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For ward

Thesenotesare about discrete constart mean curvature surfacesde ned by an
approad related to integrable systemstechniques. We introduce the notion of
discrete constart mean curvature surfacesby rst introducing properties of smooth
constart mean curvature surfaces.We descrite the mathematical structure of the
smooth surfacesusing consered quartities, which can be corverted into a discrete
theory in a natural way.

About referencing: We do not attempt to give a completereferencelist, and omit
what is already referencedn [59]. We list only articles referencedn the body of the
text, or that were written after [59 was published, or were otherwisenot included in

the referencelist in [59], or that were referencedn [59 but needto be updated.

About using quaternions: In following with the historical developmen of the eld,
we usea model that involves quaternions. Howewer, the useof a more standard
model has someadvantages,asit can be applied in more generaldimensionsand
settings (seeChapter 10 here, for example),and sometimesgiveslesscluttered
computations. It would be a good exerciseto corvert this text into oneinvolving a
more standard quaternion-freemodel, but we do not do that here (see[27]), and
instead only make occasionalcommerts about this.

Acknowledgemets: Primary thanks must goto Udo Hertrich-Jeromin, who
carefully and patiently taught the author more than half of the material in this text.
The author also owesthanks to many others for numerousmathematical tips: Fran

Burstall, Tim Ho mann, Boris Springborn, Ulrich Pinkall, Masaaki Umehara,
Kotaro Yamada, Takeshi Sasaki,Masaaki Yoshida, Masatoshi Kokubu, Shoidi
Fujimori, Shimpei Kobayashi, Yusuke Kinoshita and Tetsuhiro Tachiyama amongst
them.

Also, the author would like to expresshis gratitude to the Kyushu University
GCOE program for giving him the opportunity to presern the material in this text
in a short courseat Kyushu University in February of 2010.

It goeswithout saying that I, the author, am solely responsible for choicesof
approadesand for any possibleerrors.



Contents

Forward

1. Motivations for studying CMC surfaces
1.1. Soap Ims

1.2. Interfaces

1.3. Variational property

1.4. Connectionswith other elds

1.5. Connectionswithin mathematics

1.6. Non-Euclideanambient spaces

1.7. Discrete CMC surfaces

1.8. Prerequisites

2. Smaoth CMC surfacesand their variational properties
2.1. Steiner points

3. Ambient spaces

3.1. Hyperbolic 3-spaceH?

3.2. The Klein model

3.3. The Poincare model

3.4. The upper-half-spacemodel

3.5. The Hermitian matrix model

3.6. De-Sitter 3-spaceS**

3.7. Lie groupsand algebras

4. Riemannsurfacesand Hopf's theorem
4.1. Riemannsurfaces

4.2. The Hopf di erential and Hopf theorem
5. The maximum principle for CMC surfaces

5.1. The maximum principle for elliptic equationsof a singlevariable
5.2. The maximum principle for elliptic equationsin n variables
5.3. Proof of the maximum principle for CMC surfacesin R®

5.4. The maximum principle for CMC surfacesin H?
6. Further motivations for studying CMC surfaces
7. Maximal surfacesin R%!

8. Linear consened quartities for smooth CMC surfaces
8.1. Minkowski 5-space

8.2. Smooth surfacesin spaceforms

8.3. Spheres

8.4. Christo el transformations

8.5. Consened quartities and CMC surfaces

8.6. Inversesof quaternionic matrices and Mob(3)
8.7. Calapsotransformations

8.8. Darboux transformations

8.9. Other transformations

8.10. Appendix: commerts on the Riccati equation

9. A consenred quartities approad to discrete CMC surfaces

9.1. Discreteisothermic surfaces

9.2. Isothermicity from the perspective of smooth surfaces

9.3. Moutard lifts for smaooth surfaces
9.4. Moutard lifts for discretesurfaces

OO OTWWWWE P



9.5.
9.6.
9.7.
9.8.
9.9.
9.10.

Christo el transforms

Calapsotransforms

Flat connections

Linear consened quartities

On uniquenessof linear consered quartities
Discrete CMC surfacesof revolution

10. Discrete spacelile CMC surfacesin R%!

10.1.
10.2.
10.3.

Smooth CMC surfacesin R® and R%1, without quaternions
Discreteisothermic CMC surfacesin R3, without quaternions
Discrete CMC surfacesin R%1

11. Polynomial consered quartities and Darboux transforms

11.1.
11.2.
11.3.
11.4.
11.5.
11.6.
11.7.
11.8.

12. Discreteminimal surfacesin R® and discrete CMC 1 surfacesin H?3

Polynomial consered quartities

Polynomial consened quartities for smooth surfaces
Darboux transforms for discrete surfaces

More on Calapsotransformations

Baedklund transforms

Complemetary surfaces

The spacesn which Darboux transformations live
Envelopes

12.1. Discrete holomorphic functions
12.2. Smooth minimal surfacesin R®
12.3. Discrete minimal surfacesin R3
12.4. Smooth CMC 1 surfacesin H?3
12.5. Discrete CMC 1 surfacesin H?3
References

83

84

88

91

94

97
101
101
103
103
104
104
105
107
113
116
117
117
118
119
119
120
121
122
122
124



1. Motiv ations for stud ying CMC surf aces

Thesenotesare about surfacesof constart meancurvature, or, morebrie y, "CMC"
surfaces.In particular, we will focuson discreteversionsof CMC surfaces.Howe\er,
it is usefulto rst take a closelook at the smaoth case,solet us start there.

Smaooth CMC surfacescan be thought of as mathematical models for soap Ims,
or we might say that they are "mathematically perfect" soap Ims. Saying that
CMC surfacesare models for soap Ims is certainly not a rigorous mathematical
de nition, but it is a good starting point for appreciating why CMC surfacesare
interesting objects. In fact, it would be impossibleto explain why mathematicians
have put so much e ort into understanding CMC surfaceswithout discussingsoap
Ims, or interfacesbetween uids, or someother similar idea. Even though modern-
day researb on CMC surfacesmight not always relate immediately to soap Ims, the
notion of soap Ims is invariably lurking in the badkground. Solet this be our rst
informal de nition:

CMC surfaesare sap Ims.

In fact, CMC surfacesare de ned to be those surfaceswhose mean curvature is
constart, astheir namesuggests.But we save a rigorousde nition of meancurvature
for later. This rigorousde nition islocally equivalert to the above informal de nition,
and we also explain this later.

1.1. Soap Ims. A soap Im forms a surfacethat minimizes area with respect to
somegiven constrairts, and it is the constrairts that determinewhich soap Im will
be formed. Let us give someexamples,all of which can be physically constructed if
one hasthe necessaryingredierts:

(1) If oneputs a circular wire ring into a uid soapsolution and then extracts it,
oneobtainsa soap Im that isa at planar disk with this ring asits boundary.
Here the only constrairt on this soap Im is its boundary, which is xed to
be a round circle, and this boundary constrairt then determinesthe resulting
soap Im (the at planar disk).

(2) Blowing su cien tly hard onthe above at round disk in item (1) above would
causethis soap Im to breakfreeof the circular ring and becomea free oating
round sphere. (This activity is a common pastime for young children.) This
spherecortains a pocket of air of a certain volume, and sincethis air cannot
esca to the other side of the soap Im, this volumeis xed. Herethe only
constrairt on this soap Im is the xed volumeit cortains. With respect to
this volume constrairt, the soap Im minimizesits area,and the round sphere
is the unique shape that accomplisheghis.

(3) Taking two circular wire rings of the sameradius, we can producedtwo at
soap Ims in the shapes of round disks, asin item (1). Putting thesetwo
disks together so that they coincide and then pulling them slightly apart in
the direction perpendicular to the planesthey lie in results in a soap Im
that hasthree smooth piecesmeeting along a singular round circle. Two of
the smooth piecesare surfacesof revolution and are re ections of eat other
acrossthe planethat is midway betweenthe two parallel planescorntaining the
two circular wire rings. The third smooth pieceisa at planar disk corntained
in that plane of re ection. If one pushesa dry pointed object (sudh as a



pencil) into the third smaoth piece,then the soap Im will instantly pop into
a singlesmaoth anvil-shaped surfaceof revolution. This last soap Im is called
a catenoid. It is determined by its boundary constrairt, which is two xed
circular wire rings.

(4) Taking the catenoidal soap Im in the previous example, we can place two
at plastic disks sothat they Il the planar regionsinside the two boundary
circular wires. We have then trapped air inside the catenoid. Making a small
hole in one of the plastic disks and pumping more air into this interior region
(through that hole), the sidesof the anvil-shaped catenoid will expand to
accommalate the increaseof volume inside. If just the right amourt of air is
pumped in (and if the two boundary circular wires are not too far from eah
other), the soap Im will becomeexactly a portion of a round cylinder. Thus
the round cylinder can be madeusing a soap Im. In this casethere are two
constrairts. One constrairt is the xed boundary (two circular wire rings in
parallel planes),and the other is the xed volume (inside the cylinder). Other
surfacesof revolution canbe madefrom soap Ims in this way by pumping air
into the interior region, and thesesurfacegurn out to be portions of Delaunay
surfaceswhich we have descriked in detalil in [59].

These examplesshow that the at plane, the round sphere,the catenoid and the
round cylinder are all CMC surfaces.
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Figure 1. The soap Ims descrited in items (1), (2), (3) and (4) at
the beginning of Chapter 1.

Amongstthe four examplesabove, only the secondand fourth oneshave any volume
constrairts. The volume constraints in thesetwo casesare that the volume to one
sideof the surfaceis constrainedto bea xed quartity. In the casethat there are only
boundary constraints and no volume constrairts (asin the rst and third examples),
the resulting soap Im is a special caseof a CMC surfacethat is called a minimal
surface. Thusthe at planeand catenoidare minimal surfaces.In the casethat there
are volume constraints (as in the secondand fourth examples),the resulting soap
Im is a non-minimal CMC surface. Thus the round sphereand round cylinder are
non-minimal CMC surfaces.



1.2. Interfaces. More generally CMC surfacesare modelsfor the interface between
two distinct uniform uids. For example,when onepours somelighter-than-water oil

into a cup of water, the oil will rise to the top and the interface betweenthe oil and
the water will becomea at horizontal plane,a minimal surface.f onehastwo types
of oils of equal density that do not like to interact with ead other, and one puts a
small amourt of onetype into a glasscontainer lled with the other type, then the

rst type will take the shape of a round ball oating in the other type. Sincethis

ball is round, the interface betweenthe two oils will be the CMC surfacethat is a
round sphere.(In the presenceof gravity, the interface betweentwo distinct uniform

non-interacting uids canbe a more generaltype of surfacecalled a capillary surface,
not always a CMC surface. Robert Finn has done much work on capillary surfaces;
see[54], [55], [56], [57] for nice introductions to the subject.)

1.3. Variational prop erty. That soap Ims minimize area with respect to some
given constrairs is called a variational property, becausethis minimization property
can be rephrasedin the following way: If one cortinuously varies (deforms) the soap
Im sothat its given constrairts are presened, then the area of the soap Im will

increase. Thus soap Ims minimize area under cortinuous variations that presene
the constrairts. Once we give a formal de nition of CMC surfaces,we will seethat

CMC surfacesare a larger classof surfacesthan soap Ims, in part becauseCMC

surfacesinclude nonphysical objects called "unstable" soap Ims, and so the above
statemert is not strictly true for CMC surfaces.Howeer, this is a technical point that

we can ignore for the momen, and simply note that the above variational property
turns out to still be true for small piecesof CMC surfaces:If onecortinuously varies
a suciently small portion of a CMC surfaceso that its given constraints are still

presened, then the areaof the varied surfaceswill be larger than that of the original
CMC surface. Thus we can give a secondde nition for CMC surfacesthat is still

informal, but is intuitiv ely useful:

CMC surfaces are surfaces that locally minimize area with respect to
boundary and volume constraints.

We will descrike the meaningof an "unstable” CMC surfacein more detail in Section
2, and we will seesomeexamplesthere.

1.4. Connections with other elds. BecauseCMC surfacesmodel soap Ims and
interfacesbetween uids, they have connectionsto physics, chemistry and polymer
science.In fact, sometimesnew examplesof these surfacesare discorered by people
in theseother elds rather than by di erential geometers.(One exampleof this are
the minimal surfacesfound by Fischer and Koch [58], seeFigure 3.4.10in [59].) CMC
surfaceshave connectionswith biology as well, and an exampleof this is that some
forms of coral take shapesresenbling the triply periodic Sthwarz P minimal surfacein
Figure 3. CMC surfacesare even sometimesconnectedto architecture, ascanbe seen
by looking at the Olympic Stadium in Munich, which has sheetsresenbling minimal
surfaces. Thus is it clear that CMC surfaceshave connectionsto elds outside of
mathematics, and this is certainly one of the reasonswhy we study them.

1.5. Connections within mathematics. Other reasondor studying CMC surfaces
are that they have a rich mathematical structure and have interesting relations to
other elds within mathematics. Although minimal and CMC surfacesare topics



Figure 2. Examplesof soap Ims. Whenewer surfacescometogether
along a singular edge,they meetin threes and cometogether at 120
degreeangles, and wheneer those singular edgesmeet at a singular
vertex, they meetin fours and cometogether at the tetrahedral angle
(approximately 109 degrees).

of geometry they are also fundamenal examplesin the calculus of variations, asis
clear from the variational property that we described above. Thus minimal and CMC
surfacesare closelyconnectedto the calculusof variations (although we will explore
this connectiononly briey in Section2).

Minimal surfacesare also strongly related to the eld of complex analysisvia a
theorem called the Weierstrassrepresetation (this represetation was givenin [59]).
This represemation provides a way to descrilke all minimal surfacesusing pairs of
complex-analytic functions de ned on Riemann surfaces. As a result, the theory of
minimal surfaceshas a rich mathematical structure and has many easily accessible
examples.A number of the simpler exampleswere descrited in [59].



Figure 3. The minimal triply-p eriodic Schwarz P surface.

Also, by making useof an additional parameter(called the spectral parameter),one
candescrite non-minimal CMC surfacesaswell in terms of complex-analyticfunctions
de ned on Riemann surfaces(see[59]). Henceagain we have a connectionto the

eld of complexanalysis. Furthermore, away from isolated special points (umbilics),

non-minimal CMC surfacetheory is equivalert to the sinh-Gordon equation. This

equation appearsprominertly in the theory of integrable systems,so CMC surfaces
are also clearly connectedto that eld. In fact, the essetial idea behind the DPW

method, which we focusedonin [59],comedrom the theory of integrablesystems.The

DPW method is a method for constructing CMC surfacesusingloop group techniques
comingfrom the theory of integrable systems.Finally, we note that both the minimal

and non-minimal CMC surfaceequationsarewell-known partial di erential equations,
so the connection of these surfacesto the eld of partial di erential equationsis

evidert.

Applying the techniquesof theseother elds of mathematicsto CMC surfacesgives
thesesurfacesa rich mathematical structure and givesus the meansto descrike many
examplesof CMC surfaces,aswe saw in [59].

1.6. Non-Euclidean ambient spaces. When we move to studying CMC surfaces
in spacesther than Euclidean3-spaceR?, the connectionsto chemistry, polymer sci-
ence,biology and architecture certainly largely disappear, but connectionsto physics
still remain { and the strong connectionsto other elds within mathematicsremain
completely intact, as we can nd other ambient spacesfor which the rich mathe-
matical structure of CMC surfacesand their connectionsto other mathematical elds

carry over. In someways the mathematical structure carriesover in an analogousway

from the caseof R3, but in someways the structure changesin interesting ways. The
behavior of the direction perpendicular to the surface(the Gaussmap) can behave
quite di erently in other 3-dimensionalambient spacesand the global properties of
the CMC surfacescanbe markedly di erent. In this text, we will study CMC surfaces
(and someother typesof surfacesaswell) in the spacesS®, H® and R%* that we will

de ne later in this text.

1.7. Discrete CMC surfaces. Recenly, nding discreteanalogsof smaoth objects
has becomean important theme in mathematics, appearing in a variety of places
in analysisand geometry So it is natural to considerdiscrete analogsof smaoth



minimal and CMC surfaces.But there is no singlede nitiv e approad; the de nition
one choosesdependson which properties of smaoth minimal and CMC surfacesone
wishesto enulate in the discrete case.

Onecande ne adiscreteminimal surfacein Euclidean3-spaceR? to be a piecewise
linear triangulated surfacethat is critical for areawith respect to any compactly-
supported boundary- xing cortinuous piecewise-lineawariation (of its vertices) that
presenesits simplicial structure, seg[134. Then onecande ne discreteCMC surfaces
the sameway, but adding the condition that the variations must presene volume
to one side of the surface,as in [137]. Thesede nitions are clearly imitating the
variational properties that smooth minimal and CMC surfaceshave. This results
in discrete surfaceswith the right variational properties, but without the elegan
"holomorphic" structure that the correspnding smaoth surfaceshave. Examplesof
a discrete catenoid and Delaungy surfacemade via this approat are shavn on the
left-hand side of Figure 4. We will not take this approad in thesenotes.

One could instead use discretized versionsof integrable systemsto de ne discrete
minimal and CMC surfaces,in analogy to integrable systemsproperties of smaoth
minimal and CMC surfaces,as Bobenko and Pinkall did ([19], [2(])). Thesediscrete
surfacesare formed from planar quadrilaterals. This approad givesdiscreteminimal
and CMC surfaceswith "discrete holomorphic" mathematical structures corresppnd-
ing to the "smooth holomorphic" structures of the correspnding smooth minimal
and CMC surfaces. This approad has the advantage of preservingthe rich math-
ematical structure in the discrete case,but it generally doesnot yield area-critical
discrete surfaceswith respect to vertex variations. Examplesof a discrete catenoid
and Delaunay surfacemade via this approad are shavn on the right-hand side of
Figure 4. Thesediscrete surfacesand this approad are the certral subject of this
text.

1.8. Prerequisites. Before discussingmore about CMC surfaceswe needto de ne
somemathematical objects that will facilitate the discussion.We beginin Section3,
as promisedabove (after a brief introduction to variational propertiesin Section2),
with the ambient spaceghat will appearin this text.

Although we already have de ned in [59], or will de ne here, everything that we
needto rigorously discussCMC surfaces,in fact it would be hard for the readerto
appreciatethe signi gance of the discussionsherewithout at leasta bit of experience
with di erential geometry We assumethat the readeris already somewhatfamiliar
with basicdi erential geometry There are many good textb ookson basicdi erential
geometryand surfacetheory, for example:[32],[33, [67], [79],[97],[112],[129],[131]
and [159.

2. Smooth CMC surf aces and their varia tional pr oper ties

Wede ned meancurvature H and CMC surfacedsn [59. The de nition there states
that surfacesfor which H is constart are CMC surfaces,and that minimal surfaces
are those CMC surfaceswith mean curvature H = 0. In this section, we consider
why, with thesede nitions, minimal and CMC surfacesare modelsfor soap Ims.

The rst and secondvariation formulas hereare important for understandinghow
CMC and minimal surfacesare modelsfor soap Ims, and in turn for understanding
why we are interested in sud surfaces. Howewer, since these formulas will not be



Figure 4. Discrete minimal catenoidsand Delaunay surfaces. The
examplein the upper left (resp. lower left) is discrete minimal (resp.
discrete CMC) with respect to the variational approat. The example
in the upper right (resp. lower right) is discreteminimal (resp. discrete
CMC) with respect to an integrable systemsapproad.

directly usedlater in this text, we cortent ourseheswith stating them without proof,
andwith stating someother propertieswithout proof aswell. Furthermore,to simplify
the discussiona bit, we restrict ourselesin this sectionto the casethat the ambient
spaceis R®. (Analogous properties hold for the minimal and CMC surfacesin the
other ambient spaceswe consider,with slightly di erent formulas.)
Let
f: 1 R®
be an immersion of a 2-dimensionaldomain in the (u;v)-plane R? (i.e. the plane
R? with Cartesiancoordinatesu and v) into R® with induced metric g and with unit

normal vector N = N (u;v). We rst note that another equivalert way to de ne the
meancurvature H at f (p) is asthe averageof the normal curvatures

h ¥, DyNi

(intuitiv ely, the normal curvature measureghe rate at which the surfacebendstoward
N, in the direction ¥) in all tangert directions

v2S=fw2T, jolw,w)=1g;



wherethe averageis computedby integrating h v;DyNi over S (with respectto an
appropriate 1-dimensionalvolume form on S, which we do not describe explicitly
here). Thus, for example,a minimal surface has averagenormal curvature zero at
ewvery point, and this suggestsa physical interpretation, for which we quote [76]:

[76]: \Lo oselyspeaking, one imaginesthe surfaceas made up of very
mary rubber bands, stretched out in all directions; on a minimal sur-
facethe forcesdue to the rubber bands balanceout, and the surface
doesnot needto move to reducetension."

To say this more rigorously, suppose is a compactdomain in the (u; v)-plane, and
de ne a smoth boundary- xing variation of the immersionf () to bea C! map

fo:( 1;1) I R3 with three properties:
(1) fy(): ! R¥isanimmersionforallt2 ( 1;1),
(2) fo=1f on,
(3) fij@ = fje forallt2 ( 1;1).
We call
%ftjtzo
the variation vector eld of E?t att = 0. q
Note that Area(f{()) = dA, wheredA; =  G:110:22 gtz;lzdudv is the volume

elemen (the area2-form) of the metric g; = (g ) induced by the immersionf, with
respect to the coordinates (u;v) of . It turns out that (see,for example,[113) the
rst variation formula for smaooth boundary- xing variations is then

d z d
2.1 —A f = HN; —f Ao :
(2.1) at rea(fi()) o i - dAo

In particular, minimal surfacegwith H  0) are critical for areaamongstall smaooth
boundary- xing variations on any compactdomain , andwe could have de ned them
this way. Actually, when the subdomain of is small enough,not only is f ()
critical for area, it is alsothe unique least-areasurfacewith boundary f (@ ), hence
"minimal” surfaceis a natural namefor sud surfaces.Indeed, minimal surfacesare
a natural 2-dimensionalgeneralizationof 1-dimensionalgealesics,becausegealesic
segmets of su ciently short length are the least-length paths from one endpoint
of the segmen to the other (seeSection 1.1 of [59]). Furthermore, although longer
gealesicsmight not be least-lengthbetweentheir endpoints, they are still always crit-
ical for length amongstall smaoth variations of the path xing the endpoints (again,
seeSectionl1.1 of [59]). This is completely analogousto the variational properties of
minimal surfaces.

Similarly, a nonminimal CMC surfacecould be de ned asanimmersionf : | R3
sud that f () iscritical for areaamongstall smooth boundary- xing variations that
keepthe volume on one side of the surfaceunchanged: the derivative of this volume
with respectto t, att = 0, is

2 d

N;a

fi dA; ;

t=0



R
soif the volume is unchanging with respectto t, and hence hN; %ft o 1A = 0,
and if H is constart, then Equation (2.1) implies (also, see[8], for example)

d

threa(ft()) ~ =0:

Variations that presene volumeto onesideof f{j are called volume-peservingvari-
ations. This is a natural restriction to make for non-minimal CMC surfaces,as the
examplein item (2) of Section1 shows. If the round spheresoap Im descriked there
were allowed to deform in a way that did not presene the volume inside of it, it
would reduceits areaby simply reducingits radius, and shrink down to a singlepoint
with no area. But clearly this doesnot happen, and the reasonit doesnot happenis
becauseof this volume constrairt.

We concludethat minimal surfacesin R® are surfacesthat are critical for area
with respect to smooth variations that x their boundaries,and CMC surfacesare
critical for areawith respect to smooth variations that x their boundariesand x
the volumeto onesideof the surfaces.This is why minimal and CMC surfacesmodel
physical soap Ims, which always move to minimize area. Minimal surfacesmodel
soap Ims not enclosingboundedpockets of air, assud Ims are areaminimizing for
all boundary- xing variations. Nonminimal CMC surfacesmodel soap Ims enclosing
bounded pockets of air, as sut Ims are area minimizing only for variations that
keepthe air pockets' volumes xed.

Thesevariational propertiesin the Euclidean casesimilarly hold for other ambient
spacessud as S® and H3 (seeSection 3, seealso[59]).

The secondvariation formula for volume-preservingvariations of CMC surfaces
([71, [36], [159, [112]) is (we may ignore the volume-preservingcondition when the
CMC surfaceis minimal)

d? z
(2.2) —Area(f()) = h L(h)dAo;
dt? t=0
where
L(hy= 4 h (4H? 2K)h and h= h&fiji=o;Njioi ;

with Gaussiancurvature K (see[59]) and Laplace-Beltramioperator
4h= 2 @(Gg'@h + @G @h + @GF'@N + @GFZ@h) ;

where G = P Oz 0% andg ! = (g')ij =12 is the inversematrix of g = gp =
(G )iy =1:2-

Sincethe rst derivative %Area(ft()) jt=o is zerofor CMC surfaceswith respectto
the appropriate variations, the sign of the secondderivative (2.2) determineswhether
a variation increaser decreaseshe area. If there exists a variation f; sothat (2.2)
becomesegative, then the minimal or CMC surfacewill not be areaminimizing with
respect to the appropriate spaceof variations. If, on the other hand, (2.2) is positive
for every nortrivial variation f; with respect to the appropriate variation space,then
the minimal or CMC surfacewill belocally areaminimizing in the spaceof variations.

The four examplesof soap Ims described at the beginningof Sectionl areexamples
of minimal and CMC surfacesthat are area-minimizing. If they had not beenarea-
minimizing we newer would have been able to construct them with soap Ims in



10

the rst place. Howewer, not all of these four examplesextend (analytically) to
larger CMC surfacesthat are area-minimizing(even though any CMC extensionsare
certainly still area-critical, by the rst variation formula (2.1)). The rst example,
the at disk, can be extendedto a complete at plane, which is a minimal surface.
The complete at plane is area-minimizingin the sensethat any compactregion
within it is area-minimizing(with respectto the compactregion'sboundary) and can
be made as a soap Im with a planar wire frame in the shape of its boundary. In
particular, (2.2) will always be positive for any nontrivial smooth boundary xing
variation of any suc compactregion . The secondexample,the round sphere,is
already completeand so cannot be extendedat all.

It is the third and fourth examplesthat extend to surfaceswhich are not area-
minimizing. Let us considerthe fourth example rst. The fourth exampleis a round
cylinder, and, up to a rigid motion of R, we can represen it by the immersion

f (u;v) = (r cosu;r sinu;r v)

for(u;v)2 =1[0;2]1 IO 9] R? for someconstans r;d 2 R*. This is a portion
of a cylinder with radius r and height d. The induced fundamertal forms (see[59])
are

g=r’dzdz and b= LdZ® fLdzdz Ldz®; with z=u+iv; i= p_1:
SoK = 0OandH = %, and the right-hand side of (2.2) is
Zdz,
(2.3) or . h Ly (h)dudv; Le(h) = hy  hy he

This secondderivative of area can be negative for some boundary- xing volume-
preservingvariation if andonly if d > 2 r, andthereis areasonwhy 2 r is the heigh
beyond which the cylinder becomesonly area-critical instead of area-minimizing.
We will not fully explain the reasonhere (we refer the readerto [7] for a rigorous
explanation), but we will give a clue asto why this is so. Considerthe function
h=h(v) = sin2* :
It hastheseproperties:
jv=0 = hjy=g=r = 0 (an in nitesimal "b oundary- xing" property),
Odzr hdv = 0 (an in nitesimal "volume-preserving"property),
Leyi(h) = h, where
4 2r2 d2
= T

Thus h is an eigenfunctionof the operator L .,y with eigervalue , and < O precisely
whend > 2 r. Soif we choosea rotationally symmetric variation basedon this
function h (i.e. a rotationally symmetric variation whosevariation vector eld at
t=0ish N, whereN = (cosu;sinu;0) is the unit normal vectorto f = f (u;v), see
[7]), the integrandin the secondvariation formula (2.3) will becomenegative precisely
whend > 2 r. We concludethat a cylindrical tube of radiusr and height d > 2 r
cannot be madeasa physical Im.

The third exampleof a soap Im from Sectionl is a catenoid. The pro le curve
for a catenoidis the hyperbolic cosinefunction, soa catenoidcan be parametrizedas

f (u;v) = (coshv cosu; coshvsinu; V) ;
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with

(uv)2 =1[62] [ dd R
for somed 2 R*. Here 2d is the distance betweenthe two boundary circles. Let
do 1.2 be the unique positive solution to dy sinhdy = coshd,. Then the catenoid
f will be area-minimizingif d < dy and will not be area-minimizing (i.e. only area-
critical) if d > do. Henceif we extend the value d past dy, the catenoidwill no longer
be constructablewith a soap Im.

Figure 5. The prole curve on the left (resp. middle, right) createsa
stable (resp. weakly stable, unstable) catenoid.

Again, we will not explain here why dy is the precisevalue beyond which the
catenoid becomesnon-area-minimizing, but, again, we will give a hint why this is
so. The value dy actually hasa geometricinterpretation, as follows: For eat v > 0,

considerthe cone
n p (0]
Y, —_
C, = X;V; X2+y2 x;y2R

coshv

Then the cone C, intersectsthe catenoid tangertially (i.e. a non-transwersal non-
empty intersection) if and only if v = do. When d < dy, any homothety of R3
certered at the origin (0;0; 0) will move the catenoid to another catenoid disjoint
from the rst one,while this is not the casewhend > dy. Thesefacts are related to
the question of whether there exists a boundary- xing variation f of the catenoidf

that hasnegative secondderivative of area(we do not needthe "volume-preserving"
property here, asthe catenoidis a minimal surface). For a complete explanation of
this, a good sourceis [37].

2.1. Steiner points. Minimal surfacesminimize area(at leastlocally) with respect
to their boundary curves, thus, as noted above, they model soap Ims that do not
surround boundedpockets of air. One could considerthe analogougphenonemonjput

one dimensionlower. Instead of trying to connect 1-dimensionalthings like sets of
curves(i.e. the wire framesthat we useto make soapbubbles)with area-minimizing
surfaceswe couldtry to connectO-dimensionalthings sud as nite setsof points, and
instead of connectingthem with 2-dimensionalsurfaceswe would connectthem with

1-dimensionalcurves,and insteadof trying to minimize the areasof the 2-dimensional
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surfaceswe would minimize lengths of the 1-dimensionalcurves. As we saw in Figure
2, the area-minimizingsoap Ims canhave 1-dimensionalsingular curveswherethree
sheetsof a soap Im cometogether at equal angles. When the dimensionis reduced
by 1 asabove, the singular curvesare replacedwith Steiner points, which are singular
points at which three curves(actually straight line segmets) cometogether at equal
angles.

Figure 6. Examplesof Steinerpoints in length-minimizing planar graphs.

To demonstratethis, let us considerthe following examples:

Example 2.1 Imagine you have two cities, call them city A and city B, on a at
region of land, whereno mountains or lakesor other obstructions exist, and you want
to build a road (or collection of roads) that connectsthe two cities. Supposefurther
that you want to minimize the total length of the road (or roads).

You would, of course,just build one road along the straight line from city A to
city B. (The mathematicial statemernt would be that the shortest path betweentwo
points is a straight line.)

Example 2.2 Now imaginethat there are three cities, city A, city B and city C, and
that those three cities lie at the three vertices of an equilateral triangle. Now you
want to build roadswith minimal total length sothat all three cities are connected,
i.e. sothat you candrive from any onecity to any other of the three.

Supposethat the length of ead side of the triangle is *. If you just build a straight
road from city A to city B, and another straight road from city A to city C, then
you would not needto build any road from city B to city C, asyou could already get
from city B to city C by passingthrough city A. The total length of the roadswould
be 2.

But this is not actually the best solution. The bestway is to make a new city D
at the certer of the triangle, and then make three straight-line roads, one from eat
of the cities A, B ang C directly to city D. Now the sum of the three lengths of
theseroadswould be 3, which is strictly lessthan 27, and this is the bestway. See
Figure 6.

The city D in the previousexampleis what we call a Steiner point. It is an added
point that is usedto minimize total length of roads.
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Example 2.3. Now imagine that you have four cities, cities A, B, C and D, at the
vertices of a squarewith sidesof length °, in sequencialorder around the square. To
connectthesefour cities sothat the road length is minimized, you might rst think
of building three straight-line roads, eat of length *, onefrom city A to city B, one
from city B to city C and one from city C to city D. (Note that you now do not
needa road from city A to city D, just asin the previousexample). Then the total
length of roadsis 3.

But this is not the bestway. A better way would be to put a city E at the center
of the squareand draw roadsdirectly from ead of the four oﬂginal cities to the new
city E. Then the roadsform an "X" and the length is now 2 2, which is less.

But this is still not the bestsolution. The bestsolution is to actually have two new
cities E and F (i.e. two Steiner points), and then to draw in roadsasin the second
picture of Figure 6. The two Steinerpoints are placedin this picture sothat the angle
betweenany two roadsmeetingat a Steinerpoint is always exaclﬂy_lzo degrees.One
can now ched the total length of the roadsis strictly lessthan 2° 27, and this is the
bestsolution. Note that there aretwo di erent ways to choosea least-lengthsolution.

In the above three examples,we have seenhow Steiner points help us to nd
the least-length collection of "1-dimensional” curves (i.e. roads) that connectssome
points (cities) together. This is analogousto the way singular points (and singular
curves) can appear on area-minimizing surfaces.

3. Ambient spaces

CMC surfacesalways exist in somelarger ambient space.In the soap- Im examples
we descriked in Chapters1 and 2, we wereassumingthat the CMC surfacedie in the
Euclidean 3-spaceR®. We encourtered CMC surfacesin other non-Euclideanambi-
ent spacesn [59]. Also, there is a description of generalRiemannianand Lorentzian
manifolds in [59. Here we give two examplesof ambient spaces:we descrike hy-
perbolic 3-space,like in [59], but in a bit more detail; we also briey descrite de
Sitter 3-space.Minkowski (n + 1)-spaceR™! and spherical3-spaceS® alsoappearin
thesenotes, and we assumethe readeris already familiar with those spaceqthey are
descriked in [59]).

3.1. Hyp erbolic 3-space H3. Hyperbolic 3-spaceH? is the unique simply-connected
3-dimensionalcomplete Riemannian manifold with constart sectionalcurvature 1.
Howewer, it can be descriked by a variety of models, eat with its own advantages:
the Minkowski spacemodel, the Poincare ball model, the Hermitian matrix model,
the Klein ball model and the upper-half-spacemodel.

We de ne H3 by way of the Minkowski 4-spaceR3! with its Lorentzian metric ggs:1
of signature (+ + +( ), by taking the upper sheetof the two-sheetedhyperboloid

M = (X1;X2;X3;Xg) 2 R¥ x2 X{=1;%>0 ;
j=1
with metric g givenby the restriction of grs:: to the tangert spaceof this 3-dimensional
upper sheet. We call this M the Minkowski model for hyperhbolic 3-space. Although
the metric g = grs:1 is Lorentzian and therefore not positive de nite, the restriction
of g to this upper sheetis actually positive de nite, soM is a Riemannian manifold.
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The isometry group of M can be described using the matrix group
0.(3;1)=fA = ()= 20(3;1)jaus > 0g:
For A 2 O.(3;1), the map
R¥13x! (AG)H) 2 R
is an isometry of R3! that presenes M, henceit is an isometry of M. In fact, all
isometriesof M can be described this way.

The following lemmatells us that the Minkowski model for hyperbolic 3-spaceis
indeedthe true hyperbolic 3-space.

Lemma 3.1. M is a simply-oonnected 3-dimensional completeRiemannian manifold
with constant sectional curvature 1.

Sincethis lemma implies M is really the hyperbolic 3-spaceH?, we will in fact
sometimesrefer to this Minkowski spacemodel M simply as H3.

Proof. It is clearthat M is simply-connected.Let us now ched that it hasconstarn
sectionalcurvature 1.

Forany point p2 M, thereexistsamatrix A 2 SO; = O(3)\f A 2 M3 3(R)j detA =
+1g sud that the 4 4 matrix

0 O1
% A 8§ 2 0,(3;1)

0 001
presenesM and mapsp to a point of the form (0; 0; sinh(s); coshg)), s 2 R. Then
the matrix 0 1
10 0 0
01 0 0

0 cosh s) sinh( s)§ 20:E1)
0 0 sinh( s) cosH s)

is an isometry of R®! that preseres M and maps the point (0;0; sinh(s); coshE))
to the point (0;0;0;1). Thus one can move an arbitrary point of M to the point
(0;0;0;1) by an isometry of M. Now, if V1;V, are any two 2-dimensionalsubspaces
of the 3-dimensionaltangert spaceTq.o.0.1)(M ), there existsa matrix A 2 O, (3;1)
represeting anisometry of M xing (0;0;0; 1) sud that d (.0.0.1)(V1) = V. There-
fore this model hasconstart sectionalcurvature, by Lemma1.1.6in [59]. Thusto see
that M hasconstan sectionalcurvature 1, oneneedonly ched that this is the value
of the sectionalcurvature of asingle xed 2-dimensionalsubspacef T.g.0,1)(M ). This
can be done using Equation (1.1.10) or Equation (1.1.14)in [59], and we leave this
computation to the reader.

Finally, we argue that M is complete. Intersecting M with the plane fx; =
X, = 0g, we obtain a curve that can be parametrized with unit speedby (s) =
(O; 0; sinh(s); coshg)), i.e. this parametrization is unit speedwith respectto the met-
ric g of M. Sincethe domainof (s) isall s2 R, this curve (s) is complete. And
sinceany gealesicsegmehin M canbe moved by anisometryto (s); 0 s afor
somevalue of a, we know that any gealesicsegmenh can be extendedto a gealesicof
in nite length. ThereforeM is complete. This completesthe proof of the lemma.



15

Remark 3.2 In fact, the functions sinh(s) and cosh&) canbe de ned by the condition
that the curve (s) = (0;0;sinh(s); coshg)) with (0) = (0;0;0;1) and ‘f'j—s(O) =
(0; 0; 1;0) is a unit-speed geadesic with respect to the metric g of M = H®. This
condition impliesthat the curve (s) satisesx3 x3 = 1,socosH(s) sinh’(s) = 1,
and by di erentiation of x3 x3= 1 with respectto s we have

) d(cosh(s)) _ sinh(s) .
&3 g d(sinh(s))  cosks)

[

0Xo
ds — X3 _
S

[

Sincej s)j2= (£2)2  (%Z2)2= 1, it follows that

d, . 3 - d o _
d—s(smh(s)) = cosH(s) ; d_S(COSh(S)) = sinh(s) :

Now that we know how to di erentiate cosh(s) and sinh(s), we know the power series
expansionsof these functions about s = 0. Comparing these serieswith the power
seriesexpansionsfor € and e ° about s = 0, we concludethat

S S
cosH(s) = e5+2e ; sinh(s) = ¢ Ze ;

which of courseare the standard de nitions of cosHs) and sinh(s). (An analogous
analysiscan be carried out for the sine and cosinefunctions on the unit circle in the
Euclidean plane, viewing that unit circle as a geadesicin the unit sphereS? in the
natural extensionof R? to R3.)

Becausethe isometry group of M, which we have noted we may call simply H3,
is the matrix group O. (3; 1), the image of the gedalesic (t) = (0;0; cosht; sinht)
under an isometry of H3 always lies in a 2-dimensionalplane of R®! cortaining the
origin. Thus we can concludethat the image of any gealesicin H? is formed by the
intersectionof H® with a 2-dimensionalplanein R3! which passeghrough the origin
(0; 0; 0; 0) of R¥1.

The Minkowski model is perhaps the best model of H® for understanding the
isometries and geadesicsof H3. Howewer, since the Minkowski model lies in the
4-dimensionalspaceR®*, we cannot useit to view graphicsof surfacesin H3. Sowe
would like to have modelsthat canbe viewed on the printed page. We would alsolike
to have a model that uses2 2 matricesto descrike H3, asthis is more compatible
with the DPW method descrikedin [59], and the discussionin Sectionsl2.4and 12.5
here. With this in mind, we now give someother possiblemodels for H3.

3.2. The Klein model. Let K bethe 3-dimensionalball in R*! lying in the hyper-
plane fxo = 1g with radius 1 and certer at (0;0;0;1). By Euclidean stereographic
projection from the origin (0;0; 0;0) 2 R*! of the Minkowski model M for H3 to K,
onehasthe Klein model K for H3. K is giventhe metric that makesthis stereographic
projection an isometry. Sincethe gealesicsof H? in the Minkowski model are formed
by the intersectionsof H3 with 2-dimensionalplanesin R%! which passthrough the
origin, it is clearthat after projection to K, the gealesicsbecomeEuclidean straight
linesin the Klein model, and this is the advantage of the Klein model. Howe\er, the
disadwantage of the Klein model is that its metric is not conformalto the Euclidean
metric (we de ned conformality in [59], and we alsode ne it herein De nition 4.4).
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3.3. The Poincare model. Let P be the 3-dimensionalball in R3! lying in the
hyperplanefxo = 0g with radius 1 and certer at the origin (0; 0; 0; 0). By Euclidean
stereographicprojection from the point (0;0;0; 1) 2 R3! of the Minkowski model
for H3 to P, onehasthe Poincaremodel P for H3. This stereographicprojection is

X1 . X2 . X3 ]
1+X0’1+X0’1+X0'

(3.1) (X1; X2; X3;Xg) 2 H3 ! 2P:

P is given the metric g that makesthis stereographicprojection an isomely. Since
the fourth coordinate is idertically zeroin the Poincaremodel, we can simply remove
it and view the Poincaremodel asthe Euclideanunit ball

B3=f(Xy;X2;X3) 2 R®j x2+ x5+ x5< 1g
in R3. One can computethat the metric
2 2
1 x2 x3 x5

(3.2) g= (dx2 + dx3 + dx3)

is the onethat will make the stereographicprojection (3.1) an isometry. By either
Equation (1.1.10) or (1.1.14) in [59], the sectional curvature is constartly 1. This
metric g in (3.2) is written asa function times the Euclidean metric dx3 + dx3 + dx3,
and this meansthat the Poincaremaodel's metric is conformalto the Euclideanmetric.
From this it follows that anglesbetweenvectorsin the tangert spacesare the same
from the viewpoints of both the hyperbolic and Euclideanmetrics, and this is why we
prefer this model when showving graphicsof surfacesin hyperbolic 3-space.However,
distancesare clearly not Euclidean. In fact, the boundary

@° = f(x1x2ix3) 2 R%j xi+ x5+ x5=1g

of the Poincare model is in nitely far from any point in B® with respect to the
hyperbolic metric g in (3.2). For example,considerthe curve

o(t) = (t0,0); t2[0;1)

in the Poincaremodel. Its length is
z 1 YA 1

ECORSOL D
0 0

Thusthe point (0; 0; 0) isin nitely far from the boundary point (1; 0; 0) in the Poincare
model. For this reason,the boundary @ 2 is often calledthe ideal boundaryat in nity .

Unlike the Klein model, geadesicsin the Poincaremodel are not Euclidean straight
lines. Instead they are segmets of Euclideanlines and circlesthat intersectthe ideal
boundary @2 at right angles.

Important examplesof surfacesin H® are described in [59], using the Poincare ball
model: totally geadesichypersurfaces(also called hyperbolic planes), hyperspheres,
spheresand horospheres.

3.4. The upp er-half-space model. One can obtain the upper-half-spacemodel U
for H3 from the Poincaremodel P by the Meobius transformation of R® which maps
the unit ball B3 (with the Poincare metric) certered at the origin to the upper half
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Figure 7. The Klein, Poincare and Minkowski spacemodelsfor H3.

fxs; > 0g of R® and maps the origin (0;0;0) to (0;0;1) and xes @3\ fx; = Og.
This map is

(2x1;2%2;1 X2 X3 X%)ZU:

P 3 (X1;X2;X3) !
(l 2 3) X%+X%+(X3 1)2

The metric induced on the upper-half-spaceby this transformation is

g= (@G + BE+ b)
X3

wherewe now view (X1; X»; X3) ascoordinatesof the model U, i.e. X1;X, 2 R and x3 >
0. Thus, like the Poincare model, the upper-half spacemodel U is again conformal
to Euclidean space. And becauseMobius transformations presene anglesand also
the set of circles and lines, again the gealesicsare Euclidean lines and circles that
intersect the ideal boundary at in nit y fx3 = Og at right angles. The isometriesof
the model U are generatedby horizontal Euclideantranslations, Euclideanrotations
about vertical axes, Euclidean dilations about points in the plane fx; = 0Og, and
Euclidean inversionsthrough Euclidean spheres(and planes) intersecting the plane
f x3 = 0g orthogonally.

3.5. The Hermitian matrix model. The Hermitian matrix model is a corveniert
model for applying the DPW method. Unlike the other four models above, which
canbe usedfor hyperbolic spacesf any dimension,the Hermitian model can be used
only when the hyperbolic spaceis 3-dimensional.
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We rst recall the following de nitions: The group SL,C isall 2 2 matriceswith
complexertries and determinart 1, with matrix multiplication asthe group operation.
The vector spaceshC consistsof all 2 2 complex matrices with trace 0, with the
vector spaceoperations being matrix addition and scalar multiplication. (In Section
3.7 we will seethat SL,C is a Lie group. SL,C is 6-dimensional. Also, s,LC is the
asseiated Lie algebra,thusis the tangert spaceof SL,C at the identit y matrix. sl,C
is also 6-dimensional.) The group SU, is the subgroup of matrices F 2 SL,C sudt
that F F isthe identity matrix, whereF = F!'. Equivalertly,

F= P 4 ;
q p
for somep, g2 C with jpj® + jgj?2 = 1. (We will seethat SU, is a 3-dimensionalLie
subgroup,in Section3.7.)
Finally, we de ne Hermitian symmetric matrices as matrices of the form

;. A
a;p axp

wherea;; 2 C and a;p; ax 2 R. Hermitian symmetric matrices with determinart 1
have the additional condition that a;;a,, apa;; = 1.

The Minkowski 4-spaceR®! can be mapped to the spaceof 2 2 Hermitian sym-
metric matrices by

Xo+ X3 X1+ iXs

HXnXaixaXo) L T L X X

For % 2 R3!, the metric in the Hermitean matrix form is given by
he; %igsir = det( (%)) :

Thus mapsthe Minkowski model for H® to the setof Hermitian symmetric matrices
with determinart 1. Any Hermitian symmetric matrix with determinart 1 can be
written as the product FF for someF 2 SL,C, and F is determined uniquely
up to right-multiplication by elemens in SU,. That is, for F;F 2 SL,C, we have
FF = FF ifandonlyif F = F B for someB 2 SU,. Thereforewe have the
Hermitian model
H=fFF jF2SLCg; F :=F';

for H3, and H is giventhe metric sothat is anisometry from the Minkowski model
of H3 to H.

It follows that, when we comparethe Hermitean matrix and Poincare models H
and P for H3, the mapping

Qi1 &2 5 aptar (@2 ap) . an ax

; X 2P
ap ap 2+ gt ayp 2+ aptay 2+ a;pt ay

is an isometry from H to P.

The Hermitian model is actually very corveniert for describingthe isometriesof
H3. Up to scalarmultiplication by 1, the group SL,C represets the isometry group
of H3 in the Hermitian model H in the following way: A matrix h 2 SL,C acts
isometrically on H? in the model H by

x2H! h x:=hxh 2H;
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whereh = h'. The kernel of this actionis |, hencePSL,C = SL,C=f 1|gis the
isometry group of H3.

3.6. De-Sitter 3-space S*!. Finally, we briey consider another ambient space,
which will be a Lorentzian manifold, becauseit alsohasa 2 2 Hermitian matrix
model. Considerthe l-sr(leeteohyperboloid in R3!

Sl = (X1;X2;X3;Xo) 2 R¥! x2 x3=1
j=1
with the metric g inducedon its tangert spacesby the restriction of the metric from
the Minkowski spaceR>!. This Lorentzian manifold S*! is called de-Sitter 3-space.
De-Sitter 3-spaceS*? is homeomorphicto > R, soit is simply-connected,since
both & and R are individually simply-connected. And this space,like hyperbolic
spaceH?3, can alsobe written with a2 2 matrix model:

SZ;lzfszz 2(C)]X =X;hX;XiR3:1:192 F (])' Ol F FZSLZC ;

wherehX; Xigs1 = detX. We note that S>! hasconstant sectionalcurvature +1.

3.7. Lie groups and algebras. We have already seensomelLie groups, that are
amongst the most basic matrix groups, so here we briey review some basic facts
about Lie groupsand algebras.

De nition  3.3. A setG is a Lie group if
(1) G is a di er entiable manifold of classC? ,
(2) G is a group with respect to somegroup operation, denotel by
(3) for each xed gp 2 G and eachvariableg 2 G, the mapsLgy, : g! g g (left
multiplication) andRg, : g! g o (right multiplication) are C* di er entiable.

De nition  3.4. The Lie algebraG asseiated to a Lie group G is the tangent space
of (the manifold) G at the identity elemente of (the group) G, i.e. G = T,G. The Lie
algeba G is then a vector space under addition and salar multiplication of vectors
in TeG. Furthermore, there is a bracketoperation G G! G de ned as follows:

XYIE) = X(Y(F)  Y(X(F));

where X;Y are arbitrary elementsof G with canonical left-invariant extensionsto
vector elds on G, andf : G! R is any smath map.

Remark 3.5. X being a left-invariant vector eld meansthat X is given by trans-
portation by the derivative map of left multiplication in G, i.e.

Xg=(Lg) Xe;
whereLy : G! G denotesleft multiplication by g, asin part (3) of De nition 3.3. In

the casethat G is a matrix group, then (Ly) X becomessimply (Ly) X = gX, and
the above equation can be written as Xy = gXe.

Remark 3.6. In the de nition of the Lie bracket above, X (f) and Y (f) must be
de ned at more than just one point e (in particular, in a neighborhood of €) in
order for Y(X (f)) and X (Y (f)) to be de ned. But becausewe take the canonical
left-invariant extensionsof X and Y, in fact [X;Y] is determined by Xje and Yje
alone.
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Remark 3.7. When G isamatrix group, X andY in G canbeidenti ed with matrices,
and it turns out that [X;Y] canbeidenti ed with the di erence of matrix products
X Y Y X.Wewill give an exampleof this in Example 3.11.

Example 3.8 The rst examplewe consideris SO;, de ned as follows:
SO;=fA2 M3 3(R)JA A'=1;detA=1g:

The group operation is then matrix multiplication. This represets the group of
rotations of R® that x the origin of R3, and the group operation then represets
composition of rotations. When consideringa conformal immersionf : | R3
de ned on a 2-dimensionalRiemann surface with local coordinate z = u + iv, we
can considerthe three vectors (two being tangert to f, and the third being the unit
normal vector to f)
i wgire s N

to be an orthonormal frame of T, R3. We can usean elemen of SO; to descrike
this orthonormal frame by choosingthe unique elemen of SO; that rotates (1;0; 0)

and (0; 1;0) and (0; 0; 1) to s (5 and =z js (5 and Njy (p), respectively. We denote
the Lie algebraof SO; by sos.

Example 3.9. The secondexamplewe consideris SL,C, de ned asfollows:
SLC=fA 2 M, »(C)jdetA = 1g:

Again the group operation is matrix multiplication, and the group operation repre-
serts composition of linear maps of C? to itself. In fact, SL,C is a double cover of
SO;, aswe sawv in Sections2.4 and 3.2in [59]. We denotethe Lie algebraof SL,C by
SlzC.

Example 3.1Q Our third exampleis a subgroupof SL,C:
SU, = fA2 SLCJA Al=1Ig

= pq g p;q2 C;pp+ qq=1
The correspnding Lie algebrais denoted su,, and we explicitly compute su, here:

Consideracurvec(t) : ( ; )! SU, givenhby

_pt) qt)
W= gt pt)

with ¢(0) = |. Then, with 0denoting the derivative with respect to t,

_ P10 q0)

0= Fo) o)
is an arbitrary elemen of s, = T; SU,. In general,for any squarematrix A, we have
(detA)°= trace(A° A 1)detA (seeLemma3.12below), soif detA is identically 1,
then the trace of A® A 1 is 0. This implies that cX0) is trace-free. Then, because
p(0) = 1 and q(0) = 0, the derivative with respect to t of p(t)p(t) + g(t)g(t) = 1
implies pY0) 2 iR. We concludethat su, is the 3-dimensionalvector space

[ X3 = X1+ iXs

Slh = — ; X1:X2:X32 R
Wb 2 X, Xy X3 1, X2, X3

which is isomorphicas a vector spaceto R3, and sosu, is a matrix model for R3.
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Example 3.11 Our fourth exampleSL;R is alsoa subgroupof SL,C:
SLR=fA2 M, »(R)jdetA = 1g;
with assaiated Lie algebra
shR=fA 2 M, ,(R)jtrA=0g:

We now explicitly descrite the bracket operation on shR, in order to provide an
examplefor the claim in Remark 3.7. To determine the bradket operation, take the
three curves

1t 0 1t 10
cu(t) = 0 @ ot Co(t) = 01 ca(t) = t 1

in SL;R through the idertity matrix at t = 0. To move thesecurvesto other points
of SL,R, we usematrix multiplication on the left, i.e.
a b
Cj;a;b;d = d (1+ bcba 1 CJ (t)
forj = 1;2;3 and a;b;d 2 R. (For our purposeswe may assumea 6 0.) Now a;b;d

represen coordinates for a region of SL,R consideredas a 3-dimensionalmanifold.
In fact, we could regard the coordinate chart to be de ned by

1 a b — (o) -
d (1+bgat - (@D
asa map from a region of R® to a region of SL,R. Now, for a function
f :SLR! R;

the composite maps
fo(@al o t) hdld v);
f (a;at+ b;d) ;
f  (a+ bt;b;(1+ bda t+ d)
equal, respectively,
f (Gapia (1))
forj = 1,2;3. Then, by the chain rule, we have
d
af (Giaba (1) = Yeana (f (a;b:d)) ;
t=0
for the three resulting left-invariant vector elds
VCl;a;b;d = a@+ b@ d@l
ch;a;b;d = a@’
vCS;a:b:d = b@+ (1+ b@a l@:

Thus
Vcl;a;b;d ch;a;b;d ch;a;b;d Vcl;a;b;d = Zvcz;a;b;d ;
VCl;a;b;d VCS;a;b;d VCs;a;b;d VCl;a;b;d = ZVCS;a;b;d :
VCZ;a;b;d VCB;a;b;d VCB;a;b;d VCZ;a;b;d = VCl;a;b;d :
Correspndingly,
0= 4 5 i SO= g SO= 3 o
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and

R(0)c5(0)  (0)c(0) = 25(0) ;

2(0)c3(0)  (0)c}(0) = 2c5(0) ;

B(0)c3(0)  3(0)c(0) =  ¢1(0) :
Thus the behavior of the bradket on vector elds is exactly the sameasthe behavior
of comnutators of matricesin the Lie algebra. This is why we can usematrix multi-
plication to de ne the Lie bradket in the caseof sl,R, and this is true for matrix Lie
groupsin general.

We now prove an equation we usedin the third exampleabove:

Lemma 3.12. For any squae matrix A 2 M, ,(C) with detA 6 0 that depends
smamthly on someparametert 2 R, we have

(3.3) d(detA) = trac((SA) A hdetA :

Lemma 3.12 is easily proven in the casethat n = 2. It is also easily seenfor
generaln when A is upper triangular. Furthermore, if A satis es Equation (3.3), it
is easily seenthat the conjugationP A P ! also satis es Equation (3.3), for any
P2 M, »(C)with detP 6 Othat dependssmoothly ont. Becauseany squarematrix
can be conjugatedinto an upper triangular matrix (the Jordan canonicalform), this
provides a proof of Lemma 3.12.

One could also prove Lemma 3.12 by direct computation: Write A = (a; ){} = -
Then let Aip,b, = Altaqt bisan! g D€ the matrix with ertries asin A, except

..........

that the i'th row hasbeenreplacedwith the row vector (b :::b,). Then

X X
(3-4) det(Ai;bl;:::;bn) = det(Ai;O;:::;O;b] ;0;:::;0) = qaij ;

j=1 j=1
wherel is the valuein the ij 'th position of Aj;o...::0: ;0:::;0, @nd where

& = det(Ai;O;:::;O;l;O;:::;O)

(again, 1 is the value in the ij 'th position of Aj.o.01.0::0). Then, for any k 2
f1;:::;ng, we have ( i is the Kroneder delta function)

X
A& = dEt(Ai;akl;:::;akn) = i det(A):

j=1

Hence,for
A= (g |nJ =1 s
we have
A A'=det(A) I, n:

Soif A isregular,i.e. det(A) 6 0, then

Alt= L &

det(A)
Thus we have
tr(( %A)A 1 det(A) = tr((%A)mN) det(A) =

X' X' da
t(gAAY =" T S =
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X d da
= det(Aiag ;a0 ) = &(det(A)) ; a}j’ = d—tj :

where the secondto the last equality above follows from Equation (3.4), proving
Lemma3.12.

A third proof of this lemma can be given by using the following fact: If A and X
aren n matricesand is areal number closeto zero,then

(3.5) A=1+ X +0(? implies det(A)=1+ trX + O(?):
The argumern is asfollows: Write the Taylor expansionof A(s) at the values =t as
A =AM+ (s DAY+ O((s 1)?):
Then
AGNA®M) t=1+ (s HATYA®) "+ O((s 1?);
and (3.5) implies
det(A(s)(A(D) 1) =1+ (s 1) tr(AYO(A(D) )+ O((s 1)¥):
Taking the derivative of this with respect to s and then evaluating at s = t, we have

(det(A(9)Jet |
o= TATA®) D06 b
> (det(A (1))
“det(A (D) = trace(AYt)(A(1)) 1) ;

proving Lemma3.12.

4. Riemann surf aces and Hopf's theorem

4.1. Riemann surfaces. When the dimensionof a di erentiable manifold M is two,
then we have some special properties. This is becausethe coordinate charts are
maps from R?, and R? can be thought of asthe complexplane C  R2. Thus we
can considerthe notion of holomorphic functions on M. This leadsto the idea of
Riemann surfacesand the beautiful theory assaiated with them. Part of the beauty
of this theory is that Riemannsurfacescanbe descritedin a variety of di erent ways,
but this is outside the scoge of this text, and for our purposesit su ces to consider
just two descriptionsof Riemann surfaces.

To distinguish 2-dimensionalmanifolds from other manifolds, we will often denote
them by insteadof M.

Suppose is a di erentiable manifold of dimension2 with di erentiable structure
de ned by a family

f(u; :U! )g
of coordinate charts. Let (u ;v ) be the coordinates of U R IfW:= (U)]
(U) 6 ;,thenu ;v canbeviewed asfunctions of the variablesu ;v on (W)
via the transition functionf = ! C (W) ! YW). AssaiatingU  R?

with the correspnding region of C by de ning the complex coordinate
zZ =u +iv

for ead coordinate chart (U ; ), we canview z asa function of z on  1(W).
When z is a holomorphic function of z , we s& that the transition function f is
holomorphic.
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De nition 4.1. A dier entiablemanifold of dimension2 with di er entiablestruc-
ture de ned by a family f(U ; )g of coordinate charts is a Riemann surfaceif the
transition functionsf are all holomorphic. We then say that the family f(U ; )g
forms a complexstructure on

The simplestexampleof a Riemann surfaceis C itself. In this case,we can choose

a single coordinate (U ; ) to give the dierential structure, whereU = R? and
is the identity map. Then it is vacuouslytrue that the transition functions are
holomorphic.

Another exampleis the unit sphereS? (in R®). The dierential structure can be
de ned by a pair of stereographicprojections, sowe can usetwo coordinate neighbor-
hoods(U ; )and(U; )with U = U = R?, and with equalto the inverseof
stereographigorojection from the north pole (0; 0; 1), and with  equalto the inverse
of stereographicprojection from the south pole (0;0; 1) composedwith a re ection
of S acrossa plane xing both the north and south poles. Then the map * is
holomorphic, so S is a Riemann surface.

Oneproperty of Riemannsurfacess that they arealways orientable. Beforeproving
this, we rst recall the de nition of orientability. Given two di erentiable functions
f; g from a 2-dimensionaldi erentiable manifold to R, we de ne the wedgeproduct
of their di erentials asfollows: Forapoint p2 andwv,w2 T,,

0o dgp(v W) = S(d (VA (W) d p(W)dgy(¥))

(Note that the wedgeproduct de ned hereis not the sameasthe symmetric product
de ned in Section 1.1 of [59].) Then, for coordinate neighborhoods (U ; ) and
(U; )suhthat W:= (U)[ (U) 6 ;, and namingthe coordinates(u ;v )
and (u ;v)on XW)and W), respectively, wesay that (U ; )and(U; )
are oriented in the sameway if

du ~dv =h du ~dv

for somepositive functionh  :  1(W)! R*.

If the coordinate charts f (U ; )g that comprisethe di erential structure of can
be chosensothat they are all oriented the sameway where\er they intersect, we say
that the manifold is orientable, and the family f(U ; )gis saidto be oriented.

Lemma 4.2. Any Riemann surface is orientable.

Proof. Let (U ; ) and (U ; ) be two coordinate charts of a Riemann surface
suhthat W:= (U)\ (U)6 ;. Let(u ;v )and(u ;v ) bethe coordinatesof
W) R?and (W) R? respectively. Noting that the di erentials of z , z ,
z andz satisfy
dz =du +idv ; dz =du idv ;

dz =du +idv ; dz =du idv ;

and alsothat, becausez is a holomorphicfunction of z on (W), the chain rule
implies
dz

dz = dez X
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we have

. . 2 2
du "dv =1dz "dz =5 % dz ~dz = ¥ du ~dv:

2
Since % > Oforall and , weconcludethat is an orientable manifold.

Remark 4.3 We sav in Remark 1.3.6 of [59] that nonminimal CMC surfacesin an
oriented ambient spaceare always orientable. Sowhenusing Riemannsurfacesasthe
domains for nonminimal CMC immersions,the fact that the Riemann surfacesare
orientable is not in any way a restriction on the typesof CMC immersionswe can
consider.

Riemann surfacesare in a one-to-onecorrespndencewith conformal equivalence
classesf orientable 2-dimensionalRiemannian manifolds, giving us a secondway to
descrike Riemann surfaces.In order to explain this we start with a de nition.

De nition 4.4. Let be a 2-dimensional orientable Riemannian manifold with dif-
ferentiable structure determined by a family f (U ; )g of coordinate charts and with
positive de nite metric g. For any coordinate chart (U ; ) with coordinates(u ;v )
on U , supmsethat the metric g can be written as

_ f 0
9= o ¢
in matrix form for somepositive function f :U ! R*, or equivalently, as a sym-

metric 2-form
g=f (du?+ dv?):
Then we say that g is a conformal metric and the (U ; ) are conformal coordinate
charts.
Generally for a metric
g= gudu® + giodu dv + goidv du + gpodv?

written asa symmetric 2-form usingthe 1-formsdu anddv (note that g;» = ¢, be-
causethe metric is symmetricand gi1; g>» > 0 becausdhe metric is positive de nite),
we can rewrite the metric using the complex1-formsdz and dz instead:

(4.1) g= Adz? + 2Bdz dz + Adz?;

Gin OG22 2012 | B = Oun + O22 .

4 T4
If the metric g is conformal, then g1» = g1 = Oandf = g1 = g, SOthe metric
becomes

A =

g=1f dz dz

with respect to the complexcoordinatez = u +iv . Sincef is a positive function,
we could alsowrite this as

(4.2) g= 4€” dz dz

for somereal-valued function ¢ de ned on U , asnoted in Remark 1.3.10f [59.
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Theorem 4.5. Let be a 2-dimensionalorientable manifold with an oriented family

f(U ; )g of coordinate charts that determinesthe di er entiablestructure and with a

positive de nite metric g. Assumefurther that the transition functionsof f (U ; )g

are real-analytic. Then there exists another family of coordinate charts f(V ; )g

that determinesthe samedi er entiablestructure and with resgect to which the metric

g is conformal. Additionally, f(V ; )gis oriented and givesa complexstructure on
, SO becomesa Riemann surface.

Remark 4.6. The condition in Theorem 4.5 that the transition functions be real-
analytic can be wealened, but we include this condition to simplify the proof and
becaussit is satis ed in all of the applications of this theorem later in this text.

Proof. Wearegivencoordinate charts (U ; ) with complexcoordinatesz = u +iv
on the U . We must show that there existsa family f(V ; )g of coordinates with
the given di erentiable structure so that the metric can be written asin Equation
(4.2) with respect to the complexcoordinatesw = x + iy oftheV .

The metric g can be written as in Equation (4.1) with respect to the (U ; )
coordinate charts, and if A = 0 then g is already conformal and we are nished by
taking (U ; )and(V; ) to beequal. Sowithout lossof generality we canassume
A 6 0. Then we canwrite g as

2B

g=s(dz + dz)(dz + dz ); s= v 12

>0;

where satis es

i j= B sz jAj2<
iAj
We needto nd new coordinates(x ;y ) forV sothat w = x + iy satises
dw = (dz + dz)

for somenonzerofunction . Then g is written asg = sj j2dw dw and we will have
that g is a conformal metric with respect to the new coordinatesw .

1:

The equationdw = (dz + dz ) is satis ed by a solution w to the equation
@ _ @
@ @ ’
and then we can take
_ dw
=5

This is the Beltrami equation,and is calledthe Beltrami coe cient. The fact that
the transition functions are real-analytic implies there exist solutionsto this Beltrami
eqguation. This canbe proven usingthe Caudy-Kowalewskitheorem, but let us trust
that sud solutions exist, and then cortinue with the proof. (Sudc solutions exist in
more generalsettings aswell, but we do not explorethat here).

We concludethat we have afamily of coordinate charts sothat gis conformal,and it
only remainsto show that this newfamily f(V ; )gisoriented on anddetermines
a complex structure on . This new family is oriented becausethe original family
f(U; )gwasoriented and

2
dx A dy = % A j)du Adv



27

2
with 2 (1 jj?>o.

@

To seethat this new family determinesa complexstructure on , we needto see
that w is a holomorphicfunction of w wherever W :=  (V)\ (V) 6 ;. Both
coordinatesw andw are conformal, so
(4.3) g= 4€® dw dw = 4€*® dw dw
on W. Becauseof the chain rule

@ @v @v @v
dw = —dw + —dw ; dw = —dw + —dw ;
@v @v @v @v
the right-most equality in Equation (4.3) can hold only if either
@v @v
— =0 or —=
@v @v

Sincethe changeof coordinatesis orientation-preserving, we concludethat the rst
of the two equationsholds, and sow is a holomorphic function of w .

De nition 4.7. Let be a 2-dimensional orientable di er entiable manifold with a
given di er entiable structure. Suppmsethat becomesa Riemannian manifold with
respect to somemetric g and also with resgct to some other metric . If g = fg
for some positive function f : | R*, we say that the two metrics g and g are
conformally equivalert.

Note that if the metric g is a conformal metric, then g is conformally equivalert to
the at metric du? + dv? on ead coordinate chart (U ; ).

Conformal equivalenceof the metrics is clearly an equivalencerelation, sowe can
talk about conformal classef metrics, asin the next corollary.

Corollary 4.8. Conformal equivalene classesof metrics on an orientable2-dimensional
manifold are in one-to-onecorrespndene with the complexstructureson

Proof. As we saw in the proof of Theorem 4.5, ead positive de nite metric on
producesa complexstructure on . Following the argumernts in that proof, we canalso
seethat two conformally equivalent metrics will producethe samecomplexstructure,
and the corollary follows.

In this text, we will always be consideringsmooth CMC surfacesas real-analytic
immersionsof 2-dimensionaldi erentiable (real-analytic) manifolds . Ead immer-
sion will determine an induced metric g on that makesit a Riemannian manifold.
Theorem 4.5 tells us that we can choose coordinateson  so that g is conformal.
Thus without loss of generality we can restrict ourselesto those immersionsthat
have conformalinduced metric, and we will do this on every occasionpossible.

4.2. The Hopf dieren tial and Hopf theorem. The Hopf di erential Qdz?, de-
ned in [59, is of certral importance. We have already seenin [59] that the Hopf
di erential can be usedto decideif a conformal immersion parametrizedby a com-
plex coordinate z hasconstart meancurvature, becausehe surfacewill have constan
mean curvature if and only if Q is holomorphic. The Hopf di erential can also be
usedto determinethe umbilic points of a surface,aswe will now see:

Let usassumethat is a Riemannsurfacewith a coordinate z = u + iv and that
f is a conformalimmersionfrom into R3. (Theorem 4.5 hastold us that we can
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always assume is a Riemannsurfaceand the immersionf is conformal.) Then the
rst and secondfundamerial forms are

gll 912 — H:u;fui I"fu;fvi _ (4}
(4.4) ol Hefg 4

g= = 0
O1 O Hy; 1

1
; 0

and
o= b b _ MNP HNi
o1 12 b, ;Ni oy Ni
whereN is a unit normal vector to f. The Hopf di erential function is
1 . . :
Q= Z(bll oo ibip  ibpg) = W, Ni
whereh; i is the complexbilinear extensionof the metric of R3, and
@=3@ i@; @=3@+i@)
by de nition. Then

b= Qdz* + %(bu + byp) + Qdz* :
Now, the shape operator is

gipe L Mmtb)rQ+Q i@ Q

= Ze20 iQ Q) (bu+by) Q Q

with respect to the basisf, and f, of ead tangernt spaceof f (). The two principal
curvatures are then the two eigervalues of this shape operator g b, which can be
computedand seento be

Loy + b)) + 21Q; (b + b)) 2iQj:

De nition 4.9. Let be a 2-dimensional manifold. The umbilic points of an im-
mersionf : | R?2 are the points whee the two principal curvatures are equal.

So, for example,every point of a at plane or a round sphereis an umbilic point,
and a cylinder has no umbilic points. One can ched that a catenoid also has no
umbilic points.

Putting all this together, we have the following lemma:

Lemma 4.10. If isaRiemannsurfaccandf : ! RS2 is aconformal immersion,
thenp2 is an umbilic point if and only if Q = 0 at p.

Thus the Hopf di erential tells us wherethe umbilic points are. When Q is holo-
morphic, it followsthat Q is either idertically zeroor is zeroonly at isolated points.
So,in the caseof a CMC surface,if there are any points that are not umbilics, then
all the umbilic points must be isolated.

If every point is an umbilic, we say that the surfaceis totally umbilic, and then the
surfacemust be a plane or a round sphere. This is proven in [32], for example. But
let usinclude a proof here:

Lemma 4.11. Let beaRiemannsurfaccandf : ! RS3 atotally umbilic confor-
mal immersion. Then f () is part of a planeor sphee.
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Proof. Becausef is totally umbilic, the Hopf di erential Q is identically zero. SoQ
is clearly holomorphic,and thus H is constart, by the Codazzi equation (seeSection
1.3in [59]). Let u;v 2 R be local conformal coordinatesfor f, and N = N (u;v) the
unit normal of f . We rst considerthe casethat H is not zero,and show that

(4.5) @Qf +H N)=@Ff +H N)=0:
This can be computed asfollows, with 0 asde ned in (4.4):
Ho+H Ny fui =46 H N;fui=462 H by =
=46 H Y(i(bu+ bp)+ Q+ Q)=
=40 JH (b + by) = 460 4€° = 0
Similarly,
o+ H Ny fii=0; H,+H N,f,ji=0; H,+H N,f,i=0;
hy+H Ng;Ni=0; hH,+H *Ny,;Ni=0:
(hfy;Nyi = HFy;Nyi = 0 becauseg b is diagonal on a conformally parametrized
totally umbilic surface.) It follows that (4.5) holds, and sof () is part of a round
sphereof radius H ! with constart certer point f + H N.
In the casethat H = 0, to showv that f () is part of a plane, we needonly showv

that N, = N, = 0. Similarly to the previous casewhere H was not zero, one can
compute that

AN Nyi = hNGNyi = By Nyi = iy Nyi = iy Nyi = By Nyi = 0;
and the result follows.

Remark 4.12 We stated Lemma 4.11 with the assumptionthat the immersion is
conformal, but in fact the conformality condition is not required.

In the casethat is a closedRiemann surface(i.e. compactwithout boundary),
we can take this even further. Orientable closedRiemann surfacesare classi ed by
their gerus. For example,if is a sphere,then it hasgerus O; if it is a torus, then
it hasgerus 1. Soif is a closedorientable Riemann surface,then it has a gerus
g for someg 2 Z* [ f0g. Sincef is a CMC immersion, the Hopf di erential Qdz?
(written herein terms of local coordinates z) is a holomorphic 2-di erential de ned
on . The order ord,(Qdz?) of Qdz? at ea point p2 is de ned to be the order
of the function Q at p (i.e. if Q = z¥, then Q hasorderk at z = 0). It is then well
known, when Q is not iderticr;t(lly zero (see[53], for example), that

(4.6) ord,(Qdz%) = 4g 4:

p2
BecauseQdz? is holomorphic, we have ord,(Qdz?) @forallp2 . We conclude
that if g = 0, then either Q is idertically zeroor O 02 ord,(Qdz?) = 4. The

secondcasecertainly cannot hold, so Q is idertically zero. Sothe surfaceis totally
umbilic and must be a round sphere,and this provesHopf's theorem[79]:

Theorem 4.13. (The Hopf theorem.) If s a closal 2-dimensional manifold of
genuszew andif f : ! R?is anonminimal CMC immersion, thenf () is around
spheke.
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Remark 4.14 In fact, there do not exist any compactminimal surfacesvithout bound-
ary in R3, and we will prove this using the maximum principle, in the next chapter.
Therefore, without assumingthat f in the above theoremin nonminimal, the result
would still be true.

Now let us considerthe casethat is a closedRiemannsurfaceof gerusg 1 and
f : | R%isaconformal CMC immersion (by Remark 4.14, becausethere do not
exist any closedcompactminimal surfacesin R?, f is guararteedto be nonminimal).
In this casef () certainly cannotbea sphere,soQ is not identically zero(by Lemma
4.11). It follows from (4.6) that, courted with multiplicit y, there are exactly 4g 4
umbilic points on the surface. We concludethe following:

Corollary 4.15. A closel CMC surface in R® of genus1 hasno umbilic points, and
a closel CMC surface in R® of genusstrictly greater than 1 must haveumbilic points.

5. The maximum principle for CMC surf aces

Here we considerthe maximum principle for smooth CMC surfaces.Roughly, this
principle statesthat if one CMC H surfacelies locally to one side of another CMC
H surface,and if they touch tangertially with a commonorientation at someinterior
point, then the two surfacesmust coincidein a local neighborhood of that point.

The result in the theory of partial di erential equationsbehind this principle is the
maximum principle for elliptic partial di erential equations(see,for example,[140]).
The maximum principle for CMC surfacesis relevant to us here becauseit can tell
us quite a lot about the kinds of surfaceone can hope (or cannot hope) to construct.
This is becausealthough it is stated locally, the maximum principle can give global
results. It then becomesa powerful tool for making global statemens about CMC
surfaces.For example,one can easily prove the following theorems:

Theorem 5.1. Any completeminimal surface in R® or H® without boundary cannot
be compmact.

Proof. By way of cortradiction, supposethat M is the image of a compact minimal

surfacewithout boundaryin R3 or H3. Then there existsa gealesicplaneP = Py that

doesnot intersectM . Translating P in the direction of a gealesicperpendicularto it

andtoward M at unit speed(along the gealesic)to make a family of parallel gealesic
planesP;, t 0, and taking the smallestvalue t, of t sothat P,,\ M 6 ;, onehas
the rst (necessarilytangertial) cortact of M with P;,. Thus one hastwo minimal

surfacesM and P;, eadt lying to oneside of eat other and touching tangertially at

somepoint p. The maximum principle then implies that in a local neighborhood of
p, M is cortained in the gealesicplane P;,. Oncean open setin a minimal surface
is a gedlesicplane, the entire surfacemust lie within that geaesicplane. (This last
sertencefollowsin the caseof R® from real analyticity of the frame asin Remark4.4.2
in [59]with H chosento be zero. It alsofollows from the fact that the stereographic
projection of the Gaussmap in the Weierstrassrepresetation is both holomorphic
asin Section3.4 of [59 and is constart on an open set, and thus is constart on all of
M. Any surfacewith a constart Gaussmap must lie in a plane. An argumert along
the samelines using an analog of Remark 4.4.2 in [59] appliesin the caseof H® as
well.) SinceM is complete,we concludethat M is an ertire gealesicplane, but this

cortradicts the assumedcompactnesof M.
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Figure 8. The maximum principle (on the left) and the boundary
point maximum principle (on the right). In both casesthe surfacesM ;
and M, aretangertial at p and have the sameconstart meancurvature
with respect to the normal direction N at p, and M, lies above M, as
pictured here. On the right hand side, the boundariesof M; and M,
have a commontangert line at p. The conclusionin the rst case(left
hand side) is that M; and M, must coincidein a neighborhood of the
point p. In the secondcase(right hand side), M; and M, will coincide
in an open set whoseclosurecortains p.

Theorem 5.2. The only emledded compact CMC surfaces in R® and H? are the
round sphees.

This theorem can be proven using the Alexandrov re ection principle, which is an
immediate consequencef the maximum principle (see,for example,[10€). Note that
the embeddednesgondition in Theorem 5.2 is really necessaryasthe CMC Werne
tori show (seeChapter 6).

Proof. The Alexandrov re ection principle works in the following way: Considerthe
imageof a compactembeddedCMC surfaceM in the ambient spaceR® or H3. Let g
be any xed point in the ambient space,and let ¥ be any unit vector in the tangert
spaceof the ambient spaceat q. Let ,(t) be a gealesicin the ambient spacesut
that (0) = 0 and % v(t)ji=o = ¥. Let Py be the uniquely determined gealesic
plane containing (t) and perpendicular to % v(t). Let

Lv;t = [ S tPV;S ;
I—;;t = [ s th;s .
Let to be the smallestvalue of t sud that P,,\ M 6 ;. Then Py, liesto oneside of

M and cortacts M tangertially. Fort > ty and su ciently closeto tq, the interior
of the isometric re ection R{(M,,,) of the portion M., = M \ L., of M acrossthe

plane P, will not make any cortact with the portion M7, = M\ L, of M, and nor

will R¢(M,,.,) and M;;t have any tangertial cortact along their common boundary.
Onethen cortinuously increased until onearrivesat the smallestvaluet; wherethe
re ection Ry, (M, ) of M, acrossP,, and M, make a tangertial cortact at some
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point p in L;;tl. Let us supposefor the momert that p is in the interior of L;;tl.
Sincet; is the smallestsud value, Ry, (M, ) lies locally to one side of M, near
p. Also, sinceM is emrbedded,R;, (M, ) and M, have the sameorientation with

respect to their mean curvature vectorsat p. Thus Ry, (M,,,) and M\j;tl coincidein
a neighborhood of p. As in the proof of Theorem 5.1, real-analyticity of the frame
implies that Ry, (M, ) and M/, are globally idertical in L. HenceM is invariant
under isometric re ection acrossthe gealesicplane Py, .
When p is not in the interior of L, , it isin Py,. In this casewe needa variant
of the maximum principle for CMC surfaces,called the boundary point maximum
principle for CMC surfaces. This variant will be stated belov and gives the same
conclusionthat M is invariant under isometric re ection acrossthe gealesicplane
P‘;‘tl'

We concludethe proof by noting that the direction of ¥ wasarbitrary, soM hasa
plane of re ective symmetry in ewvery direction, and this is su cien t to concludethat
M is actually a round sphere.

Figure 9. The argumerts in the proof of Theorem 5.1 (on the left)
and the proof of Theorem5.2 (on the right).

The maximum principle can alsobe applied to surfaceswith boundary. For exam-
ple, de ning the corvex hull of a setto be the smallestcorvex set that cortains it,
only can prove the following result similarly to the way Theorem5.1 was proven:

Theorem 5.3. The interior of any compact minimal surface in R® or H® with bound-
ary must lie in the interior of the convexhull of its boundary.

Many other results have been proven with the maximum principle, among them
that any completeconnectedminimal surfacein R? with two embeddedregular ends
is a catenoid, proven by Sdoen [15G. In addition, Korevaar, Kusner, Meeks, and
Solomon ([126], [106]), have proven that any complete nonminimal nite-top ology
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embeddedCMC surfacewith two endsin R? is a Delaunay surface,and any surface
of this type with three endshas a plane of re ective symmetry. Similar results for
CMC surfacesin H2 can be found in [107]and [114.

We shall now prepareto give a formal statemert and proof of the maximum prin-
ciple for CMC surfaces. For the sale of simplicity we shall at rst assumethat the
ambiernt spaceis R3. Howewer, the argumerts here will require only minor changes
to becomeapplicable for other ambient spacesas well. For example,the argumeris
whenthe ambient spaceis H® are very similar, and we will make someremarksabout
how to prove the H® casein the nal sectionof this chapter. As the results we have
given hereare for R® and H3, we shall restrict oursehesto a discussionof only those
two cases.

First we give somepreliminaries on the maximum principle for elliptic equations
in the next two sections. Much of this material follows [140].

Remark 5.4. In this chapter, we chooseto usex and x; to represem independert vari-
ables, and symbols sud as a; ;b ;f;f;;f f};g;g;h;u to represen dependen func-
tions, which is di erent from the notations in the other chapters of this text. This
seemsappropriate, howewer, sincethis chapter dealswith objects of generaldimine-
sion, not just 2-dimensionalsurfaces,and thesenotational choicesare more standard
in the generaldimensionalcase.

5.1. The maxim um principle for elliptic equations of a single variable. In
order to get someintuition about the maximum principle for elliptic equations,we
state and prove various versionsof it in the casethat there is only oneindependert
variable.

Let us beginwith the simplestpossibleversionof the maximum principle. We rst
considerthe casethat u is a smaoth function

ux):[a;h!' R
de ned on the closedboundedinterval [a;b] 2 R, and L is the operator
L(u) = u%% g(x)u®

de ned on functions u as above, where g(x) is a boundedsmaooth function on [a;b),
and Orepresetts the derivative with respectto x 2 [a;b]. We now state the simplest
possibleversionof the maximum principle:

Lemma 5.5. (Simpli e d 1-dimensional maximum principle) Let u, g and L be as
alove. If L(u) > 0 on [a;h], thenu can attain its maximumvaluein [a;b] only at the
points x = aor x = h.

Proof. Supposethat u attains a local maximum at a point ¢ 2 (a;b). Then uqc) = 0
andu®c) 0,soL(u)(c) O, a cortradiction.

The above result was particularly easy becausewe made the strong assumption
that L > 0. But there is a similar result in the casethat we only assumeL O,
and then the proof is slightly more subtle (and in the application to CMC surfaces
we have in mind, we will indeedonly know that L  0). In this case,u can attain its
maximum in the interior of [a;b], but if it does,then u must be a constart function:



34

Lemma 5.6. (1-dimensionalmaximum principle) Let u, g and L be as alove. Sup-
posethat L(u) Oon[a;b. If u M on]Ja;b] for someconstantM 2 R and if there
existssomec 2 (a;b) suchthat u(c) = M, thenu(x) = M for all x 2 [a;h].

Proof. Suppose there exists a ¢ 2 (a;b) sud that u(c) = M and there exists a
d 2 (a;b) sut that u(d) < M. Assumefor now that d > c. Becausegy is bounded,we
may choosea constart > maxxz[afj 9(X)jg, and then we de ne y(x) = e * 9 1,

Note that L(y(x)) > 0. It is possibleto choosean sud that 0< < MTS)(") and
then we de ne w(x) = u+ y. y is negative on (a;c), sow < M on (a;c). Note that
w(c) = M and w(d) < M. Sow hasan interior maximum in (a;d) and L(w) > O.
This cortradicts Lemma5.5.

In the casethat d < ¢, we may usey = e ¢ ¥ 1linsteadofy=e * 9 1 and

producea cortradiction to Lemmab5.5in the sameway.
Now we considera more generaloperator of the form
(L + h)(u) := u%% gu’+ hu;

whereh = h(x) is a boundedsmaoth function on [a;b]. Then the condition L(u) O
no longerimplies that u attains its maximum at either x = a or x = b. Here are two
courterexamples:

(1) Let [a; ] = [O; ], let h beidertically 1, let g beidentically 0, andlet u = sin(x).
Then (L + h)(u) = u®+ u = 0, and u hasan interior maximum of value 1 at x = 5
and is not maximized at the endpoints a and b.

(2) Let [a;b] = [ 1;1], let h be idertically 1, let g be idertically 0, and let
u= coshx). Then (L + h)(u) = u®® u = 0, and u hasan interior maximum of
value 1atx = 5 andis not maximizedat the endpoints a and b.

Thesetwo examplesshav that nonzeroh cancausethe operator L + h to not satisfy
the maximum principle, regardlessof whether h is positive or negative. Howeer, if
we assumeh 0 and max2ap(u) O, then we still have a maximum principle, as
we now show:

Lemma 5.7. (Modied simpli ed 1-dimensional maximum principle) If h 0 and
(L + h)(u) > 0 on [a;h], then u cannot havea nonngyative maximum in the interior
of [a; 1.

Proof. Supposethat c is an interior point of [a;b] where u has a honnegatiwe local
maximum. Then uqc) = 0, u®c) 0, h(cu(c) O imply (L + h)(u) 0, a
cortradiction.

Again, if we only have (L + h)(u) 0 then this statemert above (Lemma5.7) is
not true, but againthe only exceptionsare whenu is constart.

Lemma 5.8. (Modi e d 1-dimensionalmaximumprinciple I) If u satis es (L+ h)(u)
Owith h 0 on [a;b], then if u assumesa nonnegative maximum valueM at an in-
terior point ¢ 2 (a;b), then u is identically equalto M.

Proof. AssumeM = max.yfug 0 on [a;b]. Assumethere exists an interior
point ¢ sud that u(c) = M. Also, assumethere exists an interior point d sud that
u(d) < M. (Supposefor now that d > c.) Becauseg and h are bounded, we can
choosean 2 R sothat

2+ g+h@ e ®*9>0
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forall x 2 [a;b]. Thendeney(x) = e * 9 1, andnotethat (L+ h)(y) > Oon[a;b].
Setw= u+ y for some sud that 0< < My(g)(d). Asw < M on (a;c), w(c) = M,
w(d) < M, we have that w has an interior maximum point in (a;d). Then, since
(L + h)(w) > 0, we have a cortradiction to Lemma5.7.

Again, if d< c,weusey = e (¢ ¥ 1linsteadofy=e &* 9 1,

Now let us considera di erent modi cation of the maximum principle. Herethere
will be no condition on the sign of h (although h is still assumedto be smooth and
bounded). Instead we will assumethat u attains a maximum value of precisely0 in
the interior of the domain. We shall alsoassumethat u is a real analytic function of
the independen variable x.

Lemma 5.9. (Modi e d 1-dimensionalmaximum principle 1) If a real analytic func-
tion u 0 on[a;b satises (L + h)(u) 0, andif u(c) = 0 at an interior point
c2 (a;b), thenu is identically equalto O.

Proof. Supposethat u is not idertically zero. Becauseu(c) = uqc) = 0, we can
expandu at X = cas X
u=  a(xx ot
i 2
for somenonnegatiwe integer - and somea, 6 0. Becauseu 0, we have
(5.1) " isaneweninteger,and a; < 0:
Then L(u) expandsas
Lu)=(C+2)(+Daxx o (@1+O0(x 0):
But then (5.1) implies L (u) < Ofor x closeto (but not equalto) c. This cortradiction
provesthe lemma.

5.2. The maxim um principle for elliptic equations in n variables. Now we
considerthe n-dimensionalcase which is ertirely analogougo the 1-dimensionalcase
above. Let (Xy;:::;Xn) denotepoints in R" and let D be an open boundedsetin R"
with closureD. We now considera smooth function

u(xy;inxn) D! R;
and we de ne the operator L by

X0
+ h(xl;:::;xn)—@

=1 j

X @
L(u) = aj (X125 Xn)
ij =1 o @i @

de ned on functions u as above, wherethe coe cient functions
aj (X155 Xn) 5 B (X105 Xn)
are bounded smooth functions on D, and @@J_ represets the partial derivative with
respect to x; .
De nition  5.10. L is elliptic in D if (a;){j -, is a positive de nite n n matrix for
all x 2 D; that is, if at each point in D,
t X 2
(Y15 5 Yn) (@5 )(Y15 25 Yn) (X125 %) Y,

j=1
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for somepositive function = (Xx1;:::;X,) on D, andanyy; 2 R.
L is uniformly elliptic on D if (x1;::;X,) o> O for all points in D, where |
is a xed constant.

This de nition is a natural generalizationof the Laplacian 4 ju(x) = u°¢x) in the
de nition of L in the 1-dimensionalcase,becauseof the following easily-computed
fact: (aj) is positive de nite at a point p 2 D if and only if there exists a linear
transformation A : (Xg;::55Xn) I (%155 %) sudh that the secondorder part

X @

ay (X151 Xn)

- @ @
of L becomeghe n-dimensionalLaplacian
X @
@

4, =
j=1
at A(p).

We state the following two results without proof, and refer the readerto [66], [140]
for full proofs. Howewer, we note that the ideasbehind the proofsare like thosein the
above proofsfor 1 independen variable. But in the caseof n independen variables,
there is more bookkeepinginvolved in the computations, as expected by the greater
number of independern variables.

Theorem 5.11. (n-dimensionalmaximum principle) Let u and L be as atove. Sup-
posethat L(u) 0 and that L is uniformly elliptic on D. If u attains a maximum
value at a point in D, then u is a constant function.

Theorem 5.12. (Modi e d n-dimensional maximum principle 1) Let u and L be as
alove. Supmsethat (L+ h)(u) = L(u)+ hu 0andthat L is uniformly elliptic on D,
whee h 0is boundal and smooth on D. If u attains a nonnegative maximum value
at a point in D, then u is a constant function { in particular, if h is not identically
zeo, then u must be identically zero.

We also now state (without proof) a higher dimensional version of Lemma 5.9,
which could also be usedto prove the maximum principle for CMC surfacesthat
follows. We will not actually useit, as other forms of the maximum principle given
herewill suce, but this next theoremis especially usefulin proving the maximum
principle for CMC surfaceswhen the ambient spaceis the 3-sphereS®. (We do not
apply the maximum principle for CMC surfacesin S® in this text.) Sincewe would
have two independen variablesin the application of this theoremto CMC surfaces,
we state the result herefor only that case.A proof can be found in H. Hopf's book
[79].

Theorem 5.13. (Modi e d 2-dimensional maximum principle II) Considerthe oper-
ator

(L+h)(u):=@@u+@@u+ a@u+ e@u+ hu
for functionsu : D! R de ned on the closure D of an open boundal domain D of
the 2-dimensional x;X,-plane, wher g;, g, and h are all smath boundel functions
de ned on D. If areal analytic functionu Oon D satises (L + h)(u) 0, and if
u(p) = Oat apoint p2 D, thenu is identically equalto O.
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5.3. Pro of of the maxim um principle for CMC surfaces in R3. Letting D be
an open boundeddomainin R?, and letting f (x1;X2) : D! R be a smaooth bounded
function, we can considerthe graph

F(x1;X2) = (X1; X2 F (X15%2)) 2 R3] (x1;%2) 2 Dg

to be a smooth immersionf" into R3. Choosingthe unit normalto f* to be the upward-
pointing unit normal vector, we sav how to compute the mean curvature H of this
surfacein De nition 1.3.5in [59], as half the trace of the shape operator S. Because

f*is of the form (x1;X2; f (X1;X2)), one can easily compute that ( i is the Kronedker
delta function)

i fax Ci (L4 (F)2+ (F5,)D)  fufy)
i =1 ' xixp L X1 X2 Xilxj/) |
2(1+ (fx,)?+ (fx,)?)2 |
wheref,, denotes@f andfy, denotes@ (@ f).
Now let f; and f be two smooth oriented surfaceswith boundary. Supposethat

the surfacef'} can be written asa graph over a closeddomain D for j = 1;2; that is,
that

(5.2) H = %trace(S) =

7 (x1;%2) = (X1; X2; T (X1; X2))
for (x1;%2) 2 D for somesmaooth bounded function f; - D ! R. Furthermore,

supposethat both f; and f have the sameconstart meancurvature H with respect
to the orientations given by their upward pointing normals.

De nition  5.14. We saythat f} liesabove f3 if f1  f, for all points in D. Then,
if
P = (X1;X2; F1(X1;X2)) = (X1;X2; f2(X15X2))
(i.e. f1(x1;%2) = fa(X1;%2)) for somepoint (x1;X,) 2 D, and if one of the following
two conditions
(1) (X1;X>) is in the interior of D, or
(2) (x1;X2) is in the boundary of D, and the tangent planesof f3 and f coincide
at p, and furthermore the tangentlines of the boundariesof f’\l andf'\z coincide
at p
holds, we say that p is a point of commontangencyof f; and f5.

We are now ready to state the maximum principle for CMC surfacesin R®:

Prop osition 5.15. (The maximum principle for CMC surfacesin R3.) Let f} and
f> be CMC H graphswith resgct to the orientation of upward pointing normals. In
particular, H hasthe samevaluefor both surfaces. Supmsethe following:

1) f; lies abovef.

2) f1 and f> havea point p of common tangencyat which the rst of

the two enumeated items in De nition 5.14 holds.

Then f} and f coincide in a neightorhood of p.

Prop osition 5.16. (The boundary point maximum principle for CMC surfaces in
R3) Let f} and f> be CMC H graphswith resgct to the orientation of upward
pointing normals, just as in Proposition 5.15. In particular, H hasthe samevalue
for both surfaces. Supmsethe following:
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1) f lies abovef.
2) f1 and f, havea point p of common tangencyat which the second of
the two enumeated items in De nition 5.14 holds.

Then f} and f can be extende to surfacesthat coincide in a neighrhood of p.

Thesetwo results are well known [4], and we include a proof of just the rst one
here. Proofs can alsobe found in [156], [5]].

Proof. Applying a rigid motion of R® if necessarywe may assumep = (0;0; 0) is the
origin in R® and that the commontangert plane of the two surfacesis the x;x,-plane
fx3 = 0g. Hencef;(0;0) = 0 and (@,f;)(0;0) = (@,f;)(0;0)= 0, forj = 1;2.

Equation (5.2) and the fact that both surfaceshave the samemeancurvature imply
that

xe ) e 2
(5.3) W I (L+]r T3 ) (f 22Xi (f 2))(]‘ +

ij =1 2(1+ jr f,§2)2

(f 1) o ij (1 + jr f2j2) (f 2)Xi (f 2)Xj

21+ jr f22)2
g L+ 122 (Fo)x (Fo)x
2(1+ jr £4j2)2
wherejr f;j2= ((f;)x,)?+ ((f;)x,)? and
wi=fFf, f; O

:O1

with rst derivativesw; = (f2)y, (f1)x, and secondderivativesw; = (f2)x,
(f1)xx, - Dening j by
j(L+uz+uld)  uuy
21+ Ui+ w3z
the intermediate value theoremtells us that

i (F2)xas (F2)x) i (F)xas (F)xo) =

i (U up) =

xe @
@’ ((cfa+ (1 Ofa)x,;(cfa+ (1 Ofa)x,)  (fz fo)x
k=1 k
for somec = c(i; j) 2 [0; 1]. Equation (5.3) then hasthe folrm
X2 X2 '
(5.4) Lw := a Wi + (f)xx Bjxwe = 0;
i =1 k=1
where @
Bjk = @ ! ((cf2+ (1 Ofa)x,;(cfa+ (1 O)fa)x,)
Note that a; ;1 ;0 « are all bounded functions. Note also that a; —5 in a small

neighborhood of the origin (x1;X2) = (0;0), andthus(a; ) is astrictly positive de nite
2 2 matrix in a small neighborhood of the origin.

Sincew 0 in a small open neighborhood of (x1;x;) = (0;0) and has a local
maximum w = 0 at (0; 0), it follows from the maximum principle Theorem5.12 (with
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L asin (5.4) and h idertically equalto zero)that w is identically 0in a neighborhood
of the origin. We concludethat f; = f, near p, and thus f; and f coincidein a
neighborhood of p.

5.4. The maxim um principle for CMC surfaces in H3. Onecangive essetially

the sameproof for the maximum principle for CMC surfacesin other ambient spaces,
sud as H3. (Some referencesfor the maximum principle in the hyperbolic case
are [107], [34], and referencegherein.) Here we descrite how one could prove the

maximum principle for CMC surfacesin H3. The argumerts go along the samelines
as above for R2, but somedi erences from the Euclidean caseare the following:

(1) obviously the ambient spaceno longer has a Euclidean metric (here we will
considerthe Poincaremodel for H2, which is conformalto the Euclideanmet-
ric), and

(2) becausehe ambient spaceis not Euclidean,the equationfor the meancurva-
ture H of a graph will change.

We now remark on eat of thesetwo items.

Regarding the rst item: For H3, we can use the Poincare ball model P. This
allows us to once again considerthe two surfaceslocally as graphs over the x;X,-
plane cortaining the origin. Sincethe considerationis only local, the graphs will
both lie in the unit ball f(x1;X2;X3) 2 R®jx2 + x3 + x3 < 1g that is the Poincare
model. The notions of "point of commontangency" and "one surfacelying above
the other" do not change. The only di erence is that now the ambient spacehasthe
metric

2
2 2 2 2y . — .
(5.5) (dx3i + dx5 + dx3) ; T2 X 2

likein (3.2).

Regarding the second item: Although this Poincare metric is not Euclidean, it
is still conformal to the Euclidean metric, and this conformality will simplify the
computation of the meancurvature H for a graph in the Poincare model:

Lemma 5.17. For a smoth immersion f'(x1;X,) in P written as a graph

(X1, X2) = (X1;X2; f (X1:X2)) 2 P
with (x1;X2) 2 D P [ fxs = Og, the mean curvature of f* with respect to its ambient
spe P H3is
(5.6)

whele

(1) H is the Euclidean mean curvature as givenin Equation (5.2),

(2) is the metric factor of the Poincare metric, as givenin (5.5),

(3) n is the derivative of  with respect to the direction N, where N is the unit
normal vector to f* with resgct to the standad Euclidean space (R3;dx2 +
dx3 + dx3).

Remark 5.18 In fact, the above formula for the mean curvature of a surfacein R3
holds for any positive function , when R? is given the metric 2(dxf + dx3 + dx3).
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But becauseour interest hereis speci cally in H3, we have xed to be the metric
factor of the Poincare metric.

Proof. We will give this proof using the moving framesmethod.

Note that with respect to the usual Euclidean metric, a surfacethat is a graph
of the form (Xq;X5;f (X1;X2)) has mean curvature H asin Equation (5.2). For sut
a graph we de ne an orthonormal moving frame of vectorse;; e, that is an oriented
orthonormal frame of vectors for the tangert spaceof the surface,and then de ne
e; = N to be the unit normal vector to the surfacewith the upward orientation. We
de ne 1-forms! " and!! by

lig)= 4 ; re=!lg

j=1

Note that the ! | are skew symmetric, that is, !} = ! |. Note alsothat we have the
structure equation
dif= 1ianr:

i=1
We can then de ne the meancurvature as

1 X

H=5 hi;

2.,

whereh; = hr . g;esi = ! *(e).
If we now considerthe samehypersurface,but with the ambient metric ?(dx? +

dx3 + dx3), we can de ne an orthonormal moving frame in the sameway as above.
We denotethe orthonormal vectors and 1-formsand mean curvature in this caseby

using the symbols & and ' and ™ and fi; and K. Noting that we can take & = &

and M = ! ' andusingthat M~ 1T = 0, we seethat (with ; = g( )=d (g) the
derivative of  with respect to the direction g )
pAR = dni=gd(!l y=d AT+ dl = Adanig iyl
j j j
j=1 j=1

| . skewsyjqnmetric (0

x3 x3

= R L pia Lyt gy

j=1 j=1
Sowehave ™ = (j= )" (=) +1] Thusfori;j 2, wehave

ﬁij:r\j3(e): _Jl?’ _3!j+!j3 E :hi _2”:) ﬁ:i

ool oo

where 3= N( ) =d (N) is the derivative of with respectto N = ex.

6. Fur ther motiv ations for stud ying CMC surf aces

In Chapter 4, we gave Hopf's theorem showing that any closedCMC surface of
gerus 0 in R® must be a round sphere. Hopf asked if every closedCMC surfacemust
be a round sphere,without any initial assumptionabout the gerus of the surface.In
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e ect, heasledif any closedCMC surfacein R® of any gerus must in fact be of gerus
0 and thus be a round sphere.

Evidenceto support a positive answer to this question camefrom the maximum
principle for CMC surfaces. This principle gave a technique for showving that any
embedded closedCMC surfacein R® must be a round sphere. We gave a proof of
this result in Chapter 5. Sofrom this, it follows that a closedCMC surfacemust be
a round sphereif it is either of gerus 0 or is embedded.

So any negative answer to Hopf's question would needto be an examplethat is
both of positive gerus and not enbedded. In 1986, H. Werte [170 found exactly
sudh examples,of gerus 1. This discovery of a negative answer to Hopf's question
gave impetus for further researb on CMC surfaces. Following Werte's discovery,
U. Abresd [1] in 1987then published a more explicit represetation, using elliptic
functions, for closedCMC tori which cortain a cortinuousfamily of planar principal
curves. (Principal curvesin a surfaceare those whosetangert vectors are always a
principal curvature direction, and planar curves are those that lie in someplane in
R3.) R. Walter [169 (also published in 1987) found an explicit represemation for
thosetori that Abresd considered,using special functions called the Jacobi sn and
cn functions. Walter's represetation was deweloped using the fact that if onefamily
of principal curvesare all planar, then the perpendicular principal curvesead lie in
a sphere. Finally, J. Sprudk [160]shoved in 1988that theseCMC tori consideredby
Abresd and Walter are exactly the samesurfacesthat Werte originally found.

The works mertioned above and the dewlopmen of the theory of integrable sys-
tems sincethe 1960'shelped lead to the recognition that closedCMC tori could be
studied by using techniquesfrom the theory of integrable systems,and that closed
CMC tori are special CMC surfacesin the sensethat they are of " nite type". This
is what is shovn in the works of U. Pinkall and I. Sterling [139 and A. Bobenko
[11][12] [13], from 1989t0 1991,and in theseworks all closedCMC tori in R3 were
classi ed.

We mertion that also N. Kapouleas,in 1991 and 1995, constructed closedCMC
surfacesfor every gerus g > 1 [87], [88]. But Kapouleasusedvery di erent analytic
techniques. Further dewelopmerts in that direction have beenpresened recerly by
Kusner, Mazzeo,Pacard, Polladk and Ratzkin aswell [109],[118],[119],[120],[12]],
[141].

The way that the techniques of integrable systemswere used in the works of
Bobenko was to corvert the problem of studying CMC surfacesinto the language
of 2 2 matrices. The sameapproad wastaken by Dorfmeister, Pedit and Wu when
they deweloped the DPW method in their paper [47] published in 1998. While the
languageof 2 2 matrices might not seemso natural from the viewpoint of classi-
cal di erential geometryin R3, it is very natural from the viewpoint of integrable
systems,and is certainly corveniert for describingthe DPW method.

The ideabehind the DPW method is that the neededequationsand their solutions
can be found using holomorphic data and applying a splitting called the Iwasawa
decomposition to mapsfrom circles(loops)to 2 2 matrices. This ideadatesbadk at
leastto I. M. Kricewr [108](1980) and perhapsewen earlier, and J. Dorfmeister, F.
Pedit and H. Wu formulated it in a way that madethe idea apply globally to CMC
surfaces[47]. The DPW method was the certral topic of [59].
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Finally, we note that the integral systemsapproad to CMC surfacesalso helped
lead to notions of discrete CMC surfaces. These notions presene to a large extert
the rich mathematical structure asseiated with smooth CMC surfaces,and this is
exactly what we shall focuson for the remainderof this text, from Chapter 8 onward.

But beforethat, we brie y give an asideon smaoth surfacesin inde nite ambiert
spacesjn Chapter 7.

7. Maximal surf aces in R%1

In later chapters we consider surfacesin positive de nite spacessud as R3, S°
(spherical 3-space)and H3. Howeer, in this chapter we considersurfacesin a space
that is not positive de nite. We do this becausewe have not consideredsud a type
of spaceyet, and it is informative to seethe similarities and di erences that occur
in the inde nite case.Herewe choosemaximal surfacesin R%! (Mink owski 3-space),
and becausehe R*! Mobius geometricapproad of later chaptersdoesnot work here,
we investigatethem in much the sameway aswe consideredminimal surfacesn [59].
It is possibleto considerdiscreteversionsof thesesurfaceg95), and we comebad to
this in Chapter 10.

We note that this chapter dependson Section3.4 in [59], and we recommendthat
the readerlook at that beforereading this chapter. We also note that this chapter
and Chapter 10 are independert of the other chapters here, so could be skipped over
without a ecting cortinuity of the text.

Becausethe maximal surfaceshere lie in a spacethat is not positive de nite,
they have interesting singularities. The singular points can be cuspidal edgesor
swallowtails or cuspidalcrosscaps,generically and could alsobe conicalsingularities,
for example,lessgenerically (for related material, see,for example,[62], [100], [146],
[147, [148, [149, [15] and [153). In fact, conical singularities and cuspidal edges
and swallowtails exist on the surfacesshaovn in Figures 10, 11 and 12. We will say
more about why this happensbelow.

Let RZ1 = (f(X1;X2;X0)jX; 2 Rg;h; igz1) be the 3-dimensionalMinkowski space
with the Lorentz metric

h(X1; X2; X0); (Y1 Y2; Yo)irzt = X1Y1 + X2Y2  XoYo

A surfacein R?! is called a spacelike surfaceif the induced metric on the surfaceis
positive de nite. In this sectionwe study spacelile surfacesn R%* whosemeancurva-
ture is identically zero(maximal surfaces).Furthermore, we establishO. Kobayashi's
represemation [96] for these surfaces(seealso [125), which is similar to the Weier-
strass (Section 3.4 in [59]) and Bryant (Section 5.5 in [59) and Galvez, Mart nez
and Milan (Section 5.6 in [59]) represetations, and amongst these three previous
represemations is most similar to the Weierstrassrepresetation.
Let

f. 1 R¥
be a conformally immersedspacelile surface,where is a simply-connecteddomain

in C with complexcoordinate z. (Again, by Theorem 4.5, without lossof generality
we may assumef is conformal.) Then

W, f,i = W, f,i=0; H,f,i=2;
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~

Figure 10. The maximal helicoid (on the left) and Enneper's maximal
surface (on the right). The maximal helicoid cousinis given by the
represemation of O. Kobayashiwith (g; ) = (€*;cie ?dz), c2 Rnf0Og
on = C, like the data for a minimal helicoid in R3. (This maximal
helicoid is in fact cortained in the image of a minimal helicoid as in
Figure 3.4.3in [59]. See[96] for a proof of this.) Enneper's maximal
surfaceis given by the represetation of O. Kobayashi with (g; ) =
(z;cd2, c2 RnfOgon = C, like the data for an Enneper's minimal
surfacein R®. Graphics madeby Hitomi Abe and Kouichi Shimose.

wheret : ! R is de ned this way and h; i is the complex bilinear extension of
h; igz:. Let N be aunit normal vector eld of f. (Note that N is timelike, that is,
AN;Ni = 1, sincef is spacelilke.) We chooseN sothat it is future pointing, that

is, sothat the third coordinate of N is positive. Then
(7.1) N: I H2:=fa=(n;nxng) 2 R¥jm;Ri= 1; ng> Og

is the Gaussmap of f .

Note that the target spaceof the Gaussmap is now H?, which is not compact
(unlike the caseof surfacesin R3, wherethe target of the Gaussmap is the compact
$?). Singularities of the maximal surfacesoccur when the Gaussmap reades the
ideal boundary of H?.

We have the following Gauss-V¢ingarten equations:

f,,=20,f, ON; f,,= 2He*N; f,,=20,f, ON;
N, = Hf, %Qe Zofz; N, = Hf, %Qe Zofz;
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Figure 11. The higher-order versionsof Enneper's maximal surface
are given by the represemation of O. Kobayashiwith (g; ) = (z";cd2),

c2 RnfOgon = C, like the data for higher-order versionsof En-
neper's minimal surfacein R3. The left-hand side picture is drawn with

n = 2, and the right-hand side picture is drawn with n = 3. Graphics
made by Hitomi Abe and Kouichi Shimose.

Figure 12. The maximal catenoid (on the left) and the maximal
Lopez-Rossurface(on the right). The maximal catenoidis given by the
represetation of O. Kobayashiwith (g; ) = (z;cz 2dz), c2 Rnf0g
on = Cnf0g, like the data for a minimal catenoidin R® (note that

is not simply-connnectedhere, but the surfaceis a well-de ned map
from to R%!). The maximal Lopez-Rossurfaceis given by the rep-
resenation of O. Kobayashiwith (g; ) = ( (z2+ 3)=(z2 1); 1d2),

2(0;1)=Rs on =Cnf I1g, likethe data for a minimal Lopez-
Ros surfacein R® (again we have a non-simply-connecteddomain).
Graphics made by Hitomi Abe and Kouichi Shimose

whereQ := H,,;Ni is the Hopf di erential function andH = e 2 ,,;Ni=2is the

meancurvature. Also, (f,;), = (f,,), implies the following Gauss-Calazzi equations:

(7.2)

40, + QQe *  4H?¢*" =0; Q,= 2H,e*:
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Note that the rst equation herehasdi erent signsthan the correspnding equation
for minimal surfacesin R® (see[59)), although it is otherwisevery similar.
Now we idertify R%! with the Lie algebra
SUp.p = IE ti)a a2R; b2C ;
of the Lie group
_ ; 2C :
SUl;l - - 1 y

by identifying (X1;X2;Xo) 2 R%! with the matrix

iXo X1 IXo

7.3 X + X + Xol 3= g )
(7.3) 11 2 2 ol 3 X1+ iX iX o

2 SWi:1 ;

where 1, ,, 3 arethe Pauli matricesde ned in the beginningof Section3.2in [59]
(but the de nition of the Pauli matricesis alsoapparen from (7.3) here). Note that
the metric becomes

hX;Yi = %trace(x Y)

when consideringR??! in this 2 2 matrix model.
The following lemmais immediate:

Lemma 7.1. If F 2 SUy4, thenhX;Yi = FXF L FYF % forall X;Y 2 R%%,
We also have the following lemma:

Lemma 7.2. There existsan F 2 SU;.; (unique up to sign F) sothat

f f :
o= —=FF' e=_——=F,F' N=FiF"*
ifu ifvi

wheez=u+iv foru;v2 R.

Proof. We rst de ne the Lorentz group O,.; asthe setof 3 3 real valued matrices
A which saéisfy All 1A = |54, and the proper Lgrertz group as
0 1

0 1
< djp A2 Aio A2 02;1; = 10 O
SO, = A= @ay ay axA detA=1; ; wherely;:=@ 1 0A :
' Qo1 a2 Aago ag>0 00 1

Then the correspndenceF 2 SUy; with (F F % F ,F % Fi 3F 1) canbe con-
sideredasthe map' :SU;;; ! SG;, given by

0 1
2 2 2 2
1 5 1+t 5 21 2t21 212%v2 5
. — 2 2 2 2
(F)—@ 212+212 1 2+1 2 211 222A
2 2 2 2
212 231 2 11+2 5> 1t 2t 1+ 5

via the identi cation (7.3), where
1t 2 1t

F = .
1 2 1 12

. .. .2 2 2 2_ 4.
;1 o2 1, 22R; 1+ 5 1 ;= 1:

One can che that ' is a surjective homomorphism,and that ' (F;) = ' (F,) if and
only if F; = F,. This completesthe proof.
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Therefore, choosing F as in Lemma 7.2, we have f, 2¢°F ;F and f, =

2¢°F LF 1, andso
ggFl; fo=20F 0 L1

f, = 26°F 0

o

We de ne U and V by
F,.=FU,; F,=FV:

Then, similar to the computation in Section3.2 of [59], we have
_1 0, iQe ¢ V_} 0, 2iH €°
T2 2Hée 0, ' T2 iQe?® 0,

Now we considerthe casewhenf is a maximal surface,that is, the meancurvature
H is identically zero. (Su cien tly small portions of H = 0 surfacesin R%! actually
locally maximize area with respect to arbitrary smaooth boundary- xing variations,
rather than minimize area as they would in R3. Hencethey are called maximal
surfacesrather than minimal surfaces.See[31] and [35], for example.)

De ning functionsa;b: ! C sothat

e 725 e *2p
e 0=2b e 0=2a

holds,then aa bb= €°, becauseF 2 SU;;. SinceV = F !F,, we have

U

F =

1 0o 0 _1 0,+2 %aa W) 2e %(ab, ba)
2 iQe® 0, "2 2e %(ab, ba,) 0, + 2e %(aa; bh)
It follows that
a b a _ O
b a bb 0
and soa, = b, = 0; that is, a and b are holomorphic.
Note that
fo=20F OO0 p1zp @ U

10 G
which is holomorphic and is written as
f,= (@ ; i(@+P); 2iab)
in the (complexi cation of the) standard R%* coordinatesvia the identi cation (7.3).
Sincef is real-valued, by Rem%rk 3.4.2in [59], we have
Re f,dz= %f + (Cy; G5 Co)

for someconstart (cl;czz;co) 2 R%1, Szo,up to a translation,

f = 2Re f,dz=2Re (a® I, i(a®+ 1¥); 2iab)dz
(7.4) Z
=Re (1+¢%i(l ¢°); 29) ;

whereg = ia=band = 2?dz. This is the Weierstrass-ype represetation for
maximal surfacesasin [96]. We have just showvn the following:
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Theorem 7.3. (The representationof O. Kobayashi[96]) Any maximal immersion
from a simply-onnected domain  into R%? can ke given the parametrization (7.4),
using a meromorphic function g: ! C and holomorphicl-form on

Also, the metric of the maximal surfaceis expresseds
(1 gg9)? = 4e°dzdz:

Note that gg > 1, sinceaa bb> 0. Note alsothat we have one minus sign on the
left side, unlike the plus sign we would have in the caseof minimal surfacesin R3,
see[59. This minus sign here allows for singularities, becausewhen jgj approades
1 (i.e. the Gaussmap approadesthe ideal boundary of H?), the metric degenerates
and singularities occur.

The normal is

aa+ b 2ab

— H 1_ 4] .
N=FiI sF “=le 2ab (aa+ by

which is written as

Z
I

e ® i(ab ab);ab+ abjaa+ bb
g g'i g g.99+1
99 1799 1'gg 1
in the standard R%* coordinatesyvia the iderti cation (7.3). Thus the function
g: ! C=(C[flg )nfz2Cjjz7j 1g

is the composition of the Gaussmap with stereographicprojection from H? (as in
(7.1)) to C, and, as noted above, singularities of the surfaceoccur whenjgj becomes
1.

Remark 7.4. If we assumethat the mean curvature H is a non-zeroconstart, then
we have the Sym-Bobkenko type formula (see[23])
. — I 1 0 1 1
f(z,2) = 0 Fog 1 F *2 (@F)F

=1

Remark 7.5. For the purposeof consideringspacelie CMC surfacesin R%* via the
DPW method, we make this remark: Birkho splitting for the R?! caseis the sameas
in Theorem4.2.4in [59], becauseSU;.; and SU, are both real forms of SL,C. (SU;.;
is a noncompactreal form and SU, is the compactreal form of SL,C.) Howewer, the
product of loopgroups SU;; R SL,C is now only an opendensesubsetof SL,C,
sowe do not have a global lIwasava splitting available for a DPW style construction
of spacelile surfacesin R%!, see[23], [80 and [90]. (When the ambiert spaceis R3,
i.e. in the SU, case,there is a global Iwasava splitting.)

The non-globalnes®f the Iwasawva splitting is directly relatedto singularitiesonthe
surfacesbecausesingularities occur preciselywherethe Iwasawa splittings assaiated
with the surfacesleave SU;; R SL,C (see[23)).

Remark 7.6. SU,.; is isomorphicasa groupto SL,R. For example,

prt+ip2 ot 02 PPL G P2t @
SUiad g gy by ipe 3 Dt ptq 2 o0R
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is one sud isomorphism,wherep;; g 2 R satisfy pf + p5 ¢ ¢ = 1. As aresult,
either suy.; or shR canbe usedto represenh R%1. (Both ways of represeting R%! can
be found in the referenced446], [84], [85] and [86].)

8. Linear conser ved quantities for smooth CMC surf aces

In the next chapter we introduce an approad to discrete CMC surfacescoming
from [27]. But to motivate that discussion,in this chapter we rst explain a result
of Burstall and Calderbank[26] for the caseof smooth CMC surfaces.We begin by
describingthe 3-dimensionalspaceforms using the 5-dimensionalMinkowski space
R41,

8.1. Mink owski 5-space. Wegivea?2 2 matrix formulation for Minkowski 5-space.
Let H denotethe quaternionsand Im H the imaginary quaternions. (We useH to

denoteboth the quaternionsand the meancurvature of surfacesbut this should not

createany confusion,asit will always be clear from cortext which meaningH hasin

eath case.)

(8.1) R¥1= X = ;‘ XL %2 ImH:xg;x; 2 R
0

with Minkowski metric hX;Yi sud that

(8.2) hX:Yi | = %(XY+YX);

| = identity matrix. This metric has signature (+;+;+;+; ) with respect to the
(orthonormal) basis

i 0 j 0 kO 01 01
o i " 0 jJ " 0 k- 10 " 10
If wesetxs= 2(X1  Xo), Xs = 3(X1 + Xg), we canwrite X as
ey 1O L jO ko0 _ 01 01
o 2.0 j 30 k 410 ® 10

wherex = Xji+X;) + X3k, andthen we havethe correspndenceX $ (Xi;X»; X3; X4; Xs)
to the more usual way

f = (X1;X2; X3, Xa5%5) 2 RO jj jj = sgn()ID i =X+ 3+ xi+xd xig
of denoting R*. The 4-dimensionallight coneis
L4=fX 2 R*jjjXjj= 0g:
We can make the 3-dimensionalspaceforms as follows: A spaceform M is
M=1fX 2L%hX;Qi = 1g

for any nonzeroQ 2 R*%, It will turn out that M has constart sectionalcurvature
, Where Q? = |, sowithout lossof generality we can obtain any spaceform by
choosing

O r

(8.3) Q=



49

and then, after appropriately scalingx, and letting ImH [ f1g denotethe onepoint
compacti cation of Im H, we can write

(8.4)

B 2 X X2 . . o, 1
M = X—ﬁ 1 x X=X+ Xp) +Xzk2ImH ][ flg ; x° 6 ;
which is equivalert to f(x1;X2;x3) 2 R3[ flg jx5+ X3+ x3 6 1g. Note that

when < 0, M becomegwo copiesof hyperbolic 3-spacewith sectionalcurvature
Also, note the following property:

1 x 2 is newer zerofor points in M .

M is called a quadric, becausat is determinedby a quadratic equation (for the light
conelL#) and a linear equation (for the hyperplaneslicing through L* that produces
M).

Remark 8.1 Given any
X X2
1 X
living in the projectivized light cone PL#, for any real scalar , we can uniquely
choose sothat wegeta point in M, and sosometimeswe can neglectthe real scalar
, or simply freely chooseany we like.

Remark 8.2 We have alsousedthe letter Q to denotethe Hopf di erential function.
Wherewer we think this might causeconfusion,we changethe notation for the Hopf
di erential function to O.

The tangert spaceof M at X is

2 a+ xax xa ax

T«xM = T,= —(1 X 2)2 (xa+ax) a xax

fora2 ImH. When X = X(t) 2 M is a smooth function of a real variable t, and
when Odenotesdi erentiation with respect to t, we have

X0%= Ty
A computation gives
, 4
(8.5) hTa, Tol = mRe(ab) ;
iTali = 1, jaj= 31 x7:
Also,
4(x9? X 1
00—
(8.6) X7=T, (i(x_o):-);"x) x0+x00+ m X

Note that generally X “is not cortained in Tx M.
The following lemmafollows from (8.5).

Lemma 8.3. The M determinead by the Q in (8.3) has constant sectional curvature

We seefrom (8.5) that the collection of M given by the above choice (8.3) for Q,
for various , are all conformally equivalert (or Mebius equivalert). In fact, the map
M3 X! x2ImH R3isstereographicprojection when 6 0. (SeeFigure 15.)
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Figure 13. Three choicesof ( >0, =0, < 0) giving the space
forms S%, R® and (two copiesof) H3.

8.2. Smooth surfaces in space forms. We now consider surfacesin the space
forms. Let

X = Xg(u; V)i + Xo(u; v)j + X3(u;v)k$ X = X(u;v) 2 M

be a surfacein M. (In this chapter we will usex and X to denotesurfaces.)Assume
(u;v) is a conformal curvature-line coordinate system (every CMC surface can be
parametrizedthis way, away from umbilic points). We call sud coordinatesisother-
mic coordinates.

Note that x;, X, and x3 can be chosenbeforethe spaceform M is chosen,and only
onceM (and hence ) is chosendo we know the form of X . In particular, the surface
can be de ned beforethe spaceform is chosen.

Remark 8.4. The phrase"isothermic coordinates" meanssimply conformalcurvature-
line coordinates. Howeer, the phrase "isothermic surface" will mean for us any
surfacefor which isothermic coordinates exist, even if those isothermic coordinates
have not beendeterminedyet.

Notation: Becausewe will always chooseQ asin (8.3), we will indicate this by
denotingM asM , with the subscript . We let n denotethe unit normal vector for
X, onceM is chosen. ng denotesthe unit normal with respect to Euclidean 3-space
Mo, where = 0. We sometimeswrite H for the mean curvature of the surfacex
with respect to the spaceform M , to indicate that the mean curvature dependson
the choice of spaceform. Hg is the meancurvature in the caseof Euclidean 3-space
Mo.

Lemma 8.5. The mean curvature H of x with respect to the space form M given
by Q asin (8.3), with 4 x = @Q@x + @@X, is

H = Jjx,j *Ref4 x ng

< >(Xn + nx) =
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= 21  x?)jxuj *Refd x ngg  (Xng+ Nox) =
(1 xHHo (xng+ nex):
Then H is constant exactlywhen@H = @H = 0, whichis equivalentto
B87) (@Ho) 1 x?= kja@x?’; (@Ho) (1 x?)= le@x?;
whee the k; 2 R are the principal curvatureswith resgect to the Euclidean space form
Mo, i.e. @Qno= ki@x and @ng= Kk,@X.

Proof. Letting x;, denote %(xl), and similarly taking other notations, the unit nor-
mal vector to the surfaceis T,,, wheren = (1  x ?)ng and

1 r\(XZuX3v X3uX2v)i + (X3uxlv XluXSV)j + (XluXZV X2uxlv)k

- p :

2 (XouXay  XauXov)? + (XauXay  XwXav)?+ (XwXay  XouXiy)?

The rst fundamertal form (g; ) satis es hTy,; Tx,i = 0= Q12 = G, and

Ng =

4xa®  _ Aixj?
1 x?2 (1 x?
Then using (8.6), with the symbol ° denoting either @ or @, we have (where the
superscript " T" denotesthe part of a vector tangert to Tx M)

gl].:h-I;(u;TXui: Z:h-I;(v;TXvi:gzz:

. . 4 4x 2
b1 = hXJu;Tn| = WX yu; Tl = dequ ng+ ﬁ(xn + I'IX) ;
b, = by = hXJV;Tni = WX yy; Thi = 0;
_ T.T: T — 4 4x 7 )
B = WX s Tni = WXy Toi = mRefxw ng+ m(xn + nx) :

The result follows, usingHg = (k; + kz)=2.

Remark 8.6. Thomsenproved in the 1920'sthat isothermic Willmore surfacesgin the
conformal3-spherg(i.e. surfaceghat arecritical with respectto the functional (H?2
K)dA) have a Q 2 R*! sothat x becomesminimal in the spaceform represeted by
Q. (Seethe third volume of Blasdke's texts [10].)

8.3. Spheres. The spheresin any of the spaceforms M are the surfacesx sud
that jx Cgj is constart for someconstari Cy 2 ImH. In the casethat = 0, if
the spherehas radius rg, then rqHg = 1 (in particular, Hy is positive with respect
to the orientation of ny in the above proof). Thus the spherecan be written as
x = ( 1=Hg)ng + Co for someconstart Cy,. Then the equationH = (1  x ?)Hq
(Xng + nox) givesthe following formula
(8.8) H = Ho e HoC 3
for the relationshipsbetweenthe di erent meancurvaturesfor a sphereconsideredn
the di erent spaceforms M .
A point
Z Z;
Zy VA

S =

in R*! with positive norm
p
isj = 22 0z >0
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determinesa sphereS in the spaceform M asfollows (seeFigure 14): Set
(8.9) S=fY2M jhY;Si =0g:

Note that Y 2 S implies Y is perpendicularto S Y, so S is the baseof the
tangert conefrom S to PL#, as pictured in Figure 14.

So we have now seenhow both points and spheresin the spaceforms can be
descriled by just points in the single spaceR*!, which is a valuable property, from
the viewpoint of Mebius geometry Note that S is invariant under real scalingsof S,
and that if S satiseszy = z; , then S is a great hyperspherein M; = S°. Also,
note that if jjSjj = 0, then S is a point in S* and S is just a real scalarmultiple of S,
henceS simply givesbadk the samepoint S.

Let * be the horizortal line segmen from S to the timelike axis f (0;0;0;0;t) jt 2
Rg. Then m = "\ L* is a single point, which, when consideredas being in the
projectivized light coneP L4, givesthe certer of S in the spaceform M, = S3.

Lemma 8.7. Let $i;S, be two intersecting spheesin S® produced from S;;' S, re-
spectively, and supmse|jS1jj = jjSzjj = 1. Let  be the intersection angle between $;
and S,. Thencos = hS ;S;i, whe the sign on the right hand side deendson
the orientations of S; and S,.

Proof. As = 1,any p2 S® = M; hasxs coordinate equalto 1. Takep2 S;\ S
Mq, soxs(p) = 1. ScaleS; and S, sothat x5(S;) = x5(S;) = 1. Then'S;  p and
S, parenormals(in the tangert spaceof S%) to S; and S, respectively, at p. So

S: p S; p

COos = = — - =
iS: pi’iiSz mi
1
— — = —(hS;S;i hS;pi hS;pi + hp;pi) =
T T P pi + Ipipi)
1 1 1 1

hS; S, :

(hS;Si 0 0+0)=

1St pijiiSz2  pi ISHIFIST
Returning to the scalingsfor S; and S, so that jjSyjj = jjSyjj = 1, the lemmais
proved.

Remark 8.8 Lemma8.7 implies that if S givesa sphereS cortaining Y 2 M , then
fS + tY jt 2 Rg gives a pencil of spheresat Y, i.e. the collection of spheresof
arbitrary radius through Y and tangert to S.

Lemma 8.9. Inversion throughSis themapf :p! p 2hp;SiS, whenjjSjj = 1.

Proof. First note that p2 L* impliesp 2hp;SiS 2 L*. Now let C be a circle that
intersects S perpendicularly. We wish to show that p 2 C impliesf (p) 2 C. Note
that C = S\ S, for somespheresS; and S,. Then S; ? Sand S, ? S, and so
hS S;i = hS S,i = 0, by the previouslemma. Thenp 2 C impliesp2 S;\ S;, which
implies hp;S1i = p;S,i = 0. Thushp  2p; SIS ;S0 = hp 2p; SIS ; S,i = 0, and
sof (p) 2 C.

For further explanation of all this, see[72].
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Lemma 8.10. Sis a sphee with

1Zo] z

—— and center —

2|S]j Zy

in Mg, and is a sphee with mean curvature H in M , whee H is as givenin
Equation (8.8).

mean curvature Hg =

Proof. Take z = z;i + z,j + z3k, and considerthe case = 0. Take

2
vy=2Y Y os;
1 vy

Then YS + SY = 0 implies

ﬁ 2 . ..2
(zoy;  Z)"=1iSjj;
j=1
and thus S is a sphereof radius 2jjSjj5z,. HenceHq = jzoj=(2jjSjj). The nal
statemen of the lemmanow follows from Equation (8.8) itself.

8.4. Christo el transformations. We now de ne the Christo el transformation
X , which for a CMC surfacein R? givesthe parallel CMC surface.Let x be a surface
in R® with mean curvature H, and unit normal ng. The Christo el transformation
X satis es that

X is de ned on the samedomain as X,

X hasthe sameconformal structure asx,

x and x have opposite orientations,

and x and x have parallel tangert planesat correspnding points.

Onecanched that it automatically follows that the principal curvature directions at
correspnding points of x and x will themsehesalsobe parallel.

Remark 8.11 Let us be careful about what we regard as \opp osite orientations"
here. With respect to a common orientation for the two parallel tangert planesat
a point on x and its correspnding point on x , the two surfaceswill have opposite
orientations. But if the two surfacesboth envelop a commonspherecongruence for
which ead of the correspnding pairs of points of x and x tangertially touch the
samespherein the congruencethen x and x will have the sameorientation with
respect to the orientation givenby a spherein the spherecongruence.(The surfacesx
and x generallydo not envelop a commonspherecongruenceput they will whenx is
CMC and x is positionedto bethe parallel CMC surfaceof x.) The rst perspective
might be more natural for parallel CMC surfacessinceonemovesa constart distance
alonga normal line to get from onesurfaceto the other, sothat normal line provides
a commonorientation of the two surfaces'tangert planes,by which the surfaceshave
oppositie orientation. However, the secondperspective might be regardedas more
natural for the Darboux transformations that we considerlater (since a surfaceand
a Darboux transform of it will always envelop a commonspherecongruence).

This description above of the Christo el transformationsturns out to be equivalert
to the following de nition, and the existenceof the integrating factor below is
equivalent to the existenceof isothermic coordinates. Then, we will seethat we can
choosex sothat dx = x,du x,'dv.
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De nition  8.12. A Christo el transformation x of an umbilic-free surface x in R®
is a surface that satises dx = (dng+ Hodx) for somenonzen real-valual function
on the surface x (here x is determined only up to translationsand homotheties).

Remark 8.13 The Christo el transform is also sometimescalled the \dual surface",
and \taking the Christo el transform™ can be called\dualizing".

Remark 8.14 We did not allow umbilic points on x in the above de nition, because
they can be troublesome. In particular, the casethat x is a round sphere(i.e. is
completely umbilic) is very special.

Lemma 8.15. Away from umbilics of x, the Christo el transform x existsif and
only if x is isothermic.

Proof. First we prove onedirection, by assumingx is isothermic and then shawing x
exists.

Take x to be isothermic, and take isothermic coordinates u;v for X, so Xy, =
Ax, + Bx, for someA; B. Then

d(x,*du x,'dv) = 169, A(XuXu Xy + XyXuwXy)du” dv=0:
This implies that there existsan x sud that
dx = x,'du x,'dv:
Also,
dng + Hodx = (b1 bo)(x,'du  x,'dv);

implying that x is a Christo el transform, sinceb,; by, 6 0 at non-umbilic points.

Now we prove the other direction, by assumingx exists and then shawing that x

hasisothermic coordinates.
For any choice of coordinatesu; v for x = x(u;v), the Codazzi equationsare

(bu1)y  (br2)y = izbu"' ( %2 il)blz ilbzzi

(blz)v (bzz)u = %zbll + ( %2 %1)b12 glbzz :
(See,for example,page97 of [79].) Herethe Christo el symbols are

h _— 1X2 hk .

i~ 9 (@Qok + @gx @.9);
k=1

whereu; = u and u, = v. Becausewe are avoiding any umbilic points of x, we may

assumethat u and v are curvature line coordinatesfor x (see,for example,Appendix

B-5 of [165), and sog;» = by, = 0. It follows that
1 _ Qo 5, _ @, , _ @ou .
U2gn T P 20 S 20
1 @%. 1 _ 1 _@u. o, _ o, _ Q2.
22 — 2911 ’ 12— 21— 2911 ’ 12— 217 2922 :
Denoting the principal curvatures by k;, the Codazzi equationssimplify to

_ @ou _ @9;2 ki ko)

(8.10) 2(ka)y = (ko ki) ; 2(k2)u =

11
Then existenceof x gives
d(dngo+ Hodx)=0;
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from which it follows that

I 0 1
0 by b by b
g O u o - @ 9 922 (A .
b bu - '
0 v b 4 b
022 J11 O11 022

u

Then because ,, = , (i.e. it doesnot matter which order we take mixed derivatives
in), we have
(k2 + kq)v _ (k1 + k2)y
ki ko ko ki '

u \

which implies
2(((ko)v)u + ((K2)u)v) + 2(k,

ki) ?((ki)u(kz  ka)u+ (k2)u(ka  ka)y) = O

ki ko
Using the Codazzi equations(8.10), we have
O11
log =— =0:
ggzz v

In particular, there exist positive functions f ;(u) and f,(v) depending only on u and
v, respectively, sothat

(Fo(u) g1 = (F2(V)) %02 :
Writing u = u(0) and v = v(¥) for new curvature line coordinates ¢ and ¢, we have
010 = B, = 0and Oir = (Up)?g1 and G = (Vo)?dy, for the fundamertal form ertries

¢; and ﬁj in terms of & and ¢. We can choose( and ¢ sothat u, = f,(u(0)) and
Ve = fo(v(¥) hold. Then §;; = §» and so (; ¢ are isothermic coordinates.

Figure 14. A typical picture of an envelope on the right, and the
corresnding picture in the R*! model on the left.

Corollary 8.16. Away from umbilic points, one Christo el transformationx of an
isothermic surfaee x = x(u;Vv) can be taken as a solution of dx = x,'du x, 'dv.
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Becauseof dx = (dng+ Hodx), we have
0=d> =d " (dng+ Hodx) + dHp” dx;
which gives,with respect to isothermic coordinates (u; v), that

_Gu@Ho _ _u@Ho

8.11 = ;
( ) ’ guHo bx guHo bu

The existenceof x then automatically implies the compatibility condition ( ), =
( v)u, with , and  asjust above. This pair of equationstells usthat is uniquely
determinedonceits valueis chosenat a singlepoint, and thusthe solution is unique
up to scalarmultiplication by a constart factor. Thus the Christo el transformation
in Corollary 8.16is essetially the unique choice,up to homothety and translation in
R3. As aresult of this, with essetially no lossof generality, we can now simply take
the de nition of x asfollows:

De nition  8.17. The Christo el transformation of a surfae x with isothermic co-
ordinates (u;v) is any x (de ned in R® up to translation) suchthat dx = x,du
X, tdv.

De nition 8.17is slightly more generalthan De nition 8.12, becauseit can allow
umbilic points in somecases.

Remark 8.18 The function in De nition 8.12is generally a constart scalar mul-
tiple of the multiplicativ e inverseof the mean curvature of x , seenas follows: The
Christo el transform of the Christo el transform (x ) , with respect to De nition
8.17, satis es that

di(x ) )= (x,) *du (x,) dv= (x,}) *du ( x,%') *dv= x,du+ x,dv= dx;

so (x ) should be the original surface x, up to translation and homothety, with
respect to De nition 8.12. Thus, by scaling and translating appropriately, we may
assume(x ) = x. Also, if the normal of x is n, then the normal of x is n. We
have

dx=d((x))= (dng+ Hydx )= ( dng+ Hy (dng+ Hodx)) ;

and so
(1 HoHy)dx = (H, )dng :
Sincedx and dng are linearly independent away from umbilic points, it follows that
Ho= Ho=1:

Remark 8.19 WhenHj is constart and we have isothermic coordinates, the equations
in (8.11)tell usthat isconstart. Thusif xil = x+ H, 'ng is the parallel CMC surface,
then x andx! di er by only a homothety and translation of R®. Thusthe Christo el

transformation is essetially the sameasthe parallel CMC surfaceto x, asexpected.

Remark 8.20 The round cylinder givesonesimpleexampleof a Christo el transform's
orientation reversing property. For the cylinder x(u;v) = (cosu;sinu;V) in R3, the
normal vectoris n = ( cosu; sinu;0), and the Christo el transformis x (u;v) =
( cosu; sinu;Vv) with its normal vectorn = (cosu;sinu;0). Thusn = n. (Note
the commerts in Remark 8.11.)
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Lemma 8.21. 5
dx = ————(dng + Hodx) :
(ki ke ane + Hodx)

Proof.

2 -
g+ Hod)  x,tdu+ x, fav i =
u
2

i ( kixydu  koxydv+ K2k (x,du+ x,dv)) + x,du  x,dv= 0:
1 2

We have already de ned the Hopf di erential hereand in [59], for a surfacein R?,
as
Qdz?; O=MmoXymi (z=u+iv):
Corollary 8.22. If Hyq is constant for the surfae x = x(u;Vv) in R® with isothermic
coordinates (u; v), then the factor @ of the Hopf di er ential is a real constant.

Proof.
Q = %mo;xuu Xwl = (K1 kz)quj2 ;
which is constart by Lemma8.21and Remark 8.19. It is clearly alsoreal.

8.5. Conserv ed quantities and CMC surfaces. In the next de nition, we are
onceagain consideringgeneralspaceforms M, sothe normalization (8.3) is not as-
sumed.

De nition 8.23. We set
xdx xdx X

dx dx x
If there exist smaoth Q and Z in R%*! demendingon (u;Vv) suchthat
(8.12) dQ+ Z)=(Q+ Z) (Q+ 2)

holdsfor all 2 R, thenwecall Q+ Z a linear consered quartity of x.

We will descrike geometricmeaningsof Q, Z and later in this text.
Someproperties of linear consered quartities are immediate. For example,Q and
Z?areconstart, X = X =0,X ? ZandX ? dZ. We now showv theseproperties:

Lemma 8.24. Q is constant.
Proof. Set = 0in the consenred quartity equation (8.12).
Lemma 8.25. X = X =0.

Proof.
X—llelxldxlx—O,
since
X —
1 X 1—0

Similarly onecanshov X = 0.

Lemma 8.26. If Q+ Z is a linear conservel quantity, then Z2 is constant.
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Figure 15. P, and P are conformal maps from S* and H® to RS2,
shaving that S3, R® and H® are Meobius equivalert.

Proof. First note that d(Z?) = Z dZ+dZ Z = Z(Q Q)+ (Q Q)Z =
(QZ + ZQ) (QZ + ZQ), sinceZ = Z. BecauseQZ + ZQ is real, we have
d(z?) = 0.

Lemma 8.27. X is perpendicularto both Z and dZ.

Proof. XZ + ZX is areal multiple of the identity, andis zerobecause (XZ + ZX) =
ZX =Z X =2Z 0=0. Thus,X ? Z. Next, X dZ+dZ X = X(Q
Q)+ (Q Q)X = XQ QX = ( QX 2nX;Qil) ( XQ 2mX;Qil) =
(2 2)hX;Qi=0. ThusX ? dZ.

Corollary 8.28. We haveZ? 0 (i.e. Z2= | for some 0), and if Z? = 0,
then Z is parallel to X .

Proof. BecauseZ is perpendicularto X, and becauseX is lightlike, Z is either space-
like, or is a scalarmultiple of X. So Z2 0,and Z2= 0if andonly if Z is parallel
to X.

Furthermore, whenZ 6 0, we will seethat Z? < 0, seeEquation (8.15). (That is,
Z 2 cannot be zero.)

Remark 8.29 Necessaryand su cient conditions for existenceof a linear consered
guartit y canbe stated without ever referringto if we wish, asfollows: By de nition,
a linear consered quartity exists if and only if there exist Q = Q(u;v) and Z =
Z(u;v) in R%! sud that the following three conditions hold:

(1) Q is constart,

(2)dz=Q Q,
B3z = Z.
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Note that
4 xdx xdx X

(1 x2)2 dx dx x

and that (x )y = x,tand (x )y = x,tandx2 = x2, so
42

1 x??

XdX =

4x2

S @ x?

(@; X Xy= (@) :

Then from
(XQ+ 0QX)dX X(@dX Q+Q dX)=Q XdX XdX Q

we have

(XQ+ QX)X X (X,Q+ QX,) = %(Q @ (@ Q
and

(XQ+QX)Xy  X(X,Q+ QX,) = %(Q @ (@

We similarly have that the third condition above becomes
ZXXy= XXyZ; ZXXy= XX Z:
Sowe can now rewrite the three conditions above, without using , as
(1) Q is constart,
(2) (XQ+ QX)Xy  X(XuQ+ QXy) = 7 2bs7,,

2
(3) (XQ+ QX)Xy  X(XyQ+ QXy) = T34 2y,
(4) ZX Xy = XX Z,ZX X, = XX, Z.

Properties like thesewill be utilized to prove Theorems8.30and 8.31 belon. The
rst of thesetwo theoremstakescare of the special casethat x is a pieceof a sphere.

Theorem 8.30. The surfae x in any space form is a part of a sphee if and only
if it hasa linear conservel quantity that is constant with respct to |, that is, of the
formQ+ 0.

Proof. Supposethat x has a consered quartity Q of order 0. (Here we are not
assumingQ is of the special form in (8.3).) Then Q + Z will alsobe a consered
quantity if Z = Q, for someconstat 2 R. It follows from the above lemmas
that Q is constart and Z is either spacelile or parallel to X, and Z is perpendicular
to X. In particular, Q is constart and perpendicularto X, and is therefore either
spacelile or parallel to X. Thus X liesin the spheregivenby S = Q, asin (8.9). If
Q is lightlik e, then X would be a single point, and hencenot a surface,so Q must
be spacelile (sothe curvature of the spaceform M givenby Q is strictly negative).
Thus, in fact, X is part of the virtual boundary sphereat in nit y of the spaceform
given by Q. It followsthat X will be part of a nite spherein other choicesfor the
spaceform.

Computationally, this canbe seenasfollows: Q+ 0isalinear consered quartit y,
and the equation for linear consened quartities impliesQ = Q. With Q in the
form (8.3), it follows that the two equations

dx = xdx x; xdx = dx x
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hold. This in turn impliesdx = x ?dx , and soone of
1 x%=0 or dx =0

must hold. However, becausedx = x,du x,'dv is newer zero, we know that the
rst of thesetwo equationsmust hold, and sox is a portion of a sphere(and < 0).

Conversely in the casethat x is part of a sphere then there existsaconstart S = Q
that is perpendicularto X, andit followsthat Q = Q+ Oitself is alinear consered
quartity, by the four conditions at the end of Remark 8.29. (Note that di erentiation
of XQ+ QX = 0givesdX Q+ Q dX = 0, becauseQ is constart.)

Theorem 8.31. [26] An isothermic immersion x = x(u;Vv) without umbilic points
has constant mean curvature in a space form M (produced by Q 6 0) if and only if
there exists (for that Q) a linear conservel quantity Q + Z .

Proof. Assumethat x hasa linear consered quartity. We cantake Q asin (8.3), and
denotethe componerts of Z by

Z 7
Zy V4

Z = 2 R%:

The above lemmastell usthat XZ + ZX = 0and X ? dZ, which, respectively,

imply
Xz X%’zp+zx+2z =0 and xdz x°dz+ dzx+dz =0:

Di erentiating the rst of thesetwo equations,and then applying the secondone, we
have
dx z (xdx+ dx Xx)zp+ zdx= 0;
which implies z must be of the form
Z=27Z9 X+ h ng
for somereal-valued function h. Then
X(ZoX + hng) X%z + (zoX + hng)x + z1 = hxng+ zox?+ hngx + z; = 0}

S0
z1 = h(Xng+ ngx) zox?:
Thus ,
X X n NoX XN
Z =z +n Mo MoX XNo
1 X 0 No

BecauseZ? is constart,
(zox + hng)?  zgh(xng + ngx) z5x?> = h*=4

is constart, and so h is constart, and then also jjZjj is constari and nonnegatie.
A direct computation, usingnodx + dx ng = 0, now shovsthat Z = Z, sothe
condition Z = Z comingfrom Equation (8.12) provides no extra information. The
relation dZ = Q Q from (8.12) givesthat

dzp= (X dx +dx x)anddz x+ zodx+ hdng= dx + xdx X:
Thesetwo equationsgive us a pair of (real) equationsthat are linear with respect to
both h and zy,. Solving simultaneously for h and z, tells us that
_2(1 x?) .

(8.13) = m )
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which we know to be constart, and that

(8.14) zo= zh(kp+ ki) = h Hyq:
Equations (8.13), (8.14) and h being constart then imply
21 x?
dzg = hdHy= ———~dHy:
4 0 x2(k k) 0

Then usingthat dzy = (xdx + dx x), andthat dx = x,*du x,!dv, we nd that
(8.7) holds,and soH is constart. One direction of the theoremnow follows.

To prove the conversedirection, assumethat x is a CMC surfacewith isothermic
coordinate z = u + iv, then the Hopf di erential is a constant multiple of dz? (see
Corollary 8.22herefor the casewhenthe spaceform is R® and Equations (5.1.1) and
(5.2.1) in [59]for other spaceforms). Thus, looking at the end of the proof of Lemma
8.5, we seethat
4X5(k2 kl)

b1 bp= 1 X 2
is constart, and so
h = 2(1 x?)
Xﬁ(kz K1)
is alsoconstart. Take Q asin (8.3), and then take
3 X X2 No XNg NoX
Z = hHg 1 X + h 0 Mo

Then set the candidate for the consered quantity to be P = Q+ Z . Noting that
dx = x,'du x,'dv,and isasin De nition 8.23,a computation givesdP+ P
P = 0, by Equation (8.7), soP is indeeda linear consered quartit y.

In Theorem 8.31, for given Q, when x is constart meancurvature and not totally
umbilic, then Z is unique. In fact, in the proof above we saw that Z hasthe unique
form
X+ Hyng  x2  Hyi(nox + xny)

1 X Hg'ng ’
where h is the constart asin (8.13). Furthermore, becausel x 2 is newer zero, h
cannot be zero, sothe norm of Z satis es

(8.15) iizji = 3ihj>0:
In particular, jjZjj 6 O.
Also, by Lemma 8.5, the meancurvature satis es

Z:hHo

. 1 .
(8.16) H = 