DISTRIBUTIONS OF DISCRIMINANTS OF CUBIC ALGEBRAS

TAKASHI TANIGUCHI

ABSTRACT. We study the space of binary cubic and quadratic forms over the ring of integers
O of an algebraic number field k. By applying the theory of prehomogeneous vector spaces
founded by M. Sato and T. Shintani, we can associate the zeta functions to these spaces.
Applying these zeta functions, we derive some density theorems on the distributions of dis-
criminants of cubic algebras over O. In the case k is a quadratic field, we give a correction
term as well as the main term. These are generalizations of Shintani’s asymptotic formulas of
the mean values of class numbers of binary cubic forms over Z.

1. INTRODUCTION

Let k£ be a number field and O the ring of integers of k. Let r; and 72 be the number of real
and complex places of k. We denote by Ay, hy and ((s) the absolute discriminant, the class
number and the Dedekind zeta function of k, respectively. We put

Ck(2) . 3r1+r2/2ck(1/3) <F(1/3)3)[/€Q]

Ay, := (Ress=1 Cx(s)) - Srifrailr  Dki= (Ress—1 Cr(s)) 5. 27’1+T2A11€/2 2m

For 0 <i <y, let hij(n) be the numbers of the following set:

o) = #{ (.

Here Ay is the relative discriminant of R/O (which is an integral ideal of O) and N(Ag,0)
is its ideal norm. Note that we count pairs (R, F') up to isomorphism. One of the primary
purpose of this paper is to investigate the function ), _ hi(n) as X — oco. Here we state our
result when k is a quadratic field.

F is a cubic extension of k with r1 + 2i real places,
R is an order of F' containing O, and N(Ag/0) =n. [

Theorem 1.1 (Theorem 7.20). Let k be a quadratic field. For any e > 0,

—1 . .
() D hi(n) =37AX + 3728, X0+ O(XUME) (X — 00),
n<X

r1
%

The case k = Q is known by Shintani [Sh75]. For the case [k : Q] > 3, see Theorem 7.20.

We explain one more theorem we prove in this paper. We call a finite O-algebra a cubic
algebra if it is projective of rank 3 as an O-module. We denote by C(Q) the set of isomorphism
classes of cubic algebras of O. For a fractional ideal a of k, we put C(O,a) = {R € C(O) |
A’ R = a}. Tt is known that C(O,a) depends only on the ideal class of a and that C(Q) =
Haccar) €(O, a) (we use the same symbol a to denote its ideal class.) In general for a projective
O-module M of rank m, the class of the ideal isomorphic to A\™ M is called the Steinitz class
of M.

We count the number of C(O,a) for each a. More precisely, for 0 < i < r; we count
C(O,a); ={R€C(O,a) | Rz R = R"+2 x C32tm1 =11 An interesting phenomenon we prove
in the case k is a quadratic field is that the Steinitz class is not uniformly distributed in the
X5/6_term if Cl(k) contains a non-trivial 3-torsion element.

where ("}) is the binomial coefficient.
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Theorem 1.2 (Theorem 7.8). Let k be a quadratic field. For any e > 0,

" 1 B 1 A Bih ose
()% sy = O g X @ X O (X o).
ReC(0,a);

N(Ap 0)<X

Here #(Aut (R)) denotes the cardinality of the automorphisms of R as an O-algebra and h,(cg)
the number of 3-torsion elements of Cl(k) (which is a power of 3). Also for a € Cl(k), we put
7(a) = 1 if there exists b € Cl(k) such that a = b3 and 7(a) = 0 otherwise.

Before explaining the contents of this paper, we include a brief historical overview of the area
in order to clarify the background of our results. The study of distributions of discriminants
or mean values of class numbers of rings or fields extensions is a classical topic in algebraic
number theory and has a long history. The roots of this topic trace to Gauss, who is
the first mathematician introducing a group theoretical approach to number theory. In [Gauss],
he found that the set of orbits GL(2)z\Sym?Z? of integral binary quadratic forms corresponds
bijectively to the set of ideal classes of quadratic rings. Using this he gave conjectures for
the asymptotic property of the average number of class numbers of quadratic rings. This
conjecture was first proved by Lipschitz for the imaginary case, and by Siegel for the real case.
Siegel [Si44] also proved a density theorem for GL(n)z\Sym?Z™ in general.

If one considers cubic objects as we shall do in this paper, the most basic representation is
the space of binary cubic forms (GL(2),Sym3Aff?). An interpretation of the set of orbits of
the space of integral binary cubic forms GL(2)z\Sym?3Z? in terms of cubic rings was discovered
by Delone-Faddeev [DF64], and many applications to number theory or representation theory
have been obtained to the present. For example, this interpretation was used by Davenport
and Heilbronn [DHT71] to prove the density of discriminants of cubic fields }p.qgj_3 A< x 1 ~
371¢(3) 71X (X — o0).

In 1972, Shintani [Sh72] made a significant contribution to the study of the class numbers of
GL(2)7z\Sym®Z? by applying the zeta function theory of prehomogeneous vector spaces founded
by M. Sato and Shintani [SS74]. He gave the analytic continuations, functional equations and
residue formulas of the Dirichlet series. Combined with the results of zeta functions of binary
quadratic forms [Sh75], he gave a correction term [Sh75, Theorem 4] to the main term of
Davenport’s asymptotic formula of distributions of discriminants of irreducible cubic rings
over Z.

His works [Sh72, Sh75] are the starting point of our work. The zeta functions of preho-
mogeneous vector spaces can be defined over any algebraic number fields, and by the use of
adelic language numerous contributions to number theory has been obtained. For the case of
the space of binary cubic forms, a series of work by Wright [Wr85] and Datskovsky-Wright
[DW86, DW8S| gave the generalization of the Davenport-Heilbronn’s density theorem over Q
above to over a general number field £ with finite number of local conditions. This was recently
improved by Kable-Wright [KW05] to prove an equidistribution result for the Steinitz classes
of cubic extensions. In both cases what is called filtering process was used to count cubic field
extensions of k which corresponds a set of rational equivalence classes, rather than the cubic
algebras of O which to a set of integral equivalence classes. The density problems of integral
equivalence classes are not well considered other than over Z, and this is what we focus in
this paper. In the integral equivalence case, Landau’s Tauberian theorem [L15] modified by
Sato-Shintani [SS74] gives a sharp error estimate since our zeta function satisfies a functional
equation. (Note that a part of Theorem 7.8 is obtained by Wright in his thesis [Wr82] as the
mean value of class numbers.)

We first prove Theorem 1.2 (Theorem 7.8) and after that Theorem 1.1 (Theorem 7.20).
The step is to separate the reducible algebras of C(0O), i.e., those R € C(O) with R ®0 k
not a field. As in the case of Z treated in [Sh75], these are parameterized essentially by
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(B(2), Sym?Aff?) where B(2) is the Borel subgroup of GL(2) consisting of lower triangular
matrices. We generalize the argument of [Sh75] to general number fields both algebraically
and analytically.

To the author’s best knowledge, Theorem 1.2 is the first unequidstribution result of the
Steinitz classes. We mention that the idea that the character in the zeta function segregates
cubic algebras by their Steinitz classes is due to Kable-Wright [KWO05]. For a conjecture of
distributions of Steinitz classes for fields, see [KW05, Introduction].

After the summary of the theory of binary cubic forms, a brief illustration of some re-
cent progress and arising problems of related topics is appropriate. The parameterizations
of extensions degree 2, 3, 4 and 5 was first systematically established in the celebrated work
of Wright-Yukie [WY92] via 8 prehomogeneous representations containing (GL(2), Sym?Aff?)
and (GL(2), Sym3Aff?) as basic cases. A program to prove a series of density theorems was
proposed, and besides, deep contributions to algebraic number theory were indicated. After
Wright-Yukie, the arithmetic theory of Z-orbits was first handled by Kable [K00] for one spe-
cial case, and recently being developed greatly by Bhargava [B04a, B04b, BO4c, B05]. In his
published works, he gave generalizations of Gauss’ and Delone-Faddeev’s orbit ring maps in
the degree 2, 3 and 4 case and also obtained the main term of the density of discriminants of
quartic fields and rings. He also announced some results for the quintic case. On the other
hand the quintic case is also handled slightly earlier by Kable-Yukie [KY04b, KY04a, KY05]
and an upper bound of the number of quintic fields ordered by the size of discriminants is
obtained.

All of the 8 prehomogeneous vector spaces treated in [WY92] are what we call as parabolic
type classified by Rubenthaler in his thesis [Ru82]. These are obtained by choosing a semisimple
group and a maximal parabolic subgroup. For details, see [WY92], [Y93] or their references
also. The case of binary cubic form corresponds to the exceptional group G2 and its Heisenberg
parabolic subgroup, and our results might contribute to the theory of G5 such as [GGS02]. In
addition, much progress of the theory of zeta function of prehomogeneous vector space should
be done both globally and locally. One more problem we would like to mention due to its
number theoretical interest is various kinds of generalizations of Ohno [097] and Nakagawa’s
[N98| extra functional equation of the global zeta function for the space of binary cubic forms
over Q to general number fields or other prehomogeneous representations. We hope these
theory will be developed in the future.

We conclude this section with a brief review of contents of this paper. In Section 2 we
define the representations we consider in this paper. Main objects we consider are the space
of binary cubic forms (G, V) = (GL(2), Sym3Aff?) and the space of binary quadratic forms
(B, W), where W = Sym2Aff? and B is close to the Borel subgroup of GL(2) consisting of lower
triangular matrices. An “embedding” of (B, W) into (G, V') described in Definition 2.1 plays
an essential role when removing the contributions of reducible algebras. The algebraic part
of this paper is developed in Section 3. We consider the group theoretical parameterization
of cubic algebras by means of (G,V) and (B,W). Since arithmetic plays no roles here, we
consider it over general Dedekind domains. For the space of binary cubic forms (G, V'), this is
regarded as a generalization of Delone-Faddeev’s orbit ring map [DF64].

The rest of this paper is devoted to the analytic theory. After we introduce notations for
number fields and give normalizations of invariant measure in Section 4, we concentrate on the
analysis of the zeta functions. Both (G, V) and (B, W) are typical examples of prehomogeneous
vector spaces and the associated zeta functions have been studied by many mathematicians
after Shintani’s pioneering works [Sh72, Sh75]. As we desire to work over general number
fields, we need to rewrite his work into adelic language. For (G,V'), this is done by Wright
[Wr85]. In Section 5 we give the adelic version of the zeta function of (B,W) in [Sh75,
Chapter 1]. We choose F. Sato’s modified approach [Sat81] where the “enlarged representation”
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(H,U) = (GL(1) x GL(2), Sym2Aff? @ Aff?) is well used. We note that the adelic zeta function
for (H,U) is handled by Yukie [Y93, Chapter 7] in a slightly different formulation.

In Section 6 we deal with the archimedean local theory. Since this determines the gamma
factor of the functional equations, this is important for our purposes. Fortunately this is well
established and we briefly recall it. In Section 7 we study the density theorems. We define
our target Dirichlet series and describe them by means of the integral expressions of the global
zeta functions. Combined with Sato-Shintani’s Tauberian theorem [SS74, Theorem 3|, we find
the asymptotic formulas.

In Section 8, we study some zeta integrals for the space of binary cubic forms (G,V). In
particular, we obtain the residue of the second pole as well as the meromorphic continuation
of the zeta integral corresponding to irreducible cubic forms. We hope this result will be useful
when attacking the conjecture of Datskovsky-Wright [DW02] or Roberts [Ro01] on the second
term of the asymptotics of cubic field discriminants. We note that a part of our result is
obtained by Yukie in an unpublished note [Y03] by a fairly different method.

In Appendices we give some supplements to Section 6 that are logically independent of our
main theorems. In particular, the explicit formula of the local zeta function for the standard
test function at finite places is given. This result is closely related to Ibukiyama-Saito’s work

[1595).
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Notation. For a finite set X we denote by #X its cardinality. The standard symbols Q,
R, C and Z will denote respectively the set of rational, real and complex numbers and the
rational integers. If V is a scheme defined over a ring R and S is an R-algebra then Vg denotes
its S-rational points (we do not use the notation Vs in the sense of the base change). If an
abstract group G acts on a set X, then for z € X we set Stab(G;z) = {g € G | gz = x}. If
r € G\X is the class of x € X, we also denote the group by Stab(G;), which is well defined
up to isomorphism. We always regard the affine n-space Aff™ the set of row vectors on which
GL(n) acts from the right.

2. PREHOMOGENEOUS VECTOR SPACES

In this section, we introduce representations (G, V), (B, W), (H,W) and (H,U) we consider
in this paper and discuss their basic properties. The first one is the space of binary cubic
forms. The remaining three are concerned with the space of binary quadratic forms, and they

are closely related. All of these are what we call prehomogeneous vector spaces in the sense of
[SS74].

2.1. The space of binary cubic forms. Let V = Sym3Aff2. We regard V as the space
of binary cubic forms of variables v = (v1,v2). Elements of V' are expressed in the form
T = a:ov:f’ + xlv%vg + xgvlvg + 1133125’. We choose © = (xg, x1, 2, x3) as the coordinate system of
V. We define the action of G = GL(2) on V by

1
ad — be

(92)(v) = (det g)~'z(vg) = z(avy + cvg,buy +dvz), g= (CCL b) €Gq.

d
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] Representation \ Group \ Vector space \ R.I. & Characters ‘
y (G,V) \ GL(2) | Sym’Aff® | P 2 |
(B,W) as in (2.1) Sym?Aff? Q1 < x1,Q2 < X3
(H,W) GL(1) x GL(2) SymZAff? Q2 <= X3
(H,U) = (H,W @& S) | GL(1) x GL(2) | Sym®Aff? @ Aff? | Ry < x1, Ra < X3

TABLE 1. Prehomogeneous vector spaces

This action is slightly different from the usual one. Note that this twisted representation is
faithful, whereas the usual action has kernel us. Let P(z) be the discriminant of x;

P(z) = SC%Q?% — 4x01:§ - 41:?:63 + 18xox17273 — 27x(2)55§'

We put x(g) = det(g). Then we have P(gx) = x(g9)?P(x). We put Vs = {z € V | P(x) # 0}.
Then V* is a single G-orbit over any algebraically closed field.

2.2. The spaces of binary quadratic forms and an embedding. Let W = Sym?Aff?,
regard as the space of binary quadratic forms of variables v = (v1,v2), and express elements as
y = y(v) = y1v? + yav1v9 +y3v3. We choose y = (y1, y2,y3) as the coordinate system of W. Let
H = GL(1) x GL(2) and express elements of H as h = (¢,g) where ¢t € GL(1) and g € GL(2).
We define characters x1 and x2 on H by xi1(h) =t and x2(h) = tdet(g). We define the action
of H on W by

(h)) (v) = ty(vg) = ty(avs + cva,bor +dva), b = (t, ) = <t, <$ Z)) €H.

We define a subgroup B of H by
2.1) Bz{bz(t,(i 2>)t,peGm,ueGa}gG;xGa,

and consider the representation (B,W). We put Q1(y) = y1 and Q2(y) = y5 — 4y1y3. Then
we have Q1(by) = x1(0)Q1(y), Qa(by) = x2(b)*Q2(y) for b € B, y € W. We put W* = {y ¢
W | Q1(y)Q2(y) # 0}, which is a single B-orbit over any algebraically closed field. We also
consider the representation (H,W). This representation has a single basic relative invariant
polynomial Q2(y) with the character x3. We put W™= {y € W | Q2(y) # 0}, which is a single
H-orbit over any algebraically closed field.

Let S = Aff2. We express elements of S as 7 = (7;,75), and choose this as the coordinate
system of S. We put U = W @ S and express elements of U as y = (y,7) = (Y0, Y1, Y2, Y1, Ya)-
Then we can define the action of H on U as follows:

hy = h(y,y) = (hy, g "),  h=(t,g) € H.

We put Ri(9) = %o¥i + ¥17:172 + ¥205 and Ra(y) = Qa2(y) = ¥5 — 4y1y3. Then we have
R1(hy) = x1(h)R1(y) and Ra(hy) = x2(h)?Ra(y). We put U = {y € U | R1(y)Ra(y) # 0},
which is a single H-orbit over any algebraically closed field.

In later sections, we use an “embedding” (B, W) into (G, V') which will play a significant
role in this paper. We define the embedding here.

Definition 2.1. For a binary quadratic form y € W, we regard the binary cubic form y* = vsy
as an element of V. Then P(y*) = Q1(y)’Q2(y). We embed B into G via the map

Bab:(t,<1 0>)r—>b*:<t 0)6@.
U s tu ts

Then for y € W and b € B, we have (by)* = b*y* € V.
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3. PARAMETERIZATION OF CUBIC ALGEBRAS OVER A DEDEKIND DOMAIN

Throughout this section, we assume O a Dedekind domain and k its quotient field. In
this section we give group theoretical parameterizations of (O-algebras which are projective
of rank 3 as O-modules by means of the representations (G, V) and (B,W). The results are
Propositions 3.6 and 3.12. The notion of Steinitz class naturally arises in the process. A review
of geometric interpretations of orbits over fields are included.

3.1. Projective modules over a Dedekind domain. For the convenience of reader, we
review the basic properties of projective modules and fractional ideals of Dedekind domains.
For details, see Milnor’s book [M71, §1] for example. We assume all the O-modules to be
finitely generated.

Definition 3.1. (1) An element m of an O-module M is called a torsion element if there
exists a non-zero element a € O such that am = 0. The set of torsion elements are called
the torsion submodule of M. If the torsion submodule of M is trivial, M is called torsion
free.

(2) For an O-module M, M ® k is a vector space over k. The dimension is called the rank of
M.

Proposition 3.2. (1) If M is torsion free, then the map M — M ® k is injective.

(2) An O-module M is torsion free if and only if M is projective. In particular, any fractional
ideal of O is projective, and any submodule of a projective module is projective.

(3) Let M be a projective O-module of rank n. Then there exists a non-zero ideal a of O such
that M = O™ ' @ a as O-modules. The ideal class of a is uniquely determined by M and
called the Steinitz class of M, which we denote by St(M).

(4) For projective modules My and Ma, we have St(M; @ Msy) = St(M;® M) = St(M;)-St(Ma)
where the last product is of the ideal class group.

(5) Let a be a fractional ideal of O. Then the inverse ideal a~! of a is given by {x € k | xa C
O}. Moreover, Homo_moduie(a, O) = a1 as O-modules.

(6) For any non-zero fractional ideals a,b and c, there exist elements x,y € k such that xa +
yb =rc.

3.2. A generalization of Delone-Faddeev’s orbit ring map. Let a be a fractional ideal
of O. We use the same symbol a to denote its ideal class if there is no confusion. We denote
by Cl(k) the ideal class group of k.

Definition 3.3. Let C(O) be the set of isomorphism classes of finite (O-algebras which are
projective of rank 3 as O-modules. Elements of C(O) are called cubic algebras. For any

fractional ideal a, we define C(O,a) = {R € C(O) | St(R) = a}.

Proposition 3.4. (1) We have C(O) = [{aeci) C(O, a).
(2) Let R € C(O,a). There is an isomorphism R/O = O @ a of O-modules.

Proof. (1) immediately follows from Proposition 3.2, and we only need to consider (2). We
prove R/Q is torsion free. Let r € R and non-zero = € O satisfy r € O. Then r € k. Since R
is a finite O-algebra, r is integral over O. Hence we have r € O because O is integrally closed
in k. This shows that R/O is torsion free and hence projective. We have R =~ O @ (R/O) and
therefore R/O = O @ a by Proposition 3.2 (3). O

We consider a parameterization of C(O, a) using the representation (G,V'), which is a gen-
eralization of Delone-Faddeev’s orbit ring map [DF64, Section 15] over Z.
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Definition 3.5. We put

GkDGa:{<CCL Z)

VidVa={z|zg€a,z1 € O,x9 € alag e a_Z}.
Then Ga . Va C Va.

We could naturally construct isomorphisms G, = Aut (O @ a) and Va = Sym3(O @ a) ®
A2(O @ a), such that the canonical action compatible.

ae(’),bea,cea_l,dGO,ad—bce(’)X},

Proposition 3.6. (1) There exists the canonical bijection between C(O,a) and Ga\Va making
the following diagram commutative:

Ga\Va

C(O;a)
lp l discriminant
(0*)2\a™2 al {integral ideals of O}.

Here, the right vertical arrow s to take the discriminant, and the low horizontal arrow is
given by multiplying a®. Moreover, this diagram is functorial with respect to ring homo-
morphisms of Dedekind domains.

(2) For each R € C(O,a), let xR be the corresponding element in Ga\Va. Then Aut o.q(R) =
Stab(Ga; zR).

Proof. Since the proof is similar to [DF64, Section 15] or [GGS02, Proposition 4.2], we shall
be brief. For each R € C(O, a), the binary cubic form

zr: RIO — N*(R/O),  £—¢NE?

can be regarded as an element of G3\Va since R/O = O®a. This map R — x gives the desired
bijection. To see that this map is in fact bijective, we will write down this correspondence
explicitly.

Let R € C(O,a). By Proposition 3.4 we fix an O-module isomorphism R = O & O ¢ a
such that (1,0,0) is the multiplicative identity 1 of R. We regard R as a subalgebra of
Rk=kdkdk. Let wg = (0,1,0),ws2 = (0,0,1). Then R = {p+qwi +rws | p,q € O,r € a}.
Let wiws = a + Bw; + yws. Then since wi(aws) C R, we have o, 8 € a~!,y € O. Hence by
replacing wy,ws to wy — 7, ws — B if necessary, we may assume wiws € a~!. Let

(3.1) wi =7 —bw +aws, ws=1—dw +cwy, wiwy=m.
Then the associativity of the product of the algebra R ® k requires

(3.2) j=—ac, l=-bd, m=—ad.

Also since Ow?, a?w3 C R, we have

(3.3) aca, beO®, ceal, dea?

On the other side, For any a, b, ¢, d satisfying (3.3), the O-module O & Ow; @ aw, becomes an
O-algebra if we take (1,0,0) as its multiplicative identity and define the multiplication law by
(3.1) with (3.2). Let £(v) = viwy + vows. Then by computation we have

(3.4) LAEW) AEW)? = (avs + bv?vg + cv1v3 + dvd) - 1 A wy A ws.

This shows that g is a class of avj + bv3vy + cv1v3 + dvs € Va. These show that the upper
horizontal arrow bijective.

To see the commutativity of the diagram, it is enough to check it locally, i.e., we may assume
O a discrete valuation ring. Since this compatibility is known for a PID in [DF64] (or by a
simple computation), we have (1).
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We consider (2). Any J € Aut p_ag(R) obviously induces ¥ € Aut o.modute(R/O). We fix
an isomorphism R/O = O @ a and consider ¢ € Ga, zr(v) € Va. We also define wy,ws, a,b, ¢, d
as above by using this isomorphism, so that zg(v) = cw% + bv%vg + cvlv% + dvg’ € Va. Let

Wi =P(w1), wh=1v(w), and €(v) =W+ vowh.
Then since ¢ € Aut 0-alg(R), equation (3.1) also holds for the pair (w],w5) and hence we have
(3.5) LAE W) AE () = (av} + bvfvg + cvivl + dvd) - 1 A wj Awh.
By (3.4), (3.5) and 1 Awj Awh = (det ) - 1 Awy Awa, we see (zr) = xg by
Y(xr(v) - 1AW Awh = zR(v) - T Awi Awy = LA E(v) A E(vy))?
=1AEW)AE W) =2r() - 1AW Auh.

Hence we have a map Aut o.aig(R) — Stab(Ga;xg). To see this map an isomorphism is a
routine task and we omit the details here. O

3.3. Parameterization of reducible algebras. We next consider the parameterization of
the reducible algebras, that is, those R € C(O,a) with R ® k not fields.

Definition 3.7. We define subsets of C(O, a) as follows:
C(0,a) ={R| R®k is a cubic field extension of k},
C(0,0)> ={R| R®k =k x F where F is a quadratic field extension of k},
CO, ) ={R| Rk =kxkxk},
C(0,a)" = {R| R®k is an inseparable algebra}.
We also define subsets of V3 as follows:
V2 = {x | z(v) is irreducible over k},
V2 = {x | z(v) decomposes into degree 1 and 2 irreducible polynomials over k},
V! = {x | z(v) has three distinct rational roots in P},
VY = {2 | 2(v) has a multiple root in P'}.
Finally, we put C(O, a)™d = Hogng(O? a)!, Vyed = ]_[09-§2 V2.
We omit the routine proof of the following lemma.
Lemma 3.8. (1) We have C(O,a) = [J<;<3C(0,a)", Va = [lp<i<s Va-

(2) Each V; is a Ga-invariant subset. '
(3) The set C(O,a)" corresponds bijectively to the set Ga\V, via the map of Proposition 3.6.

Hence, we consider G4\V7®d. Let a, ¢ be fractional ideals of O.

Definition 3.9. We put

_ 10 X —-1_.-2
nome={(1 (1 ) [reoruentcr)

WD Wac={yly€c,ppcalc ! ysea?c?}
Then Ba¢ - Wace C Wag.
Definition 3.10. We define subsets of W as follows:
W;c = {y | y(v) is irreducible over k},
I/Va{c = {y | y(v) has two distinct rational roots in P!},
Wgc = {y | y(v) has a multiple root in P'}.
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Then Wae = [[y<i<o Wi, and each W} is a Bac-invariant subset.
To construct the orbit ring map, we need a lemma.

Lemma 3.11. Let ¢, s,m,n € k satisfy qa~ ' +50 = ma~'4+nO = c¢. Then there exists vy € Gq

such that
my (4
()= (2)

Proof. Let m: a™' @ O > 2 = (x1,22) — qx1 + sxo € ¢. This is surjective, and since ¢ is
projective there is a section u of w. Hence we have an isomorphism

p:a 'O — cPkerm, z+— (7(x), 2 — pon(x)).
For 7’: a™' © O 3 (z1,22) — ma1 + nwy € ¢ we also have an isomorphism
$a o0 — cokern, x+—— (7'(x),2 —p o7 (z)).
By Proposition 3.2, we have an O-module isomorphism ¢: kerm — ker /. Let ® = ¢/~!o(id®

©) o ¢, which is an element of Aut o_moedute(a™! ® O);

a_169(94>¢ cDkerm

P \L lid@w
!

aleO—chkern’

Then ® is represented by an element v € Gj i.e., ®(x) = 2y for x € a~! @ 0. By the
commutativity of the diagram above, we have 7/ o ®(x) = m(x), i.e., zy('}) = 2 (%). Since
this holds for any xz, we have the lemma. Il

Proposition 3.12. (1) We fiz a. For each ¢, there exists the canonical map ac: Bac\Wac —
Ga\VF®d making the following diagram commutative:

Ya,c
Ba,c\Wa,c Ga\V;ed

Q%Qzl \LP

(Ox )Q\a—2 R (OX )2\CL_2.

(2) Moreover, collecting 1ac for all ¢ € Cl(k) we obtain a bijective map
I Bac\W2e — Ga\Vi.
ceCl(k)
Also for y € W3, we have Stab(Bac;y) = Stab(Ga; Vac(y)).

Proof. We fix a. Let

Vasd = {(muy + nva) (10 + Uvivg +1"03) € Vit | myn, 111" € k,ma™ 4+ n0O =},

Vi =Vaslln v,
which depend only on the ideal class of ¢. Then we have Vel = UceCI(k) V;ﬁd and V2 =

Heecrr) V2. (Note that the second union is disjoint while the first one is in general not.) We

use the embedding of Definition 2.1 to construct ¢a¢c. We fix ¢, s € k such that qa l +50 =¢.
Then, ¢ € ac, s € ¢, and also there exist p € ¢™1,7 € a~ ¢! such that ps — qr € O*. We put
gac = (P 1) € Gy. We define

o d
tac: Wae — Vai% ) Y — Gacy
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Then ¢a,C(Wa%C) C Va%c and

P (Vac()) = Plgacy’) = det(gac)*P(y") = (ps — 0r)*Q1(4)*Qa(y).
Also considering B as a subgroup of G via the embedding of Definition 2.1, we see
(3.6) Jas Gagac N By = Bag.
This shows that the map Ja,c induces a well defined map tac: Bac\Wac — Ga\Vafﬁd making

the diagram in the proposition commutative. Let g‘,’ﬂ’C = (f: gi) € Gy, where ¢'a™! 4+ 50O = ¢,

pec i eatc ! and p's’ — ¢/’ € O*. Then since

1 To Lo o
roo—1 ps—qr gp—pq
Jaclae = e ar <sr’ —rs’ §p— T’q) € Ga,

we have ggﬁy* € Gagacy”®. This shows that 15 ¢ does not depend on the choice of gac.

We claim that 15 is surjective. To see this, let
_ 2 / ", 2 red -1 —
r = (mvy +nvz)(lvy + l'vivg +1"v3) € V35, ma™ +n0 =c.

We take v € G, as in Lemma 3.11. By changing x to vz if necessary, we assume m = ¢,n = s.
Also by a variation of Gauss’ lemma, we have [ € ¢ 1’ € a~l¢™!, and I” € a=2¢~!. This
shows Ja,c is surjective and hence so is 9ac: Bac\Wac — Ga\Va{%d. This shows (1) and the
surjectivity of the map of (2).

Let y,9y/ € Wic. We assume t)ac(y) and ac(y’) lie in the same Ga-orbit. Then there
exists v € Ga such that vay’ = (g5 {vgac)(vay) € V. Since y and 3y are irreducible quadratic
forms, g;clfyga,c must fix the linear form vo, i.e., 9;0179;1,0 € Bj. Combined with (3.6) we have
b= g3 {vgac € Bac. Hence y' = by and therefore y and 3’ lie in the same Bac-orbit. This
shows that the map of (2) injective. The second statement of (2) can be proved similarly. [

Remark 3.13. In [Sh75], the corresponding statement for Z is shown in the proof of Lemma
12.

3.4. Geometric interpretation of orbits over a field. The sets of non-singular orbits of
representations we defined in Section 2 have well known geometric interpretations over a field.
We recall those facts here. In this subsection let O = k be an arbitrary field.

Definition 3.14. We denote by &(k) and &3(k) the sets of isomorphism classes of separable
quadratic and cubic algebras of k, respectively.

We first consider the space of binary cubic forms (G, V).
Definition 3.15. For z = x(v1,v3) € V5, we define

Zy = Proj klv1, vo] /(x(v1,v2)),
k(z) =1(Z3, Ogz,).

We regard k(z) as an element of &3(k), which is possible because elements of V/3* are separable
cubic polynomials.

Proposition 3.16. The map = — k(x) gives a bijection between G \V;*® and & (k). Moreover
this map coincides with the Delone-Faddeev map we defined in Proposition 3.6 in the domain
of the definition.

We next consider the spaces of binary quadratic forms (B, W), (H, W) and (H,U).
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Definition 3.17. For y = (y,7) € U}®, we define
Zy = Zy = Proj kv, v2]/(y(v1,v2)),
k(y) = k(y) = I'(Zy,Oz,).

We regard k(%) = k(y) as an element of &(k).

Proposition 3.18. (1) The map y — E(y) gives bijections between Bip\W2S, Hi,\Wj;, and
& (k). Also the map y — k(y) gives a bijection between Hp\U;® and &(k).
(2) Fory e W, we have k(y*) = k(y) x k where y* € V® is defined in Definition 2.1.

4. NOTATIONS FOR NUMBER FIELDS AND INVARIANT MEASURES

For the rest of this paper, we assume k is a number field and O the ring of integers of k.
In this section we prepare notation for number fields, and fix various invariant measure both
locally and globally. Let Ry = {t € R* | ¢ > 0}. For an integral ideal I of O the ideal norm
of I is denoted by N(I). We extend it to general fractional ideals in the obvious manner. Let
M, Moo, N, Mr and N denote respectively the set of all places of k, all infinite places, all
finite places, all real places and all complex places. For v € 9, k, denotes the completion of k
at v and | |, denotes the normalized absolute value on k,. If v € M then O, denotes the ring
of integers of k,, p, the maximal ideal of O, and ¢, the cardinality of O, /p,. For t € kJ, we
define ord,(t) such that |t|, = ¢, ordu(®) - gy any separable quadratic algebra L, of k,, let Or,
denote the ring of integral elements of L,. That is, if L, is a quadratic extension then Oy, is
the integer ring of L, and if L, = k, X k, then Or, = O, x O,,. If k1 /ks is a finite extension of
either number fields or non-Archimedean local fields then we shall write Ay, sz, for the relative
discriminant of the extension; it is an ideal in the ring of integers of k2. By conventions, we
let Ap,xky/k, be the integer ring of ;. To ease the notational burden we shall use the same
symbol, A, , for the classical absolute discriminant of k; over Q. Since this number generates
the ideal Ay, , the resulting notational identification is harmless. We put T'r(s) = 7~%/%T'(s/2)
and I'c(s) = (2m)17°T(s).

Returning to k, we let r1, ro, hg, Ry and eg be respectively the number of real places, the
number of complex places, the class number, the regulator and the number of roots of unity
of k. It will be convenient to set € = 2" (27)"2h;Rie;'. Let ((s) be the Dedekind zeta
function of k.

We refer to [WeT4] as the basic reference for fundamental properties on adeles. The rings
of adeles and finite adeles are denoted by A and A, and the groups of ideles and finite ideles
of k are by A* and A[, respectively. We put ko = k ®g R and O = O ®y 7. Note that
O = Hver Oy, Ar = 9] ®o k, and A = ko x A¢. Following as usual, the k..-rational points
X, of avariety X of k is abbreviated to X . The adelic absolute value | | on A* is normalized
so that, for t € A, |t| is the module of multiplication by ¢ with respect to any Haar measure
dr on A, i.e., |t| = d(tz)/dz. We define | |, on kX similarly. Let Al = {t € A* | |¢t| = 1}.
Let A? be the unique maximal compact subgroup of A*. Suppose [k : Q] = n. For A € R,,
A € AX is the idele whose component at any infinite place is A/" and whose component at
any finite place is 1. Then we have |A\| = X\. Let 0 € A{ be a differential idele of k.

From now on we give normalizations of measures. We first prepare common notation for
products of local measures. Let X be an algebraic group over k. Once we normalize a local
measure dx, on Xy, for each v € 9, then we always let dro, = HveMoo dz,, dxf = Hver dx,
and dpx = [[,epm dy, which are measures on X, Xy, and Xy, respectively. Hence dp,x =
dxsodrs. Below we will choose a different global measure that will be denoted by dx. We give
the ratio of dr and dp, .
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For any v € 9, we choose a Haar measure dz, on k, to satisfy fO dr, = 1. We write
dx, for the ordinary Lebesgue measure if v is real, and for twice the Lebesgue measure if v is
imaginary. On the other hand, we choose a Haar measure dz on A so that | Ak dx = 1. Then

dprx = A,lc/ %dx (see [WeT4], p. 91). For a vector space V', we always choose the Haar measure
on Vj such that the volume of Vi /V} is one. If an isomorphism V 2 Aff” is fixed, using this
identification we choose the local measure dx, on Vi, as the n-product of the measure on £,
normalized above. Hence d,,x = Az/ 2dx. For any v € Mg, we normalize the Haar measure
d*t, on k) such that foux d*t, = 1. Let d*t,(z) = |z|, 'dx, if v € M. We choose a Haar

measure d*t' on A! such that fAl/kX d*t! = 1. Using this measure and the decomposition
Ry x Al = A%, (A1) — At

we define an invariant measure d*t on A* by d*t = d*\d*t! where d*\ = d\/\. Then
dXt = €pd*t (see [WeT4], p. 95). We also choose an invariant measure d*¢” on A so that
Juo ¥t° = 1.

Let Q! be the group of characters on A'/k*. For w € Q! we put §(w) = 1 if w is trivial
and 0 otherwise. We extend w to a character on A*/k* by assuming that w(A) = 1 for any
A € R,. Let ©, be the group of characters on k,. If v € Mg, we put d(w,) = 1 if w, is trivial
on O and 0 otherwise. For a vector space V', Let AVy), AVk,), AVso) and AVy,) be the
spaces of Schwartz—Bruhat functions on each of the indicated domains.

Let T(2) € GL(2) be the set of diagonal matrices and N(2) C GL(2) the set of the lower
triangular matrices with diagonal entries 1. Then, B(2) = T(2) x N(2) is a Borel subgroup of
GL(2). (This should not be confused to the group B we defined in Section 2.) We express

diag(t1, ts) — (tol t02> eT2), nlu)= (i g) e N(2).

We briefly review the standard Haar measure on global and local measure on GL(2). Let K(2) =
[Loem Ko(2) where K,(2) = O(2), U(2), GL(2)o, for v € Mg, Mc, My, respectively. We choose
an invariant measure dk, dk, on K(2), K, (2) such that fIC(2) drk =1, f’Cv(2) dr, = 1, respectively.
Obviously, dk = dprk. We express element b € B(2)4 as b = tn(u) = diag(t1, t2)n(u) where
t1,to € A" and u € A. We put d*t = d*t1d*ty which is a Haar measure on T(2)4, and choose
db = |ta/t1]d*tdu as a normalized right invariant measure on B(2)4. Note that if we write
b= n(u')t where v’ € At € T(2)s, then db = d*tdu’. We define the local version of the right
invariant measure db, on B(2), similarly. Then dp,b = A,lf/ 2€%db. The group GL(2)4 has the
decomposition GL(2)y = K(2)B(2)a. We choose an invariant measure on GL(2)a by dg = drdb
for g = kb. We define an invariant measure dg, on GL(2), similarly. Then dp,g = A,i_/ 2€zdg.

Recall that we defined H = GL(1) x GL(2). We regard GL(1) and GL(2) as subgroups of
H. We choose dh = d*tdg as the normalized invariant measure on Hy = A* x GL(2)s. We
express elements of B as

=3 ). wo-(0 )

We express element b € By as b = n(u)a(t,p) where t,p € A* and u € A. We choose
db = d*td* pdu as a normalized right invariant measure on By. The local measures dh,,, db, on

Hy, , By, are defined in the similar manner and we have dp,.h = Al/ 2 €3 dh and dprb = Al/ 262 db.
Let GL(2)} = {g € GL(2)a | | det(g)| = 1}. We choose a measure dg' on GL(2)} such that

/ 9)dg _/ / f(diag(AY2, AY2)g") dgtd* \.
GL(2 Ry JGL(2

It is well known that the volume of GL( )A/GL( )i, with respect to dg' is ArCr(2)/€y.
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Let (-) is a non-trivial additive character on A/k and suppose (z) = [[,cpm(Zv)o for z =
(z,) € A. We can choose (-) so that (x,), = e*™® if v € Mg and (), = 2™ @H7) if y € M
and fix such a character for all. We recall the Iwasawa-Tate zeta function. For & € AA),
s € Cand w € Q', we define

(4.1) S(®, 5,w) = /A 1w () B () d* 1.

Let 1 (®, s,w) be the integral obtained from (®, s, w) by restricting the domain of integration
to {t € A* | |t| > 1}. The integral X (®, s,w) is an entire function of s. We define the Fourier
transform ®* of ® via ®*(x) = [, ®(y)(xy)dy. Then by the Poisson summation formula, we
have

s—1 s

E((I)’ S’w) = Z+(<I>,3,w) + E+((I)*a 1- 8,&171) + 5(w) (@*(O) (I)(O)) .

We put
(4.2) S(0)(®,w) = 5 (@,0,0) + TH@*, 1L,w ™) - 5(w)a*(0),

which is the constant term of the Laurent expansion of X(®, s,w) at s = 0.

5. GLOBAL THEORY FOR THE SPACES OF BINARY QUADRATIC FORMS

In this section, we define the global zeta functions for the spaces of binary quadratic forms
described in Section 2 and give some principal part formulas as well as analytic continuations.
These cases are typical example of prehomogeneous vector spaces, and after Shintani’s pio-
neering work [Sh75, Chapterl] the zeta functions were investigated by many authors including
[Sat81], [Sai93]. Since most of them are written in the classical language, we reconsidered it
in the adelic settings along the line with F. Sato’s formulation [Sat81]. Because of Proposition
3.12, our main interest is the zeta function associated to (B, W). However as we will see in
Lemma 5.7 (which is due to F. Sato), the zeta functions for (H,U) and (B, W) are essentially
the same, and to give an analytic continuation of the zeta function it seems to be more natural
to consider representations of reductive groups. Hence we mainly treat (H,U) in this section.

5.1. The zeta functions. We start with the definition of the zeta function for (H,U).
Definition 5.1. For ® € .AUy), s1,s2 € C and w1, ws € Q', we define

X(®, 51, 52,w1,w2) Z/ |t[*1[¢ det g**2w (t)wa(tdet g) > @(hg)dh,
Hy/Hy,

yeuss
XD, 51, 59, w1, ws) _/ |51 |t det g|?*2wy (t)wo (t det g) Z & (hy)dh,
HA/Hk geuss
[tdet g|>1 k
XCN(®, 51, 59, w1, ws) :/ [t[°1[¢ det g[**2wr (t)wa(tdet g) > ®(h)dh.
e vev
etgls

For the rest of this section we consider the analytic continuation of X (®, sy, s2,wi,ws).
When discussing the convergence of integrals we use the phrase normally convergent to mean
absolutely and locally uniformly convergent. The convergence of zeta functions of prehomo-
geneous vectors space was investigated by many mathematicians and finally proved in full
generality by H. Saito [Sai03]. For the convergence of the integrals above, the following lemma
holds. In fact, (1) is contained in [Sai03] and (2) and (3) immediately follow from (1).

Lemma 5.2. There exist 61 > 0,02 > 0 such that the following hold.
(1) The integral X (P, s1,s2,w1,ws2) is normally convergent for RN(s1) > 61, R(s2) > da.
(2) The integral X(H)(®, 51, 59,w1,ws) is normally convergent for R(s1) > 61.
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(3) The integral X(2+)(<I>,51,52,w1,w2) is normally convergent for R(s1 + 2s2) > 01 + 202,
%(52) > 09.

Remark 5.3. H. Saito’s result is stronger than the above; it shows that the optimum domain
of convergence is obtained by taking d; = do = 1. In this section we give an alternative proof
of this fact.

Before starting the analysis, we make two natural assumptions on ® for practical purposes.
The first one is:

Assumption 5.4. The test function ® € AUy) is of the form & = V@ T, where ¥ € AW,)
and T € A Sy).

Since W and S are both H-invariant subspaces, this is enough for most of the applications.
Let K be the standard maximal compact subgroup of Hy i.e., K = A? x K(2). Let dx =
d*t%dksy be the measure on K, so that the total volume of K is 1. For ® € AU,), we define
M(wl,w)q) € AUy) by

Moy ®(z) = /K w1 (1 (R))wa (2 () B ().

Then we have X (®,s1,82,w1,w2) = X (M, wn)®P, 51, 82, w1,w2) and M, w,) (M) w)®) =
M (4, )@ Hence, without loss of generality, we will assume:

Assumption 5.5. The Schwartz-Bruhat function ® satisfies My, ,,)® = @.

This assumption holds, for example, if ® is K-invariant and wy,ws are trivial on A% (cf.
[KW05]). This assumption yields the similar assumptions for the components ¥ and Y.
We now define the zeta function for (B, W).

Definition 5.6. For ¥ € AW),), s1,s2 € C and wy,ws € Q! we define

Y (W, 51, 83,01, w2) — / 58 |t 2 (wn(tp) S W(by)db,

BA/Bk yEWI:'s

Y, 51, 89,01, wn) = / 9 |tpl252n (D (tp) S W (by)e.
i vewe
p|>

For the zeta functions X (9, sy, s2, w1, w2) and Y (¥, s1, s2, w1, w2), the following lemma holds.
Recall that the distribution X is the Iwasawa-Tate zeta function we defined in (4.1). (The local
version of this lemma is also given in Lemma 7.10.)

Lemma 5.7. Let us define R1Y € AA) by R1Y(z) = Y(z,0). We have
X(CI),Sl,SQ,wl,LUQ) = Y(\I/,sl,SQ,wl,wg)Z(RlT,231,w%),
X(1+)(q)7 S1, SQ,Wl,WQ) - Y+(\II7 S1, 52,W1,W2)E(R1T, 281?(")%)'

In particular, the integral Y (¥, s1, s2,w1,ws) is normally convergent in the region R(s1) > 01,
R(s2) > 02 and the integral Y+ (U, s1, 89, w1, ws) is normally convergent in the region R(s1) >
1.

Proof. We consider the first equation. The second one is proved exactly the same way. Let
Z'={y=(v,7) €U | Q1(y)Q2(y)¥21 # 0,7 = 0}

and B’ = GL(1) x B(2). Then it is easy to see that U® = Hy, Xpr Z;.. We choose the measure
db’ on B) as the product measure of d*t on A* and dbs on B(2)4. By denoting @ = | - |*'w;
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and @y = | - |?*2wy we have
X(®,s1, s2,w1,wo :/ t)wa(t det g) Z ®(hzx)dh
/B/ TEZ],
_ / B)Fa(tdetby) 3 B(bx) db’
BA/BI z€Z;,
/ Dy ()@a(ttata) > W((t, diag(ty, t2)n(w))y)
X [kX)3x Ak yemwes

x> RY(t'7) |—|dXtht1dXt2du
y1€k><

by changing t; to tl_l and after that t to tt% and t9 to ta/t1, we have

_ / Bi(B)@(t) S U((alt, t2)n(u))y) [tald* td  tadu
(A% /kX)2 %Ak Yo

></ 51(2) Y RiT () d*t.
Ak 7, €kx
Hence we have the lemma. O
5.2. Principal part formula I. In this subsection, we give analytic continuations of functions
X(®,s1,s2,w1,w2) and Y (U, s1, s2,w1,ws) to the region R(s;) > 41 and find the principal

parts in this region. We first define a singular distribution, which arises as a principal part of
Y (W, 51, 82, w1, w2).

Definition 5.8. For ¥ € AW,), s € C and w € Q!, we put

AT, 5,w) = / 5w ()W (t, 2tu, tu®)d* tdu.
AX XA

Lemma 5.9. The integral A(V, s,w) is normally convergent for R(s) > 1.
Proof. We define the local version of A by

Ap(Wy, 5,00) = / ol (bo) W (b, 2ttty £o1i2)d* oy
kX X ky

For v € My we let ¥y, o the characteristic function of We,. Then by computation we have

1-g,*
Afu(\IJuOv S, WU) = 51)(“‘)1)) (1 _ q—s)(l q—2s+1)

By considering the Euler product, we have the lemma. (I

We now consider (B,W). We define the symmetric bilinear forms on W by [y, zlw =
Y123 — 2 Y929 + y321. Let ¢ be the involution on B given by

t:B— B, b= (t, (1 0>> — b= (tpo, <1 0>> )
u p u - p
Then we have [by, b'z]lw = [y, z]w for all y,z € W and b € B.
Definition 5.10. For U € AW,), we define its Fourier transform ¥ € AWy) by

B(y) = /W (=) [y, 2Jw)dz.
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For b € By and ¥ € AW,), we define ¥y, € AWy) by Uy(y) = ¥(by). Then we have
Uy, = |tp|=3(V)y. Finally we define a operator R as follows:

Definition 5.11. For ¥ € .A(W,) we define RV € AA) by RY(z) = [,, ¥(x, uz, u3)duadus.
The following proposition is an adelic version of [Sh75, Lemma 4].
Proposition 5.12. We have
Y (U, 81, 89,w1,ws2) = YT (W, 51,589, w1, ws) + Y+(\/I\/, $1,3/2 — 81— 32,w1,w1_2w2_1)

d(wiws) A 6(w2)
— = A(V — AU
6(ws) d(wiws) G
———3(RY -3 (RVY .
T a2 R ) = e — 1T 81,1
Proof. Let @ = |- [*twy and @ = | - |?2wy. Weset Z = {y € W | y1(y2 — 4y1y3) = 0} and put

1(0,51, ) :/ HEtp) [ Y Wly) — > We(y)
BA/Bk

ltpl<1 Y€ Y€k

Then since W, = W;* I Zj,, by the Poisson summation formula we have
Y (U, 51,82, w1,w2) = Y (U, 51, 89,w1,w3)
+ Y+(\I/ 51,3/2 — s1 — S2, w1, w; w2 DY (W, &y, ).
We consider I(¥,w;,ws). Let
Zi={yeW |y #0,45 —4pys =0}, Za={yeW |y =0}
Obviously we have Zj, = Z1;, 11 Zy;,. We put B, = {b € By | |tp| < 1} and define
hUGG) = [ mO@e Y T,
B, /By

yEZ1k

1(0,51,5) = /B a0 3 v,

UISVAY

I5(0, 51, 5) = /B L mwE) | 3 W - 3 ) |

YE Loy, YEZoy,

Then I(V,01,ws) = (I1 —Io+13)(V,w;,ws). Let us first consider I;. We let w = (1,0,0) € Zy;
and By, = {a(1,p) | p € Gy, }, which is the stabilizer of w in B. It is easy to see that Zy;, = Bjw.
Hence we have

hW.GG) = [ BBt )
Bi/Bwk

= / By ()@ (tp)[tpl >V (1/tp?, 2u/tp?, w? [tp?) d* td* pdu
(AX XAX /kX)
[tp|<1

by changing t to t~p~2,

= / (@102) (D[P (¢, 2tu, tu?) - (@302) (p~ V) |p|® A td” pdu.
(A% A% [kX)

[tp|>1
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Since
5((4}%(,02)

~Q~ -1 3 >< ~Q~ _3
—_— t)|t

[tp|>1

we have I (U, w01,ws) = (281 + 259 — 3)_15(w%w2)A(\/I7, s,w1). Similarly we have Io(¥,w;,ws) =
(252) 716 (wo)A(W, 51,w1). We finally consider I3(¥,w1,ws). We have

13(\1176‘)17&2) = / Z‘vjl(t)(:)?(tp)’p‘J<\Ija(t,p))dXt
T /T,

where we put 7'y = B, NTy and

J(¥) :/N ~ Z \Tl(n(u)y) - Z ¥ (n(u)y) | du.

yESay yESa

We consider J(¥). We define R3V¥ € AA) by Ra¥(x) = ¥(0,0,x). By dividing the index set
Zo. into

ZQk - {(anQ,yﬁl) | Y2 € kxay3 € k} il {(0707y3) | Y3 € k}a
and performing integration separately, we have

\IJ):ZRg(I\J(a)—ZRglP Z/ Oaudu—Z/ (0, v, u)d
ack ack ackX ack>

Since the equality >° 4 fA (0,a,u)du =" cp [, ¥(0,a,u)du holds by the Poisson summa-
tion formula, we have

(ZR3‘I’ /R3\11 du> - (me /Rgxp )

ack ack
Again by using the Poisson summation formula, we have
=) RU(a)- Y R¥(a)
ackx ackX
Note that we define the operator R in Definition 5.11. Now we can easily see
TJ(Woep) =[t2p% Y RU(ta) P2 Y RIU(Ep )
ack> agkx
and hence,

BU.GLE) = [ sG] ? Y RU(a) 4t
T /T

aekX

— / B (@ (tp)ltpl ™ D RU(E'p2a) d*td*p.
Ty [Tk ackx
Now straightforward calculations show that the integrals above equal to
(289 — 2)_16(w2)E(R\II, s1,wi) and (281 + 289 — 1)_15(w%w2)2(7€@, S1,w1),
respectively. These give the desired description. O

As a corollary to this proposition, we obtain the following.

Corollary 5.13. The function sa(s2 — 1)(2s1 + 2s9 — 1)(2s1 + 252 — 3) X (P, 51, w1, S2,w2) can
be holomorphically continued to the region R(s1) > 61. Also the following functional equation
holds:

X(\Il ® T731782aw17w2) - X(\/I} ® T73173/2 —S81 = 327w17w1_2w2_1)'
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5.3. Principal part formula II. In this subsection, we give analytic continuation of the
function X (@, s1, s2,wi,w2) to the region RN(s; + 2s2) > 1 + 22, R(s2) > 02 and find the
principal parts in this region.

Definition 5.14. Let Uy = {y € U | k(y) = k x k} and Uy = U \ Upyy. Fori = 1,2, we
define

X(i)(@751752ywl,w2):/ |t]|°1 |t det g|**2w (t)wo (t det g) Z ®(hx)dh,

Hy/Hp, CEGU(Z-)
X((Z.2)+)(<I>,31,32,w1,w2) :/ [t]°1 |t det g|**2w (t)wa(t det g) Z & (hx)dh.
FAlE z€U)

Since Up® = U(1) LU 9y we have X = X(1)+ X(2) and X — X((12)+) +X((22)+). By Lemma 5.2

(3), X((i2)+)(<1>, 1, S2,w1,ws2) is holomorphic for R(s1 + 2s2) > §1 + 202, R(s2) > d2. We consider
X(1) and X9y separately.

We define the bilinear forms on S by [y,Z]s = 7122 — Ypz1. Let ¢ be the involution on H
given by (t,g)" = (t, —(det g)~'g). Then we have [hy, h'Z]s = [y,Z]s for all 7,Z € S and h € H.

Definition 5.15. For T € .#(S,), we define its Fourier transform T by
) = [ T A5
Sa

We first consider Xo)(®, 51,82, w1, w2). Since the zeta function associated with (H, W)
appears as a term of the residue at s; = 1 (this observation is due to Shintani [Sh75]), we
recall the definition of the zeta function for the space. In this case, due to a convergence
problem, we are not allowed to let the index set of the summation in the integral to be Wi.
We use W(s) defined below instead. Let dh! = d*tdg' for h' = (t,¢%),t € A, g* € GL(2)}.

Definition 5.16. Let Wy = {y € Wi | k(y) # k x k}. For ¥ € AW,), s1,s2 € C and

wi,ws € N, we define

U(\I/,31,52,w1,w2):/ |£[51F252 01 (£)wo (t det g1) Z U (hly)dh'.
Ha/Hy yeW(2)

The function U(WV, s1, s2,w1,w2) is essentially a one variable function but we use the above
definition for convenience. It is well known that the integral converges if (s + 2s2) > J3 for
some d3. By changing §; and J9 if necessary we may assume 63 = 01 + 2d2. For p € G, we
have (tp?,p~1g)y = (t,9)y. Hence by computation we could see:

Lemma 5.17.
U(¥,s1,89,w1,ws) =U(V,1— 51,81 + 89 — 1/2,w1_1,w%w2).
Proposition 5.18.
X2 (T @Y, s1,52,wr,w)

= X((QQ)JF)(\II ® T, s1, S2,wi,w2) + X((22)+)(\If ® ’/f, 1— 51,81+ 80— 1/2,wf1,w%w2)
(0 (0
+ © UV, 51,52, wr,ws) — ( )U(\If781782,w1,w2).
s1—1 s1
Proof. Let w1 = |- [¥twy and @y = | - |?**2ws. Since y(v) is a irreducible quadratic polynomial

for y = (y,y) € U(Q), Rl@) =0 implies y = 0, i.e. , U(Q) = W(Q) X {y € Sk ‘y #* (0,0)}. Hence
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by the Poisson summation formula,

X(Z)((Pv 51, Sg,Wl,Q}Q) - X((QZ)JF)((I), S1, 82,&)1,(4}2)

_ /HA/Hk G1(8)Ga(tdet g) detg| S W(hy)T(h')dh

| det g1>1 veliz)
+/ Di(B)@a(tdetg) S U(hy) (\detgyT(O)—T(O)) dh.
\Ijﬁéﬁkl yeWe)

It is easy to see that the second integral in the formula above corresponds to the last second
terms in the formula of the proposition. We consider the first integral in the formula, which is
equal to

/HA/Hk w1 (t)wa(t/ detg)|detg\*1 Z ‘I’(hby)?(hy)dh,

| det(g)|<1 velz)

For y € W we have h'y = (t, —(det g)~'g)y = (t(det g)~2, g)y. With this relation in mind, by

changing ¢ to t(deg g)? we could see that the integral is equal to Xg;r)(\ll ®7Y,1—s1,81 + 82—

1/2, w7t wiws). O
We next consider X ((12; ) (P, s1, 82, w1, wz). We introduce a function which plays an important
role in our analysis.

Definition 5.19. For T € A Sy), s € C and w € Q! let

EQ(T,S,LU) :/ |t1t2|SW(t1t2)T(t1,tQ)dthdXtQ,
AX x AX

E;(T,s,w) —/ ‘tltg‘sw(tltg)T(tl,tg)dxtldxtg.
AX xAX

lt1t2]>1
Note that the function %3 (T, s,w) is entire. We put Z = {(x21,292) € S | 221722 = 0}. Let
K(Y t1,ts) = [tita] 8 > Tty wor bty wm0) — D> T(tawar, towan),

x2€Z), T2EZ),

(T, s,w) :/ tito|*w(tite) K (Y, t1,t2)d  t1d " ts.
(A /kx)?
lt1t2]<1
Then by the Poisson summation formula, we have
YT, 5,w) =35 (T, 5,w) + Z;({f, 1—s,w )4+ J(T, s w).
For T € ASy), we define R1 T, R € AA) by RiY(z) = Y(x,0),R2Y(z) = Y(0,z). Then
the following holds. Note that we defined the distribution ¥g) in (4.2).

Lemma 5.20. We have J' (Y, s,w) = §(w)J"(Y,s) where

J'(T, s) = (ST_(01))2 - i - (2(0)(731?,0) +2(0)(R2T,0)>
+ 10 _1 (B(0)(R1Y,0) 4 X0y (R2T,0)) .

52 s

Proof. We shall calculate the integral J’ by dividing it to the three integrals

! ! 4
JO :/ 5 J]_ :/ 3 J2 :/ .
[t1]<1,]t2|<1 1<]ta|<[t2| 1 1<[ta|<[t1] 1
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Then by suitable uses of the Poisson summation formula for each integral, we have J/(T,w) =
d(w)J! (Y, s) where

Y0)  T0) (RiY)*(0) + (RaY)*(0)

)=t - s(s— 1)
+ 5 (2+(R1?, 1—s)+ 3, (RoT,1— s))
LRI 5) + B (R )1 5)),

TU(T,5) = - ! - (BH(RTY 1) + 5L (RiT,0) — B4 (R T, 1 - 9))
(B ((RX) 1) + B4 (RaT,0) — B4 (R2X), 1~ 5))

H(T,5) = - ! (SR 4 5 (RT,0) - 4 (RoT, 1))
LRI D) + B (RoT,0) — S4(RaT) 1 5)).

~ ~

Since (R1Y)*(0) = (R2Y)*(0) and (R2Y)*(0) = (R1Y)*(0), by adding all them up, we have
the formula. O

Definition 5.21. We define 1,y € A(Sa) by Ty (@) = T(n(u)y). We put
Hl(\P,s,w)—/ oW (£)T(0, £, tu)du,
AX XA

ng(@js,w):/ 115w ()W (0, £, tu)S ) (Ra( L(a). 0)d* td.
AX xA

It is easy to see that these integrals are normally convergent for R(s) > 2.

Proposition 5.22. We have

X(l)(\lf &® T,Sl,SQ,wl,wg) = X((12)+)(\I/ & T,Sl,SQ,W17w2)

+ X((12)+)(\II ® ;f’ 1- 51,51 + S2 — 1/2’ w;17w%w2) + 2_15((“}1)‘](@7 51,52, wlw2);

where J(®, s1, s2,wiwa) is given by

I 5 1
WT(O)Hl(\P’ 51+ 252, wiwn) + ?T(O)Hl(‘lﬁ 51 + 289, wiws)
B 1
1 Y ~
+ N 12(0)(R1T, 0)II; (P, 51 + 2592, wiws) + . 1H2(\Il @Y, 51 + 289, wiws)
1— =

1 1
— ;E(m(RlT, O)Hl(\I/, S1 + 282,&)1&)2) — ;HQ(CI), Ss1 + 232,w1w2).
1 1

Proof. As before we put @1 = |- [®'w; and @y = | - [*2wy. Let Uyy 3 w = (wy, wa), where
wy = (0,1,0),ws = (1,1). We put B' = GL(1) x B(2). We choose the measure db’ on B) as
the product measure of d*t on A* and dbz on B(2)s. Let W, (,)(y) = ¥(n(u)y). Then since
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Uny = Hyw and F(Hyp) = 2, X1)(®, 51,52, w1,w2) equals to
1

2/H w1 (t)we(t det g) ¥ (hwy)Y (hwa)dh

1 . ~
-1 / D1 (6)Ds (¢ det ba) W (B )Y (b'ws)db'
5
1 _ ~ N X
=3 B1 (0 (th182) W (0, tt1t2, 0) L (-, )0 10 taclu.
(AX)3xA 1 b2

By changing t1,t9 to 1/t1,1/ty and after that t to tt;ts, we have

1 o~ ~
X(l) (@7 51, 82,W1, L{)Q) = 5 / w1w2(t)\ljn(u) (O’ tu 0)22(Tn(u)7 51, wl)dxtdu
AX XA
Also the same modification yields
1 o~ ~
XC(®, 51, 89,w1,w0) = = D102 ()W) (0, £,0)53 (L) 51, w1)d ™ tdu.
1) 2 Jaxxa
Now by applying Lemma 5.20, we obtain the desired formula. O

As a corollary to Propositions 5.18 and 5.22, we also obtain the following.

Corollary 5.23. The function s3(s1 —1)2X(®, s1, s2,w1,wa) can be holomorphically continued
to the region R(s1 + 2s2) > d1 + 252, R(s2) > d2. Also the following functional equation holds.

X(URT,s1,80,w,ws) = X(WRT,1— 51,8 +s2—1/2, w7 ", wiwy).

Remark 5.24. This functional equation is nothing but the functional equation for the L-
functions of quadratic extensions of k. For this fact, see Proposition B.9.

5.4. Analytic continuation. By putting together everything we have obtained in the two
previous subsections, we obtain meromorphic continuation of the global zeta function.

Theorem 5.25. Let )?(@,31, s9,w1,wae) = s7(s1 — 1)%sa(s2 — 1)(2s1 + 282 — 1)(281 + 259 —
3)X(®, 51,50, w1, wa). Then X (®,s1,s0,wi,ws) can be holomorphically continued to all C2.
Also the zeta function satisfies the following functional equations:

X(W®T731732aw17w2> = X((I; ®T78173/2 —S81 = 527w17w1_2w2_1)
:X(\I/®Y“,1 — 81,81 + 89 — 1/2,w1_1,w%w2) = X(@@il — 51,1 —82,w1_1,w2_1>.

Proof. By Corollaries 5.13 and 5.23, )Z'(<I>, s1, S2,w1,ws2) can be continued holomorphically to
the tube domain

D= {(81,82) € C2 ’ 3%(81) > 51} U {(81, 82) S C? | %(81 + 282) > 01 + 2(52,%(82) > (52}

Since the convex hull of D coincides with C?, X (P, s1, 82,w1,wsz) can be continued holomor-
phically to the whole C? (cf. [H73, Theorem 2.5.10]). The functional equation is obvious. [

As a corollary to this theorem, combined with the Hartogs theorem [H73, Theorem 2.3.2],
we can strength Lemmas 5.2 and 5.7 as follows (see Remark 5.3.)

Corollary 5.26. The statements of Lemmas 5.2 and 5.7 hold with 61 = 6o = 1.

6. ARCHIMEDEAN LOCAL THEORY FOR THE SPACES OF BINARY QUADRATIC FORMS

In this section we describe the gamma factor of the functional equation of the local zeta
functions. This is used in the proof of Theorem 7.13 to determine the gamma factor of the
functional equation of the Dirichlet series. We study some non-archimedean local theory in
Appendix B.
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6.1. The definition of unramified local zeta functions. In this subsection v € I is
arbitrary. For convenience we introduce an index set of the orbits Hy, \Up®.

Definition 6.1. For each v € 901 we let 7, be the index set for the set of orbits Hy, \Up®.
By Proposition 3.18 7, corresponds bijectively to the set of isomorphism classes of separable
quadratic algebras of k,. For j, € 7,, we denote by Uy, ;, or simply U;, the Hy, -orbit in U, ,ii
corresponding to j,. For v € Mg, we further let 7, = {1,2} where the orbit corresponding to
R x R is labeled 1 and C labeled 2. For v € Mc we let 7, = {1}. Hence Ur; = {y € Uy’
Ry (y) > 0}, Urp2 = {y € Uy’ | Ro(y) < 0} and Uci = U([S:S.

The unramified local zeta function is defined as follows:

Definition 6.2. Let j, € 7,. Take an arbitrary element y € U;,. For ®, € AUy, ) and
s1,s9 € C, we put

Xo i (®y, 51, 82) = / |R1(hot) 3! | Re(hoy) |22 o (hoy) dho,

Hy,

GUvjv((pvvslaSQ) = / | R1 () 2171|R2(gv)|i271@v(gv)dgv-

Jvu
By the uniqueness of the invariant measure, these coincide up to a positive constant. We put
va.j’u = b”v.jv UU,jv‘

These integrals converge at least for R(s;) > 1,R(s2) > 1. The next lemma follows from a
straightforward computation of the Jacobian determinant of the double cover H, > h — hy €
Uj, for suitable coordinate systems. Note that we defined I'r(s) and I'c(s) in Section 4.

Lemma 6.3. Let v € My,. We have b, j, = 2Ty, (2). In particular, it does not depend on j,.
We define the local Fourier transform exactly the same way as the global one.

Definition 6.4. Let ¢, € AUy, ). We define the Fourier transform of ®, by

&)\v(:’jv) = /U q)v(zv)<[ym ZU]W + [yv7§v]5>v dz’u

v

6.2. Functional equations at infinite places. In this subsection we give the functional
equations of local zeta functions at 9. As in the global situation (Section 5), the local zeta
functions satisfy two kinds of functional equation. However here we deal with only one kind
which we need in order to prove density theorems. For other types, see Appendix A.

Proposition 6.5. We assume v € M. Let T(s1, 52) = I(s1)2T(s9)T(s1 + 52 — 1/2).
(1) The function f(51,52)_lUy7jv (®y, 51, 52) is entire.
(2) Let ® € AUr). The functional equation for R is:

UR,l(a\), s1,89)\ 2% o Or1(®,1— 51,1 — s9)
<UR72($7 s1, 52) = 771—3814-282—1/21—‘(81’ 52)DR(317 52) UR72(®, 1 — 51, 1 o 32)

where the 2 x 2 matriz Dr(s1,s2) = (dr.i ;(s1,52)) is given by
(2 cos?(s17/2) sin((s1 + 2s2)7/2) sin(sym) cos(s17m/2) )
sin(sy7) cos(s17/2) sin(sym) cos((s1 + 2s2)7w/2) )
(3) Let ® € AUc). The functional equation for C is:
92(2s2—51)

G(C,l((/f)» s1,82) = 51,52)2Dc (51, 52)0c.1(®, 1 — 51,1 — 89)

71-2(3814»28271/2)11(
where the 1 x 1 matriz Dc(s1,s2) = dc,1,1(s1,52) is given by

— sin?(7sy) sin(msa) cos(s1 + s2)7.
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Proof. Let V1, Vo, respectively be the homogeneous linear differential operators of y of degree
3,2 with constant coefficients defined by

Viexp{ly, zlw + [3,Z]s} = Ri(2) expily, zlw + [V, Zs},
Vaexp{ly, zlw} = Ra(2) exp{[y, zlw }-
Then by computation we see

Vl(R1(§)81R2(@52) = 43%(31 + 59 + 1/2)]%1(@’)5171}%2(@)527
Va(R1(9)* Ro(7)%2) = 1652(s1 + 59 + 1/2) Ry (7)* R ()2 L.

Hence, by the repeated use of integration by parts we can show that f(sl, 52) 10y 4, (Py, 51, 52)
is an entire function. This proves (1). The functional equation for the real place was derived
by Shintani. The formula (2) can be found in [Sh75]. For the complex case, we choose
U (y) = exp{—27(|y1lc + 27 y2lc + |yslc + [F1lc + |[Falc)} as the test function. Then as in [100,
Thorem 6.3.1] the local zeta function for ¥ is computable and we can see that Oc 1(V, 51, 52) =

~

A= 1/2(273) =51 (72 /4)152T (s, 55). Now we can find cc,1(s1,s2) as above since ¥ = 2¥. [
We define the product objects for infinite places as follows.

Definition 6.6. (1) We put 7oc = [[,cpm. 7o, which we regard as the index set of orbits
Ho\US. Elements of T, are denoted by j = (jv)vemo,- We put Uj = [[,epm. Uj, C U,
which is an Hso-orbit corresponding to j = (j,) € Zoo.

(2) For j € T and @ € AU ) we put

Booj (o, 51, 52) = /U Ry (o) 22 [ R () |22 B (e ).
J

For j = (ju),l = (lv) € oo, PUt dooji(51,52) = HveMoo iy ju ly (51,52). If there is no
confusion we drop the subscript oo and write U, d;; instead of Uy j, dw j1, Tespectively.

(3) The Fourier transform 5; of &, € AUy) is defined similarly to Definition 6.4.
As a corollary to Proposition 6.5, we have the following:

Corollary 6.7. For j,l € Ty, we have
- on(2s2—s1)  _ .
U](Q)OO7 51, 82) = mF(S]_, 52) Z de(S]_, 82)6[(@00, ]. — 51, 1 — 52).
€T

7. DENSITY THEOREMS

In this section we consider the Dirichlet series associated with the prehomogeneous vector
spaces (G,V), (B,W), and (H,U). By the results of Section 3 these turn out in Lemmas
7.3, 7.10 to be counting functions of cubic algebras of O. From the functional equations as
well as the residue formulas of these Dirichlet series, we derive the asymptotic formulas on the
distributions of discriminants of cubic algebras of O. Our tool to find a density theorem is a
modified version [SS74, Theorem 3] of Landau’s Tauberian theorem [L15, Hauptsatz|, which
allows us to use the functional equation to derive some informations on the error term.

Before starting the analysis we prepare some notations concerning the ideal class group Cl(k)
of k. For a fractional ideal a, let i(a) € A(C A*) be the corresponding idele, which is well
defined up to O*-multiple. That is, i(a) € A is characterized by the condition a = kN i(a)@.
Then |i(a)] = N(a)~!. Notice that the infinite component of i(a) is trivial. If there is no
confusion we simply write a instead of i(a). The set of characters of Cl(k) is denoted by
Cl(k)*. We regard w € Cl(k)* as a character on the idele class group A'/k* via the standard
composition of the maps

AR — AYRLEXO* = A JRSEXO* = AF /KO = Cl(k) — C*,
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where we put kX = A'NkX. Then w(a) = w(i(a)). Also w is trivial as a character on Cl(k) if
and only if trivial as a character on A'/k*. Note that this character is trivial on A?. For an
affine space X defined over O, let .#(X,) C #(X4) be the set of elements of the form o, @P¢
where @, € A X) is arbitrary and @ is the characteristic function on X5. Finally, for
w € Cl(k)* let L(s,w) be the Hecke L-function with respect to w; L(s,w) = Y, w(a)N(a)~*
where a runs through the all integral ideals of O.

7.1. The Dirichlet series for the space of binary cubic forms. We first give a remark
on orbits G, \V® for v € Me. Let K be either R or C. Then the map &(K) > F— Fx K €
&3(K) gives a bijection. Via this map, we can construct a bijection between two sets of orbits
Hg\Up and G \V;® which is useful for later purposes. More precisely:

Definition 7.1. Let v € 9. Then by Propositions 3.16 and 3.18, the map BkU\W,fi —
Gkv\Vksf induced by the map of Definition 2.1 is bijective. Hence we also use 7, and 7., as the
index set for the sets of orbits of G, \V®* and Goo\ V5. As in Section 6, the orbit corresponding
to j € 7, in V; is denoted by Vi, j, or Vj,, and to j € 7o in VT is denoted by Vj.

The Dirichlet series we are interestd in are as follows. We use the notations of Section 3.

Definition 7.2. (1) The index set 75, parameterizes the separable cubic algebras of k. For
J € Tso, let koo(j) the corresponding algebra and

C(0,a); ={R € C(0,0) | R®0 koo = koo (4)}-
(2) We regard V; as a lattice of V. For s € C and w € Cl(k)* we put

#(Stab(Ga; z))) ! # Au -1
e Y FEEbGEO)T s (A

2s s PR
zeGa\(VanVj) N(@)*[P(@)ls ReC(0,a); N(Arjo)
(s, w) = Z w(a)d;(a;s),
acCl(k)

where the second equality of the upper formula follows from Proposition 3.6. Note that by
this second equality, we see that 9;(a; s) depends only on the ideal class of a.
(3) For ® € AVy), s € C and w € Q' we define

7" (P, s,w) :/ | det g|**w(det g) Z O (gz)dprg.
G /Gy

zeV®

(4) For each j € 75 we define the local zeta function at My, by

2j(Bor5) = / P (g0 2o Boc (oot g

oo

where z is an arbitrary element of V.

Lemma 7.3. For ® € #(Vy), s € C and w € Cl(k)*,
Z5(®@,5,w) = Y Zj(Poo, )0(s,w),
J€To0

Proof. Let Kt(2) = G5. It it is known that the double coset space GooKt(2)\Ga/G}, is repre-
sented by Cl(k). More precisely, we have Ga = [[acci) GooKi(2) - diag(1, a) - Gj. According
to this decomposition, we define the partial zeta integral by

73 (P, s,w) —/ | det g|**w(det g) Z O (gz)dpeg.
Goole(2)~diag(1,a)~Gk/G’k SCEV]:S
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We put K¢(2)a = diag(1,a)~! - K¢(2) - diag(1,a) and ®5(x) = ®(diag(1,a)z). Then since
| det(Kt(2)aGr)| = w(det(GooK(2)aGr)) = 1, @4 is K¢(2)a-invariant and |a| = N(a)~!, we
have

Z2(®, 5,0) = 29

det goo gg D3 (oot )dgoodys.
N(a)* /Goo/cf(z)a/ekmeooicf(z)a’ % 2 Palgot)

zeVs
We could easily see that Vi N diag(1, a)_IV@ = Va as a subset of Vo, and G N K¢(2)a = Ga as

a subset of G. Hence

Z3(®,5,w) = w(a)zs/ [det gool22 Y Poo(goot)dgo ></ dg-
N(a) Goo/Ga xevanvk?s ’Cf(?)a

Since G, is unimodular, f,cf@)a dgs = f,cf@) dgr = 1. Now by the usual modification we have
Z5(@,5,w) = Y Zj(Poo, s)w(a)d;(a; 5).
J€T

By summing over all a € Cl(k), we have the desired formula. 0

The Dirichlet series ¥;(s,w) is one of the series treated in [DW86], where its analytic con-
tinuation, functional equation, and residue formulas are described. We recall the results here.

Definition 7.4. For j = (j,) € oo, we define r(j) = #{v € Mg | j, = 1}. We put
CeCr(2) 3rtr2/2¢,.¢,(1/3) (T(1/3)3\"
W, = ———————, By = :

grtrat AL F 5.2mtr2 A o

Definition 7.5. Let V be the submodule of V defined by V' = {(z0, 3z1, 3x2, 23) | x0,...,23 €

Aff}. Then @ acts on V also. For a € Cl(k) let Va = V (k) N diag(2,0a) 1V (O) (recall that d
is a differential idele of k) and put

di(sw)= Y wl@ Y #(Stab(Ga;z)) T N(a)"*|P(x)|5
aeCl(k) z€Ga\(VanVj)

For j,1 € T, we define ¢;j;(s) = [[,em Cko,jo.io (8) Where

2 \ sinms sin27ws 6

Theorem 7.6 (Datskovsky-Wright [DW86]). The Dirichlet series ¥(s,w) can be holomorphi-
cally continued to the whole complex plane except for possible simple poles at s = 1,5/6 with
the residue 6(w)Ap(1 + 3770)=72) §5(w?)(5/6)B137"0)/2 | respectively. Moreover, they satisfy
the functional equation

1 /o )
(cr,ij(s)) == (sm 2ms  3sin TFS) , coi(s) = sin® s sin(ms — %) sin(ms + z).

n(6s—2) .
9:(1 = s,w) = ZTP(S)%T(S S 1/6)"T(s +1/6)" 3 cui(s)du(s,07Y).
€T

7.2. Distributions of discriminants of cubic algebras. We are now ready to prove a
density theorem from the zeta function for (G,V). Let a € Cl(k).

Definition 7.7. Let hl(f) be the order of the subgroup of 3-torsion elements of Cl(k). For
a € Cl(k), we put 7(a) = 1 if a is 3-divisible (that is, there exists b € Cl(k) such that a = b3),
and 7(a) = 0 otherwise.
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Theorem 7.8. (1) Let k be a quadratic field. For any e > 0,

Bl

1 1 A
Z Tion = Ut o) X+ 7(a) o
7 O+ oo Lt
Rec(Oa), (Aut (R)) 3r()+r2” by, 3r()/2p,
N(AR o)X

X6 £ O(XT/%%) (X — ).

(2) Let k be a number field with n = [k : Q] > 3. For any ¢ > 0,

1 _ 1 A (4n—1)/(4n+1)+e
> F A ()~ (1+3r(j>+r2)th+O(X ) (X — o0).
ReC(0,a);
N(AR/0)<X

Proof. By the orthogonality of the characters, ¥;(a;s) = h; ! 2 weCl(k)* w(a)~1Y9(s,w). Hence
by Theorem 7.6, we know the analytic properties of ¥;(a;s). In particular, the residues at
s = 1,5/6 are given by hy'(1 + 37"0)="2),. 7(a)(5/6)B37 ")/ . (h,(:’)/hk), respectively.
Combined with [SS74, Theorem 3] we have the above formulas. (Note that in the notation of
[SS74, Theorem 3|, v = 4n, > 7 ;0 =0, >.7 B =4n, 6 = 1 and pu; = po = 1+ € where
€ > 0 is arbitrary.) O

7.3. The Dirichlet series for the spaces of binary quadratic forms. In this subsection
we study Dirichlet series associated with the spaces (B, W) and (H,U).

Definition 7.9. (1) For j € 75, we define W; C W& similarly to U; and put
3 (*(Stab(Bag; )"
—s 2s S1 52
e NN @ZQ1 () Qa2

§;(s1, 82, w1, wa) = Z wi(¢) twa(ac)é;(a, ¢ 51, 52),

a,ceCl(k)

&i(a,c;81,82) =

2j(s1, 82, w1, wa) = &(s1, 52, w1, wa) L(2s1,w}).

(2) We define Y* (U, s1, 82, wp,ws) = A}C/QQI% - Y (U, s1,82,wy,we). That is, we define Y* as
the integral exactly the same way as in Definition 5.6 except for replacing the measure
db by dpb. Similarly, we put X*(®,s1,s0,wi,w2) = A,lﬁ/2€% - X(®, s1,82,wr,w2) and
Y (RiY, s,w) = € - B(R1Y, s,w).

(3) For j € T we choose y € W; and y € U; arbitrary. We define

Voo (Vo 51, 52) = / Q1 (b)) 23] Qa2 (be) 2 W (B )b,

Boo

Koo i (Boos 51, 52) = / IRy (o) | Re(roo )2 @ (hocy)dhoc,

oo

Eoo(RlToo,s):/ [too|50 Yoo (too, 0) d™ too.

RX

Recall that we put X = A® x (2) which is a maximal compact subgroup of Hy. Let Koo
be the infinite component of this group.

Lemma 7.10. Assume ® € AU,) is K-invariant. We have
Y (T, 51, 82,w01,w2) = Y Voo (Woo, 51, 52)&; (51, 52, w1, wa),
€T

X*(®,51,52,w1,w2) = > Xooj(Poo, 51, 52)E; (51, 82, w1, wa).
=
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Proof. We put Kp = Bz. Then we have By = Ha,ceCl(k) BooKp - a(c,ac?) - B,. We could
see that as a subset of W, or By,

Wi Na(c?, ac2)_1W@ = Wae, Brpna(c ™ ac®)™ - Kp-a(c™, ac?) = Bag.

Hence by the similar modification to Proposition 7.3 we obtain the first formula. We consider
the second one. It is well known that X*(IT', s, w) = Yoo (11, $)L(s,w) for II' € #(A). On the
other hand, since ® is Kso-invariant, we can prove that

Xoo,j(q)ooa S1, 52) = yoo,j(‘l}oo; S1, SQ)EOO(R].Toou 251)

by the changes of variables similar to the proof of Lemma 5.7. Hence by Lemma 5.7 and the
first formula we have the second one. O

In order to determine the analytic properties of these Dirichlet series we recall the following
well known result.

Lemma 7.11. Let j € T, and ri,m9 € C. There exists a Koo-invariant function @ € AUx)
such that the support of ®o is contained in Uj, X j(Poo, S1,52) is an entire function and

Xoo,j(q)om 1, T2) 7é 0.
Definition 7.12. We put U = {(y072y17y27y17y2) ‘ Yos Y1, Y2, Y1, Y2 € Aﬁ}’ which is a B-
invariant submodule of U. We define the Dirichlet series Z;(s1, s2,w1,ws2) for (B,U) similarly
to Definition 7.9. (Also see Definition 7.5.)
Theorem 7.13. The function (s1 —1)2(s2 — 1)(s1 + 82 — 3/2)Z;(s1, 82, w1, ws) is entire. More-
over, the Dirichlet series Ej(sl, S9,w1,we) satisfies a functional equation

_ 211(232731) _ . N P

\:,j(l — 81, 1-— SQ,(J)l,CL)Q) = mf(Sl, 52) l; dl,j(sb 82)‘:’j(817 S§2,Wy , Wy )

€75

Proof. Take a K-invariant function ® € .#,(Upy) such that @, is as in Lemma 7.11. Then since
the distributions A(¥, s1,w1), X(RY, s1,w1) in Proposition 5.12, T(0) in Proposition 5.18 and
(0 (R1Y,0)II1 (0, 51+ 282, wiws), o (T @ T, s1 + 282, wiwe) in Proposition 5.22 have singular
supports, (s1 — 1)%(s2 — 1)(s1 + s2 — 3/2) X*(®, 51, 52, w1, ws) is entire. Also by Lemma 7.10,

X*(q)a S1, SQ,Wl,(UQ) = Xoo,](q)ocn S1, SQ)Ej(Sla SQ,Wl,(UQ).

This proves the first statement. On the other hand since ® is also K-invariant and &;f is the
characteristic function on Ug, the same argument as in Lemma 7.10 shows that

X*(D,51,80,w1,w2) = 3 Xj(Doo, 51, 52)F; (1, 52, w1, w2).
J€T
Hence by the two equations above, Theorem 5.25, Corollary 6.7 and Lemma 6.3 we have the
functional equation. O

7.4. Contributions of reducible algebras. Now we consider contributions of reducible al-
gebras. We describe the analytic properties of the Dirichlet series in question for general
characters of Cl(k), but apparently we succeed in finding a density theorem with a good error
estimate only from the Dirichlet series with trivial characters.

Definition 7.14. Let a, ¢ be fractional ideals. We put

#(Stab(Bac; y))
3 (Stab(Ba,; y))

ni(a, ¢ s) = ot 2 _
y€Ba,c\(Wa,cNWj) N(a)?|Q1(y)*Q2(y) |5
0 (s, w1, wa) = Z wi (c)wa(a)n;(a, c; ),
a,ceCl(k)

Hj(57w17w2) = 77j(8,w1,w2)L(457w§/w%)~
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By definition we have n;(a,c;s) = §;(a,¢;2s,5), nj(s,wi,w2) = &(2s,s,wa/wi,ws) and
H;(s,wi,w2) = Z;(2s,s,wz/w1,ws). The following lemma immediately follows from Theorem
7.13.

Lemma 7.15. The function (s — 1/2)3(s — 1)H;(s,w1,ws) is entire. Moreover, the series
H;(s,w1,ws) satisfies a functional equation:
Hj(1— s,wi,wq) = 277727891 (25 — 1)2"D(5)"T(3s — 3/2)"
X Y di (25— 1,8)Z;(25 — 1,5,w1 Jwy, 1/wp).
€T

We next consider the residue at s = 1.
Lemma 7.16. The residue of 1;(s,w1,ws) at s = 1 is §(w2)AL(2,w; ) /Ck(2).
Proof. Take ¥ € .#(W,) such that supp(¥) € W;. By Lemma 7.10 we have
Y*(W,2s,5,wa/wi,w2) = Voo, (Weo, 25, 8)0; (s, w1, w2)

We consider the residue at s = 1. By Proposition 5.12 we have
Ress—1 Y*(¥, 2s, s,wa/wi,ws) = 5(w2)2*1A,1C/2¢i2(R\I/, 2,wa/w1)

:5(w2)2—1A,1/2¢§/ o ()t s, ) At

AX XA

:5(w2)2—1A;1/2¢kL(2,w;1)/k3 100 e W (9o )y

oo

On the other hand for v € My, we could see
Fouy)dby =2 | f(2)|Q1(20)]; ' |Qa(z0)l;  d2o
B, B,y

by computing the Jacobian determinant of the double cover By, > b, — b,y € By, y for their
coordinate systems. This shows that

yOO,j(‘I’omZ 1) = 2T1+r2/ |Q1(yl,oo)’oo\1100(yoo)d?/oo = 2T1+r2/ |yl,00|oo\1'00(y00)dyoo
J Weo

since supp(V) C W;. Hence we have the proposition. O

To prove the density theorem we prepare a lemma.

Lemma 7.17. The Dirichlet series 1/((s) = [,em,(1 — N(Py)~*) is normally convergent
for R(s) > 1, where we denote by P, the prime ideal of O corresponding to v € M.

Proof. For two Dirichlet series a(s) =Y < an/n® and b(s) = >, ~; bp/n® we write a(s) = b(s)
to mean that |a,| < b, for all n. Let p be a prime. For k € N> we have 1—p~s < (1+p~5)F <
(1 —p~*)~*. Hence [To,(1 = N(Py)~%) = (1 —p~*)~". Taking the product for all primes, we
have ((s)™! < (g(s)™. Since the right hand side is also normally convergent for R(s) > 1, the
left hand side also. U

Proposition 7.18. For any e > 0,

1
_ X X(5n—1)/(5n+1)+€ X )
> 2 EEan(Bay)) O b
a,ceCl(k) y€Ba,c\(Wa,cNWj;)

N(@)|Q1(¥)2Q2(y)lco <X
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Proof. We write n;(s) = n;(s,1,1) and H;(s) = Hj(s,1,1), where 1 € Cl(k)* is the trivial
character. We fix j € 7. Let nj(s) = >_,,~; an/n?, so that the left hand side of the proposition
is ", x an. We denote this function by A(X). We also put H;(s) = Y, by/n® and B(X) =
> n<x bn. By Definition 7.14 and Lemma 7.16 H;(s) is holomorphic for R(s) > 1/2 except
for a simple pole at s = 1 with the residue 2;(x(4). Using the functional equation in Lemma
7.15, by [SS74, Theorem 3] we have B(X) = (x(4)X + O(XGn=1D/GrtD+e) - Note that in
the notation of [SS74, Theorem 3], v = 4n, > a; = —™n/2, >/ 5 = 8n, 6 = 1 and
w1 = po = 1 4+ € where € > 0 is arbitrary.

We put 1/(;(4s) = > ,~1 dn/n®. Then by Definition 7.14, a, = >, ., dmby. We define
p(X) = B(X) — (4 X, p = (5n — 1)/(5n 4+ 1). Then for any ¢ > 0, there exists M > 0
such that |p(X)| < M XH*¢. Hence we have

AX)= > dpbe= )Y dn > b= Y dnB(X/m)

mk<X m<X k<X/m m<X
dm
=9 —
RRAX Y T Y dmp(X/m)
m<X m<X

— UG X [ = ST ) 4 S dp(X/m).

Cr(4) mex m<X

Since

|dm| |dm‘ —3/4+ —3/4
3 nl < 5 Ml eoaraie o
m>X m m>X m1/4+

Z |[dinl|p(X/m)| < Z |dm | .Mm/H-E = M XHte Z e = O(XHFe),

m<X m<X m<X

we have the proposition. O

7.5. The distributions of irreducible algebras. We are now ready to prove a main theorem
of this paper.

Definition 7.19. (1) We denote by L. a separable cubic ko-algebra. Let r(Lo) be the
integer such that Lo, 22 R71H27(Lec) 5 C3r2tm1—r(leo) a5 R-algebras. Notice that 0 < 7(Ls) <
T1.

(2) Let h(n,Le) be the numbers of the isomorphism classes of pairs (R, F) satisfying the
following conditions: (a) F'/k is a cubic (field) extension in Q such that F' ®y koo = Lo as
koo-algebras, (b) R is an order of F' containing O, (c) N(Ag o) = n.

Note that N(Ag/o) is the ideal norm of the relative discriminant of R/O. The following is
the main result of this paper. Note that we defined constants %A, B, in Definition 7.4.

Theorem 7.20. (1) Let k be a quadratic field. For any e > 0,

D h(n, Loo) = 377729, X 4 377(Eee)/208, X5/6 1 O(X/11H6) (X — o0).
n<X
(2) Let k be a number field with n = [k : Q] > 3. For any e > 0,

Z h(n, Loo) _ 3—T(Loo)—r291kX + O(X(5n—1)/(5n+1)+5> (X - OO)
n<X
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Proof. Let C(O); = [laccir) C(O;a);. Since 3 accqp T(a) = hk/h,(cg), by summing over all
a € Cl(k) for the formula of Theorem 7.8 we have

1 1 .
_ —r(5)/2 yv5/6 (4n—1)/(4n+1)+e
> F @y~ (L 3o WX+ BT 0(x ).
REC(0);
N(AR/0)<X

We will compare the formula of Proposition 7.18 and the formula above. Since Aut o(R) is a
subgroup of Aut (R ®p k), the order of Aut o(R) is either 1,2, 3 or 6. In particular, if R®e k
is a non-cyclic cubic extension, then Aut o(R) is trivial. We consider the algebras R such that
Aut (R ®0 k) is isomorphic to either Z/37Z or Ss, the permutation group of degree 3. We
denote by CGy the set of cyclic cubic extensions of k. Let p(n) be the number of orders R of
type k x k x k with N(Ag/p) = n, and g(n) the the numbers of the pairs (R, F') such that
F € CGy, R is an order of F', and N(Ag/0) = n. We claim that the contributions of these
algebras to ), _x h(n, Ls) can be ignored. To see this, we notice that for a positive sequence
{an} and a positive constant p, the series Y -, an/n® converges for R(s) > p if and only if
> nex @n = O(XP*e) for any € > 0. By [DW86, Theorem 6.1] we have

>R pln )65 — 1)/ (45)%,

n>1
a0) N L6 — e (25) /(s
r; o Fez:CGk N(AF/k:)SCk(4 )Ck(65 — 1)Cr(25)/Cr(4s).

Let € be an arbitrary positive number. From the first equality, we have > _yp(n) =
O(X/3+€). Also by [Wr89, Theorem 1.2] we know that > reca, N(Apy)~° converges for
R(s) > 1/2. Since the Dirichlet series (r(2s)/Cr(4s) is uniformly bounded by (x(25)3/Cx(45)3,
the Dirichlet series in the right hand side of the second formula converges for R(s) > 1/2,
which implies that 3, _y q(n) = O(X/?*¢). Now the theorem follows from Propositions 3.12
and 7.18. O

Remark 7.21. Let us consider the case k = Q. We see that g = 72/24 and Bg = r/10
where we put r = (2m)Y/3¢(2/3)I'(1/3)T'(2/3)~". Let h(n) be the numbers of isomorphism
classes of orders of cubic fields with discriminant n. Then the proof of Theorem 7.20 also
shows

> h(n) = (7*/72)X + (V3r/30)X%/0 + O(X?/3+) (X — o0),
0<n<X
> h(- 72/24)X + (r/10)X°/% + O(X?/3+¢) (X — o).
0<n<X

This is what Shintani established in [Sh75, Theorem 4] and hence Theorem 7.20 is a general-
ization of this to an arbitrary number field. Note that Shintani used SL(2)z instead of GL(2)7
and hence his result is twice to ours.

8. ON ZETA INTEGRALS FOR THE SPACE OF BINARY CUBIC FORMS

In this section we consider some zeta integrals associated with the space of binary cubic
forms (G, V). We give meromorphic continuations and describe some of the residues of these
integrals in Proposition 8.6.
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Recall that we associate k(x) € &3(k) for each « € V;*® in Definition 3.15. Let
Viy ={z € V" | k(x) 2 k x k x k},
Vigy ={z € Vi° | k(x) 2 k x E where E/k is a quadratic field extension},
Vis)y = {z € V" | k(x)/k is a cubic field extension}.
Then Vi*® = V(1) H V(o) Il V(3) and each of them is a Gg-invariant subset.

Definition 8.1. For ® € .A/(V}), s € C and w € Q!, the global zeta function is defined by
Z(®,s,w) :/ | det g|**w(det g) Z O (gx)dg.
Ga/Gr wevEs
For i =1,2,3, we also define the zeta integrals for V(;) by
Ziy(®, s,w) :/ | det g|**w(det g) Z ®(gr)dg.

By definition Z(®, s,w) = 31«3 Z(5) (P, s,w). We give some analytic properties of integrals
Z;y(®, s,w). Note that V{y) is a single Gk orbit and the results of Z(1)(®,w, s) in this section is
included in Datskovsky-Wright’s analysis [DW86] of the orbital zeta functions. Before starting
the analysis, without loss of generality we assume the following as in Section 5.

Assumption 8.2. The Schwartz-Bruhat function satisfies M, ® = ®, where the operator M.,
is defined by M, ®(x f,c w(det k)P (kz)dk.

We will express Z(i)(cb, s,w) (i =1,2) by means of following zeta integrals of (B, W).
Definition 8.3. Let Wy) = {y € Wi [ k(y) = k x k} and W o) = Wi\ Wy Fori=1,2, we
define the zeta integrals of (B, W) by

Yii) (¥, 51, 89, w1, w2) = / |t [tp| 252wy (t)wa (tp) Z T (by)db.
BA/BIC yEW(Z)
Lemma 8.4. Let us define Ry ® € AWy) by Rw®(y) = ®(y*). We have
Z(2)(¢a S, w) = Yv(2) (qu)a 28, 8,w, w)?
Z(l)(Cba S, UJ) = 3_11/(1) (RW(I)a 25,8, w, w)'
Proof. We can easily check that V(o) = G xp(2), (W(2))*. Hence

Zio) (3, 5,0) = / ldet g[Pw(detg) S B(gy)dg
Gu/B(2)k yeEW(2)

:/ ]detb2]28w(detb2) Z (bay™)dby
B(2)4/B(2)k yeW )

:/ t%p|*w(t?p) Z O(b*y*)db
BA/Bk yGW(g)

which is equal to Y(o)(Rw @, 2s, s,w,w) since ®(b*y*) = Rw ®(by). This proves the first equal-
ity. Let w = (1,1,0) € W(3). Then w* = (0,1,1,0) € V(3. Since Vy) is a single Gy-orbit and
Stab(Gy; w*) is of order 6, we have

Z1)(®,s,w) =671 / | det by|**w(det by)®(bow™)dbsy.
(2)a/B(2)

On the other hand, W, is also a single Bi-orbit and Stab(By;w) is of order 2. Hence by a
similar modification we obtain the second formula. O
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Definition 8.5. For ® € AV, ), we define R, P, Rpy® € SA) by

Ra®(z) = /2 Q(0,z,y1,y2)dyidy2, Rp®(z) = /3 O (x,y1, Y2, y3)dy1dyadys.
A A

Proposition 8.6. (1) The zeta integral Z)(®,s,w) is holomorphic for R(s) > 1/3.

(2) The zeta integral Z)(®, s,w) is holomorphic for R(s) > 1/2 except for possible simple pole
at s = 1 with the residue §(w)27'S(R,V,2).

(3) The zeta integral Z(3)(®,s,w) is holomorphic for R(s) > 1/2 except for possible simple
poles at s = 1,5/6 with the residue §6(w)27 € Ak (2) fv z)dzr, §(w)671E(R,®,1/3),
respectively.

Moreover each of the zeta integrals has meromorphic continuation to the whole complex
plane.

Proof. (1) follows from either [DW86, Theorem 6.1] or Lemma 8.4 and Proposition B.9, and
(2) follows from (1), Lemma 8.4, Proposition 5.12 and Theorem 5.25. On the other hand the
analytic properties including meromorphic continuations and residue formulas for Z(®, s, w)
are known by [Wr85, Theorem 6.4]. (3) follows from this and (1), (2). The meromorphic
continuations are also proved one by one from (1) to (3). O

APPENDIX A. REMAINING FUNCTIONAL EQUATIONS

Here, we collect 2 kinds of local functional equations for (H,U). For the real case, the first
equation was proved in [Sh72, Lemma 1.9] and the second one is proved in [Sat81, Lemma
2.9]. The complex case immediately follows from the proof of Proposition 6.5. We note that
the functional equations in Proposition 6.5 follows from this table also.

Proposition A.1. (1) The functional equations for R are:

- 251-1—252—1
<UR’1(\E @0 52)> - [(s1+s2—1/2)

UR,Q(\II R T7 s1, 52) - 7T51+252_1/2F(82)

o (Sin((sl + 2s9)7/2) cos(s1m/2) ) (URJ(‘IJ ®7T,s1,3/2—s1 — 52)>
sin(sym/2) cos((s1+2s2)7/2) ) \Ur2(¥Y®7Y,51,3/2 —51 —52) )’

(e T _ 2
Or2(¥ ® T, s1,52) (2m)2s1

» 2 cos?(s17/2) 0 Or1(Y®Y,1—s1,51 452 —1/2)
0 sin(s1m) ) \Ur2(¥ @ Y, 1 —s1,81+52—1/2) )"

(2) The functional equations for C are:

2251+48272
F(52)2F(81 + 89 — 1/2)2

x sin(som) cos(s1m + som)Oc1 (¥ ® T, 51,3/2 — 51 — $2),

Oci(Y®7T,s1,8) = G P -

4

WP(Sl)‘lsin%slﬂ)UQl(‘l} ® YT,1 — 51,81 + s9 — 1/2)'

Oc1(¥ ® T,s1,52)

By the same arguments of Section 7 we could find 2 more functional equations for Dirichlet
series Z;(s1, S2, w1, w2).
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APPENDIX B. NON-ARCHIMEDEAN LOCAL THEORY FOR THE SPACES OF BINARY QUADRATIC
FORMS

Here we study some non-archimedean local theory. The explicit formula for the standard
test function is obtained. An interesting corollary to this formula, we describe the orbital zeta
functions by means of Dedekind zeta functions.

B.1. Explicit formula at finite places. In this subsection we give the explicit formula of
the local zeta function for the standard test function at finite places.

For a while let v € 9 arbitrary (not assuming a finite place). To treat ramified characters
also, we slightly generalize the notion of local zeta function.

Definition B.1. For j € Ui, @y € AUk, ), wiv, w2y € Qy and s1, s2 € C, we define

xﬂ,v(q)va 51, 82, Wiy, W2v) = / Wiy (tv)WQU (t’u det gv) ‘tv|f;1 |tv det gv|12;82 (I)'U(hvg) dh,
Hy,

and call it the local zeta function.

If both wyy,ws, are trivial we often drop them and write X, (®,, s1,52). For j, € 7, such
that y € ij by definition X, j, (P, 51, 82) |R1(9)[3! [ R2 () |32 Xg,0 (P, 51, 52).

For any y € U®, The stabilizer of y in Hy, consists of two elements and the non-trivial
element is of the form (1,g) with det(g) = —1. This shows that Xj,(®., s1, 52, W1, way) is
identically zero unless wy,(—1) = 1. Hence we assume the following.

Assumption B.2. For any v € M, wq,(—1) = 1.

The analytic continuation of the local zeta function is known in more general settings than
the prehomogeneous case. The meromorphic properties of complex powers of polynomials were
studied by Bernstein and Gelfand [BG69] for infinite places and by Denef [D84, D85] for finite
places. The following lemma is contained in their works. (We gave a proof for v € M, in
Proposition 6.5.)

Lemma B.3. The local zeta function X3 o(Py, $1, S2, w1, ws) has meromorphic continuation to

C2. Moreover, it is a rational function of @22 if v e M.

It will be convenient to attach to each orbit in U;> where v € 9, an index or type which
records the arithmetic properties of v and the extensmn of k, corresponding to the orbit.
Recall that by Proposition 3.18, the orbit space Hy, \U 5, corresponds bijectively to the set of
isomorphism classes of separable quadratic algebra of k,. The orbit corresponding to k, X k,
will have the index (sp). The orbit corresponding to the unique unramified quadratic extension
of k, will have the index (ur). An orbit corresponding to a ramified quadratic extension of k,
will have the index (rm). Recall that the extension C/R is regarded as ramified.

Definition B.4. For each of Hy, -orbits in U, lii’ we choose and fix an element z which satisfies

the following condition.

(1) If the orbit is corresponding to k, X k,, then z = (0,1,0,1,1).

(2) If v € Mg and the orbit is corresponding to C, then z = (1/2,0,1/2,1,1).

(3) Consider the case v € M and the orbit is corresponding to a quadratic field extension
F/k,. We choose and fix z € W, such that z; = 1 and Op is generated over O, by roots
of z(vy,1). We put Z = (1,0) and choose z = (z,%) as the orbital representative.

We call such fixed orbital representatives as the standard orbital representatives.
We note that for any standard representative z, we have R;(Z) = 1, and if v € 9 then the
discriminant Rz (%) of 2(v) generates the ideal A; o (3) /b

We now assume v € M;. We give an explicit formula when ®( is the characteristic function
of Up,. In this case the integral is 0 either wy, or wa, is ramified. Hence we consider the case
both wy, and wq, are unramified.
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Proposition B.5. For any v € My, let &, be the characteristic function of Up,. For a
standard representative z € Up®,

Xz0(Pu0,81,82) = (1 — g, 2) 711 — gy 1 722) 7 (1 — ¢, 7%2) 7' R, (51, 82)
where
is of type (sp),
is of type (ur),
is of type (rm).

0

(1 =gy 722)2 /(1 — g;1)?
Ryz(s1,82) = ¢ (1 — g1 712) /(1 — ¢,)
(1 =gy 722) /(1= q,™)
Proof. In the proof of this proposition, we drop the subscript v from various symbols such as

Xz 4, Po,w, Uy, @u if there is no confusion. We first consider the case Z is of type (sp). We put
a = s1 + 2s2,b = s1. Then, by a standard modification, we have

ISPERSY!

xg(q)o, S1, 82) = / |t1‘g|t2t3|2¢0(0, tl, tlu, tg — utg, tg)dxtldxtgdxtgdu.

(k)3 xky

Let m € O, be a uniformizer. By changing t; to 7~ 't1, t3 to 7~ ¢35, and u to mu, we have

:{g(q)o, S1, 82) == qa+b—1 / \t1|glt2t3\g<bo(0, tl/ﬂ', tlu, tg - utg, tg/ﬂ)dxtldxtgdxtgdu.
(k)3 xky

Hence if we let ®f € AUy, ) be the characteristic function of Up, \ (O X py X Oy X Oy X py),

then Xz(®o, s1,52) = (1 — ¢'7270)71X5(®P), 51, 52). We consider the integral Xz(®{, s1, s2).

We divide the domain of the integration into the following three subsets: (a) t1 € O, (b)

t1 €Otz € O, ue Oy form>1, (c) t1 € O, t3 € OF,u € (m7"O0, \ Oy) for m > 1.

Then the value of the integral in each domain is found to be

(1= ¢“0-¢ ) 1=¢"), and ¢ (1 -qg )7 (1-q "),
respectively. Adding all these up, we have Xz(®}, s1,52) = (1 — ¢ %)(1 — ¢~ %) 72(1 — ¢~ +*) 1,
and this proves the formula for the case (sp).

We next consider the case x is of type (ur) or (rm). We put F' = ko(3). Let T,N be
the trace and the norm of the quadratic extension F/k. We write z1(v) = N(v1 + Ovg)
where 0§ € Op. Then by the definition of the standard orbital representative, 6 generates
Or over O,. Let ¥( be the characteristic function of Wp,. In this case, we could see that
Xz(®g, 51, 82) = (1 — ¢, %) "1XL(Wo, 51 + S2, $2) Where

XLV, a,b) = / 0220 (s T+ 128), AN (1 -+ £20)) 0t
(k)2 xky
for U € AW,). Let ¥}, € #/(W,) be the characteristic function of Wo, \ (p2xp,xO,). Then the
similar observation as in the case of (sp), we have XL(¥g,a,b) = (1 — ¢ 729+ 71XL(V], a,b).
Let j = 0 if Z is of type (ur) and j = 1 if z is of type (rm). Then it is easy to see that
Ui (t1, 6T (u+ t20), tiN (u + t20)) = 1 if and only if
t1 € OF ty € Op,u € O, or  t1 €m0l ty € IO, u € O,.

Hence X4(¥), a,b) = (1 — ¢~°)7}(1 + ¢~*"°) and this finishes the proof. O

As a corollary we obtain the following.

Lemma B.6. For any v € I, the local zeta function %@v(@m 81, 82, Wiy, Way) 18 holomorphic
in the region R(s1) > 0, R(s2) > 0, R(s1 + s2) > 1/2.

Proof. The statement for v € M, follows from Proposition 6.5 (1). For v € Mg, the support
of @, is contained in m~™Up, for some integer m. Hence the result follows from Proposition
B.5 and the relatively invariant property of the local zeta function under the action of Hy,. U
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B.2. Orbital zeta functions. We now discuss the relation between global and local situa-
tions.

Definition B.7. For § € U, ® € AU,) and wy,wz € N, we define

X;(@,Sl,&?,&)l,&)Q):/ |52t det g|**2w (t)wa(t det g) D (hY) dpch
Hy

and call it the orbital zeta function.
Note that this integral depends only on Hy-orbits. By the standard consideration the global

zeta function decompose into as follows and this is the reason why we are interested in the
orbital zeta functions.

Lemma B.8. We define X*(®, s1, 82, w1, w2) = A}1€/2€2 - X (®, 81, 82,wy,w2). Then

XH(®, 51,80, w1,w2) =271 Y XE(D, 51,59, w1,ws).
JEH\US®
The orbital zeta function has an Euler product. We consider this Euler product in more

detail. For the rest of this subsection, we assume ® is of the product form ® =[], cp ®o. Let
w;i = [[,em wiv- Then by definition

*
X2(D, 51,82, w1,w2) = || Xgou(®o, 51, 52, w10, wa0).
veEM

For each v € M, let 27, be the standard representative lying in the orbit of y and put
eﬂ,v(q)va 51, 52, Wi, WQU) = :{E@U,U(Q)Ua 51, 52, Wiv, WQU)-
If we let § = hzj, for some h = (t,9) € Hy,, then t = Ri(y)/R1(Z5,) and (tdetg)? =
Rs (@/)/Rz(zgyv) We put Agﬂ, = R2(2g7v)/R2 (m € k;j Then we have
~ [ Ri(zy -
( yw)) W2v( \/ Aﬂ,v)gﬂ,v(q)va 51, 82, Wiv, W2v)-

Xg,0(Po, 51, 82, Wip, Woy) = Wiy <

R1(y)

where we put @1, = |- [lwy, and @9y = | - [**2wy,. Note that Assumption B.2 vanishes the
ambiguity of the choice of the square root. We put Ay = (Ag,)vem € AX. Since Ay =
(R2(Zj))vem/R2(y), by the observation after Definition B.4, if we regard Ay and Aggyn 8

elements of A* /k* then they coincide. Consider the product of the above formula for v € 9.
Since Ry(Zy,) = 1 for all v € M and w;(R1(y)) = 1, we have

X5 (Do, 51, 82, Wi, w2) = w2(/Ayp) H 070 (Do, 51,52, Wiy, way).
vEM

For a finite set T' of places of k, we define the truncated zeta function Cr7(s) = [I,empr(1 —

q, °)~L. For an separable quadratic algebra F of k, we define (zr(s) similarly. By Lemmas B.3,
B.6 and Proposition B.5, we have the meromorphic continuation of the orbital zeta functions
as below.

Proposition B.9. Let T D M be a finite set such that ®, is the characteristic function of
Uop, and w, is unramified unless v € T. Then

X5(®@, 51, 89,w1,w2) = N(Ag 5 1,) Pw2(y/Ap) H O7.0(Py, 51, 52, W1y, Way)
veT

X Cr,(252)Ce, (251 + 252 — 1) G (51 + 252) Gy, (51) Gy (51 + 252)

This function is meromorphic on C? and holomorphic in the region R(s1) > 1,R(s2) > 1.
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