DISTRIBUTIONS OF DISCRIMINANTS OF CUBIC ALGEBRAS II
TAKASHI TANIGUCHI

ABSTRACT. Let k be a number field and O the ring of integers. In the previous paper [T06]
we study the Dirichlet series counting discriminants of cubic algebras of O and derive some
density theorems on distributions of the discriminants by using the theory of zeta functions of
prehomogeneous vector spaces. In this paper we consider these objects under imposing finite
number of splitting conditions at non-archimedean places. In particular, the explicit formulae
of residues at s = 1 and 5/6 under the conditions are given.

1. INTRODUCTION

Let k be a number field and O its ring of integers. For a place v of k let k, be the completion
of k at v. Let T be a finite set of places. Take a separable cubic algebra L, of k, for each
v € T and let Ly = (Ly)yer a T-tuple. We call an O-algebra a cubic algebra if it is locally
free of rank 3 as an O-module. We denote by ¢ (O) the set of isomorphism classes of cubic
algebras of 0. We let

#(0, LT)ird _ {R c ¢(0) F = R®p k is a cubic field extension of k, and } .

Fepk, 2L, forallveT.
We define
3 #(Aut (R))™!
REB(O,Ly)xd N(Arso)
hip(X) =#{R e ¢(O0,Lr)™ | N(Agj0) < X}.

Here we denote by N(Ag/o) the ideal norm of the relative discriminant of R/O and by Aut (R)
the group of automorphisms of R as an O-algebra. The primary purpose of this paper is to
prove the following. Let n = [k : Q).

I (5) o=

Theorem 1.1. There exist constants Ay, and By, described explicitly such that;

(1) 1915‘;(3) has meromorphic continuation to the whole complex plane which is holomorphic
for Re(s) > 1/2 except for simple poles at s = 1 and 5/6 with residues Ay, and By,
respectively, and

(2) for anye >0,

hip(X) = A, X +(5/6) 718, X304 O(XFHY) (X — o0).

Note that the X®/6-term in the formula is relevant only when n = 1,2. We give the formulae
of Ar, and By,,.. Let (;(s) and Ay be the Dedekind zeta function and the absolute discriminant
of k, respectively. We denote by Mo, Mr, Mc and NN the set of all infinite places, real places,
complex places and finite places, respectively. We put 71 = #9g and ry = #M¢. For v € My,
let ¢, be the order of the residue field of k,. We put 67, = #(Aut kv-algebra (Lv)). For a non-
archimedean local field K with the order of residue field ¢, we define its local zeta function by
Ck(s) = (1 — ¢=%)~1. The cubic algebra L, is in general a product of local fields. We define
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(L, (s) as the product of the zeta functions of those fields. The relative discriminant Ay, is
also defined as the product of relative discriminants of those local fields. We denote by Aj,
its norm. We put io(L7) = #{v € Mg | L, = R3}. We give the value in case of T O M.
The general case is easily obtained from this by taking a suitable summation.

Theorem 1.2. When T' D My, the constants ™A, and By, are given by
Res,— - (1 (2
o, — Ress=1Gi(s) - G(2) I oL,

Ly = Tl +ro+1 3100 (LT)+T‘2
veTNMg

_ Resei G(s) - Gi(1/3) (T(1/3)°)"
_GAi/2<\/§)ioo(LT)—27‘1—r2< ot ) H Bu(Ly),

Lt
veTNMg

where

(=g -¢?) 11 C(2)
a”( ”) - (1 - QU_4)(1 - Q1)_5) Ly AL’U CLU(4>’

=00 =g 1 /36, 6/3)

1—a ' —gt " €(2/3)¢,(10/3)

Let v € M. We see by computation that > ; a,(Ly) = > p Bu(Ly) = 1 where L, Tuns
through all the separable cubic algebras of k,. Hence «,(L,) and 3,(L,) give the proportion of
the contributions of cubic algebras with local splitting type L,. The computation of a,(L,) is
reduced to the determination of certain orbital volume in a v-adic vector space. The meaning
of B,(Ly) is more subtle and the computation requires a careful local theory.

In this paper we also try to improve Theorem 1.1 under segregating the cubic algebras via
the Steinitz class. The Steinitz class takes value in the ideal class group, and it is known that
finitely generated locally free modules over a Dedekind domain is completely classified by the
rank and the Steinitz class (cf. [M71].) Let Cl(k) be the ideal class group of k. For R € ¢(0),
let St(R) € Cl(k) be its Steinitz class. This is the class of a fractional ideal isomorphic to A* R
as an O-module. For a € Cl(k), we define

ﬁfu (Lv) =

ir # Aut (R -1
ﬁLi(a, S) = Z ](V(A( );S ,
REF(O,Lr)™, St(R)=a E/O
hip(a,X) :=#{R €€ (O,Lr)" | St(R) = a, N(Apjo) < X}.
Then obviously ﬁiLr‘;(s) = D acCi(k) ﬁig‘;(a, s) and hp, (X) = Y acciw) hor(a, X). Let by be the

class number of k£ and h,(j) the number of 3-torsions of Cl(k) (which is a power of 3.) Also for
a € Cl(k), we put 7(a) = 1 if there exists b € Cl(k) such that a = b3 and 7(a) = 0 otherwise.
In this paper we also prove the following.

Theorem 1.3. (1) The Dirichlet series 192“;(0., s) has a meromorphic continuation to the whole
complex plane which is holomorphic for Re(s) > 1/2 except for a simple poles at s = 1 with
the residue Ar,,./hi and a possible simple pole at s = 5/6 with the residue T(a)‘BLTh,(f)/hk,
respectively.

(2) Assume Lt is chosen so that at least one of Ly, is a field. Then ﬂ%‘i(a, s) is holomorphic
in the whole complex plane except for s =1 and 5/6. Also for any e > 0,

1 ® .
(0, X) = JEX 4 7() P X0 OGCHRT) (o).

The statement (1) is an improvement of Theorem 1.1 (1). In case [k : Q] = 2 and 3 | Ay, the
formula in (2) implies that the distribution of the Steinitz classes of the elements of (O, L7)*
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is not uniform, and the irregularity is reflected in the X5/6-term. Although it is likely that such
a formula exists for unconditional Ly also, to remove the condition on Ly is highly non-trivial.

In the previous paper [T06] we prove these theorems for T' = 9,. (The original Shintani’s
theorem [S75, Theorem 4] is for k = Q, T'= {o0}.) As in [T06] we approach these theorems
by using Sato-Shintani’s zeta function [SS74] for the space of binary cubic forms.

The study of class numbers of integral binary cubic forms over Z was initiated by G. Eisen-
stein and developed by many mathematicians including C. Hermite, H. Davenport and T.
Shintani. Via Delone-Faddeev’s correspondence [DF64] the GLa(Z)-orbits of integral binary
cubic forms corresponds bijectively to the set of cubic rings and thus can be used to investigate
cubic fields or their orders. Shintani [S72] introduced Dirichlet series whose coefficients are
the class numbers of integral binary cubic forms and studied extensively as an example of zeta
functions of prehomogeneous vector spaces. The work of Shintani was generalized to over a
general number field using adelic language in [W85], and used to investigate relative cubic ex-
tensions over the base field ([DW86, DW88]) or its integer ring ([T06].) Besides the rightmost
pole at s = 1, the Dirichlet series has a mysterious second pole at s = 5/6. Our purpose is to
study how those residues behave when local conditions at finite places are imposed.

We prove theorems above in the following process. In Section 2 we review the notation
and invariant measure of [T06] those we use in this paper. In Section 3 we recall and refine
the parameterizations of cubic algebras by means of the space of binary cubic form that we
established in the previous paper [T06]. In Section 4 we introduce the global zeta function
for the space of binary cubic forms. We also introduce two partial zeta integrals, those the
contributions from irreducible forms and from reducible forms. We use the result of Section 3
to express those integrals by Dirichlet series counting cubic algebras.

In Section 5 we give the analytic continuations and residue formulae of some Dirichlet series
including ﬂiLr‘;(a, s). This give a proof of Theorem 1.1 (1) and Theorem 1.3 (1) with the values
Ar,, B, in Theorem 1.2. The meromorphic continuations and residues of the zeta integrals
are obtained in [T06, Section 8]. The residues are expressed by means of local distributions
and hence the computation of the residues are reduced to the local theory. The local theory
for the space of binary cubic forms was studied by Datskovsky and Wright [DW86] in detail,
and their results make our computation simple. We note that the explicit formula [DW86,
Theorem 3.1] of the non-archimedean local zeta function plays an important role.

In Section 6 we prove Theorem 1.1 (2) and Theorem 1.3 (2). Our tool to find density theo-
rems is a modified version [SS74, Theorem 3] of Landau’s Tauberian theorem [L15, Hauptsatz],
using a functional equation to derive some informations on the error term. To separate the
contributions of reducible forms, we also use the functional equations of zeta functions for the
space of binary quadratic forms.

2. NOTATION AND INVARIANT MEASURES

For notation we basically follow [T06]. But we have one exception. If V' is a scheme defined
over a ring R and S is an R-algebra, then in this paper we denote the set of S-rational points
of V by V(S), not by Vg as we denoted in [T06].

For a finite set X we denote by # X its cardinality. If an abstract group G acts on a set X,
then for x € X we set Stab(G;z) = {g € G | gz = x}. If r € G\ X is the class of x € X, we also
denote the group by Stab(G; ), which is well defined up to isomorphism. The one-dimensional
affine space is denoted by Aff.

Throughout this paper we fix a number field k. We use the notation O, n, (x(s), Ak, Mo,
Mg, M, Mg, r1, r2, kv, ¢, CL(K), hy, hg’) and 7(a) as in Section 1. Let 9t be the set of all
places of k. We put ¢, = Ress—1 (i(s). For a fractional ideal I of k, we denote by N (I) its ideal
norm. The rings of adeles and finite adeles are denoted by A and A¢. We put ko = k®g R
and O = O 7, 7. Note that O = Hver O, Ar = 9] ®o k, and A = ks x A¢. The adelic
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absolute value | [4 on A* is normalized so that, for ¢ € A* |t|s is the module of multiplication
by ¢ with respect to any Haar measure dz on A, i.e. |t|a = d(tx)/dz. We define | |, | |a, and
| |v on kX, A{ and k} similarly. For a vector space V, Let AV (A)), AV (ky)), AV (ks))
and AV (A¢)) be the spaces of Schwartz—Bruhat functions on each of the indicated domains.

For a fractional ideal a, let i(a) € A(C A*) be the corresponding idele, which is well

defined up to @X—multiple. That is, i(a) € A is characterized by the condition a = kN i(a)@.
Then |i(a)|s = N(a)~!. Notice that the infinite component of i(a) is trivial. If there is no
confusion we simply write a instead of i(a). The set of characters of Cl(k) is denoted by
Cl(k)*. We regard w € Cl(k)* as a character on A*/k* via the standard composition of the
maps A% /k* — AX /EXE*XO% 2 Cl(k) — C*. Then w(a) = w(i(a)).

We give normalizations of invariant measures. In general, for an algebraic group X over
k with local measures dz, on X(k,) for all v € 9 are given, then we always denote by
dzoo = [lyem., dTv, dog = Hver dr, and dyx = [[,cpm dy, which are measures on X (ko),
X (Af) and X (A), respectively.

For any v € 9, we choose a Haar measure dz, on k, to satisfy fOu dr, = 1. We write
dx, for the ordinary Lebesgue measure if v is real, and for twice the Lebesgue measure if v is
imaginary. For any v € 91, we normalize the Haar measure d*t, on k;¢ such that [, ox d*t, = 1.
Let d*t,(z) = |z|,; tdz, if v € Moo.

Let G = GL3. We review the normalization of the measure on G(k,) = GLa(k,). Let B C G
be the Borel subgroup consisting of lower triangular matrices. We normalize the right invariant
measure db, on B(k,) by

3 so 0 (1 0
100 = o (60 G D)

Let K = [[,em Ko where IC, = O(2),U(2), GL2(0,) for v € Mg, Mc, My, respectively. We
choose an invariant measure dk, on K, such that fICU dk, = 1. The group G(k,) has the
decomposition G(k,) = K,B(k,). We choose an invariant measure on G(k,) by dg, = dk,db,
for g, = Kkyby.

by

Sy

d* s,d™ tydasy,.

Finally we express diagonal elements of G as diag(t1,t2) = (t01 t(;).

3. THE SPACE OF BINARY CUBIC FORMS AND PARAMETERIZATION
Let G be the general linear group of rank 2 and V' the space of binary cubic forms;
G = GLg,
V = {z = z(v1, v2) = v} + 21030y + Tov1V5 + 2305 | 1 € AfFY.
We define the action of G on V' by
(92)(v) = (det g) " (vg).
The twist by det(g)~! is to make the representation faithful. For x € V, let P(z) be the
discriminant;
P(z) = 2322 — 4woxd — dadas + 18zox xows — 272323
Then we have P(gz) = (det g)?P(x). We put Vs = {z € V | P(z) # 0}.
We first recall the parameterization of cubic algebras of O. Let a be a fractional ideal of k.

We put
G(k) D Ga = {(‘Z 2)

Vk)DVa={z|zo€az €O, catzgea?l

aeO,bea,cea_l,deO,ad—bceOX},
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Then V, is a Ga-invariant submodule. As in Section 1, let ¥(O) be the set of isomorphism
classes of cubic algebras of O. For R € €(0), let Aut (R) be the group of automorphisms of R
as an O-algebra. We put ¢(0,a) = {R € ¢(0O) | St(R) = a}. In [T06, Section 3] we establish
the following parameterization of ¢ (O, a).

Proposition 3.1. (1) There exists the canonical bijection between € (O, a) and Ga\Va making
the following diagram commutative:

Ga\Va

€(0,a)
l P l discriminant
(0*)*\a 2 el {integral ideals of O}.
Here, the right vertical arrow is to take the discriminant, and the low horizontal arrow is
given by multiplying a®. For each R € €(O, a), we denote by x the corresponding element

in Ga\Va or its arbitrary representative in Vj.

(2) We have Aut (R) = Stab(Ga; xR).

Let K be either the number field k£ or a local field k,. We next recall the geometric inter-
pretation of the G(K)-orbits in V%(K). We denote by ¢°P(K) the set of isomorphism classes
of separable cubic algebras of K. For x = z(vi,v2) € V¥(K), we define

Zy = Proj Kvy, va]/(x(v1,v2)), K(z) =1(Z;,0z,).

We regard K (x) as an element of ¢%°P(K). It is well known that the map = — K(x) gives a
bijection between G(K)\V*(K) and ¢°°P(K). By definition, this correspondence is functorial
with respect to the localization, i.e., for z € V*(k) and v € MM we have k,(z) = k(x) ® k,. We
have the following compatibility of the two parameterizations x — xg and x — k(z).

Lemma 3.2. Let R € €(0,a) and Agjo # 0. Then g € V¥(k) and k(xr) = R ®0 k.
For L, € €°(k,), we put
Vi, ={z € V¥(ky) | kv(z) = Lo},

which is the G(k,)-orbit in V*(k,) corresponding to L,. This should not be confused with the
set of L,-rational points of V' nor the base change of V to L,. Since we don’t consider such
objects in this paper we hope this notation is not misleading.

Definition 3.3. Let T be a set of places. Let Ly = (L,)yer be a T-tuple where L, € €5 (k,)
for each v € T'. For such L7, we define

Vi, = {x € V¥(k) | k(x) @k ky = Ly, for all v € T'},
¢(0,a,Lr) ={R € %¢(0) | St(R) =a, R®o ky, = L, for all v € T'}.
Proposition 3.4. The correspondence in Proposition 3.1 induces a bijection between Ga\(Van
Vk,LT) and %(O, a, LT).
Proof. Let R € ¢(O,a). By Lemma 3.2, R ®¢p k, = k(xr) ® ky. Hence R ®¢ k, = L, if and
only if g € V. Since Vi, 1., = N,er(V*(k) NVL,), we have the bijection. O

Let V()™ (vesp. V*(k)') be the subset of V*(k) consisting of binary cubic forms ir-
reducible (resp. reducible) over k. By the definition of k(z), V(k)™ = {z € V*(k) |
k(z)/k is a cubic field extension}. Also we put

€(0,a,L7)" = {R € ¢(O0,a,L7) | R®0 k is a cubic field extension of k},
€(0,a,L7)" 4 ={R € ¢(O0,a,L7) | R®0 k is a separable algebra and not a field}.

Then by Lemma 3.2, we have the following refined version of Proposition 3.4.
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Proposition 3.5. The correspondence of Proposition 3.1 induces a bijection between the fol-
lowing sets;

(1) Ga\(Va N Vi1, N VS(K)) and (O, a, L),
(2) Ga\(Va N Vi, NVS(k)) and €(O, a, Ly)™.

4. GLOBAL ZETA FUNCTIONS AND DIRICHLET SERIES

In this section we introduce the global zeta function and related zeta integrals. Using
Propositions 3.4 and 3.5, we see that these are integral expressions of the Dirichlet series we
want to investigate.

Definition 4.1. For ® € AV, ), s € C and w € Cl(k)*, we define the global zeta function by

Z(P,s,w) = / | det g**w(det g) Z O (gz)dpg.

Also for a € Cl(k), we define

| det g|* E O (gz)dprg.

Za((I), 8) == / R
G ko) G(O)diag(La)G(k) /G (k) =l

Recall the double coset decomposition G(A) = [Tacci) Gkso)G(O)diag(1,a)G(k). Since
w(det(G (koo )G(O)G())) = w(kXO*k*) = 1, we have the following.

Lemma 4.2.

Z(®,s,w)= > w(a)Za(®,s).

acCl(k)

Let T' D M, be a finite set of places. For the rest of this paper we fix T and L, € €°P(k,)
for each v € T. We put Ly = (Ly)yer. For our purpose, we also assume & € AV (A)) is
chosen as follows for the rest of this section.

Assumption 4.3. We assume ® is the product ® =[],y ®v, where

an arbitrary Ky-invariant function supported in Vy, v € M,
®, is ¢ the characteristic function of V(O,) NVz, veMNT,
the characteristic function of V' (O,) veM\T.

We put @ = [[,cpm.. Pv and &f = Hver ®,. Note that each ®, is G(O,)-invariant for

~

v € My and hence D¢ is G(O)-invariant.

Definition 4.4. We define
210 (Do) = /G o PPl (@€ Vi),

B (#(Stab(Ga; 2)))~1 (# Aut (R)) !
@)= D N{a[P(@)]s, > T NApo

z€Ga\(VanVi, L) Re%(0,a,Lr)

The function 21, (P, s) is called the local zeta function. Since Vi, 1., C V (ko) is contained
in a single G(kso)-orbit [[,cnm.. Vi,, this does not depend on the choice of z. Note that the
second equality in the lower formula follows from Propositions 3.1 and 3.4.

Lemma 4.5.
Za(P,5) = 21, (Poo, 5)VL, (1, 5).
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Proof. Let G(@)a = diag(1, a)_lG(@)diag(l, a) and Pa(x) = ®(diag(1, a)z). Since the infinite
part of a € AX is trivial, the infinite part of ®, coincides with ®,,. We denote by @, the

~

finite part of ®a, hence 3 = oo X Pga. Then D¢ 4 is G(O)a-invariant. Hence we have

1
Za(®,5) = Y |det gz > ®algr)dg

N(a)?s /G(koo)G(@)aG(k)/G( e ()

1 / 9
| det goo |55 g Dt a(2) Poo (Goo ) dgoodys -
N(a)** JG(koo)G(D)a/G(K)NG (koo )G(D)a | ser(k) () )

For x € V(k), ®pa(x) =1 if

diag(1,a)x € V(O) and diag(1l,a),z € V,, forallveT,

and 0 otherwise. Here diag(1l,a), denote the v-component of diag(l,a). Since Vi, is a
G (ky)-orbit, the second condition holds precisely when = € Vi for all v € T. Also we see
diag(1,a)"'V(0) N V(k) = Va. Hence P a(r) =1if 2 € Van V1, and 0 otherwise. Since
G(k) N G(koo)G(O)a = Ga, we have

1

—_— det goo | Do ooxdoo-/ dgs.
NOE /G(koo)/Ga\ gl (goo)dg g

Za(q)7 3) = .
wEVaﬂVLT G(O)a

Since G(Ay) is unimodular, [ G(O)a dgs = 1. Now the formula is obtained by the usual unfolding
method. Note that | det goo|%, = |P(goo)/P(Z)|so- O

Combined with Lemma 4.2, we have the following.

Proposition 4.6.

Z(®,5,w) = 21, (oo, 8) > w(@)r,(a,s).
acCl(k)

We next discuss the contributions of irreducible and reducible forms.

Definition 4.7. We put

Zird(@), S,w) = / | det g\2s@(det 9) O (gx)dpey,
G(A)/G(k) xevss(k)ird
) #Aut (R))™!
191rd a,s) = ( )
£ (@) 2 N(Arjo)?

Re%(0,a,Lr)ird
We define Z*(®, s,w) and 79rLdT(a, s) similarly.
By Proposition 3.5, the same argument of the proof of Lemma 4.5 shows the following.

Proposition 4.8.
7, 5,0) = 21, (Poc,s) Y w(@)Vil(a,s),
acCl(k)

7@, 5,w) = 2, (oo, 5) > w(@)df (a, ).
aeCl(k)



8 TAKASHI TANIGUCHI

5. ANALYTIC CONTINUATIONS AND RESIDUE FORMULAE

In this section we give proofs of Theorem 1.1 (1) and Theorem 1.3 (1) with the values 2z,
B, in Theorem 1.2. We also give the residue of 19rLdT(a, s) at s = 1.

We recall the residues of Z"(®,s,w) and Z"4(®,s,w). For a while ® € AV(A)) and
¢, € AV (ky)) is arbitrary. We introduce the following distributions.

Definition 5.1. For ® € AV (A)), we define
A(@) = /4 q)(w(), Z1,x2, x3)dprx0dprx1dprx2dprx37
A
B((I)) = / |t|}&/3q)(t> Z1,x2, x3)d}>)<rtdprx1dprx2dprx3a
AX x A3

e(®) = / H20(0,1, 2, 23)d S tdperadpes.
AX x A2

We need to make a remark on the definition of B(®), because the integral defining B(®) itself
does not converge. (The integrals defining A(®) and C(®) converge.) From the Iwasawa-Tate
theory, as a complex function of s the integral

'B((I’, 8) = / , ’t’i‘b(t, x1,T9, xg)d;rtdprl‘ldprwgdprxg
AX XA

has meromorphic continuation to the whole complex plane and is holomorphic except for
s =0, 1. The above definition means, more precisely speaking, that we put B(®) = B(®,1/3).
The following is proved in [T06, Section §].

Theorem 5.2. Let ® be K-invariant. The integrals Z*(®,s,w) and Z*(®, s,w) have mero-
morphic continuations to the whole complex plane. Functions (s — 1)(s — 5/6)Z"(®, s,w)
and (s — 1) Z"4(®, s,w) are holomorphic for Re(s) > 1/2, and the residues of Z™(®,s,w) and
Z'Y®, s,w) in this domain are given by the following;

Ress—1 Z"(®, 5,w) = §(w)2 7 " (21) T2 ¢ (2) A (D),
Res,_5/¢ 75D, s, w) = 5(w3)6_1A;1/2ckB(<I>),
Reso—1 Z'4(®, s, w) = 6(w)27 1z C(D).

We describe residues of 191erT(a, s) and 19flT (a, s) using this theorem and Proposition 4.8.

Definition 5.3. For &, € AV (k,)), we define
AU((I)U) = / ‘Ilu(xo,l‘l,l‘g,xg)da?odxldfﬂgdl‘g,
k3
BU((I)U) = / |t|11)/3(1)v(t,a?l,l'z,l'g)dxtd.’ﬂldl'gd.fg,
by xk3

ev@v):/ 1120,(0, ¢, @9, ) d* tdwadas.
by xk2

Also we put
21, (By,s) = /G o PEi@ulga)dg, (< Vi)
kv

We now assume that & =[], ®, is of the form in Assumption 4.3.

Definition 5.4. Let &, € AV (k,)) be as in Assumption 4.3.
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(1) For v € My, we define
Ay (Py) _ Bu(Py) __ Cy(®y)
ZLU((I)'U’ 1)7 ﬁv(Lv) - ZLU (q)v; 5/6)7 ’Yv( U) - ZLU ((I)vy 1)

where @, is chosen so that denominators do not vanish. It is known that these do not
depend on the choice of such ®,,.
(2) For v e MyNT, let &, be the characteristic function of V(O,). We put

Ay(Dy) _ By(Py) _Cy(y)
Av(q)v,O)’ BU(LU) B Bv(cbv,[))7 FYU<LU) B ev(q)v,O).

(3) Further we let the product as follows;

= HO{»U(LU), pr(Lt) = Hﬁv v), r(lr) = H’YU

veT veT veT

ay(Ly) =

ay(Ly) =

Theorem 5.5. (1) The Dirichlet series ﬁii‘i(a, s) and ﬁrLdT(a, s) have meromorphic continua-
tions to the whole complex plane. Functions (s —1)(s — 5/6)19%3((1, s) and (s — 1)19%1T(a, s)
are holomorphic for Re(s) > 1/2.

(2) The residues of 19%2((1 s) and 19fT (a,s) in the region Re(s) > 1/2 are given by;

Res,—1 972 (a,8) = by, '27 e (2m) "2 ¢ (2)ar (L),
Res,—s/6 974 (a, 5) = m(a)h by 1671 A, 2 e4¢(1/3)B7( L),
Ress=1 ﬂEdT (Cl, S) = h712_1cka(2)/7T(LT)'

Proof. By the theory of prehomogeneous vector spaces, the local zeta function Zy,,.(®o, ) has
meromorphic continuation to the whole complex plane. Moreover, for any s € C Such that
Re(s) > 1/6, we can choose ®, such that Z7,,.(Po, s) # 0. Hence (1) follows from Proposition
4.8, Theorem 5.2 and the orthogonality of Characters

We consider (2). We prove the second formula. The first and third formulae are proved
similarly. Let ﬁiii(a, $,wW) = Y acci(h) w(a)ﬁ’er (a,s), which is the Dirichlet series appeared in
the first formula of Proposition 4.8. For ¥y € AV (A¢)) we find the “finite part” Be(¥¢) of
B by evaluating at s = 1/3 the analytic function fAfXXA? |t|sAf‘I’f(t,.’E1,fE2,$3)de tdexrdezodrs.
Then B(®) = Be(®Pr) [[,em., Bo(Pw). Let g be the characteristic function of V/(O). Then

we have B(®Pro) = (x(1/3) and Be(Pr)/Be(Pr0) = [[errim, Bo(Pv)/Bu(Pu,0) by the analytic
continuations. Hence by Proposition 4.8 and Theorem 5.2 we have

' 1/3) [Loem
Re857 ’L9Hd a,s,w) = 5 wg Cka( veEM
=5/6Vip (3, 5,w) = 0w 64,/ Bral 00’5/6 GHM 93 )

= 6(wh6 A P enCu(1/3)Br(Lr).
By the orthogonality of the characters, 19iLrCTl (a,8) = bt 2weci(k) w(@)” 1191rd(a s,w). From
the identity >, ccyr)- w(a) t5(w?) = T(a)hlgg), we have the second formula of (2). O

From now on we consider a,(Ly), By(Ly), and v,(Ly). For v € My, this was done by
Shintani [S72] and Datskovsky-Wright [DW86] and we already used their results in [T06]. For
the convenience of the reader, we give these values in Table 1:

Proposition 5.6. For v € Mo, ay(Ly), Bu(Ly) and v,(Ly) are given by Table 1.

We compute ay,(Ly), By(Ly), and v,(L,) for v € My using the local theory developed by
Datskovsky-Wright [DW86], more specifically Theorems 3.1, 5.1, 5.2 and Propositions 5.1, 5.3.
We fix v € 91 for the rest of this section. To simplify the notations, we drop the subscript
v and write L, ¢q, a, 3, v, A, B and C instead of writing L, q,, @y, Bu, Yo Av, By and C,,.
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v L, oy (Ly) Bo(Ly) Yo (Ly)
3
RIRxRxR| T |V3A/B?*] 1
6 4 2
3
2 4 2
2 | V/3I(1/3)8 1
ClCxCxC 5 T B
TABLE 1

To stress the dependence ®,, in Assumption 4.3 on L, we write ®, = ®;. As in Section 1, we
denote by 6, the order of the automorphisms of L as a k,-algebra. Let (7, (s) be the local zeta
function associated with the k,-algebra L. Namely, we define

(1—g*)73 L = ky X ky X ky,
(1—q*)"Y(1-¢2%)"! L=k, x (quad. unramified ext. of k,),

(r(s) =q (1 —qg )71 L = (cubic unramified ext. of k),
(1—q )2 L = ky, x (quad. ramified ext. of k),
(1—qg %)t L = (cubic ramified ext. of k,).

Let Ay /i, be the discriminant of L/k, and Ay, its norm. An element zy, in the G(k,)-orbit V7,
is called a standard orbital representative if xy, € V(O,) and P(xr) € O, generates the ideal
Ar/k,- It is easy to see that such an element exists for arbitrary L. We fix such zz,. We define

QL(@y,s) = / | det g, 25 (gu1)dg,
G(kv)

which equals to |P(xp)|,*ZL,(®y,s) and hence does not depend on the choice of xy. This
function plays an important role in the computation.

Before starting the computation, we will compare and adjust the notation in [DW86] to
ours. In [DW86] the authors denote by A the set of G(k,)-orbits of V*(k,) and by a any of
its elements. Hence there is the canonical correspondence between their A and our ¢*P(k,).
If L € ¢5°P(k,) corresponds to a € A, then Qr(®r,s) equals to what Datskovsky and Wright
denoted by Z,(was, 1) (they defined the distribution Z,(w,®) in p.39). Also the value ¢,
they introduced on p.38 equals to OglAzl, since their o(«) equals to 0, and their z, is also a
standard orbital representative for the orbit Vr.

The following beautiful formula is a variation of [DW86, Theorem 3.1].

Lemma 5.7.
QL(Pr,s) = (1—q )" (1 — g ) 7(L(25) ¢ (45) "
Proof. Let ®y € AV (ky)) be the characteristic function of V(0O,). Then since @y, is the
characteristic function of V(O,) N G(ky)zr, ®r(g9vxr) = Po(gyzy) for all g, € G(k,). Hence
Qr(®r,s) = / | det g, |**®o(gu L, )dgs.
G(kv)

The right hand side of the above equation is what Datskovsky and Wright computed explicitly
in [DW86, Theorem 3.1]. Since their w(7) is ¢~2° in our setting, we have the formula. O
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Proposition 5.8.

B R s BT
a(L) = 0, A7 @)

(1—-¢H1-q7)
Proof. Obviously A(®¢) = 1 and hence a(L) = A(®r). This is expressed by qzeéz(O) in

the notation of [DW86]. Note that their additive measure on k, is ¢~¢/? times ours. Since
O (z) =0if x ¢ Vi, by [DW86, Propostion 5.1] we have

A@r) = (1= (1 =g )0 AT QL (P, 1),
Hence from Lemma 5.7 we have the formula for o(L). O

Proposition 5.9.

ﬂ(L) _ (1 - q—1/3)(1 __q_,14) ‘921A,1 CL(1/3)CL(5/3)

(1—q103)(1— g4 L ¢0(2/3)¢L(10/3)

Proof. Since B(®g) = (1 —¢/3)~! we have (L) = (1 —q~/3)B(®}). If we use the notations
of [DWS6], B(®r) equals to ¢>/2%,(1, 1) where 1 denotes the trivial character on k,. Hence
if L corresponds to a € A in their notations, by [DW86, Theorem 5.2] we have

B(®r) = (1 - ¢ 0. A7 an(1)QL(®r, 5/6).

The value a, (1) is evaluated in [DW86, Proposition 5.3] and is found to be ¢z (1/3)(1(2/3)7L.
Now Lemma 5.7 gives the desired formula. O

Theorem 1.1 (1) and Theorem 1.3 (1), with the values of Az, and B, in Theorem 1.2,
follow from Theorem 5.5 and Propositions 5.6, 5.8, 5.9. We also evaluate y(L). This gives the
explicit formula of the residue of 291”LdT (a,s) at s = 1.

Proposition 5.10.

Q- HA-q?) 0 @ .
L) =d =g H(1 =g 27 A7 A0 L is not a field,
0 L is a field.

Proof. The value C(®r) equals to ¢°¥a(®r) if we use the notations of [DW86]. Hence by
[DW86, Theorem 5.2], this equals to (1 — ¢~ )2 'A7'Q.(®y,1) if L is not a field and 0
otherwise. Since C(®g) = (1 — ¢~2)~!, we have the formula. O

Remark 5.11. Let &™(k,) the set of isomorphism classes of totally ramified extensions of k,
of degree i. For F' € &™(ky), let Ap be the norm of the relative discriminant of F'/k, and 6
the order of automorphisms of F. In [S78] Serre established a beautiful formula

> g
Fe&™ (kv)

On the other side, by gathering all the splitting type at a fixed v € ¢, we have

Y am= Y sm= Y A=t

LeBsep (ky) LeEseP (ky) LeBseP (ky)

By computation we see that this is equivalent to the Serre’s formula for ¢ = 2 and 3.
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6. DENSITY THEOREMS

In this section we give proofs of Theorem 1.1 (2) and Theorem 1.3 (2). Throughout this
section we fix Ly. Recall that we define Dirichlet series 91, (a,s), 792“; (a,s), 79rLdT (a,s) in

Section 4. These satigfy U, (a,s) = ﬁiidT(a, s) +191;:dT (a,8). Weput r,(s) = D accir) Vrr(a, 8)-
Similarly we define 19%(;, (s), ﬁrLdT (s) as the sum of the Dirichlet series over a € Cl(k). We write

Urr(s) = Zle am /M, ﬁi[{i(S) = Zm>1 lrf@d/m ﬁrLdT(S) = Zmzl aﬁg/ms,
so that a,, = a'® 4+ a!4. In Lemmas 6.2-6.5 below we carry out a proof of the following
proposition.
Proposition 6.1. For any ¢ > 0,
. 5n—1
> akt =%, X + (5/6) 1B, X0+ O(X>HTF) (X - o0).
m<X
To prove the proposition we first give an estimate of the function )’  _y am,. We put

Cr, =2 1 k(2) [I,er Yo(Ly), which is the residue of 19rLdT(s) at s = 1.
Lemma 6.2. For any € > 0,

4n—1
> am = (A, + €)X + (5/6) B, X+ O(X T ) (X — o0).
m<X
Proof. In [W85] Wright proved that the global zeta function Z(®, s,w) can be continued holo-
morphically to the whole complex plane except for possible simple poles at s = 0,1/6,5/6, 1
and satisfies the functional equation

Z(®,s,w) = Z(P,1—s,w ")

where @ is a suitable Fourier transform of ®. Let w € Cl(k)* be the trivial character and
¢ € AV(A)) as in Assumption 4.3. Then by Proposition 4.6 Z(®, s,w) = 21, (Poo, s)01,.(5).
Since ® is also a G(@)—invariant function, we have a similar decomposition for Z (<f>, s,w™ ).
These combined with archimedean local theory show that 91, (s) is holomorphic except for
s =1,5/6 and satisfies a functional equation of the form

D1 (1= 5) = D(sP"Tls — £)"Ds + 0" 3 pa(e™/2, e 2555
AEA
where A is a finite index set and for each A € A, py(x,y) is a polynomial in z,y whose degree
does not exceed 4n and &) (s) is a Dirichlet series with the domain of absolute convergence
Re(s) > 1. By Theorem 5.5 the residues of Jr,,.(s) at s =1 and 5/6 are Az, + €, and B,

respectively. Hence the proposition follows from the modified Landau theorem [SS74, Theorem
3. O

This lemma reduces the proof of Proposition 6.1 to an estimate of v a rd To give an
estimate of this function we introduce another prehomogeneous vector space. Let B =By C G
and W the subspace of V' having a linear factor v;

0
B= {(: *> } » W={y=ylu,v) = v(y1u2 + yauv + y302) | y1, 2, y3 € Aff}.

Then W is an invariant subspace of B and (B, W) is also a prehomogeneous vector space. As
in [T06] , we use the functional equation of the zeta function for this space to study >, _ y ald.
(This idea is due to Shintani [S75].) For a,c € Cl(k), we put

B(k) D Bac = {(i 2) t,pEeOX ue a‘lc‘Q},

W(k)DWac={y|yi €c,y2 € a !

¢ Lys ea 23,



DISTRIBUTIONS OF CUBIC ALGEBRAS 13

Then Way is Bac-invariant. Let Wy, 1, = W (k) NV} .. We define
_ (#Stab(Ba,c;y))_l
()= 2, 2 N@HPO)l
a,ceCI(k) y€Ba,c\(Wa,cNWi, L.5.)

We write 1, (s) = >, 51 bm/m®. Note that for y € Wac, P(y) € a2 and hence N (a)?|P(y)]o
is an integer. Then we have the following.

Lemma 6.3. For any € > 0,

5n—1
Y b =€, X +0(XmHT) (X = o0).
m<X

Proof. We give an integral expression for n.(s). For ¥ € AW (A)) and s € C, define

Y (¥, s) = / detblF D W(by)dd.
B(A)/B(k) yeW (k)NVss(k)

Also for Vo, € AW (koo)), we put

Vi, (oo, 5) = /B o [P Tt (5 € Wiy )

Let ® € AV(A)) be as in Assumption 4.3. We regard ® € AW (A)) via the pullback of the
inclusion W(A) — V(A). Then since

B(A)= [ B(ks)B(O)-diag(c,a ') B(k),
a,ceCl(k)
Bac = B(k) ndiag(c,a "¢ ™)™ - B(koo)B(O) - diag(c,a” ¢ 1),
Wae = W(k) N (diag(c,a e )T W (O) x W (kso)),
by the similar unfolding method as in Proposition 4.6 we have
Y(®,5) = Vi (Poos $)0Lyr(5)-

We recall from [T06] some results on zeta functions for (B, W). The residue of Y (®,s) at s = 1
is exactly the same as that of Z*4(®,s). Also since @, is [I,em,. Ko-invariant, the local zeta
functions 21, (P, s) and Vi, (P, s) also coincide. Hence the residue of 7, (s) at s = 1 is
¢L,. Moreover, the Dirichlet series H(s) = 1, (s)Cx(4s), multiplied by (s — 1/2)3(s — 1) is
entire and satisfies a functional equation

H(1—s)=T(2s — 1)>T(s)"T(35 — 3/2)" Y qa(e™/%,e7™*/2),(s)
AEA

where A is a finite index set and for each A € A, ¢)\(x,y) is a polynomial in z,y whose degree
does not exceed 8n and ) (s) is a Dirichlet series with absolute convergence domain Re(s) > 1.
Hence by the same argument as in [T06, Proposition 7.18] we have the lemma. O

We introduce the following notation.

Definition 6.4. Let k(s) =>_, < km/m® and I(s) = >, 51 lim/m® be Dirichlet series having
absolute convergence domains. We say k(s) is bounded by I(s) if |k, | < I, for all m > 1, and
write k(s) < I(s) in this situation.

Using Lemma 6.3 we have the following estimate, which proves Proposition 6.1. Notice that
for a positive sequence {a,,} and a positive constant p, the series ) -, am/m?® converges for

Re(s) > p if and only if }° v a, = O(XP+€) for any € > 0.
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Lemma 6.5. For any e > 0,

Y A =€, X+ O(XFHYE) (X - o).
m<X
Proof. Let VIV = {& € VSS(k) | k(x) = k x k x k}, V& = V() \ (Ve(k)™ U V")) and put

V() Van Vk( ), Wéc) = Wac N V() for i = 1,2. In [T06, Proposition 3.12], we construct a
bijective map

Pa: H (Ba,c\Wag,Qc)) B Ga\va(z)
ceCl(k)
which preserves the value of P up to (O*)2-multiple and Stab(Bag;y) = Stab(Ga;a(y)) for
(2)

any y € Wa¢ . From the construction it is easy to see that this induces a bijective map
2
Varr: [] (Bas\(Wad 1 Wir)) — Ga\(Ve” 1 Vir):
ceCl(k)
On the other hand by the local theory, the Dirichlet series
> N(a)">|P(2)|S, > N(a)">|P(y)|
CEGGa\(Va(l)ka,LT) yEBa,C\(We(m,lc)ka,LT)

are bounded by the Dirichlet series Ck(QS)BCk(Gs —1)/¢r(4s)2. In particular, these Dirichlet
series converge for Re(s) > 1/3. Hence Y., _yald =3 by + O(XY/3+¢) where € > 0 is
arbitrary and this finishes the proof. O

We now give a proof of Theorem 1.1 (2).

Theorem 6.6. Let hy, (X) be as in Section 1. For any e > 0,

hip (X) = Az, X + (5/6)7 18, X6 + O(X5F175) (X — o0).

Proof. Let
m-Y i oy e
n>1 REE(O,Ly)ird R/O
Then hr,(X) =3, x . We compare ﬁiLr‘;(s) and @IL“;(S) Let & be the set of isomorphism

classes of cyclic cubic extensions of k. Then Aut (R) is non-trivial only if R ® k € &. Hence
as in the proof of [T06, Theorem 7.20],

191rd 191rd 1
e L X NAgor

FeG RcE(0),Rek=F

= > N(Ap) " *Cel(45) (65 — 1)Cr(25)Cr(4s) ™!
FeG

< Gr(25)Cr(6s — 1)Ck(48) 2 Y N(Appi) ™
FeG

and the Dirichlet series in the last term has the domain of absolute convergence Re(s) > 1/2.

This shows that hr,(X) = 3, yaid = 3, v al'd + O(XY2+) where € > 0 is arbitrary.

Hence from Proposition 6.1 we have the desired result. O

We conclude this paper with a proof of Theorem 1.3 (2), which is much simpler than that
of Theorem 6.6.
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Theorem 6.7. Assume Lt is chosen so that at least one of L, is a field. Then ﬁiii(a, s) is
holomorphic in the whole complex plane except for s =1 and 5/6. Also for any e > 0,

QlL hi:g) %L 5/6 M_ﬁ’_a
hr,(a,X) = hkTX+T(a)h—k-76TX/ +O(XH ) (X — 0).

Proof. The essential fact that we can prove this formula is that under the condition on L we
have ¢(O, L7)™ = ¢ (0O, Lt). By the global and local theory for the space of binary cubic
forms and the orthogonality of characters, 1915(; (a,s8) = ¥1,(a,s) is holomorphic except for
s =1,5/6 and satisfies a functional equation of the form

1 1 i —mis
§)'Tls+ )" Y pw(e™/% e 2)en(s)

I, (a,1—s) =T (s)*"T(s — 5
NeN

where A’ is a finite index set and for each X € A’, py/(z,y) is a polynomial in z, y whose degree
does not exceed 4n and &y (s) is a Dirichlet series with the domain of absolute convergence
Re(s) > 1. Hence the theorem follows from the modified Landau theorem [SS74, Theorem
3], the residue formulae of ¥, (a, s) in Theorem 1.3 (1) and the same treatment for orders of
cyclic Galois extensions as in the proof of Theorem 6.6. U
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