RELATIONS AMONG DIRICHLET SERIES WHOSE COEFFICIENTS
ARE CLASS NUMBERS OF BINARY CUBIC FORMS II

YASUO OHNO AND TAKASHI TANIGUCHI

ABSTRACT. As a continuation of the authors and Wakatsuki’s previous paper [5], we study
relations among Dirichlet series whose coefficients are class numbers of binary cubic forms.
We show that for any integral models of the space of binary cubic forms, the associated
Dirichlet series satisfies a simple explicit relation to that of the dual other than the usual
functional equation. As an application, we write the functional equations of these Dirichlet
series in self dual forms.

1. INTRODUCTION

The theory of zeta functions for the space of binary cubic forms was initiated by Shintani
[7] as a fine example of zeta functions of prehomogeneous vector spaces [6]. He introduced 4
Dirichlet series &1.1(s), £1,2(5), £11(8), &7 o(s) whose coefficients are class numbers of integral
binary cubic forms, and established their remarkable beautiful analytic properties. These 4
zeta functions he introduced are for the “standard” integral models, and our purpose is to
study the zeta functions for all integral models.

Let us recall the definition of the zeta function. Let Vg be the space of binary cubic
forms over the rational number field Q;

Vo = {z(u,v) = au® + bu*v + cuv?® + dv® | a,b,c,d € Q}.

We express elements of Vg as © = z(u,v) = au® + buv 4+ cuv? + dv®. We identify Vg with
Q* via Vg > = = (a,b,c,d) € Q* and write as x = (a,b,c,d) also. Let P(x) denote the
discriminant of x € Vp:

P(z) := Disc(z(u,v)) = b*c? + 18abed — dac® — 4b3d — 27a?d?.

The group SLy(Z) acts on Vg by the linear change of variables, and P(x) is invariant under
the action.
We recall the classification of SLg(Z)-invariant lattices in V. We put
Ly :={zxe€Vy|a,b,ecdcZ}=17"
Ly :={(a,b,c,d) € L1 |a+b+d,a+c+de 27},
Ls :={(a,b,c,d) € L1 |a+b+c,b+c+d e 2Z},
Ly = {(a,b,c,d) S | b+ce 2Z},
Ls :={(a,b,c,d) € Ly | a,d,b+ c € 2},

and

Ll :={xeVy|a,deZbce3L},
Li=L ALy, Li:=LiNLy, L;:=LiNLs, L%:=L N Ly

We have Ly D Lo, Ly O Ls, L3 D L5 and similar relations for L’s.
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Ly Ly
Ly L
Ly Ls Ly L
Ls L}
2L 2L7
In the previous paper [5] the authors and Wakatsuki showed that up to Q*-multiplication,
this is a complete list of SLg(Z)-invariant lattices in V. Hence there are 10 different
integral models of V. The notation L} is because it is isomorphic to the contragradient
representation Hom(L;, Z) of SLa(Z).
The zeta functions are defined as follows.

Definition 1.1. For 1 <i <5 and 1 < j < 2, we define

@,J(s) = Z |P($)‘S ) 51'7_]'(3) = Z ]P(a:)/27\5 )
2€SLy(Z)\L; z€SLa(Z)\L]

(=1)771P(2)>0 (=1)771P(2)>0

and call them the zeta functions associated with L; or L}. Here |Stab(x)| denote the number
of stabilizers of = in SLy(Z).

Note that |Stab(z)| is either 1 or 3 and that for x € L}, P(z) is a multiple of 27.

Shintani [7] showed that for ¢ = 1, the standard integral models L; and L7, these zeta
functions have holomorphic continuations to the whole complex plane except for simple
poles at s = 1,5/6, and satisfy a functional equation. He also computed the residues
explicitly. In [5], we proved similar analytic properties for 2 < i < 5.

However, despite of Shintani’s extensive study of &1 j(s) and &7 ;(s), one other significant
property was remain unrevealed until 1990’s. The following identity was conjectured by the
first author [4] and proved by Nakagawa [3].

Theorem 1.2 (Conjectured in [4], proved in [3]). We have
(1) §ia(s) =&2(s),  &1als) = 311(s).

Although (1) is quite simple, no elementary proof of this theorem is known to the present.
In fact, Nakagawa proved them as a consequence of the sophisticated use of class field
theory. As we will describe in Theorem 1.5, this theorem has an important application to
the functional equation. Hence it is natural to ask whether there exist similar relations of
the zeta functions for other integral models. We will give the affirmative answer to this
problem.

To state our results, we find it convenient to put

. * (s 1
o=(2). - (E5). 1~ 1)
Then (1) is written as f(s) = A-&1(s). For i = 2,3, the authors and Wakatsuki proved the
following in the previous paper [5].
Theorem 1.3 ([5]). We have
§(s) = A-&a(s),
§3(s) = A &3(s).

On the other hand, for i = 4,5, £(s) and A - §;(s) do not coincide. These discrepancies
themselves are not surprising since the indices [L; : L;] and [L] : L}] do not coincide.

(2)
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However, in view of (1), (2) for i = 1,2, 3, one may believe that some corresponding formulas
should exist for ¢ = 4, 5.

Indeed, we find such formulas in certain linear combinations of the zeta functions. The
following is a main result of this paper.

Theorem 1.4 (Main Theorem). We put

0(s) := &u(s) — 2&5(s ) (S)+4€5(8),
n(s) == 2% (&(s) — &(s) +2171¢4(s))
0" (s) = 2% (& (s —&i(s) +217%¢(s))
n(s) =& (s )—252( )—55( ) + 485 (s).

Then

o 0°(s) = A 0(s),

n(s) =A-n(s).

We now give an application of these identities to the functional equations. We put
2433 s/2 s s 1 ] 1 S 1
Azzir(f)rffrf—frf—
+(5) (774) 2 <2+2> (2 12) <2+12>’
2433 s/2 s s 1 s 5 S 7
0= (%) TG n)rGrn)-

Then by plugging (1), (2) into the functional equations, the followings were obtained:
Theorem 1.5 ([4], [3], [5]). Leti=1,2,3. For each sign, we put
&i.(5) := V3&i1(s) £ &ia(s).

Let a1 = 0,a9 = a3 = 2. Then they satisfy the functional equations
(4) 245 Ay (5)€ +(s) = 2907 IAL (1 — 5)€4.(1 — 5).

Similarly, as a consequence of (3), we have the following.
Theorem 1.6 (Corollary to Theorem 1.4). We put

0(s) i= V/301(s) £ 0a(s) and 1a(s) = v3mi(s) £ ma(s),

where 6(s) = (01(s),02(s)) and n(s) = (n1(s),n2(s)). Then
2°As(s)0+(s) = 2" AL(1 — 5)02(1 — 5),
2°As(s)nx(s) = 2! Ax(1 = s)na(1 — s).

Hence the functional equations of the zeta functions are expressed in self dual forms
for all integral models. In view of (4) and (5), we may say that the “conductor” of the
Dirichlet series &1 4 (s), &2,4(8), &,+(s), 0+(s) and 74 (s) are 2133, 2833, 2833 2633 and 2633,
respectively'. We can describe the poles and residues of these Dirichlet series.

()

IEither of these 10 Dirichlet series are of the form > n>10n/n°, and we can confirm that the greatest
common divisor of {n | a, # 0} is 1 by using the table of the coefficients in [5].
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Theorem 1.7. The Dirichlet series &1+ (s), &2,.4(s), §3.4(5), 04(s) and ni(s) are holom-
prhic except for simple poles at s =1 and s = 5/6, while &1 _(s), §&2.-(5), &3,—(s), 0—(s) and
1—(s) are holomorphic except for a simple pole at s = 1. The residues are given as follows:

§1,4+(5) £2,4+(5) £3,4+(5) 01(s) 1+(s)

Residue at s — 1 2\/1§8+37T2 2\/7§2+37r2 2\/7§>2+37T2 7\/7§2+97T2 5\/7§2+97r2
3 3 3 3 3

Residue at s = 5/6 F(1/32)’7r€“(1/i’)) F(1/31)27E(1/3) F(1/31)27€;(1/3) F(1/33%/§7(rl/3) F(l/;%/gfrl/?))
Conductor 2433 2833 2833 2633 2633

§1,-(s) §2,-(s) §3,-(s) 0—(s) 1-(s)
Residue at s =1 72‘/15’8*3772 72\/75’2*379 72‘/752*3772 77‘/75’2*9772 75\/75’2*979
Conductor 2433 2833 2833 2033 2033

It is an interesting phenomenon that the latter 5 Dirichlet series are holomorphic at
s=5/6.

Our basic approach to prove Theorem 1.4 is to reduce to Theorem 1.2, as we did in the
previous paper [5] to prove Theorem 1.3. However we need to argue more carefully since the
relations between £4(s),&5(s) and &1(s) are not as direct as those of &2(s),&3(s) and &1 (s).
We look closely certain subsets of L; which are no longer SLy(Z)-invariant but invariant
under certain congruence subgroups such as I'g(2) or I'(2), and study them in terms of the
induction in the category of G-sets. The zeta functions behaves quite well with respect to
this induction, and these enables us to bring £4(s),&5(s) and &1 (s) into connection.

We note that for ¢ = 1, curious algebraic interpretations of the set of integer orbits of
L; and Lj were known. Precisely, GL2(Z)\L; has a canonical bijection to the set of cubic
rings, while SLa(Z)\ L7 essentially corresponds to the set of 3-torsions in ideal class groups
of quadratic rings. Indeed, these interpretations were key ingredient for Nakagawa’s proof
of Theorem 1.2 in terms of class field theory. Such algebraic interpretations of integer
orbits for many other prehomogeneous vector spaces were discovered rather systematically
in Bhargava’s surprising work of higher composition laws [1]. In consideration of these
results, we expect that there might exist interesting interpretations for integer orbits of
L;, L} for 2 <7 < 5 also. We hope the theory of integer orbits will be pursued further in
the future.

This paper is organized as follows. In Section 2, we introduce the notion of induction.
After that we study the set

{r el | Plx)=1 mod32}, {xe€lLi|P(x)/27T=-1 mod 32}, [=4,20

in some detail. We prove in Proposition 2.4 that actions of SLa(Z) to these sets are induced
from actions of I'g(2) to their certain subsets. The proof of Theorem 1.4 is given in Section
3. In Theorem 3.8 we express partial zeta functions associated with the sets above in terms
of linear combinations of &;(s) or &/ (s). This enables us to reduce Theorem 1.4 to Theorem
1.2. In Section 4, we prove Theorems 1.6 and 1.7.

Notations. The notations introduced above are used throughout this paper. For a finite
set X, we denote its cardinality by |X|. If a group G acts on a set X, then for z € X we
put G, = {g € G | gr = x}. In this paper we often consider congruence relations in Z. If
a —a' € NZ then we write a = a/(N) as well as a = o’ mod N. For a,d’,d",--- € Z, “a
mod N=d =d"=---" meansa —a',a’ —a”’,--- € NZ.
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The congruence subgroups of SLy(Z) are denoted by

0= {(2 en| (=3 9 )

To(N) = {(f q> €SLy(Z) [r=0 (N)}, TO(N) = {(f q) € SLy(Z)

S S

q:O(N)}.

Hence I'(1) = SLg(Z). Finally, we put € := 2Z and O := 2Z + 1, the set of even integers
and odd integers, respectively.

2. EXPRESSIONS IN INDUCED FORMS

To prove the main theorem, we use the notion of “induction” in the category of G-sets.
For the convenience of the reader, we summarize its definition and basic properties. The
situation is quite similar to the induction of representations of finite groups. We omit the
elementary proofs of the basic facts.

Let G be a group. Assume that its subgroup H acts on a set Y. Then up to equivalence,
there exists a unique pair (¢,Y) where Y is a G-set and ¢: Y < Y is an injective H-
homomorphism which satisfy the following conditions;

(1) the map 7: H\Y — G\Y induced from ¢ is bijective, and

(2) forally €Y, Hy = G (.
The pair (¢, }7) is constructed as follows: Consider an equivalence relation ~ on G x Y so
that (g,y) ~ (¢',y) if and only if there exists h € H such that ¢’ = gh™' and v/ = hy.
Let Y be the set of equivalence classes. The equivalence class of (g,y) is again denoted by
(9,y). The well-defined map G x Y 3 (¢, (g,2)) — (¢'g,x) € Y defines an action of G on
Y. Let t: Y 3y~ (e,y) €Y, where e € G is the identity. Then the pair (z,Y) satisfies the
desired properties. We denote this Y by G xgY.

Let G be a group acting on a set X, and a subset Y C X is invariant under the action
of a subgroup H C G. Then we can consider a natural map G xg Y 3 (g,y) — gy € X of
G-sets. When this map is bijective, we write X = G xg Y and say that (G, X) is induced
from (H,Y). We have the followings.

Lemma 2.1. With the notations above, X = G xg Y if and only if

(1) the map G XY 3> (g,y) — gy € X is surjective, and
(2) foryeY and g€ G, gy €Y if and only if g € H.

Lemma 2.2. If X' is a G-invariant subset of G xg Y, then X' =G xg (Y N X').

Remark 2.3. In the category theoretic terminology, the correspondence {H-set} 3 Y +—
G xgY € {G-set} is the left adjoint functor of the restriction functor {G-set} 5 X — X €
{H-set}, i.e., Homp (Y, X) = Homg(G xp Y, X).

We now consider the space of binary cubic forms. For [, N € Z, we put
LT —fx e Ly | Pla) =1 (N)}, (LD .= {ze Lt | P(x)/27=1(N)}
The purpose of this section is to prove the following.
Proposition 2.4. We put
X, ={(a,b,c,d) € Z* | b€ O,c € 20,d € 4€},
Xy ={(a,b,c,d) € Z* | be O,c € 20,d € 40},
X3={(a,b,c,d) €Z* |a € O,b,cc &, dc 20}
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and X7 = X;NLY fori=1,2,3. Then
LT = T(1) xpy () X1, L7 = T (1) xpy(2) (X2 U Xs),
(L})=262) =1(1) X1o(2) X715 (L})®7462 =1(1) X1o(2) (X3 U X3).

We start with a lemma.

Lemma 2.5. For x = (a,b,c,d) € Z*, P(x) = 4 (16) if and only if one of the followings
holds;
(1) a,b,c,d€ O,a+b+c+de 20,
(2) b,c € &, ad € 20,
(3) a€2&,be20,ce0,
(4) de2€,c€20,be 0,
(5) b+ceO,a+c,b+de 2.

Proof. We write P = P(x). We have P = (bc + ad)? + 4R + 16(abed — 2a%d?) where
R = a?d® — ac® — b3d. Hence P mod 16 = (bc + ad)? + 4R and if P = 4 (16) then
be +ad € & We note that in this case (bc + ad)?> = 0 (16) or = 4 (16) according as
be + ad € 2€ or be + ad € 20. Also if n € O then n? =1 (8) in general.

Assume bc,ad € O. Then a,b,¢,d € O and so R mod4 =1 —ac —bd = 1,3. Hence
P = 4 (16) if and only if bc + ad € 2€ and 1 — ac — bd € 4Z + 1. Under the condition
a,b,c,d € O, this is equivalent to a + b+ ¢+ d € 20. This is the case (1).

For the rest we consider the case be,ad € €. In this case R mod 4 = —ac® — b3d. First
assume b,c € &. Then R =0 (4) and hence P = 4 (16) if and only if bc + ad € 20. Hence
ad € 20 and we get the condition (2). Next assume b € € and ¢ € O. Since R = —ac (4),
P =4 (16) if and only if either (i) ad + bc € 20,ac € 4Z or (ii) ad + be € 2€,ac + 1 € 47Z.
In the case (i), since ¢ € O, we have a € 2€ and so ad + bc € 20 if and only if b € 20.
This is the case (3). In the case (ii), since a € O, we have d € €. Under the condition
a,c € 0,b,d € &, (ii) hold if and only if a + ¢,b+ d € 2€. Hence we get the condition (A) :
be & ce0,a+c,b+de 2€. Finally we assume b € O and ¢ € €. By the same argument,
P =4 (16) if and only if either (4) or (B) : b€ O,c € €,a+ ¢,b+ d € 2€ is satisfied. Since
(A) or (B) is equivalent to the condition (5), we have the lemma. O

Lemma 2.6. We put
X{:{(a bye,d) €ZY | c€ 0,b€20,a € 4E},
X! ={(a,b,c,d) €Z* |b+c€O,a+c€28,a+b+c+de4e},
X}, ={(a,b,c,d) € Z* | c € O,b € 20,a € 40},
X! ={(a,b,c,d) €Z* |b+c€0,a+c€28,a+b+c+dc 40},
3—{(a,b,c,d) €Z'|dec0,bce &, ac 20},
= {(a,b,c,d) € Z* | a,b,c,d € O,a+ b+ c+d € 20}.
Then
L76Y — xyuxiuxy, L76P - X, U XL0 XY U XU XU XY

Proof. It P(x) = 4 (16) then P(x) = 4 (32) or P(z) = 20 (32). Hence we can prove this
lemma by examining each of five cases listed in Lemma 2.5. Since the argument is elemental
and simple, we briefly sketch the outline of the proof.

In case (1), Since R mod 8 = a%d? — ac® — b3d = 1 — (ac + bd), we have P mod 32 =
(ad+bc)? —4(ac+bd) +20. We note that ad+bc, ac+bd € 2& (see the proof of the previous
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lemma). Moreover, ad + bc + ac + bd = (a + b)(c + d) € 8Z since a + b,c + d € & and
a+b+c+d e 20. Hence P = 20 (32). So this case corresponds to X3 .

In case (2), since ad+be € 20, (ad+bc)? = 4 (32). Also R =4 (8). Hence P = 20 (32). So
this case corresponds to X3 and X}. In case (3), since ad+bc € 20 also, (ad+bc)? = 4 (32).
Moreover, R mod 8 = —ac® = —a. Hence P = 4 — 4a (32). The case a € 4 corresponds
to X and the case a € 40 corresponds to X). In case (4), by the same argument we obtain
X1 and XQ.

In case (5), first assume that b € €,¢ € O Then a € O,d € £&. We put a + ¢ = 4m and
b+ d = 4n where n,m € Z. Then since

ad+bc mod 8 = ad + (4m — a)(4n — d) = 2ad — 4an = 2d — 4n,
R mod8=d*>—ac=2d—a(4m —a)=2d+a®> —4am = 2d — 4m + 1,
we have
P mod32=4(2d—4n) +4(2d—4m+1)=16(m+n)+4=4(a+b+c+d)+ 4.

If we assume b € O, ¢ € €, by the same argument we have P mod 32 =4(a+b+c+d) +4.
The case a + b+ c+d € 4€ corresponds to X7 and the case a + b+ ¢+ d € 40 corresponds
to X/. This completes the proof. O

We now give the proof of Proposition 2.4.

1 1

Proof of Proposition 2.4. Let 7 = (1) _01> and o = <_1 0

representative of I'(1)/Tg(2). Since

) . Then {e, 7,0} is a complete

rYa,b,c,d) = (=d,c,=b,a), o a,b,c,d) = (—d,c+3d,—b—2c—3d,a+b+c+d)

by a simple computation we have X/ = 7X; and X' = 0 X; for ¢ = 1, 2,3. Hence by Lemma
2.1 it is enough to show that for v € I'(1) and = € X;, 2/ = vz € X; if and only if v € T'y(2).

Let x = (a,b,¢,d), ' = (a/,V/,,d’) and v = <2; q> € I'(1). Then

s
da P’ p’q g ¢ a
V| | 3p*r pPs+2pqr ¢*r+2pgs 3¢%s | | b
|7 | 3pr? qr?+2prs ps?+2qrs 3qs? c
d r3 r2s rs? s3 d

We consider the case i = 1. Let € X;. It is easy to see that if v € I'g(2) then 2/ € X;.
Conversely, assume 2’ € X;. Then v mod 2 = pra + psb. So V' € O implies p € O.
Hence V' mod 2 = ra + sb, d mod 2 = ra + rsb. So v/ —d € O implies r € &, namely
v € T'p(2). The cases i = 2,3 are similarly proved. Hence by Lemma 2.6, we obtain the
first two formulas of the proposition. Since lel(32) N LY = (L})™62) the rest two follow
from le4(32) NL: = (L’{)g12(32) _ (I/T)g—2()(32)7 L1£20(32) NL = (Ly{)%60(32) _ (LT)2_4(32)
and Lemma 2.2. |

3. PROOF OF THE MAIN THEOREM

In this section we prove Theorem 1.4. We start with a definition.
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Definition 3.1. For a congruence subgroup I' of SLy(Z) and a I'-invariant subset X of a
lattice, we define

. - Te| ! _ (a(x, T, s)>
§J(X7F78) T xe;\X |P($)‘57 £(X7F78) T 52(X’ 1“7 S)
(=1)I=1P(z)>0

and call them partial zeta functions for the pair (X,T).

In this section the complex variable s is always fixed and so we mostly drop s and write
as £(X,TI). If the expressions of X,I" contain parentheses we may also write as £[X,I']. By
definition, & = ¢[L;, T'(1)] and & = 335¢[L?,T(1)]. We define as follows.

Definition 3.2. We put
N =T ), (€)M = @)™ ).

The crucial step of our proof of the main theorem is to express 51: 32) (resp. (& )=132))
for [ = 4,20 in terms of linear combinations of &;’s (resp. &’s). After we prepare necessary
tools, we will do this in Theorem 3.8 by using Proposition 2.4.

To study the zeta functions, It will be convenient to consider the following twisted action
of Gg := GL2(Q) on Vg which is compatible with the action of SLy(Z):

(9 2)(u,v) = z(pu + v, qu + svV), reVp, g= (17? Q> € Go.

det g
Then P(gz) = (det g)?P(z). The followings are basic properties of the partial zeta functions.

Proposition 3.3. The followings hold.
(1) If X, X’ are -invariant and X N X' =0, §(X U X' T)=¢(X,T)+ &X', T).
(2) If X is D-invariant and g € Gg, £(X,T) = (det g)**¢(9X, glg™ ).
(3) If ' T and X is I"-invariant, (X, T") = (T xp X,T).
(4) IfT" T and X is T-invariant, £(X,T7) = [ : IV]§(X,T).

Proof. Since (1), (2) and (3) immediately follow from the definition, we consider (4). Let
X* ={z € X|+P(z) > 0}. We have

1 oy Cal ™" T |
2 [Pyl -2 Z P(y)l* -2 |P(z)[* 2. Ih
yel’\ X+ zeM\X* yeI"\Fa: zel\X* yel\I'z '~ ¥
Hence (4) follows from the following result in elementary group theory. ]

Lemma 3.4. Assume a group G acts on a set X and H be an index finite subgroup of G.
Then for x € X with |G| < 0o,
S g

yeH\Gx y|

where in the summation of the left hand side, y runs through all the representatives of
H-orbits in Gz.

Proof. Consider the canonical bijections H\Gz ~ H\(G/Gz) ~ (H\G)/Gy. If y = gz,g €
G, then we have |H,| = |(g71Hg N G,)| because Hy = H N gG,g7' = g(¢g ' Hg N Gy)g~*
Since g"*HgNG,, is the group of stabilizers of Hg € H\G in G, this implies that |G,|/|Hy|
is equal to the cardinality of the G-orbit of Hg in H\G. Hence to sum up all the repre-
sentative in the left hand side is nothing but counting all the elements of the quotient set
H\G exactly one time for each. O
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Remark 3.5. The formula in Proposition 3.3 (3) indicates an advantage of using the
induction. The formula in (4) says that £(X,I") is essentially determined by X. In this
sense we also say £(X,I") as a partial zeta function for X, without referring to I'.

We consider partial zeta functions for the quotient classes of L1 by 2L;. Each class
(p,q,r,s) + 2Ly is invariant under the action of I'(2).

Definition 3.6. For p,q,7,s € {0,1}, we put &grs := E[(p,q, 7, 5) +2L1,T(2)].

If necessary, we also regard p,q,r,s as elements of Z/27Z. It is easy to see that the
number of I'(1)-orbits of L;/2L; is six. By Proposition 3.3 (2), this implies that there
are six different partial zeta functions &pq.s. More precisely, we can take six partial zeta
functions &gpoo, £0001, 0010, E0110, Eo111, {1011 as representatives, and others are given by

£0001 = 1000 = &1111, £0010 = 0100 = 0011 = 1100 = 0101 = £1010,
o111 = &1110 = oo, &1011 = &1101-

The relations between ;’s and &pqs’s are given as follows.
Proposition 3.7. (1) We have

6&1 = &oo00 + 3&0001 + 6&0010 + Eo110 + 30111 + 2&1011,
6&2 = &oooo + 30111, 683 = &oooo + o110 + 2&1011,

6£4 = Eoooo + 30001 + Eo110 + 30111, 685 = Eoooo + Eo110, 6+ 27 & = Eoooo-
(2) We have
o000 = 62781, fooon = 2(&a — & — & +2761),  Looo =& + &5 — &3 — &,
o110 = 6(&5 — 275¢1),  orn = 2(& — 27761),  &on = 3(63 — &5).
Proof. Since [[(1),T(2)] = 6, 66 = [[(1),T(2)] - €[Ls, (1)] = &[Ls, T(2)]. Hence by dividing

L; into the disjoint union of quotient classes modulo 2L, we have (1). For example,

683 = > Epars = €0000 + €o110 + &1011 + &1101 = o000 + o110 + 2&1011-

D,q,1,SEL/27
p+q+r=q+r+s=0

The formulas in (2) are easily obtained from (1). O

Now we will prove the following formulas. The authors call the following relations as
kaleidoscopic relations in a joke but for meaning their sophisticated symmetry.

Theorem 3.8.
5154(32) 3. 2—23(5 _ 2_45&)
(65)=72008) = 3. 2725(g5 —27%¢)),
00 = gy — 6y — 65+ 2171 F 2706 — &y — 265 + 485)
— 278 — & — 26 +5-278¢)),
=) = (G —g -+ 2 - & - 26 +46))
—272(gF -6 - 265+ 5-27%¢)).
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Proof. For subsets A, B,C, D of Z, we write (A, B,C,D) = {(a,b,c,d) € Z* | a € A,b €

B,ce C,d e D}. Let g = <(1) 1(/)2>. Then by Proposition 3.3,

€[(A, B,2C,4D), To(2)] = (det g)**¢[g(A, B,2C,4D), gTo(2)g™']
= 272%¢[(24, B,C, D), T°(2)].
Hence by Propositions 2.4, 3.3 and 3.7,
510V = [T 1) = €[ xpy) X1, T) = €[X1, To(2)]
=€[(Z,22 4+ 1,47+ 2,87),T(2)] = 27 %¢[(2Z,27 + 1,27 + 1,2Z),T°(2)]
=272[°(2),T(2)] " - o110 = 3-27%(& — 274¢)
and we have the first formula. Similarly, the third formula follows from
&7 = €0 g (3) (X2 U X3),T] = €[X2, To(2)] + €[ X5, To(2)]
and
€[X2,To(2)] = €[(Z, 27 + 1,47 + 2,87 + 4), T (2)]
= 272¢[(22,27 + 1,27 + 1,2Z + 1),T°(2)]
=272[M02) : T(2)] " - &1 =27 2(& — 27¢),
€[X35,To(2)] = €[(2Z + 1,27, 27,47 + 2), T (2)]
= ¢[(2Z + 1,2Z,2Z,27),To(2)] — £[(2Z + 1,2Z, 27, 47), T (2)]
= 2761000 — £[(Z, 22, 22, 47), To(2)] + £[(2Z, 22, 27, A7), To(2)]
= 2" G100 — 27 P€((22, 22, 2, 7), T°(2)] + 27 ¥¢((Z, Z, Z, 22), To(2)]
= 2761000 — 27 Y o1 Soors + 270 01 Eparo
= 2""%o001 — 27 **(&0000 + &o001 + 2£0010)
+ 2717 (€000 + €000t + 4€0010 + Eor10 + Eo111)
=(—&—&+2716) - 2756 — &L — & +2214)
+271(28 — 263 — &4 + 4&5).

By considering the intersection with L] of each subset in Lq, the rest two formulas are
proved similarly. O

Remark 3.9. In the previous paper [5], we proved 5155(8) = & — 274%¢ and 5151(8) =
&3 — 2745¢;. Hence with Theorem 3.8, we have

g=60 patg,
&=+ 2%,
(1- 2,45)54 _ 51520(32) + 2723(1 . 2725)(1 + 21745)61
4 (1= 217%) (5155(8) B 2—235151(8) +371(1 4 21—23)225:5154(32)) ’
g = 371226710 oty

Thus the coefficients of Dirichlet series &s,&3, &4, &5 are expressed in terms of those of &;.
This is also valid for zeta functions for dual lattices.
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We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. We first note that Nakagawa’s formula & = & A of Theorem 1.2

implies ({’f)g_l(m = Aflzl(N). The reason for the switch from [ mod N to —I mod N is
because A replaces forms of positive discriminants by forms of negative discriminants and
vice-versa. Recall that we have put

0:=& — & — 263+ 45, ni=2% (& — & — &+ 2171,
0 =27 (& - & - g+ 2170, nt =g — & — 28 +4€),
and our goal is to get 8* = A and n* = An. By Theorems 1.2, 1.3 and 3.8,
225 AGT20B) — Ap 4 272 A0 — A(G — & — 26 +5 - 274
= An+27%A0 — (6 — & - 26 +5-27°¢)).
Therefore since A§f20 (82) _ (£5)=720032) | we have

An+ Z‘QSAH = € — 265 — & +3¢; + 210 =yt + 2720

Similarly, from A& 4(32 = (&)= 432 we have
0% +27%n" = A(& — & — 283+ 385 + 21 716) = A0+ 27> An.
These two equalities are equivalent to 8* = Af and n* = An. O

4. ANALYTIC PROPERTIES OF THE ZETA FUNCTIONS
Now we will prove Theorems 1.6 and 1.7.
Proof of Theorems 1.6 and 1.7. By [5, Theorem 4.2], we have the functional equation
&i(1—s) = 2°%°[Ly : L)~ M(s)€f (s)

where

M(s) = 2rds F(S)QF(S N E)F(S T 6) 3sinms sin2ws
and a1 = 0,a9 = a3 = a4 = a5 = 2. Hence
0(1—3s)=&(1—5)—26(1 —s) —&(1—s)+4&(1—s)
=287 M (s) ('€ (s) — €3(s) — €i(s) + & (9))
= 2271 M (5)6%(s)
= 22710 (5)Af(s).
Note that the last equality follows from Theorem 1.4. Similarly, we have

n(l - s) = 227 M (s) An(s).

+ T = \/3 1
0 ) ’ V3 —-1)°
Then, since A(1 — s)TM(s)A = A(s) (thls symmetrization of M (s) is due to Datskovsky
and Wright [2]), we have

2L75A(1 — 5)TH(1 — 5) = 2°A(s)TH(s),

2175A(1 = 5)T(1 — 5) = 2°A(s)T(s),

33s—2 1 1 (sin 2ws  sinws )

We put
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and Theorem 1.6 is proved. Finally, Theorem 1.7 immidiately follows from the residue
formulas of &; j(s) given in [5, Theorem 4.2]. We note that
V2rl'(1/3)¢(2/3) _ I(1/3)%¢(1/3)
3I'(2/3) 27
Interestingly, the residues at s = 5/6 of & —(s), 6—(s), &,—(s), &3,—(s) and n—(s) vanish.
This finishes the proof. O
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