree m. When D,, /! is holonomic,
then [ is called holonomic ideal. The solution space of holonomic /
(the space of functions annihilated by /) is finite dimensional space.

Theorem 3

(J.Bernstein 1972, see, e.g., dojo [1][Th 6.10.8, p.303].) If Dp/I
is a holonomic D,,-module, then the restriction defined above is
holonomic D,,_ ,y-module.

1t is an algebraic counterpart of the restriction of solutions of differential
equations to the linear subspace.
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What is the restriction? Tensor expression. ]

Y =Cm. Dy :C<zl,...,zm,81,...,8m>. J= <21,...,Zm/>,

m' < mor J= (L), Lis an irreducible polynomial. Y’ = V(J).
Oy: = C[z]/J, Oy = C|z]. The restriction N' of M = Dy /T to
Y'is

N = Oy Koy M

Lemma 4

(well-known) M is holonomic. An maximal open strata W C Y’
of N contains the origin. S = {s;} is a finite set of monomials of O
and is a basis of C-vector space Dy /(Z+ Y., zDy). Then,
1®si e N|w, si €S, is a basis of N'|w as Oy:-module.

The (holonomic) rank (the dimension of holomorphic solutions at
generic points) of A/ < rank of M.
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What is a Pfaffian system of the restriction N' = Oy: ®0,
M? M =Dy/l

Ry = frac(O(Y")){(Omr 41, - - -, Om). Rational restriction

7QY/ ®Dy/ N

When M is holonomic, the rational restriction is a finite
dimensional vector space over the field frac(O(Y”)).
{s1,...,s/} be a basis.

S1 s1
S )

0; ) — P ) in Ry XDy, N.
Sy Sy

P;'s are r x r matrix of frac(O(Y”) entries.
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Note:
i:Y' =Y
Since Y and Y’ are ringed space, there exists a map
I'ﬁ 0y = Oy

The product of g € Oy and h € Oy is defined by g(i*h).
When Oy: = C[z]/J, the natural definition of i* gives g(i*h) is gh
in Oys when h € C|z].
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[ What is the stratification associated to N/ ? ]
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What is a Pfaffian system?

Example: Appell function F;.

= (@) m+n(b1)m(b2)n
F a)b7buc7c;x7 = an
2(a, b1, by, c1, 2; x, y) m;O (D)m(1)n(c)m(c2)n
F F2
asz . 8XF2
O OyFy | & Oy Fa
6}%/:2 8}%/:2
F) F2
8XF2 . 8XF2
"l om |~ R
8}2,/‘_2 6}2/F2

P;'s are 4 x 4 matrix of rational function entries. {1,8X,8y,8§} is
the set of the standard monomials of Ry / where [ is the
annihilating left ideal of F, in Dy and Ry = C(x, y)(0x, 0y).
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Let r be the holonomic rank of the restriction N.

Ry/ = C(Zm/+1, e ,Zm)<am/+1, ey am>
Meaning of

R |21:...:zm/=0

. Move 9;'s of £ to right and z;'s to the left (by the relation
[0i,2] =6 ). And put z; = ... = z,y = 0 in the normally ordered
expression. For example,

:8121:‘ 0= (2181+1)| =1.

z1= z1=0
Z=<(f,....,fy). M=Dy/L

Theorem 5

We regard S in Lemma 4 as a column vector. There exist r X
matrix Q; of entries in Ry/[01,...,0n] and r X r matrix P; of

entries in C(2') := C(zyy 41, - - -, Zm) such that
S =PS +: Qi(f,....f)": |z1:...:z,,,,:o

holds in Ry/[al, ey 8,,,/]. 27/39



Restriction to a hypersurface: J = (L)

Theorem 6
There exist r x p matrix Q; of entries in Dy, r X r matrix P; of
entries in C[z], polynomial q; € C|z| such that

qi0;S = P;S +: Qi(f,...,£,)T 1 modL (12)

holds in Dy. Here, Dy 3 )" c,(2)0“ = 0 mod L means that L
divides c,(z).
qi0; — P; is the Pfaffian system of the restriction N of M.
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[ Algorithm for rational restriction (probalistic) ]

1. Choose a point in W C Y’ (probalistic). Compute the
restriction to the point to obtain a set of the standard
monomials S (RStd) for the rational restriction (approximate,
probalistic).

2. Find Q;, P;, g; of Theorems 5, 6 by the method of undermined
coefficients of 0 with increasing the order of 0 in Q;.
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Step 1: Find standard monomials S for rational restriction

(approximate, probalistic c(k) = #{0% | |a| < k}.
vk(£): the vector of coefficients of £ as a polynomial in 0.

Algorithm 1

(Rational restriction to zy = -+- = z, = 0)

Input: generators {fi, ..., f,} of the holonomic Z C Dy. The dimension of
the space of holomorphic solutions r at the origin z = (z,...,zm) = 0. An

intger v such that v > max(so, s1).
Output: C-basis (S of Lemma 4) at the origin.

1o w=(1,...,1)

2: k=~

3: repeat

1 J=C{w (:0%:],,) [ordwm [ 876 < k o € Ng } € €W
5: k=k+1

6: until dimC<")/JnC™ =

7: return A vector space basis of C(V)/J 0 CM),

ord(_w7w)(zo‘85) =—w-a+w-f
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Example

x=z1,y = z2. T ={2y0x + 3X28y, 2x0x + 3y0y, — 3} has a
solution (y? — x3)1/2. We will compute the restriction of D/ to
(x,y) = (1,2) approximately. Change of coordinate x := x + 1,
y:=y+2 w=(1,1), m=2, Apply the algorithm with v =1,
c(y)=2r=1

fii = 20y +2)0x+3(x+1)%y

fr = 2(x+1)0«+3(y+2)9, —3.

The generators of J at k =1 are

Vk(fl‘xzy:O) = (47 31 0)7 Vk(f2’x:y:0) = (27 67 _3)
. . 4 3 0 .
Each entiries of vy is indexed by (0, 0,,1). > 6 _3 )18

transformed to ( —2 0 -1 ) . The rank of C3/JNC3is 1,

0 -3 2
then {1} is S.
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[ What is the Macaulay matrix ]

A=(1,2).

2101 + 220, — 1 = E
02 — 0y

o B o] & 1|

4} 0 0 —221 ﬁl E
0 222 Z1 ,31 -2 0 82E
1-p 0 22 —71 0 O E

O E = 210100 + 22283 + 28 — 510>
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Implementation in mt_mm.rr

Fala, br, ba, 1, 021, y) = o oo (e (g, XY We
restrict the system for F> to x = 0. (a)x :=a(a+1)---(a+k—1).

import ("mt_mm.rr")$

Ideal = [(-x"2+x)*dx"2+(-y*x)*dx*dy+((-a-bl-1)*x+cl)*dx-blxy*dy-bl*a,
(=y~2+y) *dy "2+ (~x*y) *dy*dx+((-a-b2-1) *y+c2) *dy-b2*x*dx-b2*al $

Xvars = [x,y]$

//Rule for a probabilistic determination

// of RStd (Std for the restriction)

Rule=[[y,y+1/31,[a,1/2],[b1,1/3],[b2,1/5],[c1,1/7]1,[c2,1/111]1$

Ideal_p = base_replace(Ideal,Rule);

RStd=mt_mm.restriction_to_pt_by_linsolv(Ideal_p,Gamma=2,KK=4, [x,y]);

RStd=reverse (map(dp_ptod,RStd[0], [dx,dy]l));

Id = map(dp_ptod,Ideal,poly_dvar(Xvars))$

MData = mt_mm.find_macaulay(Id,RStd,Xvars | restriction_var=[x]);

P2 = mt_mm.find_pfaffian(MData,Xvars,2 | use_orig=1);
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Pfaffian system 9,S — P,S, S = (1,9,)7,

0 1
P> = —ba  —(atby+l)y+o
y(y—-1) y(y—1)
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Larger example(2 loop 0 mass doublebox)

|

A of the GKZ system:

(13)

The holonomic rank of the GKZ system is 238. We need to

< 25 756

1<

restrict it to z; = 1,

p3

D2

D4

D1

35/39



The rank of the rational restriction is 12 (< 238)

y =1/7, v =3, k =5, Specialize parameters to random numbers
and the echelon form is computed with mod p = 100000007.
(generic_gauss_elim mod).

[63y692157 é)zzsé)y’ 6922469y7 623’ 692137 592157 6)2217 69222’ 692237 a2247 éiy’ 1]

Output S=RStd consisting of 12 elements. Computing rank 12
ODE (Pfaffian system) by the Macaulay matrix method (Th 5).
Timing on t-PC(AMD EPYC 7552 48-Core Processor * 4 @
1.5GHz, 1T memory)

23,815s (Guess RStd, 132,145 x 33,649 matrix)

502s (Macaulay matrix, 2926 x 10775 matrix)

89,021s (rational reconstruction, FiniteFlow. About 20min by
distributed computation)
http://www.math.kobe-u.ac.jp/OpenXM/Math/
amp-Restriction/ref .html
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[ Example of the restriction to V(L) ]

oo a)iti bi ;
Fa(a, b, c1, 2%, y) = MZ_:O (1)(,-()1)JJF-J((C1;;EZQ)1

fi = 6(cx+ca—1)—x(0«+6,+a)(b«+6,+b), (15)

frh = 6,0 +c—1)—y(0«+0,+a)bc+6,+b). (16)
generates the rank 4 holonomic ideal. The singular locus is

xy((x =y =2(x+y)+1) =0 (17)

Let parameters be generic. Compute the restriction to
L=(x—y)?-2(x+y)+1=0.
Ans: RStd is (1,0, 0y) (rank 3, ODE).
Put (a, b,c1, ) =(—-2/3,1/3,1/3,1/3). Give initial value
(1,0,0)7 at (x,y) = (1/4,1/4). Numerically solve the ODE as
https://colab.research.google.com/drive/1UQI004B2qz_

6BNUbbzP1XDkxZPZh0f JQ7usp=sharing Todo, include
Prog:amp22/Data2/2023-03-29-rest-hs.rr in mt_mm.rr

Xiyj. (14)
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See also papers which cite this paper. You can find
generalizations and improvements.

https://doi.org/10.1007/JHEP09(2022)187.
https://arxiv.org/abs/2305.01585.

FiniteFlow, multivariate functional reconstruction using finite
fields and dataflow graphs.
https://github.com/peraro/finiteflow

References for HGM, http://www.math.kobe-u.ac.jp/
OpenXM/Math/hgm/ref-hgm.html
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