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For ward

Thesenotesare about discreteconstant meancurvature surfacesde�ned by an
approach related to integrablesystemstechniques. We introducethe notion of

discreteconstant meancurvature surfacesby �rst introducing properties of smooth
constant meancurvature surfaces.We describe the mathematical structure of the
smooth surfacesusing conserved quantities, which can be converted into a discrete

theory in a natural way.

About referencing:We do not attempt to give a completereferencelist, and omit
what is already referencedin [59]. We list only articles referencedin the body of the
text, or that werewritten after [59] was published,or wereotherwisenot included in

the referencelist in [59], or that were referencedin [59] but needto be updated.

About using quaternions: In following with the historical development of the �eld,
we usea model that involvesquaternions. However, the useof a more standard

model hassomeadvantages,as it can be applied in more generaldimensionsand
settings (seeChapter 10 here, for example),and sometimesgiveslesscluttered

computations. It would be a good exerciseto convert this text into one involving a
more standard quaternion-freemodel, but we do not do that here (see[27]), and

instead only make occasionalcomments about this.

Acknowledgements: Primary thanks must go to Udo Hertrich-Jeromin, who
carefully and patiently taught the author more than half of the material in this text.
The author alsoowesthanks to many others for numerousmathematical tips: Fran

Burstall, Tim Ho�mann, Boris Springborn, Ulrich Pinkall, MasaakiUmehara,
Kotaro Yamada,Takeshi Sasaki,Masaaki Yoshida,MasatoshiKokubu, Shoichi

Fujimori, Shimpei Kobayashi, Yusuke Kinoshita and Tetsuhiro Tachiyama amongst
them.

Also, the author would like to expresshis gratitude to the Kyushu University
GCOE program for giving him the opportunit y to present the material in this text

in a short courseat Kyushu University in February of 2010.

It goeswithout saying that I, the author, am solely responsible for choicesof
approachesand for any possibleerrors.



ii

Contents

Forward 1
1. Motivations for studying CMC surfaces 1
1.1. Soap�lms 1
1.2. Interfaces 3
1.3. Variational property 3
1.4. Connectionswith other �elds 3
1.5. Connectionswithin mathematics 3
1.6. Non-Euclideanambient spaces 5
1.7. DiscreteCMC surfaces 5
1.8. Prerequisites 6
2. Smooth CMC surfacesand their variational properties 6
2.1. Steiner points 11
3. Ambient spaces 13
3.1. Hyperbolic 3-spaceH3 13
3.2. The Klein model 15
3.3. The Poincaremodel 16
3.4. The upper-half-spacemodel 16
3.5. The Hermitian matrix model 17
3.6. De-Sitter 3-spaceS2;1 19
3.7. Lie groupsand algebras 19
4. Riemann surfacesand Hopf's theorem 23
4.1. Riemann surfaces 23
4.2. The Hopf di�erential and Hopf theorem 27
5. The maximum principle for CMC surfaces 30
5.1. The maximum principle for elliptic equationsof a singlevariable 33
5.2. The maximum principle for elliptic equationsin n variables 35
5.3. Proof of the maximum principle for CMC surfacesin R3 37
5.4. The maximum principle for CMC surfacesin H3 39
6. Further motivations for studying CMC surfaces 40
7. Maximal surfacesin R2;1 42
8. Linear conserved quantities for smooth CMC surfaces 48
8.1. Minkowski 5-space 48
8.2. Smooth surfacesin spaceforms 50
8.3. Spheres 51
8.4. Christo�el transformations 53
8.5. Conserved quantities and CMC surfaces 57
8.6. Inversesof quaternionic matricesand Mob(3) 64
8.7. Calapsotransformations 66
8.8. Darboux transformations 68
8.9. Other transformations 71
8.10. Appendix: comments on the Riccati equation 71
9. A conserved quantities approach to discreteCMC surfaces 72
9.1. Discrete isothermic surfaces 72
9.2. Isothermicity from the perspective of smooth surfaces 75
9.3. Moutard lifts for smooth surfaces 78
9.4. Moutard lifts for discretesurfaces 79



iii

9.5. Christo�el transforms 83
9.6. Calapsotransforms 84
9.7. Flat connections 88
9.8. Linear conserved quantities 91
9.9. On uniquenessof linear conserved quantities 94
9.10. DiscreteCMC surfacesof revolution 97
10. Discretespacelike CMC surfacesin R2;1 101
10.1. Smooth CMC surfacesin R3 and R2;1, without quaternions 101
10.2. Discrete isothermic CMC surfacesin R3, without quaternions 103
10.3. DiscreteCMC surfacesin R2;1 103
11. Polynomial conserved quantities and Darboux transforms 104
11.1. Polynomial conserved quantities 104
11.2. Polynomial conserved quantities for smooth surfaces 105
11.3. Darboux transforms for discretesurfaces 107
11.4. More on Calapsotransformations 113
11.5. Baecklund transforms 116
11.6. Complementary surfaces 117
11.7. The spacesin which Darboux transformations live 117
11.8. Envelopes 118
12. Discreteminimal surfacesin R3 and discreteCMC 1 surfacesin H3 119
12.1. Discreteholomorphic functions 119
12.2. Smooth minimal surfacesin R3 120
12.3. Discreteminimal surfacesin R3 121
12.4. Smooth CMC 1 surfacesin H3 122
12.5. DiscreteCMC 1 surfacesin H3 122
References 124



1

1. Motiv ations f or stud ying CMC surf aces

Thesenotesareabout surfacesof constant meancurvature, or, morebrie
y , "CMC"
surfaces.In particular, we will focuson discreteversionsof CMC surfaces.However,
it is useful to �rst take a closelook at the smooth case,so let us start there.

Smooth CMC surfacescan be thought of as mathematical models for soap�lms,
or we might say that they are "mathematically perfect" soap �lms. Saying that
CMC surfacesare models for soap �lms is certainly not a rigorous mathematical
de�nition, but it is a good starting point for appreciating why CMC surfacesare
interesting objects. In fact, it would be impossibleto explain why mathematicians
have put so much e�ort into understanding CMC surfaceswithout discussingsoap
�lms, or interfacesbetween
uids, or someother similar idea. Even though modern-
day research on CMC surfacesmight not always relate immediately to soap�lms, the
notion of soap�lms is invariably lurking in the background. So let this be our �rst
informal de�nition:

CMC surfaces are soap �lms.

In fact, CMC surfacesare de�ned to be those surfaceswhose mean curvature is
constant, astheir namesuggests.But we save a rigorousde�nition of meancurvature
for later. This rigorousde�nition is locally equivalent to the above informal de�nition,
and we alsoexplain this later.

1.1. Soap �lms. A soap �lm forms a surfacethat minimizes area with respect to
somegiven constraints, and it is the constraints that determinewhich soap�lm will
be formed. Let us give someexamples,all of which can be physically constructed if
onehas the necessaryingredients:

(1) If oneputs a circular wire ring into a 
uid soapsolution and then extracts it,
oneobtains a soap�lm that is a 
at planar disk with this ring asits boundary.
Here the only constraint on this soap�lm is its boundary, which is �xed to
be a round circle, and this boundary constraint then determinesthe resulting
soap�lm (the 
at planar disk).

(2) Blowing su�cien tly hard on the above 
at round disk in item (1) above would
causethis soap�lm to breakfreeof the circular ring and becomea free
oating
round sphere. (This activit y is a commonpastime for young children.) This
spherecontains a pocket of air of a certain volume, and sincethis air cannot
escape to the other side of the soap�lm, this volume is �xed. Here the only
constraint on this soap�lm is the �xed volume it contains. With respect to
this volumeconstraint, the soap�lm minimizesits area,and the round sphere
is the unique shape that accomplishesthis.

(3) Taking two circular wire rings of the sameradius, we can produced two 
at
soap �lms in the shapes of round disks, as in item (1). Putting these two
disks together so that they coincideand then pulling them slightly apart in
the direction perpendicular to the planes they lie in results in a soap �lm
that has three smooth piecesmeeting along a singular round circle. Two of
the smooth piecesare surfacesof revolution and are re
ections of each other
acrossthe planethat is midway betweenthe two parallel planescontaining the
two circular wire rings. The third smooth pieceis a 
at planar disk contained
in that plane of re
ection. If one pushesa dry pointed object (such as a
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pencil) into the third smooth piece,then the soap�lm will instantly pop into
a singlesmooth anvil-shapedsurfaceof revolution. This last soap�lm is called
a catenoid. It is determined by its boundary constraint, which is two �xed
circular wire rings.

(4) Taking the catenoidal soap �lm in the previous example, we can place two

at plastic disks so that they �ll the planar regionsinside the two boundary
circular wires. We have then trapped air inside the catenoid. Making a small
hole in oneof the plastic disks and pumping more air into this interior region
(through that hole), the sides of the anvil-shaped catenoid will expand to
accommodate the increaseof volume inside. If just the right amount of air is
pumped in (and if the two boundary circular wires are not too far from each
other), the soap�lm will becomeexactly a portion of a round cylinder. Thus
the round cylinder can be madeusing a soap�lm. In this casethere are two
constraints. One constraint is the �xed boundary (two circular wire rings in
parallel planes),and the other is the �xed volume(inside the cylinder). Other
surfacesof revolution canbe madefrom soap�lms in this way by pumping air
into the interior region,and thesesurfacesturn out to beportions of Delaunay
surfaces,which we have described in detail in [59].

These examplesshow that the 
at plane, the round sphere, the catenoid and the
round cylinder are all CMC surfaces.

Figure 1. The soap�lms described in items (1), (2), (3) and (4) at
the beginningof Chapter 1.

Amongst the four examplesabove,only the secondand fourth oneshaveany volume
constraints. The volume constraints in these two casesare that the volume to one
sideof the surfaceis constrainedto bea �xed quantit y. In the casethat there areonly
boundary constraints and no volume constraints (as in the �rst and third examples),
the resulting soap �lm is a special caseof a CMC surfacethat is called a minimal
surface.Thus the 
at planeand catenoidareminimal surfaces.In the casethat there
are volume constraints (as in the secondand fourth examples), the resulting soap
�lm is a non-minimal CMC surface. Thus the round sphereand round cylinder are
non-minimal CMC surfaces.
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1.2. In terfaces. More generally, CMC surfacesare models for the interfacebetween
two distinct uniform 
uids. For example,whenonepours somelighter-than-water oil
into a cup of water, the oil will rise to the top and the interfacebetweenthe oil and
the water will becomea 
at horizontal plane,a minimal surface. If onehastwo types
of oils of equal density that do not like to interact with each other, and one puts a
small amount of one type into a glasscontainer �lled with the other type, then the
�rst type will take the shape of a round ball 
oating in the other type. Sincethis
ball is round, the interface between the two oils will be the CMC surfacethat is a
round sphere.(In the presenceof gravit y, the interfacebetweentwo distinct uniform
non-interacting 
uids can be a moregeneraltype of surfacecalleda capillary surface,
not always a CMC surface. Robert Finn has done much work on capillary surfaces;
see[54], [55], [56], [57] for nice introductions to the subject.)

1.3. Variational prop ert y. That soap �lms minimize area with respect to some
given constraints is calleda variational property, becausethis minimization property
can be rephrasedin the following way: If onecontinuously varies (deforms) the soap
�lm so that its given constraints are preserved, then the area of the soap �lm will
increase. Thus soap �lms minimize area under continuous variations that preserve
the constraints. Once we give a formal de�nition of CMC surfaces,we will seethat
CMC surfacesare a larger classof surfacesthan soap �lms, in part becauseCMC
surfacesinclude nonphysical objects called "unstable" soap �lms, and so the above
statement is not strictly true for CMC surfaces.However, this is a technical point that
we can ignore for the moment, and simply note that the above variational property
turns out to still be true for small piecesof CMC surfaces:If onecontinuously varies
a su�cien tly small portion of a CMC surfaceso that its given constraints are still
preserved, then the areaof the varied surfaceswill be larger than that of the original
CMC surface. Thus we can give a secondde�nition for CMC surfacesthat is still
informal, but is intuitiv ely useful:

CMC surfaces are surfaces that locally minimize area with respect to
boundary and volumeconstraints.

We will describe the meaningof an "unstable" CMC surfacein moredetail in Section
2, and we will seesomeexamplesthere.

1.4. Connections with other �elds. BecauseCMC surfacesmodel soap�lms and
interfacesbetween 
uids, they have connectionsto physics, chemistry and polymer
science.In fact, sometimesnew examplesof thesesurfacesare discovered by people
in theseother �elds rather than by di�erential geometers.(One exampleof this are
the minimal surfacesfound by Fischer and Koch [58], seeFigure 3.4.10in [59].) CMC
surfaceshave connectionswith biology as well, and an exampleof this is that some
formsof coral takeshapesresembling the triply periodic Schwarz P minimal surfacein
Figure 3. CMC surfacesareeven sometimesconnectedto architecture, ascanbe seen
by looking at the Olympic Stadium in Munich, which hassheetsresembling minimal
surfaces. Thus is it clear that CMC surfaceshave connectionsto �elds outside of
mathematics,and this is certainly oneof the reasonswhy we study them.

1.5. Connections within mathematics. Other reasonsfor studying CMC surfaces
are that they have a rich mathematical structure and have interesting relations to
other �elds within mathematics. Although minimal and CMC surfacesare topics
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Figure 2. Examplesof soap�lms. Whenever surfacescometogether
along a singular edge,they meet in threes and cometogether at 120
degreeangles,and whenever those singular edgesmeet at a singular
vertex, they meet in fours and cometogether at the tetrahedral angle
(approximately 109degrees).

of geometry, they are also fundamental examplesin the calculusof variations, as is
clear from the variational property that we described above. Thus minimal and CMC
surfacesare closelyconnectedto the calculusof variations (although we will explore
this connectiononly brie
y in Section2).

Minimal surfacesare also strongly related to the �eld of complex analysis via a
theoremcalled the Weierstrassrepresentation (this representation wasgiven in [59]).
This representation provides a way to describe all minimal surfacesusing pairs of
complex-analytic functions de�ned on Riemann surfaces.As a result, the theory of
minimal surfaceshas a rich mathematical structure and has many easily accessible
examples.A number of the simpler exampleswere described in [59].
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Figure 3. The minimal triply-p eriodic Schwarz P surface.

Also, by making useof an additional parameter(called the spectral parameter),one
candescribenon-minimal CMC surfacesaswell in termsof complex-analyticfunctions
de�ned on Riemann surfaces(see[59]). Henceagain we have a connection to the
�eld of complexanalysis. Furthermore, away from isolated special points (umbilics),
non-minimal CMC surfacetheory is equivalent to the sinh-Gordon equation. This
equation appearsprominently in the theory of integrable systems,so CMC surfaces
are also clearly connectedto that �eld. In fact, the essential idea behind the DPW
method, which wefocusedon in [59],comesfrom the theory of integrablesystems.The
DPW method is a method for constructingCMC surfacesusingloop group techniques
comingfrom the theory of integrablesystems.Finally, we note that both the minimal
andnon-minimal CMC surfaceequationsarewell-known partial di�erential equations,
so the connection of these surfacesto the �eld of partial di�erential equations is
evident.

Applying the techniquesof theseother �elds of mathematicsto CMC surfacesgives
thesesurfacesa rich mathematical structure and givesus the meansto describe many
examplesof CMC surfaces,aswe saw in [59].

1.6. Non-Euclidean ambien t spaces. When we move to studying CMC surfaces
in spacesother than Euclidean3-spaceR3, the connectionsto chemistry, polymer sci-
ence,biology and architecture certainly largely disappear, but connectionsto physics
still remain { and the strong connectionsto other �elds within mathematics remain
completely intact, as we can �nd other ambient spacesfor which the rich mathe-
matical structure of CMC surfacesand their connectionsto other mathematical �elds
carry over. In someways the mathematicalstructure carriesover in an analogousway
from the caseof R3, but in someways the structure changesin interesting ways. The
behavior of the direction perpendicular to the surface(the Gaussmap) can behave
quite di�erently in other 3-dimensionalambient spaces,and the global properties of
the CMC surfacescanbemarkedly di�erent. In this text, wewill study CMC surfaces
(and someother typesof surfacesas well) in the spacesS3, H3 and R2;1 that we will
de�ne later in this text.

1.7. Discrete CMC surfaces. Recently, �nding discreteanalogsof smooth objects
has becomean important theme in mathematics, appearing in a variety of places
in analysis and geometry. So it is natural to consider discrete analogsof smooth
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minimal and CMC surfaces.But there is no singlede�nitiv e approach; the de�nition
one choosesdependson which properties of smooth minimal and CMC surfacesone
wishesto emulate in the discretecase.

Onecande�ne a discreteminimal surfacein Euclidean3-spaceR3 to bea piecewise
linear triangulated surfacethat is critical for area with respect to any compactly-
supported boundary-�xing continuouspiecewise-linearvariation (of its vertices) that
preservesits simplicial structure, see[134]. Then onecande�ne discreteCMC surfaces
the sameway, but adding the condition that the variations must preserve volume
to one side of the surface, as in [137]. These de�nitions are clearly imitating the
variational properties that smooth minimal and CMC surfaceshave. This results
in discrete surfaceswith the right variational properties, but without the elegant
"holomorphic" structure that the corresponding smooth surfaceshave. Examplesof
a discrete catenoid and Delaunay surfacemade via this approach are shown on the
left-hand sideof Figure 4. We will not take this approach in thesenotes.

One could instead usediscretizedversionsof integrable systemsto de�ne discrete
minimal and CMC surfaces,in analogy to integrable systemsproperties of smooth
minimal and CMC surfaces,as Bobenko and Pinkall did ([19], [20]). Thesediscrete
surfacesare formed from planar quadrilaterals. This approach givesdiscreteminimal
and CMC surfaceswith "discrete holomorphic" mathematical structures correspond-
ing to the "smooth holomorphic" structures of the corresponding smooth minimal
and CMC surfaces. This approach has the advantage of preservingthe rich math-
ematical structure in the discrete case,but it generally does not yield area-critical
discrete surfaceswith respect to vertex variations. Examplesof a discrete catenoid
and Delaunay surfacemade via this approach are shown on the right-hand side of
Figure 4. Thesediscrete surfacesand this approach are the central subject of this
text.

1.8. Prerequisites. Beforediscussingmore about CMC surfaces,we needto de�ne
somemathematical objects that will facilitate the discussion.We begin in Section3,
as promisedabove (after a brief introduction to variational properties in Section2),
with the ambient spacesthat will appear in this text.

Although we already have de�ned in [59], or will de�ne here, everything that we
needto rigorously discussCMC surfaces,in fact it would be hard for the reader to
appreciatethe signi�gance of the discussionsherewithout at least a bit of experience
with di�erential geometry. We assumethat the reader is already somewhatfamiliar
with basicdi�erential geometry. There are many good textbookson basicdi�erential
geometryand surfacetheory, for example: [32], [33], [67], [79], [97], [112], [129], [131]
and [159].

2. Smooth CMC surf aces and their varia tional pr oper ties

Wede�ned meancurvature H and CMC surfacesin [59]. The de�nition therestates
that surfacesfor which H is constant are CMC surfaces,and that minimal surfaces
are those CMC surfaceswith mean curvature H = 0. In this section, we consider
why, with thesede�nitions, minimal and CMC surfacesare models for soap�lms.

The �rst and secondvariation formulas hereare important for understandinghow
CMC and minimal surfacesare models for soap�lms, and in turn for understanding
why we are interested in such surfaces. However, since these formulas will not be
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Figure 4. Discrete minimal catenoidsand Delaunay surfaces. The
examplein the upper left (resp. lower left) is discrete minimal (resp.
discreteCMC) with respect to the variational approach. The example
in the upper right (resp. lower right) is discreteminimal (resp. discrete
CMC) with respect to an integrablesystemsapproach.

directly usedlater in this text, we content ourselveswith stating them without proof,
andwith stating someother propertieswithout proof aswell. Furthermore, to simplify
the discussiona bit, we restrict ourselvesin this sectionto the casethat the ambient
spaceis R3. (Analogous properties hold for the minimal and CMC surfacesin the
other ambient spaceswe consider,with slightly di�erent formulas.)

Let
f : � ! R3

be an immersion of a 2-dimensionaldomain � in the (u; v)-plane R2 (i.e. the plane
R2 with Cartesiancoordinatesu and v) into R3 with inducedmetric g and with unit
normal vector ~N = ~N (u; v). We �rst note that another equivalent way to de�ne the
meancurvature H at f (p) is as the averageof the normal curvatures

�h ~v; D~v
~N i

(intuitiv ely, the normal curvature measuresthe rate at which the surfacebendstoward
~N , in the direction ~v) in all tangent directions

~v 2 S = f ~w 2 Tp� j g( ~w; ~w) = 1g ;
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wherethe averageis computedby integrating �h ~v; D~v
~N i over S (with respect to an

appropriate 1-dimensionalvolume form on S, which we do not describe explicitly
here). Thus, for example,a minimal surfacehas averagenormal curvature zero at
every point, and this suggestsa physical interpretation, for which we quote [76]:

[76]: \Lo oselyspeaking, one imaginesthe surfaceas madeup of very
many rubber bands,stretched out in all directions; on a minimal sur-
face the forcesdue to the rubber bands balanceout, and the surface
doesnot needto move to reducetension."

To say this more rigorously, suppose� is a compact domain in the (u; v)-plane, and
de�ne a smooth boundary-�xing variation of the immersion f (�) to be a C1 map
f t : (� 1; 1) � � ! R3 with three properties:

(1) f t (�) : � ! R3 is an immersion for all t 2 (� 1; 1),
(2) f 0 = f on �,
(3) f t j@� = f j@� for all t 2 (� 1; 1).

We call
d
dt f t j t=0

the variation vector �eld of f t at t = 0.

Note that Area(f t (�)) =
R

� dAt , wheredAt =
q

gt;11gt;22 � g2
t;12dudv is the volume

element (the area2-form) of the metric gt = (gt;ij ) inducedby the immersionf t with
respect to the coordinates (u; v) of �. It turns out that (see,for example,[112]) the
�rst variation formula for smooth boundary-�xing variations is then

(2.1)
d
dt

Area(f t (�))

�
�
�
�
t=0

= �
Z

�

�
H ~N ;

d
dt

f t

�
�
�
�
t=0

�
dA0 :

In particular, minimal surfaces(with H � 0) are critical for areaamongstall smooth
boundary-�xing variations on any compactdomain�, andwecouldhavede�ned them
this way. Actually, when the subdomain �� of � is small enough,not only is f ( ��)
critical for area, it is also the unique least-areasurfacewith boundary f (@�� ), hence
"minimal" surfaceis a natural namefor such surfaces.Indeed,minimal surfacesare
a natural 2-dimensionalgeneralizationof 1-dimensionalgeodesics,becausegeodesic
segments of su�cien tly short length are the least-length paths from one endpoint
of the segment to the other (seeSection1.1 of [59]). Furthermore, although longer
geodesicsmight not be least-lengthbetweentheir endpoints, they arestill always crit-
ical for length amongstall smooth variations of the path �xing the endpoints (again,
seeSection1.1 of [59]). This is completely analogousto the variational properties of
minimal surfaces.

Similarly, a nonminimal CMC surfacecould bede�ned asan immersionf : � ! R3

such that f (�) is critical for areaamongstall smooth boundary-�xing variations that
keepthe volume on oneside of the surfaceunchanged: the derivative of this volume
with respect to t, at t = 0, is

Z

�

�
~N ;

d
dt

f t

�
�
�
�
t=0

�
dAt ;
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so if the volume is unchanging with respect to t, and hence
R

� h~N ; d
dt f t

�
�
t=0

i dAt = 0,
and if H is constant, then Equation (2.1) implies (also, see[8], for example)

d
dt

Area(f t (�))

�
�
�
�
t=0

= 0 :

Variations that preserve volume to onesideof f t j � are called volume-preservingvari-
ations. This is a natural restriction to make for non-minimal CMC surfaces,as the
examplein item (2) of Section1 shows. If the round spheresoap�lm described there
were allowed to deform in a way that did not preserve the volume inside of it, it
would reduceits areaby simply reducingits radius, and shrink down to a singlepoint
with no area. But clearly this doesnot happen, and the reasonit doesnot happen is
becauseof this volume constraint.

We conclude that minimal surfacesin R3 are surfacesthat are critical for area
with respect to smooth variations that �x their boundaries,and CMC surfacesare
critical for area with respect to smooth variations that �x their boundariesand �x
the volumeto onesideof the surfaces.This is why minimal and CMC surfacesmodel
physical soap �lms, which always move to minimize area. Minimal surfacesmodel
soap�lms not enclosingboundedpockets of air, assuch �lms are areaminimizing for
all boundary-�xing variations. Nonminimal CMC surfacesmodel soap�lms enclosing
bounded pockets of air, as such �lms are area minimizing only for variations that
keepthe air pockets' volumes�xed.

Thesevariational properties in the Euclideancasesimilarly hold for other ambient
spaces,such as S3 and H3 (seeSection3, seealso [59]).

The secondvariation formula for volume-preservingvariations of CMC surfaces
([7], [36], [158], [112]) is (we may ignore the volume-preservingcondition when the
CMC surfaceis minimal)

(2.2)
d2

dt2
Area(f t (�))

�
�
�
�
t=0

=
Z

�
h � L(h)dA0 ;

where
L(h) = �4 h � (4H 2 � 2K )h and h = hd

dt f t j t=0 ; ~N j t=0 i ;

with Gaussiancurvature K (see[59]) and Laplace-Beltrami operator

4 h =
1
G

�
@u(Gg11@uh) + @u(Gg12@vh) + @v(Gg21@uh) + @v(Gg22@vh)

�
;

where G =
p

g11g22 � g2
12, and g� 1 = (gij ) i;j =1 ;2 is the inversematrix of g = g0 =

(gij ) i;j =1 ;2.
Sincethe �rst derivative d

dt Area(f t (�)) j t=0 is zerofor CMC surfaceswith respect to
the appropriate variations, the sign of the secondderivative (2.2) determineswhether
a variation increasesor decreasesthe area. If there exists a variation f t so that (2.2)
becomesnegative, then the minimal or CMC surfacewill not be areaminimizing with
respect to the appropriate spaceof variations. If, on the other hand, (2.2) is positive
for every nontrivial variation f t with respect to the appropriate variation space,then
the minimal or CMC surfacewill be locally areaminimizing in the spaceof variations.

The four examplesof soap�lms describedat the beginningof Section1 areexamples
of minimal and CMC surfacesthat are area-minimizing. If they had not beenarea-
minimizing we never would have been able to construct them with soap �lms in



10

the �rst place. However, not all of these four examplesextend (analytically) to
larger CMC surfacesthat are area-minimizing(even though any CMC extensionsare
certainly still area-critical, by the �rst variation formula (2.1)). The �rst example,
the 
at disk, can be extendedto a complete 
at plane, which is a minimal surface.
The complete 
at plane is area-minimizing in the sensethat any compact region �
within it is area-minimizing(with respect to the compactregion'sboundary) and can
be made as a soap �lm with a planar wire frame in the shape of its boundary. In
particular, (2.2) will always be positive for any nontrivial smooth boundary �xing
variation of any such compact region �. The secondexample, the round sphere,is
already completeand socannot be extendedat all.

It is the third and fourth examplesthat extend to surfaceswhich are not area-
minimizing. Let us considerthe fourth example�rst. The fourth exampleis a round
cylinder, and, up to a rigid motion of R3, we can represent it by the immersion

f (u; v) = (r cosu; r sinu; r v)

for (u; v) 2 � = [0; 2� ] � [0; d
r ] � R2 for someconstants r; d 2 R+ . This is a portion

of a cylinder with radius r and height d. The induced fundamental forms (see[59])
are

g = r 2dzd�z and b= � r
4dz2 � r

2dzd�z � r
4d�z2 ; with z = u + iv ; i =

p
� 1 :

SoK = 0 and H = � 1
2r , and the right-hand sideof (2.2) is

(2.3)
Z d

r

0

Z 2�

0
h � L cyl (h)dudv ; L cyl (h) = � huu � hvv � h :

This secondderivative of area can be negative for some boundary-�xing volume-
preservingvariation if and only if d > 2� r , and there is a reasonwhy 2� r is the height
beyond which the cylinder becomesonly area-critical instead of area-minimizing.
We will not fully explain the reasonhere (we refer the reader to [7] for a rigorous
explanation), but we will give a clue as to why this is so. Considerthe function

h = h(v) = sin 2� r v
d :

It has theseproperties:
� hjv=0 = hjv= d=r = 0 (an in�nitesimal "b oundary-�xing" property),

�
Rd=r

0 hdv = 0 (an in�nitesimal "volume-preserving"property),
� L cyl (h) = �h , where

� =
4� 2r 2 � d2

d2
:

Thus h is an eigenfunctionof the operator L cyl with eigenvalue � , and � < 0 precisely
when d > 2� r . So if we choose a rotationally symmetric variation basedon this
function h (i.e. a rotationally symmetric variation whosevariation vector �eld at
t = 0 is h � ~N , where ~N = (cosu; sinu; 0) is the unit normal vector to f = f (u; v), see
[7]), the integrand in the secondvariation formula (2.3) will becomenegative precisely
when d > 2� r . We concludethat a cylindrical tube of radius r and height d > 2� r
cannot be madeasa physical �lm.

The third exampleof a soap�lm from Section1 is a catenoid. The pro�le curve
for a catenoid is the hyperbolic cosinefunction, soa catenoidcan be parametrizedas

f (u; v) = (coshv cosu; coshv sinu; v) ;
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with
(u; v) 2 � = [0; 2� ] � [� d;d] � R2

for somed 2 R+ . Here 2d is the distance between the two boundary circles. Let
d0 � 1:2 be the unique positive solution to d0 sinhd0 = coshd0. Then the catenoid
f will be area-minimizing if d < d0 and will not be area-minimizing (i.e. only area-
critical) if d > d0. Henceif we extend the value d past d0, the catenoidwill no longer
be constructablewith a soap�lm.

Figure 5. The pro�le curve on the left (resp. middle, right) createsa
stable (resp. weakly stable, unstable) catenoid.

Again, we will not explain here why d0 is the precisevalue beyond which the
catenoid becomesnon-area-minimizing, but, again, we will give a hint why this is
so. The value d0 actually has a geometricinterpretation, as follows: For each v > 0,
considerthe cone

Cv =
n �

x; y; �
v

coshv

p
x2 + y2

� �
�
� x; y 2 R

o
:

Then the cone Cv intersects the catenoid tangentially (i.e. a non-transversal non-
empty intersection) if and only if v = d0. When d < d0, any homothety of R3

centered at the origin (0; 0; 0) will move the catenoid to another catenoid disjoint
from the �rst one,while this is not the casewhen d > d0. Thesefacts are related to
the questionof whether there exists a boundary-�xing variation f t of the catenoid f
that hasnegative secondderivative of area(we do not needthe "volume-preserving"
property here, as the catenoid is a minimal surface). For a completeexplanation of
this, a good sourceis [37].

2.1. Steiner poin ts. Minimal surfacesminimize area(at least locally) with respect
to their boundary curves, thus, as noted above, they model soap �lms that do not
surroundboundedpockets of air. Onecould considerthe analogousphenonemon,but
one dimension lower. Instead of trying to connect 1-dimensionalthings like sets of
curves(i.e. the wire framesthat we useto make soapbubbles)with area-minimizing
surfaces,wecould try to connect0-dimensionalthings such as�nite setsof points, and
insteadof connectingthem with 2-dimensionalsurfaces,we would connectthem with
1-dimensionalcurves,and insteadof trying to minimize the areasof the 2-dimensional
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surfaces,we would minimize lengthsof the 1-dimensionalcurves. As we saw in Figure
2, the area-minimizingsoap�lms can have 1-dimensionalsingular curveswherethree
sheetsof a soap�lm cometogether at equal angles.When the dimensionis reduced
by 1 asabove, the singular curvesare replacedwith Steiner points, which aresingular
points at which three curves(actually straight line segments) cometogether at equal
angles.

Figure 6. Examplesof Steiner points in length-minimizing planar graphs.

To demonstratethis, let us considerthe following examples:

Example 2.1. Imagine you have two cities, call them city A and city B , on a 
at
regionof land, whereno mountains or lakesor other obstructionsexist, and you want
to build a road (or collection of roads) that connectsthe two cities. Supposefurther
that you want to minimize the total length of the road (or roads).

You would, of course,just build one road along the straight line from city A to
city B . (The mathematicial statement would be that the shortest path betweentwo
points is a straight line.)

Example2.2. Now imagine that there are three cities, city A, city B and city C, and
that those three cities lie at the three vertices of an equilateral triangle. Now you
want to build roadswith minimal total length so that all three cities are connected,
i.e. so that you can drive from any onecity to any other of the three.

Supposethat the length of each sideof the triangle is `. If you just build a straight
road from city A to city B , and another straight road from city A to city C, then
you would not needto build any road from city B to city C, asyou could already get
from city B to city C by passingthrough city A. The total length of the roadswould
be 2`.

But this is not actually the best solution. The best way is to make a new city D
at the center of the triangle, and then make three straight-line roads,one from each
of the cities A, B and C directly to city D. Now the sum of the three lengths of
theseroadswould be

p
3`, which is strictly lessthan 2`, and this is the best way. See

Figure 6.

The city D in the previousexampleis what we call a Steiner point. It is an added
point that is usedto minimize total length of roads.
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Example 2.3. Now imagine that you have four cities, cities A, B , C and D, at the
verticesof a squarewith sidesof length `, in sequencialorder around the square.To
connect thesefour cities so that the road length is minimized, you might �rst think
of building three straight-line roads,each of length `, one from city A to city B , one
from city B to city C and one from city C to city D. (Note that you now do not
needa road from city A to city D, just as in the previousexample). Then the total
length of roads is 3`.

But this is not the best way. A better way would be to put a city E at the center
of the squareand draw roadsdirectly from each of the four original cities to the new
city E. Then the roadsform an "X" and the length is now 2

p
2`, which is less.

But this is still not the best solution. The best solution is to actually have two new
cities E and F (i.e. two Steiner points), and then to draw in roadsas in the second
picture of Figure 6. The two Steinerpoints areplacedin this picture sothat the angle
betweenany two roadsmeetingat a Steinerpoint is always exactly 120degrees.One
can now check the total length of the roadsis strictly lessthan 2

p
2`, and this is the

bestsolution. Note that there are two di�erent ways to choosea least-lengthsolution.

In the above three examples,we have seenhow Steiner points help us to �nd
the least-lengthcollection of "1-dimensional" curves (i.e. roads) that connectssome
points (cities) together. This is analogousto the way singular points (and singular
curves) can appear on area-minimizingsurfaces.

3. Ambient spaces

CMC surfacesalways exist in somelarger ambient space.In the soap-�lm examples
we described in Chapters1 and 2, we wereassumingthat the CMC surfaceslie in the
Euclidean 3-spaceR3. We encountered CMC surfacesin other non-Euclideanambi-
ent spacesin [59]. Also, there is a description of generalRiemannianand Lorentzian
manifolds in [59]. Here we give two examplesof ambient spaces:we describe hy-
perbolic 3-space,like in [59], but in a bit more detail; we also brie
y describe de
Sitter 3-space.Minkowski (n + 1)-spaceRn;1 and spherical3-spaceS3 alsoappear in
thesenotes,and we assumethe readeris already familiar with thosespaces(they are
described in [59]).

3.1. Hyp erb olic 3-space H3. Hyperbolic 3-spaceH3 is the uniquesimply-connected
3-dimensionalcompleteRiemannian manifold with constant sectionalcurvature � 1.
However, it can be described by a variety of models, each with its own advantages:
the Minkowski spacemodel, the Poincare ball model, the Hermitian matrix model,
the Klein ball model and the upper-half-spacemodel.

We de�ne H3 by way of the Minkowski 4-spaceR3;1 with its Lorentzian metric gR3;1

of signature (+ + + � ), by taking the upper sheetof the two-sheetedhyperboloid

M =

(

(x1; x2; x3; x0) 2 R3;1

�
�
�
�
�
x2

0 �
3X

j =1

x2
j = 1; x0 > 0

)

;

with metric g givenby the restriction of gR3;1 to the tangent spacesof this 3-dimensional
upper sheet. We call this M the Minkowski model for hyperbolic 3-space. Although
the metric g = gR3;1 is Lorentzian and thereforenot positive de�nite, the restriction
of g to this upper sheetis actually positive de�nite, soM is a Riemannianmanifold.
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The isometry group of M can be described using the matrix group

O+ (3; 1) = f A = (aij )4
i;j =1 2 O(3; 1) j a44 > 0g :

For A 2 O+ (3; 1), the map

R3;1 3 ~x ! (A(~x)t )t 2 R3;1

is an isometry of R3;1 that preserves M , henceit is an isometry of M . In fact, all
isometriesof M can be described this way.

The following lemma tells us that the Minkowski model for hyperbolic 3-spaceis
indeedthe true hyperbolic 3-space.

Lemma 3.1. M is a simply-connected 3-dimensionalcompleteRiemannian manifold
with constant sectional curvature � 1.

Since this lemma implies M is really the hyperbolic 3-spaceH3, we will in fact
sometimesrefer to this Minkowski spacemodel M simply as H3.

Proof. It is clear that M is simply-connected.Let us now check that it hasconstant
sectionalcurvature � 1.

For any point p 2 M , thereexistsa matrix A 2 SO3 = O(3)\f A 2 M 3� 3(R) j detA =
+1g such that the 4 � 4 matrix

0

B
B
@

0
A 0

0
0 0 0 1

1

C
C
A 2 O+ (3; 1)

preservesM and maps p to a point of the form (0; 0; sinh(s); cosh(s)), s 2 R. Then
the matrix 0

B
B
@

1 0 0 0
0 1 0 0
0 0 cosh(� s) sinh(� s)
0 0 sinh(� s) cosh(� s)

1

C
C
A 2 O+ (3; 1)

is an isometry of R3;1 that preserves M and maps the point (0; 0; sinh(s); cosh(s))
to the point (0; 0; 0; 1). Thus one can move an arbitrary point of M to the point
(0; 0; 0; 1) by an isometry of M . Now, if V1; V2 are any two 2-dimensionalsubspaces
of the 3-dimensionaltangent spaceT(0;0;0;1)(M ), there exists a matrix A 2 O+ (3; 1)
representing an isometry of M �xing (0; 0; 0; 1) such that d (0;0;0;1)(V1) = V2. There-
fore this model hasconstant sectionalcurvature, by Lemma1.1.6in [59]. Thus to see
that M hasconstant sectionalcurvature � 1, oneneedonly check that this is the value
of the sectionalcurvature of a single�xed 2-dimensionalsubspaceof T(0;0;0;1)(M ). This
can be done using Equation (1.1.10) or Equation (1.1.14) in [59], and we leave this
computation to the reader.

Finally, we argue that M is complete. Intersecting M with the plane f x1 =
x2 = 0g, we obtain a curve that can be parametrized with unit speed by � (s) =
(0; 0; sinh(s); cosh(s)), i.e. this parametrization is unit speedwith respect to the met-
ric g of M . Sincethe domain of � (s) is all s 2 R, this curve � (s) is complete. And
sinceany geodesicsegment in M can be moved by an isometry to � (s); 0 � s � a for
somevalueof a, we know that any geodesicsegment can be extendedto a geodesicof
in�nite length. ThereforeM is complete. This completesthe proof of the lemma. �
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Remark 3.2. In fact, the functions sinh(s) and cosh(s) canbede�ned by the condition
that the curve � (s) = (0; 0; sinh(s); cosh(s)) with � (0) = (0; 0; 0; 1) and d�

ds (0) =
(0; 0; 1; 0) is a unit-speed geodesic with respect to the metric g of M = H3. This
condition implies that the curve � (s) satis�es x2

3 � x2
0 = � 1, socosh2(s) � sinh2(s) = 1,

and by di�erentiation of x2
3 � x2

0 = � 1 with respect to s we have

dx0
ds

dx3
ds

=
x3

x0
=)

d
ds(cosh(s))
d
ds(sinh(s))

=
sinh(s)
cosh(s)

:

Sincej� 0(s)j2 = ( dx3
ds )2 � ( dx0

ds )2 = 1, it follows that

d
ds

(sinh(s)) = cosh(s) ;
d
ds

(cosh(s)) = sinh(s) :

Now that we know how to di�erentiate cosh(s) and sinh(s), we know the power series
expansionsof these functions about s = 0. Comparing theseserieswith the power
seriesexpansionsfor es and e� s about s = 0, we concludethat

cosh(s) =
es + e� s

2
; sinh(s) =

es � e� s

2
;

which of courseare the standard de�nitions of cosh(s) and sinh(s). (An analogous
analysiscan be carried out for the sineand cosinefunctions on the unit circle in the
Euclidean plane, viewing that unit circle as a geodesic in the unit sphereS2 in the
natural extensionof R2 to R3.)

Becausethe isometry group of M , which we have noted we may call simply H3,
is the matrix group O+ (3; 1), the image of the geodesic � (t) = (0; 0; cosht; sinht)
under an isometry of H3 always lies in a 2-dimensionalplane of R3;1 containing the
origin. Thus we can concludethat the imageof any geodesicin H3 is formed by the
intersectionof H3 with a 2-dimensionalplane in R3;1 which passesthrough the origin
(0; 0; 0; 0) of R3;1.

The Minkowski model is perhaps the best model of H3 for understanding the
isometries and geodesicsof H3. However, since the Minkowski model lies in the
4-dimensionalspaceR3;1, we cannot useit to view graphicsof surfacesin H3. So we
would like to have modelsthat canbe viewed on the printed page.We would alsolike
to have a model that uses2 � 2 matrices to describe H3, as this is more compatible
with the DPW method described in [59], and the discussionin Sections12.4and 12.5
here. With this in mind, we now give someother possiblemodels for H3.

3.2. The Klein model. Let K be the 3-dimensionalball in R3;1 lying in the hyper-
plane f x0 = 1g with radius 1 and center at (0; 0; 0; 1). By Euclidean stereographic
projection from the origin (0; 0; 0; 0) 2 R3;1 of the Minkowski model M for H3 to K,
onehasthe Klein model K for H3. K is given the metric that makesthis stereographic
projection an isometry. Sincethe geodesicsof H3 in the Minkowski model are formed
by the intersectionsof H3 with 2-dimensionalplanesin R3;1 which passthrough the
origin, it is clear that after projection to K, the geodesicsbecomeEuclideanstraight
lines in the Klein model, and this is the advantage of the Klein model. However, the
disadvantage of the Klein model is that its metric is not conformal to the Euclidean
metric (we de�ned conformality in [59], and we alsode�ne it here in De�nition 4.4).
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3.3. The Poincare model. Let P be the 3-dimensionalball in R3;1 lying in the
hyperplanef x0 = 0g with radius 1 and center at the origin (0; 0; 0; 0). By Euclidean
stereographicprojection from the point (0; 0; 0; � 1) 2 R3;1 of the Minkowski model
for H3 to P, onehas the Poincaremodel P for H3. This stereographicprojection is

(3.1) (x1; x2; x3; x0) 2 H3 !
�

x1

1 + x0
;

x2

1 + x0
;

x3

1 + x0
; 0

�
2 P :

P is given the metric g that makes this stereographicprojection an isomety. Since
the fourth coordinate is identically zeroin the Poincaremodel, we can simply remove
it and view the Poincaremodel as the Euclideanunit ball

B 3 = f (x1; x2; x3) 2 R3 j x2
1 + x2

2 + x2
3 < 1g

in R3. One can compute that the metric

(3.2) g =
�

2
1 � x2

1 � x2
2 � x2

3

� 2

(dx2
1 + dx2

2 + dx2
3)

is the one that will make the stereographicprojection (3.1) an isometry. By either
Equation (1.1.10) or (1.1.14) in [59], the sectionalcurvature is constantly � 1. This
metric g in (3.2) is written asa function times the Euclideanmetric dx2

1 + dx2
2 + dx2

3,
and this meansthat the Poincaremodel'smetric is conformalto the Euclideanmetric.
From this it follows that anglesbetweenvectors in the tangent spacesare the same
from the viewpoints of both the hyperbolic and Euclideanmetrics, and this is why we
prefer this model when showing graphicsof surfacesin hyperbolic 3-space.However,
distancesare clearly not Euclidean. In fact, the boundary

@B 3 = f (x1; x2; x3) 2 R3 j x2
1 + x2

2 + x2
3 = 1g

of the Poincare model is in�nitely far from any point in B 3 with respect to the
hyperbolic metric g in (3.2). For example,considerthe curve

c(t) = (t; 0; 0) ; t 2 [0; 1)

in the Poincaremodel. Its length is
Z 1

0

p
g(c0(t); c0(t))dt =

Z 1

0

2dt
1� t2 = + 1 :

Thusthe point (0; 0; 0) is in�nitely far from the boundarypoint (1; 0; 0) in the Poincare
model. For this reason,the boundary@B 3 is often calledthe ideal boundaryat in�nity .

Unlike the Klein model, geodesicsin the Poincaremodel are not Euclideanstraight
lines. Instead they are segments of Euclideanlines and circlesthat intersect the ideal
boundary @B 3 at right angles.

Important examplesof surfacesin H3 are described in [59], using the Poincareball
model: totally geodesichypersurfaces(also called hyperbolic planes), hyperspheres,
spheresand horospheres.

3.4. The upp er-half-space model. One can obtain the upper-half-spacemodel U
for H3 from the Poincaremodel P by the M•obius transformation of R3 which maps
the unit ball B 3 (with the Poincaremetric) centered at the origin to the upper half
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Figure 7. The Klein, Poincareand Minkowski spacemodels for H3.

f x3 > 0g of R3 and maps the origin (0; 0; 0) to (0; 0; 1) and �xes @B 3 \ f x3 = 0g.
This map is

P 3 (x1; x2; x3) !
(2x1; 2x2; 1 � x2

1 � x2
2 � x2

3)
x2

1 + x2
2 + (x3 � 1)2

2 U :

The metric induced on the upper-half-spaceby this transformation is

g =
1
x2

3
(dx2

1 + dx2
2 + dx2

3) ;

wherewe now view (x1; x2; x3) ascoordinatesof the model U, i.e. x1; x2 2 R and x3 >
0. Thus, like the Poincare model, the upper-half spacemodel U is again conformal
to Euclidean space. And becauseM•obius transformations preserve anglesand also
the set of circles and lines, again the geodesicsare Euclidean lines and circles that
intersect the ideal boundary at in�nit y f x3 = 0g at right angles. The isometriesof
the model U are generatedby horizontal Euclidean translations, Euclideanrotations
about vertical axes, Euclidean dilations about points in the plane f x3 = 0g, and
Euclidean inversionsthrough Euclidean spheres(and planes) intersecting the plane
f x3 = 0g orthogonally.

3.5. The Hermitian matrix model. The Hermitian matrix model is a convenient
model for applying the DPW method. Unlike the other four models above, which
canbe usedfor hyperbolic spacesof any dimension,the Hermitian model canbe used
only when the hyperbolic spaceis 3-dimensional.
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We �rst recall the following de�nitions: The group SL2C is all 2 � 2 matriceswith
complexentries anddeterminant 1, with matrix multiplication asthe groupoperation.
The vector spacesl2C consistsof all 2 � 2 complex matrices with trace 0, with the
vector spaceoperations being matrix addition and scalarmultiplication. (In Section
3.7 we will seethat SL2C is a Lie group. SL2C is 6-dimensional. Also, sl2C is the
associated Lie algebra,thus is the tangent spaceof SL2C at the identit y matrix. sl2C
is also 6-dimensional.) The group SU2 is the subgroupof matrices F 2 SL2C such
that F � F � is the identit y matrix, whereF � = �F t . Equivalently,

F =
�

p � �q
q �p

�
;

for somep, q 2 C with jpj2 + jqj2 = 1. (We will seethat SU2 is a 3-dimensionalLie
subgroup,in Section3.7.)

Finally, we de�ne Hermitian symmetric matrices as matricesof the form
�

a11 a12

a12 a22

�
;

where a12 2 C and a11; a22 2 R. Hermitian symmetric matrices with determinant 1
have the additional condition that a11a22 � a12a12 = 1.

The Minkowski 4-spaceR3;1 can be mapped to the spaceof 2 � 2 Hermitian sym-
metric matrices by

 : (x1; x2; x3; x0) � !
�

x0 + x3 x1 + ix 2

x1 � ix 2 x0 � x3

�
:

For ~x 2 R3;1, the metric in the Hermitean matrix form is given by

h~x; ~xi R3;1 = � det( (~x)) :

Thus  mapsthe Minkowski model for H3 to the setof Hermitian symmetric matrices
with determinant 1. Any Hermitian symmetric matrix with determinant 1 can be
written as the product F F � for some F 2 SL2C, and F is determined uniquely
up to right-multiplication by elements in SU2. That is, for F; F̂ 2 SL2C, we have
F F � = F̂ F̂ � if and only if F = F̂ � B for someB 2 SU2. Therefore we have the
Hermitian model

H = f F F � j F 2 SL2Cg ; F � := �F t ;

for H3, and H is given the metric sothat  is an isometry from the Minkowski model
of H3 to H .

It follows that, when we comparethe Hermitean matrix and Poincare models H
and P for H3, the mapping

�
a11 a12

a12 a22

�
2 H !

�
a12 + a12

2 + a11 + a22
;

i (a12 � a12)
2 + a11 + a22

;
a11 � a22

2 + a11 + a22

�
2 P

is an isometry from H to P.
The Hermitian model is actually very convenient for describing the isometriesof

H3. Up to scalarmultiplication by � 1, the group SL2C represents the isometry group
of H3 in the Hermitian model H in the following way: A matrix h 2 SL2C acts
isometrically on H3 in the model H by

x 2 H ! h � x := h x h� 2 H ;
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where h� = �ht . The kernel of this action is � I , hencePSL2C = SL2C=f� I g is the
isometry group of H3.

3.6. De-Sitter 3-space S2;1. Finally, we brie
y consider another ambient space,
which will be a Lorentzian manifold, becauseit also has a 2 � 2 Hermitian matrix
model. Considerthe 1-sheetedhyperboloid in R3;1

S2;1 =

(

(x1; x2; x3; x0) 2 R3;1

�
�
�
�
�

3X

j =1

x2
j � x2

0 = 1

)

with the metric g inducedon its tangent spacesby the restriction of the metric from
the Minkowski spaceR3;1. This Lorentzian manifold S2;1 is called de-Sitter 3-space.

De-Sitter 3-spaceS2;1 is homeomorphicto S2 � R, so it is simply-connected,since
both S2 and R are individually simply-connected. And this space,like hyperbolic
spaceH3, can alsobe written with a 2 � 2 matrix model:

S2;1 = f X 2 M 2� 2(C) j X � = X ; hX ; X i R3;1 = 1g =
�

F
�

1 0
0 � 1

�
F �

�
�
�
� F 2 SL2C

�
;

wherehX ; X i R3;1 = � detX . We note that S2;1 hasconstant sectionalcurvature +1.

3.7. Lie groups and algebras. We have already seensomeLie groups, that are
amongst the most basic matrix groups, so here we brie
y review somebasic facts
about Lie groupsand algebras.

De�nition 3.3. A set G is a Lie group if
(1) G is a di�er entiablemanifold of classC1 ,
(2) G is a group with respect to somegroup operation, denoted by �,
(3) for each �xed g0 2 G and each variable g 2 G, the mapsL g0 : g ! g0 � g (left

multiplication) and Rg0 : g ! g�g0 (right multiplication) are C1 di�er entiable.

De�nition 3.4. The Lie algebraG associated to a Lie group G is the tangent space
of (the manifold) G at the identity elemente of (the group) G, i.e. G = TeG. The Lie
algebra G is then a vector space under addition and scalar multiplication of vectors
in TeG. Furthermore, there is a bracketoperation G � G ! G de�ned as follows:

[X ; Y](f ) = X (Y(f )) � Y (X (f )) ;

where X ; Y are arbitrary elementsof G with canonical left-invariant extensionsto
vector �elds on G, and f : G ! R is any smooth map.

Remark 3.5. X being a left-invariant vector �eld meansthat X is given by trans-
portation by the derivative map of left multiplication in G, i.e.

X g = (Lg)� X e ;

whereLg : G ! G denotesleft multiplication by g, asin part (3) of De�nition 3.3. In
the casethat G is a matrix group, then (L g)� X becomessimply (L g)� X = gX , and
the above equation can be written as X g = gX e.

Remark 3.6. In the de�nition of the Lie bracket above, X (f ) and Y(f ) must be
de�ned at more than just one point e (in particular, in a neighborhood of e) in
order for Y(X (f )) and X (Y(f )) to be de�ned. But becausewe take the canonical
left-invariant extensionsof X and Y, in fact [X ; Y] is determined by X je and Y je
alone.



20

Remark 3.7. When G is a matrix group,X andY in G canbeidenti�ed with matrices,
and it turns out that [X ; Y ] can be identi�ed with the di�erence of matrix products
X � Y � Y � X . We will give an exampleof this in Example 3.11.

Example 3.8. The �rst examplewe consideris SO3, de�ned as follows:

SO3 = f A 2 M 3� 3(R) jA � A t = I ; detA = 1g :

The group operation is then matrix multiplication. This represents the group of
rotations of R3 that �x the origin of R3, and the group operation then represents
composition of rotations. When consideringa conformal immersion f : � ! R3

de�ned on a 2-dimensionalRiemann surface� with local coordinate z = u + iv , we
can considerthe three vectors(two being tangent to f , and the third being the unit
normal vector to f )

f u
jj f u jj j f (p) ; f v

jj f v jj j f (p) ; ~N j f (p)

to be an orthonormal frame of Tf (p)R3. We can use an element of SO3 to describe
this orthonormal frame by choosing the unique element of SO3 that rotates (1; 0; 0)
and (0; 1; 0) and (0; 0; 1) to f u

jj f u jj j f (p) and f v
jj f v jj j f (p) and ~N j f (p) , respectively. We denote

the Lie algebraof SO3 by so3.

Example 3.9. The secondexamplewe consideris SL2C, de�ned as follows:

SL2C = f A 2 M 2� 2(C) j detA = 1g :

Again the group operation is matrix multiplication, and the group operation repre-
sents composition of linear maps of C2 to itself. In fact, SL2C is a double cover of
SO3, aswe saw in Sections2.4 and 3.2 in [59]. We denotethe Lie algebraof SL2C by
sl2C.

Example 3.10. Our third exampleis a subgroupof SL2C:

SU2 = f A 2 SL2C jA � �A t = I g

=
� �

p q
� �q �p

� �
�
�
� p;q 2 C; p�p + q�q = 1

�
:

The corresponding Lie algebra is denoted su2, and we explicitly compute su2 here:
Considera curve c(t) : (� �; � ) ! SU2 given by

c(t) =
�

p(t) q(t)
� q(t) p(t)

�

with c(0) = I . Then, with 0denoting the derivative with respect to t,

c0(0) =
�

p0(0) q0(0)
� q0(0) p0(0)

�

is an arbitrary element of su2 = TI SU2. In general,for any squarematrix A , we have
(det A )0 = trace(A 0 � A � 1) detA (seeLemma 3.12below), so if detA is identically 1,
then the trace of A 0 � A � 1 is 0. This implies that c0(0) is trace-free. Then, because
p(0) = 1 and q(0) = 0, the derivative with respect to t of p(t)p(t) + q(t)q(t) = 1
implies p0(0) 2 iR. We concludethat su2 is the 3-dimensionalvector space

su2 =
�

� i
2

�
� x3 x1 + ix 2

x1 � ix 2 x3

� �
�
�
� x1; x2; x3 2 R

�
;

which is isomorphicas a vector spaceto R3, and so su2 is a matrix model for R3.
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Example 3.11. Our fourth exampleSL2R is alsoa subgroupof SL2C:

SL2R = f A 2 M 2� 2(R) j detA = 1g ;

with associated Lie algebra

sl2R = f A 2 M 2� 2(R) jtr A = 0g :

We now explicitly describe the bracket operation on sl2R, in order to provide an
examplefor the claim in Remark 3.7. To determine the bracket operation, take the
three curves

c1(t) =
�

1 � t 0
0 (1 � t) � 1

�
; c2(t) =

�
1 t
0 1

�
; c3(t) =

�
1 0
t 1

�

in SL2R through the identit y matrix at t = 0. To move thesecurvesto other points
of SL2R, we usematrix multiplication on the left, i.e.

cj;a;b;d =
�

a b
d (1 + bd)a� 1

�
� cj (t)

for j = 1; 2; 3 and a;b;d 2 R. (For our purposeswe may assumea 6= 0.) Now a;b;d
represent coordinates for a region of SL2R consideredas a 3-dimensionalmanifold.
In fact, we could regard the coordinate chart � to be de�ned by

� � 1

��
a b
d (1 + bd)a� 1

��
= (a;b;d) ;

as a map from a region of R3 to a region of SL2R. Now, for a function

f : SL2R ! R ;

the composite maps
f � � (a(1 � t); b(1 � t) � 1; d(1 � t)) ;

f � � (a;at + b;d) ;
f � � (a + bt;b;(1 + bd)a� 1t + d)

equal, respectively,
f (cj;a;b;d (t))

for j = 1; 2; 3. Then, by the chain rule, we have

d
dt

f (cj;a;b;d (t))

�
�
�
�
t=0

= ~vcj;a;b;d (f � � (a;b;d)) ;

for the three resulting left-invariant vector �elds

~vc1;a;b;d = � a@a + b@b � d@d ;

~vc2;a;b;d = a@b ;

~vc3;a;b;d = b@a + (1 + bd)a� 1@d :
Thus

~vc1;a;b;d � ~vc2;a;b;d � ~vc2;a;b;d � ~vc1;a;b;d = � 2~vc2;a;b;d ;
~vc1;a;b;d � ~vc3;a;b;d � ~vc3;a;b;d � ~vc1;a;b;d = 2~vc3;a;b;d ;
~vc2;a;b;d � ~vc3;a;b;d � ~vc3;a;b;d � ~vc2;a;b;d = � ~vc1;a;b;d :

Correspondingly,

c0
1(0) =

�
� 1 0
0 1

�
; c0

2(0) =
�

0 1
0 0

�
; c0

3(0) =
�

0 0
1 0

�
;
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and
c0

1(0)c0
2(0) � c0

2(0)c0
1(0) = � 2c0

2(0) ;
c0

1(0)c0
3(0) � c0

3(0)c0
1(0) = 2c0

3(0) ;
c0

2(0)c0
3(0) � c0

3(0)c0
2(0) = � c0

1(0) :
Thus the behavior of the bracket on vector �elds is exactly the sameas the behavior
of commutators of matrices in the Lie algebra. This is why we can usematrix multi-
plication to de�ne the Lie bracket in the caseof sl2R, and this is true for matrix Lie
groupsin general.

We now prove an equation we usedin the third exampleabove:

Lemma 3.12. For any square matrix A 2 M n� n (C) with detA 6= 0 that depends
smoothly on someparameter t 2 R, we have

(3.3) d
dt (det A ) = trace(( d

dt A) � A � 1) detA :

Lemma 3.12 is easily proven in the casethat n = 2. It is also easily seenfor
generaln when A is upper triangular. Furthermore, if A satis�es Equation (3.3), it
is easily seenthat the conjugation P � A � P � 1 also satis�es Equation (3.3), for any
P 2 M n� n (C) with detP 6= 0 that dependssmoothly on t. Becauseany squarematrix
can be conjugatedinto an upper triangular matrix (the Jordan canonicalform), this
provides a proof of Lemma 3.12.

One could also prove Lemma 3.12 by direct computation: Write A = (aij )n
i;j =1 .

Then let A i;b1 ;:::;bn := Aj f ai 1 ! b1 ;:::;a in ! bn g be the matrix with entries as in A , except
that the i 'th row hasbeenreplacedwith the row vector (b1 ::: bn ). Then

(3.4) det(A i;b1;:::;bn ) =
nX

j =1

det(A i; 0;:::;0;bj ;0;:::;0) =
nX

j =1

bj ~aij ;

wherebj is the value in the ij 'th position of A i; 0;:::;0;bj ;0;:::;0, and where

~aij = det(A i; 0;:::;0;1;0;:::;0)

(again, 1 is the value in the ij 'th position of A i; 0;:::;0;1;0;:::;0). Then, for any k 2
f 1; :::; ng, we have (� ki is the Kronecker delta function)

nX

j =1

akj ~aij = det(A i;a k 1 ;:::;a k n ) = � ki � det(A ) :

Hence,for
~A := (~aij )n

i;j =1 ;
we have

A � ~A t = det(A ) � I n� n :
So if A is regular, i.e. det(A ) 6= 0, then

A � 1 = 1
det(A )

~A t :

Thus we have

tr(( d
dt A)A � 1) � det(A ) = tr (( d

dt A) 1
det( A )

~A t ) � det(A ) =

tr(( d
dt A) ~A t ) =

nX

i =1

nX

j =1

daij

dt
~aij =
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nX

i =1

det(A i;a 0
i 1 ;:::;a0

in
) =

d
dt

(det(A )) ; a0
ij :=

daij

dt
;

where the secondto the last equality above follows from Equation (3.4), proving
Lemma 3.12.

A third proof of this lemma can be given by using the following fact: If A and X
are n � n matrices and � is a real number closeto zero, then

(3.5) A = I + �X + O(� 2) implies det(A) = 1 + � � tr X + O(� 2) :

The argument is as follows: Write the Taylor expansionof A (s) at the value s = t as

A(s) = A(t) + (s � t)A 0(t) + O((s � t)2) :

Then
A(s)(A (t)) � 1 = I + (s � t)A 0(t)(A (t)) � 1 + O((s � t)2) ;

and (3.5) implies

det(A (s)(A (t)) � 1) = 1 + (s � t) � tr (A 0(t)(A (t)) � 1) + O((s � t)2) :

Taking the derivative of this with respect to s and then evaluating at s = t, we have

(det(A (s))) 0js= t

det(A (t))
=

�
tr( A 0(t)(A (t)) � 1) + O(s � t)

� �
�
s= t

;

so
(det(A (t))) 0

det(A (t))
= trace(A 0(t)(A (t)) � 1) ;

proving Lemma 3.12.

4. Riemann surf aces and Hopf's theorem

4.1. Riemann surfaces. When the dimensionof a di�erentiable manifold M is two,
then we have some special properties. This is becausethe coordinate charts are
maps from R2, and R2 can be thought of as the complex plane C � R2. Thus we
can consider the notion of holomorphic functions on M . This leads to the idea of
Riemannsurfacesand the beautiful theory associated with them. Part of the beauty
of this theory is that Riemannsurfacescanbe described in a variety of di�erent ways,
but this is outside the scope of this text, and for our purposesit su�ces to consider
just two descriptionsof Riemann surfaces.

To distinguish 2-dimensionalmanifolds from other manifolds, we will often denote
them by � instead of M .

Suppose� is a di�erentiable manifold of dimension2 with di�erentiable structure
de�ned by a family

f (U� ; � � : U� ! �) g
of coordinate charts. Let (u� ; v� ) be the coordinates of U� � R2. If W := � � (U� ) [
� � (U� ) 6= ; , then u� ; v� can be viewed asfunctions of the variablesu� ; v� on � � 1

� (W)
via the transition function f � � = � � 1

� � � � : � � 1
� (W) ! � � 1

� (W). Associating U� � R2

with the corresponding region of C by de�ning the complexcoordinate

z� = u� + iv �

for each coordinate chart (U� ; � � ), we can view z� as a function of z� on � � 1
� (W).

When z� is a holomorphic function of z� , we say that the transition function f � � is
holomorphic.
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De�nition 4.1. A di�er entiablemanifold � of dimension2 with di�er entiablestruc-
ture de�ned by a family f (U� ; � � )g of coordinate charts is a Riemann surfaceif the
transition functions f � � are all holomorphic. We then say that the family f (U� ; � � )g
forms a complexstructure on � .

The simplestexampleof a Riemannsurfaceis C itself. In this case,we can choose
a single coordinate (U� ; � � ) to give the di�erential structure, where U� = R2 and
� � is the identit y map. Then it is vacuously true that the transition functions are
holomorphic.

Another exampleis the unit sphereS2 (in R3). The di�erential structure can be
de�ned by a pair of stereographicprojections, sowe canusetwo coordinate neighbor-
hoods (U� ; � � ) and (U� ; � � ) with U� = U� = R2, and with � � equal to the inverseof
stereographicprojection from the north pole (0; 0; 1), and with � � equalto the inverse
of stereographicprojection from the south pole (0; 0; � 1) composedwith a re
ection
of S2 acrossa plane �xing both the north and south poles. Then the map � � 1

� � � � is
holomorphic, so S2 is a Riemann surface.

Oneproperty of Riemannsurfacesis that they arealwaysorientable. Beforeproving
this, we �rst recall the de�nition of orientabilit y. Given two di�erentiable functions
f ; g from a 2-dimensionaldi�erentiable manifold � to R, we de�ne the wedgeproduct
of their di�erentials as follows: For a point p 2 � and ~v; ~w 2 Tp�,

df p ^ dgp(~v; ~w) =
1
2

(df p(~v)dgp( ~w) � df p( ~w)dgp(~v)) :

(Note that the wedgeproduct de�ned hereis not the sameas the symmetric product
de�ned in Section 1.1 of [59].) Then, for coordinate neighborhoods (U� ; � � ) and
(U� ; � � ) such that W := � � (U� ) [ � � (U� ) 6= ; , and naming the coordinates (u� ; v� )
and (u� ; v� ) on � � 1

� (W) and � � 1
� (W), respectively, we say that (U� ; � � ) and (U� ; � � )

are oriented in the sameway if

du� ^ dv� = h�� du� ^ dv�

for somepositive function h�� : � � 1
� (W) ! R+ .

If the coordinate charts f (U� ; � � )g that comprisethe di�erential structure of � can
be chosenso that they are all oriented the sameway wherever they intersect, we say
that the manifold � is orientable, and the family f (U� ; � � )g is said to be oriented.

Lemma 4.2. Any Riemann surface is orientable.

Proof. Let (U� ; � � ) and (U� ; � � ) be two coordinate charts of a Riemann surface�
such that W := � � (U� ) \ � � (U� ) 6= ; . Let (u� ; v� ) and (u� ; v� ) be the coordinatesof
� � 1

� (W) � R2 and � � 1
� (W) � R2, respectively. Noting that the di�erentials of z� , �z� ,

z� and �z� satisfy
dz� = du� + idv� ; d�z� = du� � idv� ;

dz� = du� + idv� ; d�z� = du� � idv� ;

and also that, becausez� is a holomorphic function of z� on � � 1
� (W), the chain rule

implies

dz� =
dz�

dz�
dz� ;
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we have

du� ^ dv� = i
2dz� ^ d�z� = i

2

�
�
� dz�

dz�

�
�
�
2

dz� ^ d�z� =
�
�
� dz�

dz�

�
�
�
2

du� ^ dv� :

Since
�
�
� dz�

dz�

�
�
�
2

> 0 for all � and � , we concludethat � is an orientable manifold. �

Remark 4.3. We saw in Remark 1.3.6 of [59] that nonminimal CMC surfacesin an
oriented ambient spaceare always orientable. SowhenusingRiemannsurfacesasthe
domains for nonminimal CMC immersions,the fact that the Riemann surfacesare
orientable is not in any way a restriction on the types of CMC immersionswe can
consider.

Riemann surfacesare in a one-to-onecorrespondencewith conformal equivalence
classesof orientable 2-dimensionalRiemannianmanifolds, giving us a secondway to
describe Riemann surfaces.In order to explain this we start with a de�nition.

De�nition 4.4. Let � be a 2-dimensionalorientable Riemannian manifold with dif-
ferentiablestructure determined by a family f (U� ; � � )g of coordinate charts and with
positive de�nite metric g. For any coordinate chart (U� ; � � ) with coordinates(u� ; v� )
on U� , supposethat the metric g can be written as

g =
�

f � 0
0 f �

�

in matrix form for somepositive function f � : U� ! R+ , or equivalently, as a sym-
metric 2-form

g = f � (du2
� + dv2

� ) :

Then we say that g is a conformal metric and the (U� ; � � ) are conformal coordinate
charts.

Generally, for a metric

g = g11du2
� + g12du� dv� + g21dv� du� + g22dv2

�

written asa symmetric 2-form usingthe 1-formsdu� and dv� (note that g12 = g21 be-
causethe metric is symmetric and g11; g22 > 0 becausethe metric is positive de�nite),
we can rewrite the metric using the complex1-formsdz� and d�z� instead:

(4.1) g = Adz2
� + 2Bdz� d�z� + �Ad�z2

� ;

A =
g11 � g22 � 2ig12

4
; B =

g11 + g22

4
:

If the metric g is conformal, then g12 = g21 = 0 and f � = g11 = g22, so the metric
becomes

g = f � dz� d�z�

with respect to the complexcoordinate z� = u� + iv � . Sincef � is a positive function,
we could alsowrite this as

(4.2) g = 4e2û � dz� d�z�

for somereal-valued function û� de�ned on U� , as noted in Remark 1.3.1of [59].
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Theorem 4.5. Let � be a 2-dimensionalorientablemanifold with an oriented family
f (U� ; � � )g of coordinate charts that determinesthe di�er entiablestructure and with a
positive de�nite metric g. Assumefurther that the transition functions of f (U� ; � � )g
are real-analytic. Then there exists another family of coordinate charts f (V� ;  � )g
that determinesthe samedi�er entiablestructure and with respect to which the metric
g is conformal. Additionally, f (V� ;  � )g is oriented and givesa complexstructure on
� , so � becomesa Riemann surface.

Remark 4.6. The condition in Theorem 4.5 that the transition functions be real-
analytic can be weakened, but we include this condition to simplify the proof and
becauseit is satis�ed in all of the applications of this theorem later in this text.

Proof. Wearegivencoordinate charts (U� ; � � ) with complexcoordinatesz� = u� + iv �

on the U� . We must show that there exists a family f (V� ;  � )g of coordinates with
the given di�erentiable structure so that the metric can be written as in Equation
(4.2) with respect to the complexcoordinatesw� = x � + iy � of the V� .

The metric g can be written as in Equation (4.1) with respect to the (U� ; � � )
coordinate charts, and if A = 0 then g is already conformal and we are �nished by
taking (U� ; � � ) and (V� ;  � ) to be equal. Sowithout lossof generality we can assume
A 6= 0. Then we can write g as

g = s(dz� + �d �z� )(d�z� + ��dz � ) ; s =
2B

1 + j� j2
> 0 ;

where� satis�es

j� j =
B �

p
B 2 � jAj2

jAj
< 1 :

We needto �nd new coordinates (x � ; y� ) for V� so that w� = x � + iy � satis�es

dw� = � (dz� + �d �z� )

for somenonzerofunction � . Then g is written asg = sj� j2dw� d �w� and we will have
that g is a conformal metric with respect to the new coordinatesw� .

The equation dw� = � (dz� + �d �z� ) is satis�ed by a solution w� to the equation

@w�

@�z�
= �

@w�

@z�
;

and then we can take

� =
dw�

dz�
:

This is the Beltrami equation, and � is called the Beltrami coe�cien t. The fact that
the transition functions are real-analytic implies there exist solutionsto this Beltrami
equation. This can be proven using the Cauchy-Kowalewski theorem,but let us trust
that such solutions exist, and then continue with the proof. (Such solutions exist in
more generalsettings aswell, but we do not explorethat here).

Weconcludethat wehavea family of coordinate charts sothat g is conformal,and it
only remainsto show that this newfamily f (V� ;  � )g is oriented on � and determines
a complex structure on �. This new family is oriented becausethe original family
f (U� ; � � )g was oriented and

dx� ^ dy� =

�
�
�
�
@w�

@z�

�
�
�
�

2

(1 � j� j2)du� ^ dv� ;
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with
�
�
� @w�

@z�

�
�
�
2

(1 � j� j2) > 0.
To seethat this new family determinesa complexstructure on �, we needto see

that w� is a holomorphic function of w
 wherever W :=  � (V� ) \  
 (V
 ) 6= ; . Both
coordinatesw� and w
 are conformal, so

(4.3) g = 4e2û � dw� d �w� = 4e2û 
 dw
 d �w


on W. Becauseof the chain rule

dw� =
@w�

@w

dw
 +

@w�

@�w

d �w
 ; d �w� =

@�w�

@w

dw
 +

@�w�

@�w

d �w
 ;

the right-most equality in Equation (4.3) can hold only if either
@w�

@�w

= 0 or

@w�

@w

= 0 :

Sincethe changeof coordinates is orientation-preserving, we concludethat the �rst
of the two equationsholds, and so w� is a holomorphic function of w
 . �

De�nition 4.7. Let � be a 2-dimensional orientable di�er entiable manifold with a
given di�er entiable structure. Suppose that � becomesa Riemannian manifold with
respect to somemetric g and also with respect to someother metric ~g. If g = f ~g
for some positive function f : � ! R+ , we say that the two metrics g and ~g are
conformally equivalent .

Note that if the metric g is a conformalmetric, then g is conformally equivalent to
the 
at metric du2

� + dv2
� on each coordinate chart (U� ; � � ).

Conformal equivalenceof the metrics is clearly an equivalencerelation, so we can
talk about conformal classesof metrics, as in the next corollary.

Corollary 4.8. Conformal equivalenceclassesof metrics on an orientable2-dimensional
manifold � are in one-to-onecorrespondence with the complexstructures on � .

Proof. As we saw in the proof of Theorem 4.5, each positive de�nite metric on �
producesa complexstructure on �. Following the arguments in that proof, wecanalso
seethat two conformally equivalent metrics will producethe samecomplexstructure,
and the corollary follows. �

In this text, we will always be consideringsmooth CMC surfacesas real-analytic
immersionsof 2-dimensionaldi�erentiable (real-analytic) manifolds �. Each immer-
sion will determinean induced metric g on � that makesit a Riemannianmanifold.
Theorem 4.5 tells us that we can choosecoordinates on � so that g is conformal.
Thus without loss of generality we can restrict ourselves to those immersionsthat
have conformal induced metric, and we will do this on every occasionpossible.

4.2. The Hopf di�eren tial and Hopf theorem. The Hopf di�erential Qdz2, de-
�ned in [59], is of central importance. We have already seenin [59] that the Hopf
di�erential can be usedto decideif a conformal immersion parametrizedby a com-
plex coordinate z hasconstant meancurvature, becausethe surfacewill haveconstant
mean curvature if and only if Q is holomorphic. The Hopf di�erential can also be
usedto determinethe umbilic points of a surface,aswe will now see:

Let us assumethat � is a Riemann surfacewith a coordinate z = u + iv and that
f is a conformal immersion from � into R3. (Theorem 4.5 has told us that we can
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always assume� is a Riemannsurfaceand the immersionf is conformal.) Then the
�rst and secondfundamental forms are

(4.4) g =
�

g11 g12

g21 g22

�
=

�
hf u; f u i hf u; f v i
hf v; f u i hf v; f v i

�
= 4e2û

�
1 0
0 1

�

and

b =
�

b11 b12

b21 b22

�
=

�
hbuu ; N i hbuv ; N i
hbvu ; N i hbvv ; N i

�
;

whereN is a unit normal vector to f . The Hopf di�erential function is

Q =
1
4

(b11 � b22 � ib12 � ib21) = hf zz; N i ;

whereh�; �i is the complexbilinear extensionof the metric of R3, and

@z = 1
2(@u � i@v) ; @�z = 1

2(@u + i@v)

by de�nition. Then

b= Qdz2 + 1
2(b11 + b22) + �Qd�z2 :

Now, the shape operator is

g� 1b=
1

4e2û

�
1
2(b11 + b22) + Q + �Q i(Q � �Q)

i (Q � �Q) 1
2(b11 + b22) � Q � �Q

�

with respect to the basisf u and f v of each tangent spaceof f (�). The two principal
curvatures are then the two eigenvalues of this shape operator g� 1b, which can be
computedand seento be

1
2(b11 + b22) + 2jQj ; 1

2(b11 + b22) � 2jQj :

De�nition 4.9. Let � be a 2-dimensional manifold. The umbilic points of an im-
mersion f : � ! R3 are the points where the two principal curvatures are equal.

So, for example,every point of a 
at plane or a round sphereis an umbilic point,
and a cylinder has no umbilic points. One can check that a catenoid also has no
umbilic points.

Putting all this together, we have the following lemma:

Lemma 4.10. If � is a Riemann surface and f : � ! R3 is a conformal immersion,
then p 2 � is an umbilic point if and only if Q = 0 at p.

Thus the Hopf di�erential tells us where the umbilic points are. When Q is holo-
morphic, it follows that Q is either identically zeroor is zeroonly at isolated points.
So, in the caseof a CMC surface,if there are any points that are not umbilics, then
all the umbilic points must be isolated.

If every point is an umbilic, we say that the surfaceis totally umbilic, and then the
surfacemust be a plane or a round sphere. This is proven in [32], for example. But
let us include a proof here:

Lemma 4.11. Let � be a Riemann surface and f : � ! R3 a totally umbilic confor-
mal immersion. Then f (�) is part of a plane or sphere.
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Proof. Becausef is totally umbilic, the Hopf di�erential Q is identically zero. So Q
is clearly holomorphic,and thus H is constant, by the Codazzi equation (seeSection
1.3 in [59]). Let u; v 2 R be local conformal coordinates for f , and N = N (u; v) the
unit normal of f . We �rst considerthe casethat H is not zero,and show that

(4.5) @u(f + H � 1N ) = @v(f + H � 1N ) = 0 :

This can be computedas follows, with û asde�ned in (4.4):

hf u + H � 1Nu; f u i = 4e2û � H � 1hN; f uu i = 4e2û � H � 1b11 =

= 4e2û � H � 1( 1
2(b11 + b22) + Q + �Q) =

= 4e2û � 1
2H � 1(b11 + b22) = 4e2û � 4e2û = 0 :

Similarly,

hf u + H � 1Nu; f v i = 0 ; hf v + H � 1Nv; f u i = 0 ; hf v + H � 1Nv; f v i = 0 ;

hf u + H � 1Nu; N i = 0 ; hf v + H � 1Nv; N i = 0 :

(hf u; Nv i = hf v; Nu i = 0 becauseg� 1b is diagonal on a conformally parametrized
totally umbilic surface.) It follows that (4.5) holds, and so f (�) is part of a round
sphereof radius H � 1 with constant center point f + H � 1N .

In the casethat H = 0, to show that f (�) is part of a plane, we needonly show
that Nu = Nv = 0. Similarly to the previous casewhere H was not zero, one can
compute that

hN; Nu i = hN; Nv i = hf u; Nu i = hf u; Nv i = hf v; Nu i = hf v; Nv i = 0 ;

and the result follows. �

Remark 4.12. We stated Lemma 4.11 with the assumption that the immersion is
conformal, but in fact the conformality condition is not required.

In the casethat � is a closedRiemann surface(i.e. compact without boundary),
we can take this even further. Orientable closedRiemann surfacesare classi�ed by
their genus. For example,if � is a sphere,then it has genus 0; if it is a torus, then
it has genus 1. So if � is a closedorientable Riemann surface,then it has a genus
g for someg 2 Z+ [ f 0g. Sincef is a CMC immersion, the Hopf di�erential Qdz2

(written here in terms of local coordinates z) is a holomorphic 2-di�erential de�ned
on �. The order ordp(Qdz2) of Qdz2 at each point p 2 � is de�ned to be the order
of the function Q at p (i.e. if Q = zk , then Q has order k at z = 0). It is then well
known, when Q is not identically zero(see[53], for example),that

(4.6)
X

p2 �

ordp(Qdz2) = 4g � 4 :

BecauseQdz2 is holomorphic, we have ordp(Qdz2) � 0 for all p 2 �. We conclude
that if g = 0, then either Q is identically zero or 0 �

P
p2 � ordp(Qdz2) = � 4. The

secondcasecertainly cannot hold, so Q is identically zero. So the surfaceis totally
umbilic and must be a round sphere,and this provesHopf's theorem[79]:

Theorem 4.13. (The Hopf theorem.) If � is a closed 2-dimensionalmanifold of
genuszero and if f : � ! R3 is a nonminimal CMC immersion, then f (�) is a round
sphere.
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Remark 4.14. In fact, theredo not exist any compactminimal surfaceswithout bound-
ary in R3, and we will prove this using the maximum principle, in the next chapter.
Therefore,without assumingthat f in the above theorem in nonminimal, the result
would still be true.

Now let us considerthe casethat � is a closedRiemannsurfaceof genus g � 1 and
f : � ! R3 is a conformal CMC immersion (by Remark 4.14, becausethere do not
exist any closedcompactminimal surfacesin R3, f is guaranteed to be nonminimal).
In this case,f (�) certainly cannotbea sphere,soQ is not identically zero(by Lemma
4.11). It follows from (4.6) that, counted with multiplicit y, there are exactly 4g � 4
umbilic points on the surface.We concludethe following:

Corollary 4.15. A closed CMC surface in R3 of genus1 hasno umbilic points, and
a closed CMC surface in R3 of genusstrictly greater than 1 must haveumbilic points.

5. The maximum principle f or CMC surf aces

Herewe considerthe maximum principle for smooth CMC surfaces.Roughly, this
principle states that if one CMC H surfacelies locally to one side of another CMC
H surface,and if they touch tangentially with a commonorientation at someinterior
point, then the two surfacesmust coincidein a local neighborhood of that point.

The result in the theory of partial di�erential equationsbehind this principle is the
maximum principle for elliptic partial di�erential equations(see,for example,[140]).
The maximum principle for CMC surfacesis relevant to us here becauseit can tell
us quite a lot about the kinds of surfaceonecan hope (or cannot hope) to construct.
This is because,although it is stated locally, the maximum principle can give global
results. It then becomesa powerful tool for making global statements about CMC
surfaces.For example,onecan easily prove the following theorems:

Theorem 5.1. Any completeminimal surface in R3 or H3 without boundary cannot
be compact.

Proof. By way of contradiction, supposethat M is the imageof a compact minimal
surfacewithout boundary in R3 or H3. Then thereexistsa geodesicplaneP = P0 that
doesnot intersectM . Translating P in the direction of a geodesicperpendicular to it
and toward M at unit speed(along the geodesic)to make a family of parallel geodesic
planesPt , t � 0, and taking the smallestvalue t0 of t so that Pt0 \ M 6= ; , one has
the �rst (necessarilytangential) contact of M with Pt0 . Thus one has two minimal
surfacesM and Pt0 each lying to onesideof each other and touching tangentially at
somepoint p. The maximum principle then implies that in a local neighborhood of
p, M is contained in the geodesicplane Pt0 . Oncean open set in a minimal surface
is a geodesicplane, the entire surfacemust lie within that geodesicplane. (This last
sentencefollows in the caseof R3 from real analyticit y of the frameasin Remark4.4.2
in [59] with H chosento be zero. It also follows from the fact that the stereographic
projection of the Gaussmap in the Weierstrassrepresentation is both holomorphic
as in Section3.4 of [59] and is constant on an open set, and thus is constant on all of
M . Any surfacewith a constant Gaussmap must lie in a plane. An argument along
the samelines using an analog of Remark 4.4.2 in [59] applies in the caseof H3 as
well.) SinceM is complete,we concludethat M is an entire geodesicplane, but this
contradicts the assumedcompactnessof M . �
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Figure 8. The maximum principle (on the left) and the boundary
point maximum principle (on the right). In both cases,the surfacesM 1

and M 2 are tangential at p and have the sameconstant meancurvature
with respect to the normal direction ~N at p, and M 1 lies above M 2 as
pictured here. On the right hand side, the boundariesof M 1 and M 2

have a commontangent line at p. The conclusionin the �rst case(left
hand side) is that M 1 and M 2 must coincidein a neighborhood of the
point p. In the secondcase(right hand side), M 1 and M 2 will coincide
in an open set whoseclosurecontains p.

Theorem 5.2. The only embedded compact CMC surfaces in R3 and H3 are the
round spheres.

This theoremcan be proven using the Alexandrov re
ection principle, which is an
immediateconsequenceof the maximum principle (see,for example,[106]). Note that
the embeddednesscondition in Theorem 5.2 is really necessary, as the CMC Wente
tori show (seeChapter 6).

Proof. The Alexandrov re
ection principle works in the following way: Considerthe
imageof a compactembeddedCMC surfaceM in the ambient spaceR3 or H3. Let q
be any �xed point in the ambient space,and let ~v be any unit vector in the tangent
spaceof the ambient spaceat q. Let � ~v(t) be a geodesicin the ambient spacesuch
that � ~v(0) = 0 and d

dt � ~v(t)j t=0 = ~v. Let P~v;t be the uniquely determined geodesic
plane containing � ~v(t) and perpendicular to d

dt � ~v(t). Let

L �
~v;t = [ s� tP~v;s ;

L+
~v;t = [ s� tP~v;s :

Let t0 be the smallestvalue of t such that Pt0 \ M 6= ; . Then Pt0 lies to one side of
M and contacts M tangentially . For t > t0 and su�cien tly closeto t0, the interior
of the isometric re
ection Rt (M �

~v;t ) of the portion M �
~v;t = M \ L �

~v;t of M acrossthe
plane Pt will not make any contact with the portion M +

~v;t = M \ L+
~v;t of M , and nor

will Rt (M �
~v;t ) and M +

~v;t have any tangential contact along their common boundary.
One then continuously increasest until onearrivesat the smallestvalue t1 wherethe
re
ection Rt1 (M �

~v;t 1
) of M �

~v;t 1
acrossPt1 and M +

~v;t 1
make a tangential contact at some
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point p in L+
~v;t 1

. Let us suppose for the moment that p is in the interior of L +
~v;t 1

.
Since t1 is the smallest such value, Rt1 (M �

~v;t 1
) lies locally to one side of M +

~v;t 1
near

p. Also, sinceM is embedded,Rt1 (M �
~v;t 1

) and M +
~v;t 1

have the sameorientation with
respect to their mean curvature vectors at p. Thus Rt1 (M �

~v;t 1
) and M +

~v;t 1
coincide in

a neighborhood of p. As in the proof of Theorem 5.1, real-analyticity of the frame
implies that Rt1 (M �

~v;t 1
) and M +

~v;t 1
are globally identical in L+

~v;t . HenceM is invariant
under isometric re
ection acrossthe geodesicplane P~;t1 .

When p is not in the interior of L+
~v;t 1

, it is in Pt1 . In this casewe needa variant
of the maximum principle for CMC surfaces,called the boundary point maximum
principle for CMC surfaces. This variant will be stated below and gives the same
conclusionthat M is invariant under isometric re
ection acrossthe geodesicplane
P~;t1 .

We concludethe proof by noting that the direction of ~v wasarbitrary, soM hasa
plane of re
ectiv e symmetry in every direction, and this is su�cien t to concludethat
M is actually a round sphere. �

Figure 9. The arguments in the proof of Theorem 5.1 (on the left)
and the proof of Theorem5.2 (on the right).

The maximum principle can alsobe applied to surfaceswith boundary. For exam-
ple, de�ning the convex hull of a set to be the smallest convex set that contains it,
only can prove the following result similarly to the way Theorem5.1 was proven:

Theorem 5.3. The interior of any compact minimal surface in R3 or H3 with bound-
ary must lie in the interior of the convexhull of its boundary.

Many other results have been proven with the maximum principle, among them
that any completeconnectedminimal surfacein R3 with two embeddedregular ends
is a catenoid, proven by Schoen [156]. In addition, Korevaar, Kusner, Meeks, and
Solomon([126], [106]), have proven that any complete nonminimal �nite-top ology
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embeddedCMC surfacewith two endsin R3 is a Delaunay surface,and any surface
of this type with three endshas a plane of re
ectiv e symmetry. Similar results for
CMC surfacesin H3 can be found in [107]and [114].

We shall now prepareto give a formal statement and proof of the maximum prin-
ciple for CMC surfaces.For the sake of simplicity we shall at �rst assumethat the
ambient spaceis R3. However, the arguments here will require only minor changes
to becomeapplicable for other ambient spacesas well. For example,the arguments
when the ambient spaceis H3 are very similar, and we will make someremarksabout
how to prove the H3 casein the �nal sectionof this chapter. As the results we have
given hereare for R3 and H3, we shall restrict ourselvesto a discussionof only those
two cases.

First we give somepreliminaries on the maximum principle for elliptic equations
in the next two sections.Much of this material follows [140].

Remark 5.4. In this chapter, we chooseto usex and x j to represent independent vari-
ables, and symbols such as aij ; bj ; f ; f j ; f̂ ; f̂ j ; g; gj ; h; u to represent dependent func-
tions, which is di�erent from the notations in the other chapters of this text. This
seemsappropriate, however, sincethis chapter dealswith objects of generaldimine-
sion, not just 2-dimensionalsurfaces,and thesenotational choicesare more standard
in the generaldimensionalcase.

5.1. The maxim um principle for elliptic equations of a single variable. In
order to get someintuition about the maximum principle for elliptic equations,we
state and prove various versionsof it in the casethat there is only one independent
variable.

Let us begin with the simplestpossibleversionof the maximum principle. We �rst
considerthe casethat u is a smooth function

u(x) : [a;b] ! R

de�ned on the closedboundedinterval [a;b] 2 R, and L is the operator

L(u) = u00+ g(x)u0

de�ned on functions u as above, whereg(x) is a boundedsmooth function on [a;b],
and 0represents the derivative with respect to x 2 [a;b]. We now state the simplest
possibleversionof the maximum principle:

Lemma 5.5. (Simpli�e d 1-dimensional maximum principle) Let u, g and L be as
above. If L(u) > 0 on [a;b], then u can attain its maximum value in [a;b] only at the
points x = a or x = b.

Proof. Supposethat u attains a local maximum at a point c 2 (a;b). Then u0(c) = 0
and u00(c) � 0, so L(u)(c) � 0, a contradiction. �

The above result was particularly easy, becausewe made the strong assumption
that L > 0. But there is a similar result in the casethat we only assumeL � 0,
and then the proof is slightly more subtle (and in the application to CMC surfaces
we have in mind, we will indeedonly know that L � 0). In this case,u can attain its
maximum in the interior of [a;b], but if it does,then u must be a constant function:
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Lemma 5.6. (1-dimensionalmaximum principle) Let u, g and L be as above. Sup-
posethat L(u) � 0 on [a;b]. If u � M on [a;b] for someconstant M 2 R and if there
existssomec 2 (a;b) suchthat u(c) = M , then u(x) = M for all x 2 [a;b].

Proof. Suppose there exists a c 2 (a;b) such that u(c) = M and there exists a
d 2 (a;b) such that u(d) < M . Assumefor now that d > c. Becauseg is bounded,we
may choosea constant � > maxx2 [a;b]fj g(x)jg, and then we de�ne y(x) = e� (x � c) � 1.
Note that L(y(x)) > 0. It is possibleto choosean � such that 0 < � < M � u(d)

y(d) , and
then we de�ne w(x) = u + �y . y is negative on (a;c), so w < M on (a;c). Note that
w(c) = M and w(d) < M . So w has an interior maximum in (a;d) and L(w) > 0.
This contradicts Lemma 5.5.

In the casethat d < c, we may usey = e� (c� x) � 1 instead of y = e� (x � c) � 1 and
producea contradiction to Lemma 5.5 in the sameway. �

Now we considera more generaloperator of the form

(L + h)(u) := u00+ gu0+ hu ;

whereh = h(x) is a boundedsmooth function on [a;b]. Then the condition L(u) � 0
no longer implies that u attains its maximum at either x = a or x = b. Here are two
counterexamples:

(1) Let [a;b] = [0; � ], let h be identically 1, let g be identically 0, and let u = sin(x).
Then (L + h)(u) = u00+ u = 0, and u has an interior maximum of value 1 at x = �

2
and is not maximized at the endpoints a and b.

(2) Let [a;b] = [� 1; 1], let h be identically � 1, let g be identically 0, and let
u = � cosh(x). Then (L + h)(u) = u00� u = 0, and u has an interior maximum of
value � 1 at x = �

2 and is not maximized at the endpoints a and b.
Thesetwo examplesshow that nonzeroh cancausethe operator L + h to not satisfy

the maximum principle, regardlessof whether h is positive or negative. However, if
we assumeh � 0 and maxx2 [a;b](u) � 0, then we still have a maximum principle, as
we now show:

Lemma 5.7. (Modi�e d simpli�e d 1-dimensional maximum principle) If h � 0 and
(L + h)(u) > 0 on [a;b], then u cannot havea nonnegative maximum in the interior
of [a;b].

Proof. Supposethat c is an interior point of [a;b] where u has a nonnegative local
maximum. Then u0(c) = 0, u00(c) � 0, h(c)u(c) � 0 imply (L + h)(u) � 0, a
contradiction. �

Again, if we only have (L + h)(u) � 0 then this statement above (Lemma 5.7) is
not true, but again the only exceptionsare when u is constant.

Lemma 5.8. (Modi�e d 1-dimensionalmaximumprinciple I) If u satis�es (L+ h)(u) �
0 with h � 0 on [a;b], then if u assumesa nonnegative maximum value M at an in-
terior point c 2 (a;b), then u is identically equal to M .

Proof. Assume M = maxx2 [a;b]f ug � 0 on [a;b]. Assume there exists an interior
point c such that u(c) = M . Also, assumethere exists an interior point d such that
u(d) < M . (Supposefor now that d > c.) Becauseg and h are bounded, we can
choosean � 2 R so that

� 2 + � g + h(1 � e� � (x � c) ) > 0
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for all x 2 [a;b]. Then de�ne y(x) = e� (x � c) � 1, and note that (L + h)(y) > 0 on [a;b].
Set w = u + �y for some� such that 0 < � < M � u(d)

y(d) . As w < M on (a;c), w(c) = M ,
w(d) < M , we have that w has an interior maximum point in (a;d). Then, since
(L + h)(w) > 0, we have a contradiction to Lemma 5.7.

Again, if d < c, we usey = e� (c� x) � 1 instead of y = e� (x � c) � 1. �

Now let us considera di�erent modi�cation of the maximum principle. Here there
will be no condition on the sign of h (although h is still assumedto be smooth and
bounded). Instead we will assumethat u attains a maximum value of precisely0 in
the interior of the domain. We shall alsoassumethat u is a real analytic function of
the independent variable x.

Lemma 5.9. (Modi�e d 1-dimensionalmaximum principle II) If a real analytic func-
tion u � 0 on [a;b] satis�es (L + h)(u) � 0, and if u(c) = 0 at an interior point
c 2 (a;b), then u is identically equal to 0.

Proof. Suppose that u is not identically zero. Becauseu(c) = u0(c) = 0, we can
expandu at x = c as

u =
X

j � 2

aj (x � c) j + `

for somenonnegative integer ` and somea2 6= 0. Becauseu � 0, we have

(5.1) ` is an even integer, and a2 < 0 :

Then L(u) expandsas

L(u) = (` + 2)(` + 1)a2(x � c)` (1 + O(x � c)) :

But then (5.1) implies L(u) < 0 for x closeto (but not equalto) c. This contradiction
provesthe lemma. �

5.2. The maxim um principle for elliptic equations in n variables. Now we
considerthe n-dimensionalcase,which is entirely analogousto the 1-dimensionalcase
above. Let (x1; :::; xn ) denotepoints in Rn and let D be an open boundedset in Rn

with closureD. We now considera smooth function

u(x1; :::; xn ) : D ! R ;

and we de�ne the operator L by

L(u) =
nX

i;j =1

aij (x1; :::; xn )
@2

@x i @x j
+

nX

j =1

bj (x1; :::; xn )
@

@x j

de�ned on functions u as above, wherethe coe�cien t functions

aij (x1; :::; xn ) ; bj (x1; :::; xn )

are bounded smooth functions on D, and @
@x j

represents the partial derivative with
respect to x j .

De�nition 5.10. L is elliptic in D if (aij )n
i;j =1 is a positive de�nite n � n matrix for

all x 2 D; that is, if at each point in D,

(y1; :::; yn)(aij )(y1; :::; yn)t � � (x1; :::; xn )
nX

j =1

y2
j
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for somepositive function � = � (x1; :::; xn ) on D, and any yj 2 R.
L is uniformly elliptic on D if � (x1; :::; xn ) � � 0 > 0 for all points in D, where � 0

is a �xed constant.

This de�nition is a natural generalizationof the Laplacian 4 1u(x) = u00(x) in the
de�nition of L in the 1-dimensionalcase,becauseof the following easily-computed
fact: (aij ) is positive de�nite at a point p 2 D if and only if there exists a linear
transformation A : (x1; :::; xn ) ! (~x1; :::; ~xn ) such that the secondorder part

nX

i;j =1

aij (x1; :::; xn )
@2

@x i @x j

of L becomesthe n-dimensionalLaplacian

4 n =
nX

j =1

@2

@~x2
j

at A (p).
We state the following two resultswithout proof, and refer the readerto [66], [140]

for full proofs. However, we note that the ideasbehind the proofsare like thosein the
above proofs for 1 independent variable. But in the caseof n independent variables,
there is more bookkeepinginvolved in the computations, as expectedby the greater
number of independent variables.

Theorem 5.11. (n-dimensionalmaximum principle) Let u and L be as above. Sup-
pose that L(u) � 0 and that L is uniformly elliptic on D. If u attains a maximum
valueat a point in D, then u is a constant function.

Theorem 5.12. (Modi�e d n-dimensional maximum principle I) Let u and L be as
above. Supposethat (L + h)(u) = L(u)+ hu � 0 and that L is uniformly elliptic on D,
where h � 0 is bounded and smooth on D. If u attains a nonnegativemaximum value
at a point in D, then u is a constant function { in particular, if h is not identically
zero, then u must be identically zero.

We also now state (without proof) a higher dimensional version of Lemma 5.9,
which could also be used to prove the maximum principle for CMC surfacesthat
follows. We will not actually use it, as other forms of the maximum principle given
here will su�ce, but this next theorem is especially useful in proving the maximum
principle for CMC surfaceswhen the ambient spaceis the 3-sphereS3. (We do not
apply the maximum principle for CMC surfacesin S3 in this text.) Sincewe would
have two independent variables in the application of this theorem to CMC surfaces,
we state the result here for only that case.A proof can be found in H. Hopf's book
[79].

Theorem 5.13. (Modi�e d 2-dimensionalmaximum principle II) Consider the oper-
ator

(L + h)(u) := @x1 @x1 u + @x2@x2 u + g1@x1 u + g2@x2 u + hu
for functions u : �D ! R de�ned on the closure �D of an open bounded domain D of
the 2-dimensional x1x2-plane, where g1, g2 and h are all smooth bounded functions
de�ned on �D. If a real analytic function u � 0 on �D satis�es (L + h)(u) � 0, and if
u(p) = 0 at a point p 2 D, then u is identically equal to 0.
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5.3. Pro of of the maxim um principle for CMC surfaces in R3. Letting D be
an open boundeddomain in R2, and letting f (x1; x2) : D ! R be a smooth bounded
function, we can considerthe graph

f f̂ (x1; x2) = (x1; x2; f (x1; x2)) 2 R3 j (x1; x2) 2 Dg

to bea smooth immersionf̂ into R3. Choosingthe unit normal to f̂ to be the upward-
pointing unit normal vector, we saw how to compute the mean curvature H of this
surfacein De�nition 1.3.5 in [59], as half the trace of the shape operator S. Because
f̂ is of the form (x1; x2; f (x1; x2)), onecan easily compute that (� ij is the Kronecker
delta function)

(5.2) H =
1
2

trace(S) =

P 2
i;j =1 f x i x j (� ij (1 + (f x1 )

2 + (f x2 )
2) � f x i f x j )

2(1+ (f x1 )2 + (f x2 )2)
3
2

;

wheref x i denotes@x i f and f x i x j denotes@x j (@x i f ).
Now let f̂ 1 and f̂ 2 be two smooth oriented surfaceswith boundary. Supposethat

the surfacef̂ j can be written as a graph over a closeddomain D for j = 1; 2; that is,
that

f̂ j (x1; x2) = (x1; x2; f j (x1; x2))

for (x1; x2) 2 D for some smooth bounded function f j : D ! R. Furthermore,
supposethat both f̂ 1 and f̂ 2 have the sameconstant meancurvature H with respect
to the orientations given by their upward pointing normals.

De�nition 5.14. We say that f̂ 1 lies above f̂ 2 if f 1 � f 2 for all points in D. Then,
if

p := (x1; x2; f 1(x1; x2)) = (x1; x2; f 2(x1; x2))
(i.e. f 1(x1; x2) = f 2(x1; x2)) for somepoint (x1; x2) 2 D, and if one of the following
two conditions

(1) (x1; x2) is in the interior of D, or
(2) (x1; x2) is in the boundary of D, and the tangent planesof f̂ 1 and f̂ 2 coincide

at p, and furthermore the tangent lines of the boundariesof f̂ 1 and f̂ 2 coincide
at p

holds,we say that p is a point of commontangencyof f̂ 1 and f̂ 2.

We are now ready to state the maximum principle for CMC surfacesin R3:

Prop osition 5.15. (The maximum principle for CMC surfaces in R3.) Let f̂ 1 and
f̂ 2 be CMC H graphswith respect to the orientation of upward pointing normals. In
particular, H has the samevalue for both surfaces. Supposethe following:

1) f̂ 1 lies above f̂ 2.
2) f̂ 1 and f̂ 2 havea point p of common tangencyat which the �rst of
the two enumerated items in De�nition 5.14 holds.

Then f̂ 1 and f̂ 2 coincide in a neighborhood of p.

Prop osition 5.16. (The boundary point maximum principle for CMC surfaces in
R3.) Let f̂ 1 and f̂ 2 be CMC H graphs with respect to the orientation of upward
pointing normals, just as in Proposition 5.15. In particular, H has the samevalue
for both surfaces. Supposethe following:
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1) f̂ 1 lies above f̂ 2.
2) f̂ 1 and f̂ 2 havea point p of common tangencyat which the second of
the two enumerated items in De�nition 5.14 holds.

Then f̂ 1 and f̂ 2 can be extended to surfaces that coincide in a neighborhood of p.

Thesetwo results are well known [4], and we include a proof of just the �rst one
here. Proofs can alsobe found in [156], [51].

Proof. Applying a rigid motion of R3 if necessary, we may assumep = (0; 0; 0) is the
origin in R3 and that the commontangent planeof the two surfacesis the x1x2-plane
f x3 = 0g. Hencef j (0; 0) = 0 and (@x1 f j )(0; 0) = (@x2 f j )(0; 0) = 0, for j = 1; 2.

Equation (5.2) and the fact that both surfaceshave the samemeancurvature imply
that

(5.3)
2X

i;j =1

 

wij
� ij (1 + jr f 2j2) � (f 2)x i (f 2)x j

2(1+ jr f 2j2)
3
2

+

(f 1)x i x j

 
� ij (1 + jr f 2j2) � (f 2)x i (f 2)x j

2(1+ jr f 2j2)
3
2

�

� ij (1 + jr f 1j2) � (f 1)x i (f 1)x j

2(1+ jr f 1j2)
3
2

!!

= 0 ;

wherejr f j j2 = ((f j )x1 )
2 + ((f j )x2 )2 and

w := f 2 � f 1 � 0

with �rst derivatives wj = (f 2)x j � (f 1)x j and secondderivatives wij = (f 2)x i x j �
(f 1)x i x j . De�ning � ij by

� ij (u1; u2) =
� ij (1 + u2

1 + u2
2) � ui uj

2(1+ u2
1 + u2

2)
3
2

;

the intermediate value theorem tells us that

� ij (( f 2)x1 ; (f 2)x2 ) � � ij (( f 1)x1 ; (f 1)x2 ) =
2X

k=1

��
@

@uk
� ij

�
((cf 2 + (1 � c)f 1)x1 ; (cf 2 + (1 � c)f 1)x2 )

�
� (f 2 � f 1)xk ;

for somec = c(i; j ) 2 [0; 1]. Equation (5.3) then has the form

(5.4) Lw :=
2X

i;j =1

 

aij wij + (f 1)x i x j

2X

k=1

~bij kwk

!

= 0 ;

where
~bij k =

�
@

@uk
� ij

�
((cf 2 + (1 � c)f 1)x1 ; (cf 2 + (1 � c)f 1)x2 ) :

Note that aij ;~bij ;~bij k are all bounded functions. Note also that aij � � ij

2 in a small
neighborhood of the origin (x1; x2) = (0; 0), and thus(aij ) is a strictly positivede�nite
2 � 2 matrix in a small neighborhood of the origin.

Since w � 0 in a small open neighborhood of (x1; x2) = (0; 0) and has a local
maximum w = 0 at (0; 0), it follows from the maximum principle Theorem5.12(with
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L asin (5.4) and h identically equalto zero) that w is identically 0 in a neighborhood
of the origin. We concludethat f 1 = f 2 near p, and thus f̂ 1 and f̂ 2 coincide in a
neighborhood of p. �

5.4. The maxim um principle for CMC surfaces in H3. Onecangive essentially
the sameproof for the maximum principle for CMC surfacesin other ambient spaces,
such as H3. (Some referencesfor the maximum principle in the hyperbolic case
are [107], [34], and referencestherein.) Here we describe how one could prove the
maximum principle for CMC surfacesin H3. The arguments go along the samelines
as above for R3, but somedi�erences from the Euclideancaseare the following:

(1) obviously the ambient spaceno longer has a Euclidean metric (here we will
considerthe Poincaremodel for H3, which is conformal to the Euclideanmet-
ric), and

(2) becausethe ambient spaceis not Euclidean, the equation for the meancurva-
ture H of a graph will change.

We now remark on each of thesetwo items.
Regarding the �rst item: For H3, we can use the Poincare ball model P. This

allows us to once again consider the two surfaceslocally as graphs over the x1x2-
plane containing the origin. Since the consideration is only local, the graphs will
both lie in the unit ball f (x1; x2; x3) 2 R3 j x2

1 + x2
2 + x2

3 < 1g that is the Poincare
model. The notions of "p oint of common tangency" and "one surfacelying above
the other" do not change. The only di�erence is that now the ambient spacehas the
metric

(5.5) � 2(dx2
1 + dx2

2 + dx2
3) ; � =

2
1 � x2

1 � x2
2 � x2

3
;

like in (3.2).
Regarding the second item: Although this Poincare metric is not Euclidean, it

is still conformal to the Euclidean metric, and this conformality will simplify the
computation of the meancurvature H for a graph in the Poincaremodel:

Lemma 5.17. For a smooth immersion f̂ (x1; x2) in P written as a graph

f̂ (x1; x2) = (x1; x2; f (x1; x2)) 2 P

with (x1; x2) 2 D � P [ f x3 = 0g, the mean curvature of f̂ with respect to its ambient
space P � H3 is

(5.6)
H
�

�
� N

� 2
;

where

(1) H is the Euclidean mean curvature as given in Equation (5.2),
(2) � is the metric factor of the Poincare metric, as given in (5.5),
(3) � N is the derivative of � with respect to the direction N , where N is the unit

normal vector to f̂ with respect to the standard Euclidean space (R3; dx2
1 +

dx2
2 + dx2

3).

Remark 5.18. In fact, the above formula for the mean curvature of a surfacein R3

holds for any positive function � , when R3 is given the metric � 2(dx2
1 + dx2

2 + dx2
3).
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But becauseour interest here is speci�cally in H3, we have �xed � to be the metric
factor of the Poincaremetric.

Proof. We will give this proof using the moving framesmethod.
Note that with respect to the usual Euclidean metric, a surfacethat is a graph

of the form (x1; x2; f (x1; x2)) has mean curvature H as in Equation (5.2). For such
a graph we de�ne an orthonormal moving frame of vectorse1; e2 that is an oriented
orthonormal frame of vectors for the tangent spaceof the surface,and then de�ne
e3 = N to be the unit normal vector to the surfacewith the upward orientation. We
de�ne 1-forms! i and ! j

i by

! i (ej ) = � ij ; r ei =
3X

j =1

! j
i ej :

Note that the ! j
i are skew symmetric, that is, ! j

i = � ! i
j . Note also that we have the

structure equation

d! i =
3X

j =1

! j ^ ! i
j :

We can then de�ne the meancurvature as

H =
1
2

2X

i =1

hii ;

wherehij = hr ei ej ; e3i = ! 3
j (ei ).

If we now considerthe samehypersurface,but with the ambient metric � 2(dx2
1 +

dx2
2 + dx2

3), we can de�ne an orthonormal moving frame in the sameway as above.
We denotethe orthonormal vectorsand 1-forms and meancurvature in this caseby
using the symbols êi and !̂ i and !̂ j

i and ĥij and Ĥ . Noting that we can take êi = ei
�

and !̂ i = �! i , and using that !̂ i ^ ! i = 0, we seethat (with � j = ej (� ) = d� (ej ) the
derivative of � with respect to the direction ej )

3X

j =1

!̂ j ^ !̂ i
j = d!̂ i = d(�! i ) = d� ^ ! i + �d! i =

3X

j =1

�
� j ! j ^ ! i + �! j ^ ! i

j

�

=
3X

j =1

 

�! j ^
�

� j

�
! i + ! i

j

� !

=
3X

j =1

 

!̂ j ^

skew symmetric
z }| {�

� j

�
! i �

� i

�
! j + ! i

j

� !

:

Sowe have !̂ i
j = (� j =� )! i � (� i =� )! j + ! i

j . Thus, for i; j � 2, we have

ĥij = !̂ 3
j (êi ) =

�
� j

�
! 3 �

� 3

�
! j + ! 3

j

� � ei

�

�
=

hij

�
�

� 3

� 2
� ij =) Ĥ =

H
�

�
� 3

� 2
;

where� 3 = N (� ) = d� (N ) is the derivative of � with respect to N = e3. �

6. Fur ther motiv ations f or stud ying CMC surf aces

In Chapter 4, we gave Hopf's theorem showing that any closedCMC surfaceof
genus 0 in R3 must be a round sphere.Hopf asked if every closedCMC surfacemust
be a round sphere,without any initial assumptionabout the genus of the surface. In
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e�ect, he asked if any closedCMC surfacein R3 of any genus must in fact be of genus
0 and thus be a round sphere.

Evidenceto support a positive answer to this question camefrom the maximum
principle for CMC surfaces. This principle gave a technique for showing that any
embeddedclosedCMC surfacein R3 must be a round sphere. We gave a proof of
this result in Chapter 5. So from this, it follows that a closedCMC surfacemust be
a round sphereif it is either of genus 0 or is embedded.

So any negative answer to Hopf's question would needto be an example that is
both of positive genus and not embedded. In 1986, H. Wente [170] found exactly
such examples,of genus 1. This discovery of a negative answer to Hopf's question
gave impetus for further research on CMC surfaces. Following Wente's discovery,
U. Abresch [1] in 1987then published a more explicit representation, using elliptic
functions, for closedCMC tori which contain a continuousfamily of planar principal
curves. (Principal curves in a surfaceare those whosetangent vectors are always a
principal curvature direction, and planar curves are those that lie in someplane in
R3.) R. Walter [168] (also published in 1987) found an explicit representation for
those tori that Abresch considered,using special functions called the Jacobi sn and
cn functions. Walter's representation wasdeveloped using the fact that if onefamily
of principal curvesare all planar, then the perpendicular principal curveseach lie in
a sphere.Finally, J. Spruck [160]showed in 1988that theseCMC tori consideredby
Abresch and Walter are exactly the samesurfacesthat Wente originally found.

The works mentioned above and the development of the theory of integrable sys-
tems sincethe 1960'shelped lead to the recognition that closedCMC tori could be
studied by using techniques from the theory of integrable systems,and that closed
CMC tori are special CMC surfacesin the sensethat they are of "�nite type". This
is what is shown in the works of U. Pinkall and I. Sterling [135] and A. Bobenko
[11] [12] [13], from 1989to 1991,and in theseworks all closedCMC tori in R3 were
classi�ed.

We mention that also N. Kapouleas,in 1991and 1995,constructed closedCMC
surfacesfor every genus g > 1 [87], [88]. But Kapouleasusedvery di�erent analytic
techniques. Further developments in that direction have beenpresented recently by
Kusner, Mazzeo,Pacard, Pollack and Ratzkin as well [109], [118], [119], [120], [121],
[141].

The way that the techniques of integrable systems were used in the works of
Bobenko was to convert the problem of studying CMC surfacesinto the language
of 2� 2 matrices. The sameapproach wastaken by Dorfmeister, Pedit and Wu when
they developed the DPW method in their paper [47] published in 1998. While the
languageof 2 � 2 matrices might not seemso natural from the viewpoint of classi-
cal di�erential geometry in R3, it is very natural from the viewpoint of integrable
systems,and is certainly convenient for describingthe DPW method.

The ideabehind the DPW method is that the neededequationsand their solutions
can be found using holomorphic data and applying a splitting called the Iwasawa
decomposition to mapsfrom circles(loops) to 2� 2 matrices. This idea datesback at
least to I. M. Kri �cever [108] (1980) and perhapseven earlier, and J. Dorfmeister, F.
Pedit and H. Wu formulated it in a way that made the idea apply globally to CMC
surfaces[47]. The DPW method was the central topic of [59].
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Finally, we note that the integral systemsapproach to CMC surfacesalso helped
lead to notions of discrete CMC surfaces. Thesenotions preserve to a large extent
the rich mathematical structure associated with smooth CMC surfaces,and this is
exactly what we shall focuson for the remainderof this text, from Chapter 8 onward.

But beforethat, we brie
y give an asideon smooth surfacesin inde�nite ambient
spaces,in Chapter 7.

7. Maximal surf aces in R2;1

In later chapters we consider surfacesin positive de�nite spacessuch as R3, S3

(spherical 3-space)and H3. However, in this chapter we considersurfacesin a space
that is not positive de�nite. We do this becausewe have not consideredsuch a type
of spaceyet, and it is informative to seethe similarities and di�erences that occur
in the inde�nite case.Herewe choosemaximal surfacesin R2;1 (Minkowski 3-space),
and becausethe R4;1 M•obiusgeometricapproach of later chaptersdoesnot work here,
we investigatethem in much the sameway aswe consideredminimal surfacesin [59].
It is possibleto considerdiscreteversionsof thesesurfaces[95], and we comeback to
this in Chapter 10.

We note that this chapter dependson Section3.4 in [59], and we recommendthat
the reader look at that before reading this chapter. We also note that this chapter
and Chapter 10 are independent of the other chaptershere,socould be skipped over
without a�ecting continuity of the text.

Becausethe maximal surfaceshere lie in a spacethat is not positive de�nite,
they have interesting singularities. The singular points can be cuspidal edgesor
swallowtails or cuspidalcrosscaps,generically, and could alsobeconicalsingularities,
for example,lessgenerically(for related material, see,for example,[62], [100], [146],
[147], [148], [149], [151] and [152]). In fact, conical singularities and cuspidal edges
and swallowtails exist on the surfacesshown in Figures 10, 11 and 12. We will say
more about why this happensbelow.

Let R2;1 = (f (x1; x2; x0)jx j 2 Rg; h�; �i R2;1) be the 3-dimensionalMinkowski space
with the Lorentz metric

h(x1; x2; x0); (y1; y2; y0)i R2;1 = x1y1 + x2y2 � x0y0 :

A surfacein R2;1 is called a spacelike surfaceif the induced metric on the surfaceis
positivede�nite. In this sectionwestudy spacelike surfacesin R2;1 whosemeancurva-
ture is identically zero(maximal surfaces).Furthermore, we establishO. Kobayashi's
representation [96] for thesesurfaces(seealso [125]), which is similar to the Weier-
strass (Section 3.4 in [59]) and Bryant (Section 5.5 in [59]) and G�alvez, Mart��nez
and Mil�an (Section 5.6 in [59]) representations, and amongst these three previous
representations is most similar to the Weierstrassrepresentation.

Let

f : � ! R2;1

be a conformally immersedspacelike surface,where� is a simply-connecteddomain
in C with complexcoordinate z. (Again, by Theorem 4.5, without lossof generality
we may assumef is conformal.) Then

hf z; f z i = hf �z; f �z i = 0 ; hf z; f �zi = 2e2û ;
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Figure 10. The maximal helicoid(on the left) andEnneper'smaximal
surface(on the right). The maximal helicoid cousin is given by the
representation of O. Kobayashi with (g; � ) = (ez; cie� zdz), c 2 R n f 0g
on � = C, like the data for a minimal helicoid in R3. (This maximal
helicoid is in fact contained in the image of a minimal helicoid as in
Figure 3.4.3 in [59]. See[96] for a proof of this.) Enneper's maximal
surfaceis given by the representation of O. Kobayashi with (g; � ) =
(z; cdz), c 2 R n f 0g on � = C, like the data for an Enneper's minimal
surfacein R3. Graphics madeby Hitomi Abe and Kouichi Shimose.

where û : � ! R is de�ned this way and h�; �i is the complex bilinear extensionof
h�; �i R2;1 . Let N be a unit normal vector �eld of f . (Note that N is timelike, that is,
hN; N i = � 1, sincef is spacelike.) We chooseN so that it is future pointing, that
is, so that the third coordinate of N is positive. Then

(7.1) N : � ! H2 := f ~n = (n1; n2; n0) 2 R2;1 j h~n;~ni = � 1 ; n0 > 0g

is the Gaussmap of f .
Note that the target spaceof the Gaussmap is now H2, which is not compact

(unlike the caseof surfacesin R3, wherethe target of the Gaussmap is the compact
S2). Singularities of the maximal surfacesoccur when the Gaussmap reaches the
ideal boundary of H2.

We have the following Gauss-Weingartenequations:

f zz = 2ûzf z � QN ; f z�z = � 2H e2ûN ; f �z �z = 2û�zf �z � �QN ;

Nz = � H f z � 1
2Qe� 2ûf �z ; N �z = � H f �z � 1

2
�Qe� 2û f z ;
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Figure 11. The higher-order versionsof Enneper's maximal surface
are given by the representation of O. Kobayashi with (g; � ) = (zn ; cdz),
c 2 R n f 0g on � = C, like the data for higher-order versionsof En-
neper's minimal surfacein R3. The left-hand sidepicture is drawn with
n = 2, and the right-hand side picture is drawn with n = 3. Graphics
madeby Hitomi Abe and Kouichi Shimose.

Figure 12. The maximal catenoid (on the left) and the maximal
Lopez-Rossurface(on the right). The maximal catenoidis givenby the
representation of O. Kobayashi with (g; � ) = (z; cz� 2dz), c 2 R n f 0g
on � = C n f 0g, like the data for a minimal catenoid in R3 (note that
� is not simply-connnectedhere,but the surfaceis a well-de�ned map
from � to R2;1). The maximal Lopez-Rossurfaceis given by the rep-
resentation of O. Kobayashi with (g; � ) = (� (z2 + 3)=(z2 � 1); � � 1dz),
� 2 (0; 1 ) = R+ on � = C n f� 1g, like the data for a minimal Lopez-
Ros surface in R3 (again we have a non-simply-connecteddomain).
Graphics madeby Hitomi Abe and Kouichi Shimose

whereQ := hf zz; N i is the Hopf di�erential function and H = e� 2ûhf z�z; N i =2 is the
meancurvature. Also, (f zz) �z = (f z�z)z implies the following Gauss-Codazziequations:

(7.2) 4ûz�z + Q �Qe� 2û � 4H 2e2û = 0 ; Q�z = 2Hze2û :
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Note that the �rst equation herehasdi�erent signsthan the corresponding equation
for minimal surfacesin R3 (see[59]), although it is otherwisevery similar.

Now we identify R2;1 with the Lie algebra

su1;1 =
� �

ia b
�b � ia

� �
�
�
� a 2 R; b2 C

�
;

of the Lie group

SU1;1 =
��

� �
�� ��

� �
�
�
�

� ; � 2 C
� �� � � �� = 1

�
;

by identifying (x1; x2; x0) 2 R2;1 with the matrix

(7.3) x1� 1 + x2� 2 + x0i� 3 =
�

ix 0 x1 � ix 2

x1 + ix 2 � ix 0

�
2 su1;1 ;

where� 1, � 2, � 3 are the Pauli matricesde�ned in the beginningof Section3.2 in [59]
(but the de�nition of the Pauli matrices is alsoapparent from (7.3) here). Note that
the metric becomes

hX ; Yi =
1
2

trace(X Y)

when consideringR2;1 in this 2 � 2 matrix model.
The following lemma is immediate:

Lemma 7.1. If F 2 SU1;1, then hX ; Yi = hF X F � 1; F YF � 1i for all X ; Y 2 R2;1.

We alsohave the following lemma:

Lemma 7.2. There existsan F 2 SU1;1 (unique up to sign � F ) so that

e1 :=
f u

jf u j
= F � 1F � 1 ; e2 :=

f v

jf v j
= F � 2F � 1 ; N = F i� 3F � 1 ;

where z = u + iv for u; v 2 R.

Proof. We �rst de�ne the Lorentz group O2;1 as the set of 3 � 3 real valued matrices
A which satisfy A t I 2;1A = I 2;1, and the proper Lorentz group as

SO+
2;1 :=

8
<

:
A =

0

@
a11 a12 a10

a21 a22 a20

a01 a02 a00

1

A

�
�
�
�
�
�

A 2 O2;1 ;
det A = 1 ;

a00 > 0

9
=

;
; where I 2;1 :=

0

@
1 0 0
0 1 0
0 0 � 1

1

A :

Then the correspondenceF 2 SU1;1 with (F � 1F � 1; F � 2F � 1; F i� 3F � 1) can be con-
sideredas the map ' : SU1;1 ! SO+

2;1 given by

' (F ) :=

0

@
� 2

1 � � 2
2 � � 2

1 + � 2
2 2� 1� 2 + 2� 1� 2 2� 1� 2 + 2� 2� 1

� 2� 1� 2 + 2� 1� 2 � 2
1 � � 2

2 + � 2
1 � � 2

2 2� 1� 1 � 2� 2� 2

2� 1� 2 � 2� 2� 1 2� 1� 1 + 2� 2� 2 � 2
1 + � 2

2 + � 2
1 + � 2

2

1

A

via the identi�cation (7.3), where

F =
�

� 1 + i� 2 � 1 + i� 2

� 1 � i� 2 � 1 � i� 2

�
; � 1; � 2; � 1; � 2 2 R ; � 2

1 + � 2
2 � � 2

1 � � 2
2 = 1 :

One can check that ' is a surjective homomorphism,and that ' (F1) = ' (F2) if and
only if F1 = � F2. This completesthe proof. �
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Therefore, choosing F as in Lemma 7.2, we have f u = 2eûF � 1F � 1 and f v =
2eûF � 2F � 1, and so

f z = 2eûF
�

0 0
1 0

�
F � 1 ; f �z = 2eûF

�
0 1
0 0

�
F � 1 :

We de�ne U and V by
Fz = F U ; F �z = F V :

Then, similar to the computation in Section3.2 of [59], we have

U =
1
2

�
� ûz � iQe� û

2iH eû ûz

�
; V =

1
2

�
û�z � 2iH eû

i �Qe� û � û�z

�
:

Now we considerthe casewhen f is a maximal surface,that is, the meancurvature
H is identically zero. (Su�cien tly small portions of H = 0 surfacesin R2;1 actually
locally maximize area with respect to arbitrary smooth boundary-�xing variations,
rather than minimize area as they would in R3. Hence they are called maximal
surfacesrather than minimal surfaces.See[31] and [35], for example.)

De�ning functions a;b : � ! C so that

F =
�

e� û=2�a e� û=2b
e� û=2�b e� û=2a

�

holds, then a�a � b�b= eû, becauseF 2 SU1;1. SinceV = F � 1F �z, we have

1
2

�
û�z 0

i �Qe� û � û�z

�
=

1
2

�
� û�z + 2e� û(a�a�z � b�b�z) 2e� û(ab�z � ba�z)

2e� û(�a�b�z � �b�a�z) � û�z + 2e� û(�aa�z � �bb�z)

�
:

It follows that �
�a � �b

� b a

� �
a�z

b�z

�
=

�
0
0

�

and soa�z = b�z = 0; that is, a and b are holomorphic.
Note that

f z = 2eûF
�

0 0
1 0

�
F � 1 = 2

�
ab � b2

a2 � ab

�
;

which is holomorphic and is written as

f z = (a2 � b2; � i (a2 + b2); � 2iab)

in the (complexi�cation of the) standard R2;1 coordinatesvia the identi�cation (7.3).
Sincef is real-valued, by Remark 3.4.2 in [59], we have

Re
Z

f zdz =
1
2

f + (c1; c2; c0)

for someconstant (c1; c2; c0) 2 R2;1. So,up to a translation,

(7.4)

f = 2Re
Z

f zdz= 2Re
Z

(a2 � b2; � i (a2 + b2); � 2iab)dz

=Re
Z

(1 + g2; i (1 � g2); � 2g)� ;

where g = � ia=b and � = � 2b2dz. This is the Weierstrass-type representation for
maximal surfacesas in [96]. We have just shown the following:
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Theorem 7.3. (The representationof O. Kobayashi [96]) Any maximal immersion
from a simply-connected domain � into R2;1 can be given the parametrization (7.4),
using a meromorphic function g : � ! C and holomorphic1-form � on � .

Also, the metric of the maximal surfaceis expressedas

(1 � g�g)2� �� = 4e2ûdzd�z :

Note that g�g > 1, sincea�a � b�b > 0. Note also that we have one minus sign on the
left side, unlike the plus sign we would have in the caseof minimal surfacesin R3,
see[59]. This minus sign here allows for singularities, becausewhen jgj approaches
1 (i.e. the Gaussmap approachesthe ideal boundary of H2), the metric degenerates
and singularities occur.

The normal is

N = F i� 3F � 1 = ie� û

�
a�a + b�b � 2�ab

2a�b � (a�a + b�b)

�
;

which is written as

N = e� û
�
i (a�b� �ab); a�b+ �ab;a�a + b�b

�

=
�

� g � �g
g�g � 1

; i
g � �g
g�g � 1

;
g�g + 1
g�g � 1

�

in the standard R2;1 coordinatesvia the identi�cation (7.3). Thus the function

g : � ! C := (C [ f1g ) n f z 2 C j jzj � 1g

is the composition of the Gaussmap with stereographicprojection from H2 (as in
(7.1)) to C, and, as noted above, singularities of the surfaceoccur when jgj becomes
1.

Remark 7.4. If we assumethat the mean curvature H is a non-zeroconstant, then
we have the Sym-Bobenko type formula (see[23])

f (z; �z) =
� i
2H

�
F

�
1 0
0 � 1

�
F � 1 + 2� (@� F )F � 1

� �
�
�
�
� =1

:

Remark 7.5. For the purposeof consideringspacelike CMC surfacesin R2;1 via the
DPW method, we make this remark: Birkho� splitting for the R2;1 caseis the sameas
in Theorem4.2.4in [59], becauseSU1;1 and SU2 are both real forms of SL2C. (SU1;1

is a noncompactreal form and SU2 is the compact real form of SL2C.) However, the
product of loop groups� SU1;1 � � R

+ SL2C is now only an opendensesubsetof � SL2C,
so we do not have a global Iwasawa splitting available for a DPW style construction
of spacelike surfacesin R2;1, see[23], [80] and [90]. (When the ambient spaceis R3,
i.e. in the SU2 case,there is a global Iwasawa splitting.)

The non-globalnessof the Iwasawa splitting is directly relatedto singularitieson the
surfaces,becausesingularitiesoccur preciselywherethe Iwasawa splittings associated
with the surfacesleave � SU1;1 � � R

+ SL2C (see[23]).

Remark 7.6. SU1;1 is isomorphicas a group to SL 2R. For example,

SU1;1 3
�

p1 + ip2 q1 + iq2

q1 � iq2 p1 � ip2

�
$

�
p1 � q1 p2 + q2

� p2 + q2 p1 + q1

�
2 SL2R
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is onesuch isomorphism,wherepj ; qj 2 R satisfy p2
1 + p2

2 � q2
1 � q2

2 = 1. As a result,
either su1;1 or sl2R can be usedto represent R2;1. (Both ways of representing R2;1 can
be found in the references[46], [84], [85] and [86].)

8. Linear conser ved quantities f or smooth CMC surf aces

In the next chapter we introduce an approach to discrete CMC surfacescoming
from [27]. But to motivate that discussion,in this chapter we �rst explain a result
of Burstall and Calderbank [26] for the caseof smooth CMC surfaces.We begin by
describing the 3-dimensionalspaceforms using the 5-dimensionalMinkowski space
R4;1.

8.1. Mink owski 5-space. Wegivea 2� 2 matrix formulation for Minkowski 5-space.
Let H denote the quaternionsand Im H the imaginary quaternions. (We useH to
denoteboth the quaternionsand the meancurvature of surfaces,but this should not
createany confusion,as it will always be clear from context which meaningH hasin
each case.)

(8.1) R4;1 =
�

X =
�

x x1

x0 � x

� �
�
�
� x 2 Im H; x0; x1 2 R

�

with Minkowski metric hX ; Y i such that

(8.2) hX ; Y i � I = � 1
2(X Y + YX ) ;

I = identit y matrix. This metric has signature (+ ; + ; + ; + ; � ) with respect to the
(orthonormal) basis

�
i 0
0 � i

�
;

�
j 0
0 � j

�
;

�
k 0
0 � k

�
;

�
0 1

� 1 0

�
;

�
0 1
1 0

�
:

If we set x4 = 1
2(x1 � x0), x5 = 1

2(x1 + x0), we can write X as

X = x1

�
i 0
0 � i

�
+ x2

�
j 0
0 � j

�
+ x3

�
k 0
0 � k

�
+ x4

�
0 1

� 1 0

�
+ x5

�
0 1
1 0

�
;

wherex = x1i+ x2j + x3k, and then wehavethe correspondenceX $ (x1; x2; x3; x4; x5)
to the more usual way

f � = (x1; x2; x3; x4; x5) 2 R5 j jj � jj = sgn(� )
p

j� j; � = x2
1 + x2

2 + x2
3 + x2

4 � x2
5g

of denoting R4;1. The 4-dimensionallight coneis

L4 = f X 2 R4;1 j jjX jj = 0g :

We can make the 3-dimensionalspaceforms as follows: A spaceform M is

M = f X 2 L4 j hX ; Qi = � 1g

for any nonzeroQ 2 R4;1. It will turn out that M has constant sectionalcurvature
� , where Q2 = � � I , so without lossof generality we can obtain any spaceform by
choosing

(8.3) Q =
�

0 1
� 0

�
;
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and then, after appropriately scalingx, and letting Im H [ f1g denotethe onepoint
compacti�cation of Im H , we can write
(8.4)

M =
�

X =
2

1 � �x 2
�
�

x � x2

1 � x

� �
�
�
� x = x1i + x2j + x3k 2 Im H [ f1g ; x2 6= � � 1

�
;

which is equivalent to f (x1; x2; x3) 2 R3 [ f1g jx2
1 + x2

2 + x2
3 6= � � � 1g. Note that

when � < 0, M becomestwo copiesof hyperbolic 3-spacewith sectionalcurvature � .
Also, note the following property:

1 � �x 2 is never zero for points in M .

M is called a quadric, becauseit is determinedby a quadratic equation (for the light
coneL4) and a linear equation (for the hyperplaneslicing through L 4 that produces
M ).

Remark 8.1. Given any

�
�

x � x2

1 � x

�

living in the projectivized light cone PL 4, for any real scalar � , we can uniquely
choose� sothat we get a point in M , and sosometimeswe canneglectthe real scalar
� , or simply freely chooseany � we like.

Remark 8.2. We have alsousedthe letter Q to denotethe Hopf di�erential function.
Wherever we think this might causeconfusion,we changethe notation for the Hopf
di�erential function to Q̂.

The tangent spaceof M at X is

TX M =
�

Ta =
2

(1 � �x 2)2
�
�

a + �xax � xa � ax
� (xa + ax) � a � �xax

� �
;

for a 2 Im H . When X = X (t) 2 M is a smooth function of a real variable t, and
when 0denotesdi�erentiation with respect to t, we have

X 0 = Tx0 :

A computation gives

(8.5) hTa; Tbi =
� 4

(1 � �x 2)2
Re(ab) ;

jjTajj = 1 , jaj = 1
2 j1 � �x 2j :

Also,

(8.6) X 00= T2� (xx 0+ x0x)
1� �x 2 �x0+ x00

+
4(x0)2

(1 � �x 2)2
�
�

�x � 1
� � �x

�
:

Note that generallyX 00is not contained in TX M .
The following lemma follows from (8.5).

Lemma 8.3. The M determined by the Q in (8.3) has constant sectional curvature
� .

We seefrom (8.5) that the collection of M given by the above choice (8.3) for Q,
for various � , are all conformally equivalent (or M•obius equivalent). In fact, the map
M 3 X ! x 2 ImH � R3 is stereographicprojection when � 6= 0. (SeeFigure 15.)
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Figure 13. Three choicesof � (� > 0, � = 0, � < 0) giving the space
forms S3, R3 and (two copiesof) H3.

8.2. Smooth surfaces in space forms. We now consider surfacesin the space
forms. Let

x = x1(u; v)i + x2(u; v)j + x3(u; v)k $ X = X (u; v) 2 M

be a surfacein M . (In this chapter we will usex and X to denotesurfaces.)Assume
(u; v) is a conformal curvature-line coordinate system (every CMC surfacecan be
parametrizedthis way, away from umbilic points). We call such coordinates isother-
mic coordinates.

Note that x1, x2 and x3 can be chosenbeforethe spaceform M is chosen,and only
onceM (and hence� ) is chosendo we know the form of X . In particular, the surface
can be de�ned beforethe spaceform is chosen.

Remark 8.4. The phrase"isothermic coordinates" meanssimply conformalcurvature-
line coordinates. However, the phrase "isothermic surface" will mean for us any
surfacefor which isothermic coordinates exist, even if those isothermic coordinates
have not beendeterminedyet.

Notation: Becausewe will always chooseQ as in (8.3), we will indicate this by
denoting M asM � , with the subscript � . We let n denotethe unit normal vector for
x, onceM � is chosen. n0 denotesthe unit normal with respect to Euclidean 3-space
M0, where � = 0. We sometimeswrite H � for the mean curvature of the surfacex
with respect to the spaceform M � , to indicate that the meancurvature dependson
the choiceof spaceform. H0 is the meancurvature in the caseof Euclidean 3-space
M0.

Lemma 8.5. The mean curvature H � of x with respect to the space form M � given
by Q as in (8.3), with 4 x = @u@ux + @v@vx, is

H � = � 1
2 jxu j � 2 Ref4 x � ng �

�
1 � �x 2

(xn + nx) =
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= � 1
2 (1 � �x 2)jxu j � 2 Ref4 x � n0g � � (xn0 + n0x) =

(1 � �x 2)H0 � � (xn0 + n0x) :
Then H � is constant exactlywhen@uH � = @vH � = 0, which is equivalent to

(8.7) (@uH0) � (1 � �x 2) = � k2 � k1
2 @u(x2) ; (@vH0) � (1 � �x 2) = � k1 � k2

2 @v(x2) ;

where the kj 2 R are the principal curvatureswith respect to the Euclidean space form
M0, i.e. @un0 = � k1@ux and @vn0 = � k2@vx.

Proof. Letting x1u denote d
du (x1), and similarly taking other notations, the unit nor-

mal vector to the surfaceis Tn , wheren = (1 � �x 2)n0 and

n0 =
1
2

�
(x2ux3v � x3ux2v)i + (x3ux1v � x1ux3v)j + (x1ux2v � x2ux1v)k

p
(x2ux3v � x3ux2v)2 + (x3ux1v � x1ux3v)2 + (x1ux2v � x2ux1v)2

:

The �rst fundamental form (gij ) satis�es hTxu ; Txv i = 0 = g12 = g21, and

g11 = hTxu ; Txu i =
4jxu j2

(1 � �x 2)2
=

4jxv j2

(1 � �x 2)2
= hTxv ; Txv i = g22 :

Then using (8.6), with the symbol 0 denoting either @u or @v, we have (where the
superscript "T" denotesthe part of a vector tangent to TX M )

b11 = hX T
uu ; Tn i = hX uu ; Tn i =

� 4
(1 � �x 2)2

Ref xuu � ng +
4�x 2

u

(1 � �x 2)3
(xn + nx) ;

b12 = b21 = hX T
uv ; Tn i = hX uv ; Tn i = 0 ;

b22 = hX T
vv ; Tn i = hX vv; Tn i =

� 4
(1 � �x 2)2

Ref xvv � ng +
4�x 2

v

(1 � �x 2)3
(xn + nx) :

The result follows, using H0 = (k1 + k2)=2. �

Remark 8.6. Thomsenproved in the 1920'sthat isothermicWillmore surfacesx in the
conformal3-sphere(i.e. surfacesthat arecritical with respect to the functional

R
(H 2�

K )dA) have a Q 2 R4;1 so that x becomesminimal in the spaceform represented by
Q. (Seethe third volume of Blaschke's texts [10].)

8.3. Spheres. The spheresin any of the spaceforms M � are the surfacesx such
that jx � C0j is constant for someconstant C0 2 ImH . In the casethat � = 0, if
the spherehas radius r 0, then r0H0 = 1 (in particular, H0 is positive with respect
to the orientation of n0 in the above proof). Thus the spherecan be written as
x = (� 1=H0)n0 + C0 for someconstant C0. Then the equation H � = (1 � �x 2)H0 �
� (xn0 + n0x) givesthe following formula

(8.8) H � = H0 �
�

4H0
� H0�C 2

0

for the relationshipsbetweenthe di�erent meancurvatures for a sphereconsideredin
the di�erent spaceforms M � .

A point

S =
�

z z1

z0 � z

�

in R4;1 with positive norm

jjS jj =
p

� z2 � z0z1 > 0
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determinesa sphere ~S in the spaceform M � as follows (seeFigure 14): Set

(8.9) ~S = f Y 2 M � j hY; Si = 0g :

Note that Y 2 ~S implies Y is perpendicular to S � Y, so ~S is the baseof the
tangent conefrom S to PL 4, as pictured in Figure 14.

So we have now seenhow both points and spheresin the spaceforms can be
described by just points in the single spaceR4;1, which is a valuable property, from
the viewpoint of M•obius geometry. Note that ~S is invariant under real scalingsof S,
and that if S satis�es z0 = � z1 , then ~S is a great hyperspherein M 1 = S3. Also,
note that if jjS jj = 0, then S is a point in S3 and ~S is just a real scalarmultiple of S,
hence ~S simply givesback the samepoint S.

Let ` be the horizontal line segment from S to the timelike axis f (0; 0; 0; 0; t) j t 2
Rg. Then m = ` \ L 4 is a single point, which, when consideredas being in the
projectivized light conePL 4, givesthe center of ~S in the spaceform M 1 = S3.

Lemma 8.7. Let ~S1; ~S2 be two intersecting spheres in S3 produced from S1; S2, re-
spectively, and supposejjS1jj = jjS2jj = 1. Let � be the intersection anglebetween ~S1

and ~S2. Then cos� = �hS 1; S2i , where the sign on the right hand side dependson
the orientations of ~S1 and ~S2.

Proof. As � = 1, any p 2 S3 = M 1 has x5 coordinate equal to 1. Take p 2 ~S1 \ ~S2 �
M1, so x5(p) = 1. ScaleS1 and S2 so that x5(S1) = x5(S2) = 1. Then S1 � p and
S2 � p are normals (in the tangent spaceof S3) to ~S1 and ~S2, respectively, at p. So

cos� =
�

S1 � p
jjS1 � pjj

;
S2 � p

jjS2 � pjj

�
=

1
jjS1 � pjj

1
jjS2 � pjj

(hS1; S2i � hS2; pi � hS1; pi + hp;pi ) =

1
jjS1 � pjj

1
jjS2 � pjj

(hS1; S2i � 0 � 0 + 0) =
1

jjS1jj
1

jjS2jj
hS1; S2i :

Returning to the scalingsfor S1 and S2 so that jjS1jj = jjS2jj = 1, the lemma is
proved. �

Remark 8.8. Lemma 8.7 implies that if S givesa sphere ~S containing Y 2 M � , then
fS + tY j t 2 Rg gives a pencil of spheresat Y, i.e. the collection of spheresof
arbitrary radius through Y and tangent to ~S.

Lemma 8.9. Inversion through ~S is the map f : p ! p � 2hp;SiS , whenjjS jj = 1.

Proof. First note that p 2 L 4 implies p � 2hp;SiS 2 L 4. Now let C be a circle that
intersects ~S perpendicularly. We wish to show that p 2 C implies f (p) 2 C. Note
that C = ~S1 \ ~S2 for somespheres ~S1 and ~S2. Then ~S1 ? ~S and ~S2 ? ~S, and so
hS; S1i = hS; S2i = 0, by the previouslemma. Then p 2 C implies p 2 ~S1 \ ~S2, which
implies hp;S1i = hp;S2i = 0. Thus hp � 2hp;SiS ; S1i = hp � 2hp;SiS ; S2i = 0, and
so f (p) 2 C. �

For further explanation of all this, see[72].
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Lemma 8.10. ~S is a sphere with

mean curvature H0 =
jz0j

2jjS jj
and center

z
z0

in M0, and is a sphere with mean curvature H � in M � , where H � is as given in
Equation (8.8).

Proof. Take z = z1i + z2j + z3k, and considerthe case� = 0. Take

Y = 2
�

y � y2

1 � y

�
2 ~S :

Then YS + SY = 0 implies
3X

j =1

(z0yj � zj )2 = jjS jj 2 ;

and thus ~S is a sphereof radius 2jjS jj=jz0j. HenceH0 = jz0j=(2jjS jj ). The �nal
statement of the lemma now follows from Equation (8.8) itself. �

8.4. Christo�el transformations. We now de�ne the Christo�el transformation
x � , which for a CMC surfacein R3 givesthe parallel CMC surface.Let x be a surface
in R3 with mean curvature H0 and unit normal n0. The Christo�el transformation
x � satis�es that

� x � is de�ned on the samedomain as x,
� x � has the sameconformal structure as x,
� x and x � have opposite orientations,
� and x and x � have parallel tangent planesat corresponding points.

Onecan check that it automatically follows that the principal curvature directions at
corresponding points of x and x � will themselvesalsobe parallel.

Remark 8.11. Let us be careful about what we regard as \opp osite orientations"
here. With respect to a commonorientation for the two parallel tangent planesat
a point on x and its corresponding point on x � , the two surfaceswill have opposite
orientations. But if the two surfacesboth envelop a commonspherecongruence,for
which each of the corresponding pairs of points of x and x � tangentially touch the
samespherein the congruence,then x and x � will have the sameorientation with
respect to the orientation givenby a spherein the spherecongruence.(The surfacesx
and x � generallydo not envelopa commonspherecongruence,but they will whenx is
CMC and x � is positionedto be the parallel CMC surfaceof x.) The �rst perspective
might bemorenatural for parallel CMC surfaces,sinceonemovesa constant distance
along a normal line to get from onesurfaceto the other, so that normal line provides
a commonorientation of the two surfaces'tangent planes,by which the surfaceshave
oppositie orientation. However, the secondperspective might be regardedas more
natural for the Darboux transformations that we considerlater (sincea surfaceand
a Darboux transform of it will always envelop a commonspherecongruence).

This descriptionabove of the Christo�el transformationsturns out to beequivalent
to the following de�nition, and the existenceof the integrating factor � below is
equivalent to the existenceof isothermic coordinates. Then, we will seethat we can
choosex � so that dx� = x � 1

u du � x � 1
v dv.



54

De�nition 8.12. A Christo�el transformation x � of an umbilic-free surface x in R3

is a surface that satis�es dx� = � (dn0 + H0dx) for somenonzero real-valued function
� on the surface x (here x � is determined only up to translationsand homotheties).

Remark 8.13. The Christo�el transform is also sometimescalled the \dual surface",
and \taking the Christo�el transform" can be called \dualizing".

Remark 8.14. We did not allow umbilic points on x in the above de�nition, because
they can be troublesome. In particular, the casethat x is a round sphere(i.e. is
completelyumbilic) is very special.

Lemma 8.15. Away from umbilics of x, the Christo�el transform x � exists if and
only if x is isothermic.

Proof. First we prove onedirection, by assumingx is isothermicand then showing x �

exists.
Take x to be isothermic, and take isothermic coordinates u; v for x, so xuv =

Ax u + Bxv for someA; B. Then

d(x � 1
u du � x � 1

v dv) = 16g� 2
11 (xuxuv xu + xvxuv xv)du ^ dv = 0 :

This implies that there exists an x � such that

dx� = x � 1
u du � x � 1

v dv :

Also,
dn0 + H0dx = 1

8(b11 � b22)(x � 1
u du � x � 1

v dv) ;
implying that x � is a Christo�el transform, sinceb11 � b22 6= 0 at non-umbilic points.

Now we prove the other direction, by assumingx � exists and then showing that x
has isothermic coordinates.

For any choiceof coordinatesu; v for x = x(u; v), the Codazzi equationsare

(b11)v � (b12)u = � 1
12b11 + (� 2

12 � � 1
11)b12 � � 2

11b22 ;

(b12)v � (b22)u = � 1
22b11 + (� 2

22 � � 1
21)b12 � � 2

21b22 :
(See,for example,page97 of [79].) Here the Christo�el symbols are

� h
ij =

1
2

2X

k=1

ghk (@u j gik + @u i gj k � @uk gij ) ;

whereu1 = u and u2 = v. Becausewe are avoiding any umbilic points of x, we may
assumethat u and v are curvature line coordinatesfor x (see,for example,Appendix
B-5 of [165]), and so g12 = b12 = 0. It follows that

� 1
11 =

@ug11

2g11
; � 2

22 =
@vg22

2g22
; � 2

11 = �
@vg11

2g22
;

� 1
22 = �

@ug22

2g11
; � 1

12 = � 1
21 =

@vg11

2g11
; � 2

12 = � 2
21 =

@ug22

2g22
:

Denoting the principal curvatures by kj , the Codazzi equationssimplify to

(8.10) 2(k1)v =
@vg11

g11
� (k2 � k1) ; 2(k2)u =

@ug22

g22
� (k1 � k2) :

Then existenceof x � gives
d(�dn 0 + �H 0dx) = 0 ;
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from which it follows that
 

0 b11
g11

� b22
g22

b22
g22

� b11
g11

0

! �
� u

� v

�
= � �

0

@

�
b11
g11

+ b22
g22

�

v�
b11
g11

+ b22
g22

�

u

1

A :

Then because� uv = � vu (i.e. it doesnot matter which order we takemixed derivatives
in), we have

�
(k2 + k1)v

k1 � k2

�

u

=
�

(k1 + k2)u

k2 � k1

�

v

;

which implies

2(((k1)v)u + ((k2)u)v)
k1 � k2

+ 2(k2 � k1)� 2 ((k1)v(k2 � k1)u + (k2)u(k2 � k1)v) = 0 :

Using the Codazzi equations(8.10), we have
�

log
g11

g22

�

uv

= 0 :

In particular, there exist positive functions f 1(u) and f 2(v) depending only on u and
v, respectively, so that

(f 1(u))2g11 = (f 2(v))2g22 :

Writing u = u(û) and v = v(v̂) for new curvature line coordinates û and v̂, we have
ĝ12 = b̂12 = 0 and ĝ11 = (uû)2g11 and ĝ22 = (vv̂)2g22, for the fundamental form entries
ĝij and b̂ij in terms of û and v̂. We can chooseû and v̂ so that uû = f 1(u(û)) and
vv̂ = f 2(v(v̂)) hold. Then ĝ11 = ĝ22 and so û; v̂ are isothermic coordinates. �

Figure 14. A typical picture of an envelope on the right, and the
corresponding picture in the R4;1 model on the left.

Corollary 8.16. Away from umbilic points, one Christo�el transformation x � of an
isothermic surface x = x(u; v) can be taken as a solution of dx� = x � 1

u du � x � 1
v dv.
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Becauseof dx� = � (dn0 + H0dx), we have

0 = d2x � = d� ^ (dn0 + H0dx) + � � dH0 ^ dx ;

which gives,with respect to isothermic coordinates (u; v), that

(8.11) � u = �
g11@uH0

g11H0 � b22
� � ; � v = �

g11@vH0

g11H0 � b11
� � :

The existenceof x � then automatically implies the compatibilit y condition (� u)v =
(� v)u, with � u and � v as just above. This pair of equationstells us that � is uniquely
determinedonceits value is chosenat a singlepoint, and thus the solution � is unique
up to scalarmultiplication by a constant factor. Thus the Christo�el transformation
in Corollary 8.16is essentially the unique choice,up to homothety and translation in
R3. As a result of this, with essentially no lossof generality, we can now simply take
the de�nition of x � as follows:

De�nition 8.17. The Christo�el transformation of a surface x with isothermic co-
ordinates (u; v) is any x � (de�ned in R3 up to translation) such that dx� = x � 1

u du �
x � 1

v dv.

De�nition 8.17 is slightly more generalthan De�nition 8.12, becauseit can allow
umbilic points in somecases.

Remark 8.18. The function � in De�nition 8.12 is generally a constant scalar mul-
tiple of the multiplicativ e inverseof the mean curvature of x � , seenas follows: The
Christo�el transform of the Christo�el transform (x � )� , with respect to De�nition
8.17,satis�es that

d((x � )� ) = (x �
u)� 1du � (x �

v)� 1dv = (x � 1
u )� 1du � (� x � 1

v )� 1dv = xudu + xvdv = dx ;

so (x � )� should be the original surface x, up to translation and homothety, with
respect to De�nition 8.12. Thus, by scaling and translating appropriately, we may
assume(x � )� = x. Also, if the normal of x is n, then the normal of x � is � n. We
have

dx = d((x � )� ) = � � (dn�
0 + H �

0dx� ) = � � (� dn0 + H �
0 � (dn0 + H0dx)) ;

and so
(1 � �� � H0H �

0)dx = (H �
0 �� � � � � )dn0 :

Sincedx and dn0 are linearly independent away from umbilic points, it follows that

�H �
0 = � � H0 = 1 :

Remark 8.19. When H0 is constant and wehave isothermiccoordinates,the equations
in (8.11) tell usthat � is constant. Thus if x jj = x+ H � 1

0 n0 is the parallel CMC surface,
then x � and x jj di�er by only a homothety and translation of R3. Thus the Christo�el
transformation is essentially the sameas the parallel CMC surfaceto x, asexpected.

Remark 8.20. The round cylinder givesonesimpleexampleof a Christo�el transform's
orientation reversing property. For the cylinder x(u; v) = (cosu; sinu; v) in R3, the
normal vector is n = (� cosu; � sinu; 0), and the Christo�el transform is x � (u; v) =
(� cosu; � sinu; v) with its normal vector n� = (cosu; sinu; 0). Thus n� = � n. (Note
the comments in Remark 8.11.)
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Lemma 8.21.
dx� =

2
(k1 � k2)jxu j2

(dn0 + H0dx) :

Proof. �
2

(k1 � k2)jxu j2
(dn0 + H0dx) � x � 1

u du + x � 1
v dv

�
jxu j2 =

=
2

k1 � k2
(� k1xudu � k2xvdv + k1+ k2

2 (xudu + xvdv)) + xudu � xvdv = 0 :

�

We have already de�ned the Hopf di�erential hereand in [59], for a surfacein R3,
as

Q̂dz2 ; Q̂ = hn0; xzzi (z = u + iv ) :

Corollary 8.22. If H0 is constant for the surface x = x(u; v) in R3 with isothermic
coordinates (u; v), then the factor Q̂ of the Hopf di�er ential is a real constant.

Proof.
Q̂ = 1

4hn0; xuu � xvv i = (k1 � k2)jxu j2 ;
which is constant by Lemma 8.21and Remark 8.19. It is clearly also real. �

8.5. Conserv ed quantities and CMC surfaces. In the next de�nition, we are
onceagain consideringgeneralspaceforms M , so the normalization (8.3) is not as-
sumed.

De�nition 8.23. We set

� =
�

xdx � � xdx � x
dx� � dx� x

�
:

If there exist smooth Q and Z in R4;1 dependingon (u; v) suchthat

(8.12) d(Q + �Z ) = (Q + �Z )�� � �� (Q + �Z )

holdsfor all � 2 R, then we call Q + �Z a linear conserved quantit y of x.

We will describe geometricmeaningsof Q, Z and � later in this text.
Someproperties of linear conserved quantities are immediate. For example,Q and

Z 2 are constant, X � = � X = 0, X ? Z and X ? dZ . We now show theseproperties:

Lemma 8.24. Q is constant.

Proof. Set � = 0 in the conserved quantit y equation (8.12). �

Lemma 8.25. X � = � X = 0.

Proof.

X � =
2

1 � �x 2

�
x
1

�
�
1 � x

�
�

x
1

�
dx�

�
1 � x

�
= 0 ;

since
�
1 � x

�
�

x
1

�
= 0 :

Similarly onecan show � X = 0. �

Lemma 8.26. If Q + �Z is a linear conserved quantity, then Z 2 is constant.
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Figure 15. P+ and P� are conformal maps from S3 and H3 to R3,
showing that S3, R3 and H3 are M•obius equivalent.

Proof. First note that d(Z 2) = Z � dZ + dZ � Z = Z(Q� � � Q) + (Q� � � Q)Z =
(QZ + ZQ)� � � (QZ + ZQ), sinceZ � = � Z . BecauseQZ + ZQ is real, we have
d(Z 2) = 0. �

Lemma 8.27. X is perpendicular to both Z and dZ .

Proof. X Z + ZX is a real multiple of the identit y, and is zerobecause� (X Z + ZX ) =
� ZX = Z � X = Z � 0 = 0. Thus, X ? Z . Next, X � dZ + dZ � X = X (Q� �
� Q) + (Q� � � Q)X = X Q� � � QX = (� QX � 2hX ; Qi I )� � � (� X Q � 2hX ; Qi I ) =
(2� � 2� )hX ; Qi = 0. Thus X ? dZ . �

Corollary 8.28. We haveZ 2 � 0 (i.e. Z 2 = � I for some� � 0), and if Z 2 = 0,
then Z is parallel to X .

Proof. BecauseZ is perpendicular to X , and becauseX is lightlik e, Z is either space-
like, or is a scalarmultiple of X . So� Z 2 � 0, and � Z 2 = 0 if and only if Z is parallel
to X . �

Furthermore, when Z 6= 0, we will seethat Z 2 < 0, seeEquation (8.15). (That is,
Z 2 cannot be zero.)

Remark 8.29. Necessaryand su�cien t conditions for existenceof a linear conserved
quantit y canbestated without ever referring to � if wewish, asfollows: By de�nition,
a linear conserved quantit y exists if and only if there exist Q = Q(u; v) and Z =
Z(u; v) in R4;1 such that the following three conditions hold:

(1) Q is constant,
(2) dZ = Q� � � Q,
(3) Z � = � Z .
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Note that

X dX =
4

(1 � �x 2)2

�
xdx � xdx � x
dx � dx � x

�

and that (x � )u = x � 1
u and (x � )v = � x � 1

v and x2
u = x2

v, so

X � X u =
4x2

u

(1 � �x 2)2
� (@u) ; X � X v =

� 4x2
u

(1 � �x 2)2
� (@v) :

Then from

(X Q + QX )dX � X (dX � Q + Q � dX ) = Q � X dX � X dX � Q

we have

(X Q + QX )X u � X (X uQ + QX u) =
4x2

u

(1 � �x 2)2
(Q � � (@u) � � (@u) � Q)

and

(X Q + QX )X v � X (X vQ + QX v) =
� 4x2

u

(1 � �x 2)2
(Q � � (@v) � � (@v) � Q) :

We similarly have that the third condition above becomes

ZX X u = X X uZ ; ZX X v = X X vZ :

So we can now rewrite the three conditions above, without using � , as
(1) Q is constant,
(2) (X Q + QX )X u � X (X uQ + QX u) = 4x2

u
(1� �x 2 )2 Zu,

(3) (X Q + QX )X v � X (X vQ + QX v) = � 4x2
u

(1� �x 2)2 Zv,
(4) ZX X u = X X uZ, ZX X v = X X vZ.

Properties like thesewill be utilized to prove Theorems8.30and 8.31 below. The
�rst of thesetwo theoremstakescareof the special casethat x is a pieceof a sphere.

Theorem 8.30. The surface x in any space form is a part of a sphere if and only
if it has a linear conserved quantity that is constant with respect to � , that is, of the
form Q + � � 0.

Proof. Suppose that x has a conserved quantit y Q of order 0. (Here we are not
assumingQ is of the special form in (8.3).) Then Q + �Z will also be a conserved
quantit y if Z = � Q, for someconstant � 2 R. It follows from the above lemmas
that Q is constant and Z is either spacelike or parallel to X , and Z is perpendicular
to X . In particular, Q is constant and perpendicular to X , and is therefore either
spacelike or parallel to X . Thus X lies in the spheregiven by S = Q, as in (8.9). If
Q is lightlik e, then X would be a single point, and hencenot a surface,so Q must
be spacelike (so the curvature � of the spaceform M given by Q is strictly negative).
Thus, in fact, X is part of the virtual boundary sphereat in�nit y of the spaceform
given by Q. It follows that X will be part of a �nite spherein other choicesfor the
spaceform.

Computationally, this canbeseenasfollows: Q+ � �0 is a linear conservedquantit y,
and the equation for linear conserved quantities implies Q� = � Q. With Q in the
form (8.3), it follows that the two equations

dx� = � �xdx � x ; xdx � = � dx� x
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hold. This in turn implies dx� = �x 2dx� , and so oneof

1 � �x 2 = 0 or dx� = 0

must hold. However, becausedx� = x � 1
u du � x � 1

v dv is never zero, we know that the
�rst of thesetwo equationsmust hold, and sox is a portion of a sphere(and � < 0).

Conversely, in the casethat x is part of a sphere,then there existsa constant S = Q
that is perpendicular to X , and it follows that Q = Q+ � �0 itself is a linear conserved
quantit y, by the four conditionsat the endof Remark8.29. (Note that di�erentiation
of X Q + QX = 0 givesdX � Q + Q � dX = 0, becauseQ is constant.) �

Theorem 8.31. [26] An isothermic immersion x = x(u; v) without umbilic points
has constant mean curvature in a space form M (produced by Q 6= 0) if and only if
there exists(for that Q) a linear conserved quantity Q + �Z .

Proof. Assumethat x hasa linear conserved quantit y. We can take Q asin (8.3), and
denotethe components of Z by

Z =
�

z z1

z0 � z

�
2 R4;1 :

The above lemmastell us that X Z + ZX = 0 and X ? dZ , which, respectively,
imply

xz � x2z0 + zx + z1 = 0 and x dz � x2dz0 + dzx + dz1 = 0 :
Di�eren tiating the �rst of thesetwo equations,and then applying the secondone,we
have

dx � z � (xdx + dx � x)z0 + zdx = 0 ;
which implies z must be of the form

z = z0 � x + h � n0

for somereal-valued function h. Then

x(z0x + hn0) � x2z0 + (z0x + hn0)x + z1 = hxn0 + z0x2 + hn0x + z1 = 0 ;

so
z1 = � h(xn0 + n0x) � z0x2 :

Thus

Z = z0

�
x � x2

1 � x

�
+ h

�
n0 � n0x � xn0

0 � n0

�
:

BecauseZ 2 is constant,

(z0x + hn0)2 � z0h(xn0 + n0x) � z2
0x2 = � h2=4

is constant, and so h is constant, and then also jjZ jj is constant and nonnegative.
A direct computation, using n0 dx� + dx� n0 = 0, now shows that Z � = � Z , so the
condition Z � = � Z comingfrom Equation (8.12) providesno extra information. The
relation dZ = Q� � � Q from (8.12) givesthat

dz0 = � (x � dx� + dx� � x) and dz0 � x + z0dx + hdn0 = dx� + �xdx � x :

Thesetwo equationsgive us a pair of (real) equationsthat are linear with respect to
both h and z0. Solving simultaneously for h and z0 tells us that

(8.13) h =
2(1 � �x 2)
x2

u(k2 � k1)
;
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which we know to be constant, and that

(8.14) z0 = 1
2h(k2 + k1) = h � H0 :

Equations (8.13), (8.14) and h being constant then imply

dz0 = hdH0 =
2(1 � �x 2)
x2

u(k2 � k1)
dH0 :

Then using that dz0 = � (xdx � + dx� x), and that dx� = x � 1
u du � x � 1

v dv, we �nd that
(8.7) holds, and so H � is constant. One direction of the theoremnow follows.

To prove the conversedirection, assumethat x is a CMC surfacewith isothermic
coordinate z = u + iv , then the Hopf di�erential is a constant multiple of dz2 (see
Corollary 8.22herefor the casewhen the spaceform is R3 and Equations (5.1.1) and
(5.2.1) in [59] for other spaceforms). Thus, looking at the endof the proof of Lemma
8.5, we seethat

b11 � b22 =
4x2

u(k2 � k1)
1 � �x 2

is constant, and so

h =
2(1 � �x 2)
x2

u(k2 � k1)
is alsoconstant. Take Q as in (8.3), and then take

Z = hH0

�
x � x2

1 � x

�
+ h

�
n0 � xn0 � n0x
0 � n0

�
:

Then set the candidate for the conserved quantit y to be P = Q + �Z . Noting that
dx� = x � 1

u du� x � 1
v dv, and � is as in De�nition 8.23,a computation givesdP + �� P �

P�� = 0, by Equation (8.7), soP is indeeda linear conserved quantit y. �

In Theorem 8.31, for given Q, when x is constant meancurvature and not totally
umbilic, then Z is unique. In fact, in the proof above we saw that Z has the unique
form

Z = hH0

�
x + H � 1

0 n0 � x2 � H � 1
0 (n0x + xn0)

1 � x � H � 1
0 n0

�
;

whereh is the constant as in (8.13). Furthermore, because1 � �x 2 is never zero, h
cannot be zero,so the norm of Z satis�es

(8.15) jjZ jj = 1
2 jhj > 0 :

In particular, jjZ jj 6= 0.
Also, by Lemma 8.5, the meancurvature satis�es

(8.16) H � = � 2h� 1hZ; Qi = � sgn(h)
1

jjZ jj
hZ; Qi :

In particular, if jjZ jj = 1, then the meancurvature is �h Z; Qi . Note that any constant
scaling of the linear conserved quantit y is still a linear conserved quantit y, and will
changethe meancurvature by a constant multiple.

Next, noting that z0 = hH0, Lemma 8.10 tells us that Z determinesa sphere,as
in (8.9), in M 0 with meancurvature

�
jz0j

2jjZ jj
= �

jhjjH0j
2 � 1

2 jhj
= �j H0j ;
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sothe meancurvature of this sphereis the sameasthe meancurvature of the surface.
In particular, onceweknow that the surfaceand the spherearetangent, Lemma8.5

implies that Z determinesa spherecongruencefor which each spherehas the same
mean curvature as the mean curvature at the corresponding point on the surface,
regardlessof the choiceof spaceform (i.e. the choiceof value � ). Thus Z is the mean
curvature sphere congruence (perhaps�rst de�ned by SophieGermain in the �rst half
of the 19'th century), oncewe know that the spheresdetermined by Z contain the
corresponding points X in the surfaceand are tangent to the surface,which follow
from the next lemma. (In particular, it is not necessarythat the surfacebeof constant
meancurvature. Wealsonote onemust check that Z and X havecommonorientation
aswell, and we leave that to the reader.) In fact, the next lemma recon�rms Lemma
8.27:

Lemma 8.32. hX ; Z i = hdX; Z i = 0.

Proof. hX ; Z i � I = � (X Z + ZX )=2 = 0 is now immediate. hdX; Z i � I = � (dX � Z +
Z � dX )=2 = 0 follows from dx � n0 + n0 � dx = 0, i.e. dx and n0 are perpendicular. �

Lemma 8.33. The mean curvature sphere congruence Z can be characterized as the
conformal Gaussmap of the surface X (a notion intr oduced by Robert Bryant), i.e.
the uniqueenveloped sphere congruence that inducesthe sameconformal structure as
X .

Proof. That Z is the conformal Gaussmap can be seenfrom the following computa-
tion (we do not show uniquenesshere):

hdZ; dZ i = � h2(H 2
0dx2 + H0(dxdn0 + dn0dx) + dn2

0)

= � h2x2
u( 1

4(k1 + k2)2(du2 + dv2) � (k1 + k2)(k1du2 + k2dv2) + k2
1du2 + k2

2dv2)

= � 1
4h2x2

u(k1 � k2)2(du2 + dv2) :

�

Lemma 8.34. The mean curvature sphere congruence Z can also be characterized
as the central spherecongruence(a notion perhaps �rst de�ned by Darboux), i.e.
the sphere congruence whosespheres exchangethe principal curvature spheres via
inversion.

Proof. Let X = X (u; v) be a surface.Take

T = T(u; v) =
�

` `1

`0 � `

�
2 R4;1

such that jjT jj = 1 (i.e. T lies in the de Sitter spaceS3;1) and

hT; Qi = hT; X i = hT; dX i = 0 ;

with Q as in (8.3). Theseconditions are equivalent to

� `2 + `0`1 = � 1,
� `1 � + `0 = 0,
� `x + x` + `1 � x2`0 = 0,
� ` � dx + dx � ` � (x � dx + dx � x)`0 = 0.
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Set

St = T + tX =
�

` `1

`0 � `

�
+

2t
1 � �x 2

�
x � x2

1 � x

�
=:

�
z z1

z0 � z

�
:

Then St alsolies in S3;1 and is perpendicular to both X and dX . By Remark 8.8, the
St represent all of the tangent spheresto X . Then, by Equation (8.8) and Lemma
8.10 and a direct computation, the meancurvature of the sphereSt with respect to
the spaceform M � is

jz0j
2

�
�

2jz0j
� �

jz0j
2

z2

z2
0

= � t :

Then, if kj are the principal curvatures of X , Sk1 and Sk2 are the principal curvature
spheres. By Lemma 8.9, when Z is the central spherecongruence,we should have
that

Sk2 = Sk1 � 2hSk1 ; Z i � Z :

However, as we wish to have an inversion that preserves orientation rather than
reversing it, we changeSk2 to � Sk2 . This doesnot changethe sphereitself, as Sk2 is
de�ned only projectively anyways. Thus the equation becomes

(8.17) � Sk2 = Sk1 � 2hSk1 ; Z i � Z :

Now the imageof Sk1 under inversionand Sk2 itself will have the sameorientation.
We have that Z = St for somet, and so we can now compute from (8.17) that

t =
1
2

(k1 + k2) ;

i.e. t is the meancurvature. Thus the central spherecongruenceis the sameas the
meancurvature spherecongruence. �

Lemma 8.35. The mean curvature sphere congruence Z can be characterized as
the sphere congruence that has second order contact with the surface in orthogonal
directions.

Proof. Principal curvature spheres,secondorder contact and orthogonality areexam-
plesof M•obiusinvariant notions,becausethey areinvariant underM•obiustransforma-
tions (such asmapping from onespaceform to another, as in Figure 15, or inverting
through a sphere).Becauseonly M•obius invariant notions appear in this proof, with-
out lossof generality we may assumethat the surfaceX (u; v) lies in M 0 = R3.

Let Z be the mean curvature sphereat a point X (u0; v0) of the surface. Then
X (u0; v0) is one point of the sphereZ . Let p be a di�erent point in Z and let S be
a spherewith center p that intersectsZ transversally. We apply inversion f S of R3

through the sphereS, so that the point p is mapped to in�nit y and the sphereZ is
thus mapped to a 
at planef S(Z ). The imagef S(X (u; v)) of X (u; v) under inversion
will satisfy H = 0 at the point f S(X (u0; v0)). Thus the asymptotic directions of
f S(X (u; v)) at that point are perpendicular to each other, and are alsothe directions
of secondorder contact with f S(Z ). This completesthe proof. �

We now explain the conserved quantit y equation in terms of the Calapsotransfor-
mation, in order to motivate a de�nition used in the discrete setting. But �rst, we
consider:
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8.6. In verses of quaternionic matrices and Mob (3). The M•obius transforma-
tions are the maps from S3 to S3 that take 2-spheresto 2-spheres.We now describe
them algebraically, using quaternionic matrices.

First weneedthe following lemma,which followsfrom the propertiesRe(x) = Re(�x)
and Re(xy) = Re(yx), wherex and y are quaternions:

Lemma 8.36. For a;b;c;d 2 H , we have

Re(abcd) = Re( �d�c�b�a) = Re(�b�a �d�c) = Re(bcda) :

For later use,we alsogive the following lemma:

Lemma 8.37. Suppose that p;q; r; s 2 ImH and (p � q)(q � r )(r � s)(s � p) 2 R.
Then

(p � q)(q � r )(r � s)(s � p) = (s � p)(r � s)(q � r )(p � q) =

(q � r )(p � q)(s � p)(r � s) = (q � r )(r � s)(s � p)(p � q) :

Take a quaternionic 2 � 2 matrix

T =
�

a b
c d

�
:

Then the Study determinant [T] of T is the determinant of T � �T t , i.e.

[T] = (a�a + b�b)(c�c + d �d) � (a�c + b�d)(c�a + d�b) = jaj2jdj2 + jbj2jcj2 � b�dc�a � a�cd�b ;

and this is clearly a real number. (Note that det T itself is not a well de�ned notion,
as quaternionsdo not commute.) When [T] 6= 0, we can de�ne the inverseof T as

T � 1 =
1

[T]

�
jdj2�a � �cd�b jbj2�c � �ab�d
jcj2�b� �dc�a jaj2 �d � �ba�c

�
:

One can check that T � 1T = TT � 1 = I , by using Lemma 8.36.
In general,for A 2 R4;1, TAT � 1 might not lie in R4;1, i.e. we might not have

TAT � 1 =
�

x x1

x0 � x

�
; x0; x1 2 R ; x 2 Im H :

To avoid such a problem, we de�ne a set, call in G, asall 2� 2 quaternionic matrices
T so that

(8.18) �bd + �db= �ac+ �ca = 0 ; �ad+ �cb2 R

and

(8.19) �ad+ �cb6= 0 :

Then (8.19) implies
[T] = (�ad+ �cb)(�ad+ �cb) > 0

and T 2 G will have an inverse. By Equation (8.18) and the fact that �ad + �cb6= 0,
we �nd, when

A = �
�

x x1

x0 � x

�
; x 2 Im H ; � ; x0; x1 2 R ;

that
[T] � TAT � 1 =
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= � (�ad + �cb) �
� �

ax �d � bx�c ax�b� bx�a
cx �d � dx�c cx�b� dx�a

�
+ x0

�
b�d b�b
d �d d�b

�
+ x1

�
a�c a�a
c�c c�a

��
2 R4;1 :

In particular, we have TAT � 1 2 R4;1. If, furthermore, x0 = 1 and x1 = � x2, i.e.
A 2 L4, then we alsohave that TAT � 1 is in L4, and this follows from the property

[T1T2] = [T1] � [T2] ; Tj 2 G ;

for Study determinants.
The set G is a group. For example,if T1 and T2 are in G, then so is T1T2.
When A is an element of L 4, and consequently TAT � 1 is as well, the ratio of the

upper left and lower left entries of TAT � 1 will be (ax + b)(cx + d) � 1 2 Im H . In this
way, the T 2 G are related to M•obius transformations by

(8.20)
�

T =
�

a b
c d

��
� x = (ax + b)(cx + d) � 1 :

Thus, when A 2 L4, then TAT � 1 is essentially the samemap as (8.20).
Note that, in Equation (8.20), we place the inverse(cx + d) � 1 to the right side of

(ax + b). (Becausequaternionsdo not commute, placing this term on the other side
would not give the sameresult.)

Remark 8.38. In fact, Equation (8.20) gives both orientation preservingand orien-
tation reversing M•obius transformations. For example, ImH 3 x ! (0 � x + 1)(1 �
x + 0)� 1 = x � 1 = � x=jxj2 2 ImH is orientation preserving, while ImH 3 x !
(0 � x � 1)(1 � x + 0)� 1 = � x � 1 = x=jxj2 2 ImH is orientation reversing.

Furthermore, because
hTAT � 1; TBT � 1i = hA; B i

for any A; B 2 R4;1, the map A ! TAT � 1 is an isometry of R4;1.
When � 6= 0, i.e. when Q as in (8.3) is not null, M � has a particular M•obius

transformation called the antip odal map, which we now describe: A point X in M �

can be decomposedas

X =
2

1 � �x 2

�
x � x2

1 � x

�
= A + � � 1Q ;

where

A =
2

1 � �x 2

�
x � x2

1 � x

�
� � � 1Q

is perpendicular to Q. The antip odal map is

A + � � 1Q ! �A + � � 1Q ;

that is, we are moving the point X to another point in M � that is on the opposite
sideof Q. Since

�A + � � 1Q =
2

1 � � (� � 1x � 1)2

�
� � 1x � 1 � (� � 1x � 1)2

1 � � � 1x � 1

�
;

the antip odal map is the M•obius transformation x ! � � 1x � 1.

Remark 8.39. M•obius transformations of the ambient spacepreserve the conformal
structure of the space,so will preserve the conformal structure of any surfaceinside
the spaceas well. Furthermore, M•obius transformations will preserve contact order
of any spherestangent to the surface,and so will preserve the principal curvature
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spheres.It follows that if x(u; v) is an isothermic parametrization of a surface,it will
remain an isothermic parametrization even after a M•obius transformation is applied.

De�nition 8.40. Mob(3) is the collection of M•obius transformations L 4 3 A !
TAT � 1 2 L4, for T 2 G.

Remark 8.41. Mob(3) is a 10-dimensionalobject, while G is an 11-dimensionalobject.

Now we make somecomments about M•obius transformationsin generaldimension.
M•obius transformations of the n-dimensionalsphereSn , n � 2, are maps that take
points in Sn to points in Sn and also hyperspheresin Sn to hyperspheresin Sn .
We denote the collection of M•obius transformations of Sn by Mob(n). We have the
following facts:

Fact: Let Confg(n) denote the global conformal transformations of all of Sn , and
let Conf̀ (n) denotethe local conformal transformationsof local domainsof Sn . Then

Mob(2) = Confg(2) � Conf ` (2) ; Confg(2) 6= Conf ` (2)

and
Mob(n) = Confg(n) = Conf ` (n)

for n � 3.
The reasonthe casen = 2 is di�erent is that holomorphic functions from C to C

can be pulled back by the inverseof stereographicprojection to mapsfrom S2 to S2,
and those maps are generally in Conf̀ (2) but not in Confg(2). This occurs only in
the casen = 2.

Fact: Let f 2 Conf̀ (n) with n � 3. Let M � Sn be a smooth hypersurface.Then
p 2 M is an umbilic point if and only if f (p) � f (M ) is an umbilic point as well.

Remark 8.42. O(n+ 1; 1) is the set of orthogonal transformationsof Rn+1 ;1, and these
transformationspreserve the setof linesin the light cone,aswell asthe setof spacelike
lines, and

O(n + 1; 1)
f� I g

� Mob(n) ;

and in fact, thesetwo setsare equal.

Remark 8.43. Projective transformations are maps from projective spacePRn+2 to
PRn+2 , i.e. from linesin Rn+2 through the origin to linesin Rn+2 through the origin, so
that "lines of lines", which cangenericallyberepresented by lines in f xn+2 = 1g (xn+2

is the �nal Cartesiancoordinate of points (x1; :::; xn+2 ) 2 Rn+2 ), get mapped to "lines
of lines". The fundamental theoremof projective geometry, a nontrivial result, is this:
Any projective transformation comes from a linear map of Rn+2 . Then, regarding
Rn+2 as Rn+1 ;1 (i.e. changing the Euclidean metric to the Minkowski metric), those
projective transformations that preserve the light coneare equivalent to Mob(n).

8.7. Calapso transformations. In the following de�nition, the surface x lies in
somespaceform M , but sincewe are dealing with a M•obius geometricnotion, the
choiceof spaceform will not matter.

De�nition 8.44. Let x = x(u; v), with associated X = X (u; v) 2 M , be an immersed
surface with isothermic coordinates u; v. A Calapsotransformation T 2 Mob(3) is a
solution of

T � 1dT = �� :
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Then the transform ImH 3 x ! T � x 2 ImH , where � denotesthe M•obius transfor-
mation as in (8.20), or equivalentlyL 4 3 X ! TX T � 1 2 L4, is a Calapsotransform.
(We can also call it a T-transform or conformal deformation.)

Remark 8.45. If we write T as

T =
�

a b
c d

�
;

then the equation dT = T � �� gives

(�bd+ �db)u = (�bd + �db)v = (�ac+ �ca)u = (�ac + �ca)v = (�ad+ �cb)u = (�ad+ �cb)v = 0 ;

and so if the initial condition for the solution T lies in Mob(3), then T will always lie
in Mob(3).

Remark 8.46. Although we will not be particularly preciseabout this, we will gener-
ally usethe word "transformation" whenthe object underconsiderationis a procedure
toward a separategoal, and the word "transform" for the desiredgoal.

The Calapsotransformation is classical,and was studied by Calapso,Bianchi and
Cartan. It preserves the conformal structure and is thus of interest in M•obius ge-
ometry. In the casethat the starting surfaceis CMC, it is the sameas the Lawson
correspondence(see Remark 11.27), which is an important transformation in the
di�erential geometryof CMC surfaces.

Lemma 8.47. If x is isothermic, then Calapsotransformationsexist.

Proof. The compatibilit y condition for the system

T � 1Tu = �U ; U =
�

x
1

�
x � 1

u

�
1 � x

�
;

T � 1Tv = �V ; V = �
�

x
1

�
x � 1

v

�
1 � x

�

to have a solution T is
� (UV � VU) + Vu � Uv = 0 ;

and this condition holds preciselybecauseof the conditions for isothermicity, that is

(8.21) x2
u = x2

v ; xuxv + xvxu = 0 ; xuv = Ax u + Bxv

for somefunctions A; B . By Remark 8.45, we have that T always lies in Mob(3) if
it doesat any onepoint, i.e. if the initial condition for T is chosento be in Mob(3),
completing the proof. �

If the surfacex hasa linear conserved quantit y P = Q + �Z , then

dP + �� P � P�� = 0

holds, i.e. dP + T � 1dT � P � P � T � 1dT = 0, which is equivalent to

(8.22) d(TPT � 1) = 0 ;

that is to say, TPT � 1 is constant. It is TPT � 1 being constant that we will use to
de�ne discrete CMC surfaces,just as it de�nes smooth CMC surfaces,by Theorem
8.31.

In M•obiusgeometry(in the spaceR4;1), isothermicsurfacesaredeformable(Calapso
transformations), and this deformation preserves secondorder invariants in M•obius
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geometry, such asconformalclass,and conformalclassof the trace-freesecondfunda-
mental form. (Note that for surfacesin Euclideangeometry, a nontrivial deformation
will never preserve the secondorder invariants, i.e. the �rst and secondfundamental
forms, of Euclideangeometry.)

Remark 8.48. Because
�� = T � 1dT ;

�� can be thought of as the logarithmic derivative of the Calapsotransformation.

8.8. Darb oux transformations. For smooth surfaces,a Darboux transform is one
such that

� there exists a spherecongruenceenveloped by the original surfaceand the
transform,

� the correspondence,given by the spherecongruence,from the original surface
to the other envelopingsurface(i.e. the transform), preservescurvature lines,

� this correspondencepreservesconformality.
However, we will de�ne Darboux transformations in a di�erent way, as in the

following de�nition:

De�nition 8.49. Let T be a Calapsotransformation of X . Then X̂ in PL4 is a
Darboux transformation of X if T � X̂ := TX̂ T � 1 is constant in PL4 for somechoice
of � .

We can refer to the equation that T � X̂ is constant as Darboux's linear system.
Here

TX̂ T � 1 = T
�

�̂
�

x̂ � x̂2

1 � x̂

��
T � 1

being constant in PL 4 meansthat

(8.23) d(rT
�

x̂ � x̂2

1 � x̂

�
T � 1) = 0

for somefunction r 2 R. This is equivalent to the equation

(8.24) dx̂ = � (x̂ � x)dx� (x̂ � x) ;

as we now show:

Lemma 8.50. Equations (8.23) and (8.24) are equivalent.

Proof. Equation (8.23) is equivalent to the following four equations:

dr + r � (dx� (x̂ � x) + (x̂ � x)dx� ) = 0 ;

(xdx � + dx� x)x̂ � x̂(xdx � + dx� x) = 0 ;

dr � x̂ + r � (xdx � x̂ � xdx � x � x̂xdx � + x̂2dx� ) + rdx̂ = 0 ;

� dr � x̂2 + r � (� xdx � x̂2 + xdx � xx̂ + x̂xdx � x � x̂2dx� x) � r x̂dx̂ � r dx̂ � x̂ = 0 :
Note that dx� (x̂ � x) + (x̂ � x)dx� is real-valued, so the �rst equation will de�ne the
real-valued function r . Also, note that xdx � + dx� x is real as well, so the second
equation automatically holds. Substituting dr from the �rst equation into the third
equation, onearrivesat Equation (8.24). The fourth equation is then automatically
true, again using that xdx � + dx� x is real. �
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An equation of the form y0 = f (y), wheref (y) is a quadratic polynomial, is called
a Riccati equation, so Equation (8.24) is a Riccati-type partial di�erential equation
(where y becomeŝx). Becauseof this, at the end of this chapter we include a short
appendix containing somewell-known facts about the Riccati equation.

Equation (8.24) is in turn equivalent to the matrix product

T
�

x̂
1

�

being constant, which meansthat

d(T
�

x̂
1

�
h) = 0

for somequaternionic-valued function h 2 H .

Remark 8.51. Note that we could rescaleX̂ in De�nition 8.49 so that T � X̂ is not
only constant in PL 4, but is constant in L4 as well, if we wish.

Remark 8.52. When the surfacex has a linear conserved quantit y Q + �Z , onepos-
sibilit y for a Darboux transform is to take X̂ = Q + � 0Z with � = � 0 chosenso that
jj X̂ jj = 0. This would be a special caseof a Baecklund transform (called a "comple-
mentary surface",and we will comeback to this in Chapter 11, after we have de�ned
polynomial conserved quantities).

Remark 8.53. We do not de�ne Baecklund transforms until after we have de�ned
polynomial conserved quantities in Chapter 11. However, for now, let us just mention
that more generalBaecklund transforms can be obtained by this recipe:

� we take a surfacex with a linear conserved quantit y P = Q + �Z ,
� we pick a value � = � ,
� we pick an initial condition x̂p for a possiblesurfacex̂, at somepoint p in the

domain of x, such that
�

x̂p � x̂2
p

1 � x̂p

�
? P(� )p ;

� we solve the Riccati equation (8.24) for x̂.
Actually, we can chooseeither � or x̂p �rst, and then choosethe other. This givesa
3-parameterfamily of Baecklund transformations, generallynot preservingtopology
of the surfacex of course(when x is not simply connected).

Wenow givea characterizationof CMC surfacesin termsof Christo�el andDarboux
transformations, seeTheorem8.56below. First we give somepreliminary results.

Lemma 8.54. If v1; v2 2 ImH and jv1j = jv2j, then there exists~a 2 H such that
~av1~a� 1 = v2.

Proof. The idea is to show that any rotation of R3 � ImH can be written as ImH 3
w ! ~aw~a� 1 2 ImH for some~a 2 H . Set ~a = cos� + v � sin� , for somearbitrary
v 2 ImH , jvj = 1, and then ~a� 1 = cos� � v � sin� . If w is parallel to v, then
w = �v for some� 2 R and ~aw~a� 1 = w. If w is perpendicular to v, then ~aw~a� 1 =
cos(2� )w + sin(2� )(v � w), which is a rotated image by angle 2� of w about v. So
w ! ~aw~a� 1 represents an arbitrary rotation of R3. �



70

The following is easily shown:

Lemma 8.55. The ~a in Lemma8.54 is uniqueup to choicesr 1~a+ r 2~av1 for r1; r2 2 R.

We now cometo that characterization of CMC surfaces:

Theorem 8.56. A smooth surface x in R3 hasconstant mean curvature if and only if
somescaling and translation of the Christo�el transform x � equalsa Darboux trans-
form x̂ (given by somespeci�c valueof � ).

Proof. Assumex is a CMC surface.Then x � is the parallel CMC surface,by Remark
8.19. To show x � is a Darboux transformation, we must show, by De�nition 8.49and
Equation (8.24), that dx� = � (x � � x)dx� (x � � x) for some� 2 R. Becausex � is the
parallel CMC surface,we have x � = x + H � 1

0 n0, and then taking � = � H 2
0=n2

0 gives
that x � is a Darboux transform.

Now we show the conversedirection, proven by Udo Hertrich-Jeromin and Franz
Pedit in the paper [74]. Assumex̂ is a Darboux transform of x, and that x̂ = a� x � + ~b
for someconstants a 2 R n f 0g and ~b 2 ImH . So there exists � such that dx̂ =
� (x̂ � x)dx� (x̂ � x), that is,

adx� = � (ax� + ~b� x)dx� (ax� + ~b� x) :

Thus

adx� = � � (ax� + ~b� x)dx� (ax� + ~b� x)� 1jax� + ~b� xj2 :

Because(ax� + ~b� x)dx� (ax� + ~b� x)� 1 has the samenorm as that of dx� , we have
that jx̂ � xj2 = � a� � 1 is constant.

Suppose

jx̂ � xj2 = � a� � 1 :

Lemma 8.55 implies

ax� + ~b� x = r1 � 1 + r2 � 1 � x � 1
u = r3 � 1 + r4 � 1 � x � 1

v

for somer j 2 R, so linear independenceof x � 1
u and x � 1

v gives

ImH 3 ax� + ~b� x = r 2 R ;

for somereal constant r . Thus r = 0 and x = x̂ = ax� + ~b, which is a contradiction.
Thus we have

jx̂ � xj2 = + a� � 1

is constant. Now again, Lemma 8.55 implies

ax� + ~b� x = r1n0 + r2n0x � 1
u = r3n0 + r4n0x � 1

v :

Soax� + ~b� x = r � n0 for someconstant r 2 R. Sodx� = a� 1dx+ ra� 1dn0. De�nition
8.12 implies x hasCMC H0 = � r � 1. �

Corollary 8.57. Let x be a CMC surface in R3. Let x̂ be both a Christo�el and
Darboux transform, as in Theorem 8.56. Then, jx̂ � xj2 is constant, and x̂ � x is
perpendicular to x, and x̂ is a parallel surface of x up to scaling and translation.
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8.9. Other transformations. Here we make somebrief remarks about two other
transformations. The interestedreadercan consult other sourcesfor more complete
information about them.

If onedisregardssomedegeneratecases,Ribaucour transforms(like Darboux trans-
forms) preserve curvature lines, but (unlike Darboux transforms) they do not neces-
sarily preserve the conformal structure. A simple exampleof a Ribaucour transform
of a surfacein R3 is its re
ection acrossa plane, which is not a Darboux transform.
So Ribaucour transformations are more generalthan Darboux transforms.

In the caseof a CMC H 6= 0 surface, a Goursat transformation is the compo-
sition of three transformations, �rst a Christo�el transformation, seconda M•obius
transformation, and third another Christo�el transformation.

In the caseof a minimal surface, a Goursat transformation is as follows: lift a
minimal surfaceto a null curve in C3, apply a complex orthogonal transformation
to that null curve, and then project back to R3. It is a M•obius transformation for
the Gaussmap. One exampleof this is a catenoidbeing transformed into a minimal
surfacethat is de�ned on the universalcover of the annulus, and a picture of this can
be found in Section5.3 of [72].

8.10. App endix: commen ts on the Riccati equation. As promisedbeforewhen
we discussedDarboux transformations, we include somebasic facts here about the
Riccati equation

y0(x) = a(x)(y(x))2 + b(x)y(x) + c(x) ; a(x) 6= 0 :

Set v = a � y, and then

v0 = v2 + Rv + S ; R = a� 1a0+ b ; S = ac :

Let u satisfy v = � u0=u. Then

u00� Ru0+ Su = 0 ;

which is a linear secondorder ordinary di�erential equation, so there is a method for
�nding all solutionsu. Taking any such solution u, we have onesolution

y0 =
� u0

au
to the Riccati equation. From y0 we canobtain all solutionsy to the Riccati equation
as follows: Let y be any solution, and de�ne z by y = y0 + z� 1. Then (y0 + 1=z)0 =
a(y0 + 1=z)2 + b(y0 + 1=z) + c, and becausey0 itself is alsoa solution, we have

z0+ (2ay0 + b)z + a = 0 :

This is a linear �rst order ordinary di�erential equation, so again all solutions z can
be found. Thesesolutionsz then give the generalsolutionsy = y0 + 1=z of the Riccati
equation.

Remark 8.58. The Schwarzian derivative S(w) of a function w is

S(w) :=
�

w00

w0

� 0

�
1
2

�
w00

w0

� 2

:

It has the property that it is invariant under M•obius transformations of w. It is also
related to CMC surfacetheory, and, in particular, it is very useful in the study of
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CMC 1 surfacesin hyperbolic 3-spaceH3 via the Weierstrassrepresentation found by
Bryant [24] and developed further by Umehara-Yamada[163]. Considerthe equation

S(w(x)) = f (x) :

We wish to �nd a solution w. Setting y = w00=w0, we have the Riccati equation

y0 = 1
2y2 + f :

We take u as above solving

(8.25) u00� Ru0+ Su = u00+ 1
2f u = 0 :

We have y = � 2u0=u. We then integrate (w00=w0) = � 2(u0=u) to seethat w0 = cu� 2

for someconstant c. Any other solution ~u of (8.25) will give that ~u0u� ~uu0 is constant,
so we can take

w0 =
~u0u � ~uu0

u2
=

�
~u
u

� 0

:

This implies that we can take the solution w to be w = ~u=u.

9. A conser ved quantities appr oach to discrete CMC surf aces

Our purposein this chapter is to present a de�nition for discrete constant mean
curvature (CMC) H surfacesin any of the three spaceforms Euclidean 3-spaceR3,
spherical3-spaceS3 and hyperbolic 3-spaceH3. This new de�nition is equivalent to
the previously known de�nitions [19] in the caseof R3 (and we will show this in this
text as well, in Lemmas11.13and 11.14). It also satis�es a Calapsotransformation
relation (the Lawsoncorrespondence),suggestingthe de�nition is alsonatural for the
spaceform S3, and for CMC surfaceswith H � 1 in H3. The de�nition is the �rst
oneknown for CMC surfaceswith � 1 < H < 1 in H3.

This chapter falls under the categoryof \discrete di�erential geometry", which is
sometimesabbreviatedas\DDG", and many researchersnow work in this and related
�elds. Herewe list someof thoseresearchers,but we �rst note that this list includes
only people whosework is in someway related to the viewpoint presented in this
text { and even with this restriction is by no meansa complete list: SergeyAga-
fonov, Andreas Asperl, Alexander Bobenko, Christoph Bohle, Folkmar Bornemann,
Ulrike Buecking, Fran Burstall, Adam Doliwa, CharlesGunn, Udo Hertrich-Jeromin,
MichaelHofer,Tim Ho�mann, Ivan Izmestiev,MichaelJoswig,Axel Kilian, YangLiu,
Vladimir Matveev,Christian Mercat, Franz Pedit, Paul Peters,Ulrich Pinkall, Kon-
rad Polthier, Helmut Pottmann, Jurgen Richter-Gebert, WolfgangSchief, Jean-Marc
Schlenkev, Nicholas Schmitt, Oded Schramm, Peter Schroeder, Boris Springborn,
John Sullivan, Yuri Suris, JohannesWallner, Wenping Wang, Max Wardetzky.

9.1. Discrete isothermic surfaces. Consider a discrete surfacefp 2 ImH (recall
that ImH is the imaginary quaternions), which we can consider to be a discrete
surfacein Euclidean3-space,sinceImH is equivalent to R3 asa vector space(and we
sometimessay this by writing ImH � R3). Here p is any point in a discrete lattice
domain (locally always a subdomain of Z2). Considerany quadrilateral in the lattice
with verticesp, q, r , s (i.e. the points (m; n), (m + 1; n), (m + 1; n + 1), (m; n + 1),
respectively, for somem; n 2 Z) orderedcounterclockwise about the quadrilateral.
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We changethe notation "x" for surfacesin the previouschapter to " f" here. This
is for distinguishing betweensmooth surfaces,always denotedby "x", and discrete
surfaces,always denotedby " f".

It would be natural to assumethat the points fp, fq, fr and fs are coplanar,so that
they are the verticesof a planar quadrilateral in R3, and thus the surfaceis comprized
of planar quadrilaterals connectingcontinuously along edges.It is even better if the
points fp, fq, fr and fs are concircular (i.e. all lie in onecircle), becausethen we could
extend the notion of a surfacecomprizedof planar quadrilaterals to the casesthat
the ambient spaceis S3 or H3, caseswhich we will considerlater in this chapter. In
fact, oncethe verticesareconcircular, there is actually no further needto think about
"planar faces",asall the necessaryinformation is encoded in the circle itself. We will
soon restrict to the concircular case,but for the moment we make no assumptions
about the positioning of fp, fq, fr and fs.

We de�ne the crossratio of this quadrilateral as

qpqr s = (fq � fp)( fr � fq)� 1(fs � fr )( fp � fs)� 1 :

(We are using q to denote both the crossratio and one vertex of the quadrilateral,
but this will not causeconfusion, since it will always be clear from context which
meaningq has in each case.)

This crossratio is not invariant with respect to conformal transformations of R3,
but such an invariancealmost holds, in the sensethat we can producea conformally
invariant versionof the crossratio by changingit into a complexvaluedobject, de�ned
up to conjugation, as follows:

q̂pqr s = Re(qpqr s) � i jj Im(qpqr s)jj :

Lemma 9.1. q̂pqr s is a M•obius invariant.

Proof. Applying the following mapsto the spaceImH :

ai + bj + ck ! r ai + rbj + r ck ;

ai + bj + ck ! ai + bj + ck + (a0i + b0j + c0k) ;

ai + bj + ck ! � ai + bj + ck ;

ai + bj + ck ! (cos(� )a � sin(� )b)i + (sin(� )a + cos(� )b)j + ck ;

ai + bj + ck ! (cos(� )a � sin(� )c)i + bj + (sin(� )a + cos(� )c)k ;

ai + bj + ck ! ai + (cos(� )b� sin(� )c)j + (sin(� )b+ cos(� )c)k ;

ai + bj + ck ! (ai + bj + ck)=(a2 + b2 + c2) ;

where� ; r; a0; b0; c0 are any real constants, and a;b;c represent coordinatesof ImH �
R3, we �nd that both Re(q) and jj Im(q)jj 2 are preserved in all seven cases. These
seven maps are a dilation, a translation, a re
ection, three rotations, and an inver-
sion, respectively, that generatethe full M•obiusgroup (including orientation reversing
transformations). It follows that q̂ is a M•obius invariant. �

For pj ; pk 2 ImH , taking the corresponding Pj ; Pk 2 M � as in (8.1) and (8.4), we
have the R4;1 inner product

(9.1) hPj ; Pk i =
2(pj � pk)2

(1 � �p 2
j )(1 � �p 2

k)
;
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as in (8.2). As in Remark 8.1, we can freely scalePj and Pk to � j Pj and � kPk , and
then hPj ; Pk i will scaleto � j � khPj ; Pk i . However, writing the crossratio in terms of
such inner products, we �nd it is invariant under such scalings.A direct computation
givesthe following generalformula for the crossratio:

Lemma 9.2. For p1; p2; p3; p4 2 ImH , we haveq̂p1p2p3p4 =

=
hP1; P2ihP3; P4i � hP1; P3ihP2; P4i + hP1; P4ihP2; P3i �

p
det(hPi ; Pj i i;j =1 ;2;3;4)

2hP1; P4ihP2; P3i
:

In particular, setting sij = hPi ; Pj i , then

q̂ =
s12s34 � s13s24 + s14s23 �

p
E

2s14s23
;

where E = s2
12s

2
34 + s2

13s
2
24 + s2

14s
2
23 � 2s13s14s23s24 � 2s12s14s23s34 � 2s12s13s24s34.

Because
E = 1

2(s12s34 � s14s23)2 + 1
2(s12s34 � s13s24)2+

1
2(s13s24 � s14s23)2 � s12s23s34s14 � s12s24s13s34 � s13s14s23s24 ;

it is not clear from straightforward algebraic considerationsthat E � 0. However,
this doesindeedhold, for geometricreasons:

Lemma 9.3. E � 0.

Proof. Becausethe Pj all lie in the light cone, spanf P1; P2; P3; P4g is a Minkowski
space(i.e. the inducedmetric on this vector subspaceis not positive de�nite). There-
fore, we can choosea basise1; e2; e3; e4 of this spaceso that

jje1jj 2 = jje2jj 2 = jje3jj 2 = �jj e4jj 2 = 1 and hei ; ej i = 0

for i 6= j . Writing Pj = a1j e1 + a2j e2 + a3j e3 + a4j e4 in terms of the basise1; e2; e3; e4,
we have that

E = det(hPi ; Pj i 4
i;j =1 ) =

= det

0

B
B
@

0

B
B
@

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

1

C
C
A

t 0

B
B
@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 � 1

1

C
C
A

0

B
B
@

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

1

C
C
A

1

C
C
A :

The lemma follows. �

Now let us assumethat for every quadrilateral with vertices p;q; r; s, the image
points fp; fq; fr ; fs are concircular,with corresponding Fp; Fq; Fr ; Fs 2 M � . This makes
the crossratios all real-valued. In fact, oncethe crossratio is real, then the value q
of the crossratio, along with the valuesof Fp and Fq and Fs, determinethat Fr is

(9.2) Fr = �
�

Fp +
1

hFq; Fsi
f (q � 1)hFp; Fsi Fq + (q� 1 � 1)hFp; Fqi Fsg

�

for somereal scalar� , by Lemma9.2. In this way, the crossratio givesa parametriza-
tion of the circle containing fp, fq and fs.
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Remark 9.4. If fp, fq, fr and fs all lie in the circle determined by the intersection of
two distinct spheres ~S1 and ~S2 given by spacelike vectors S1 and S2, see(8.9), then
fp; fq; fr ; fs 2 ~S1 \ ~S2, or equivalently,

Fp; Fq; Fr ; Fs ? spanfS 1; S2g :

This implies that Fp, Fq, Fr and Fs all lie in a 3-dimensionalspace.

Furthermore, we considerthe following additional condition:

De�nition 9.5. When, for every quadrilateral, we can write the crossratio as

qpqr s = apq=aps 2 R

so that the crossratio factorizing function a�� de�ned on the edgesof f satis�es

apq = asr 2 R and aps = aqr 2 R ;

then we say that f is discreteisothermic.

Note that the a�� are symmetric, i.e. apq = aqp for any adjacent p and q.
De�nition 9.5 is equivalent to the Toda equation

q(m� 1;n � 1)q(m;n ) = q(m;n � 1)q(m� 1;n)

being satis�ed, wherethe crossratios

q(m̂ ;n̂) := q(m̂ ;n̂);(m̂+1 ;n̂);(m̂+1 ;n̂+1) ;(m̂ ;n̂+1)

are all real.

9.2. Isothermicit y from the perspectiv e of smooth surfaces. One viewpoint
on what a "discrete isothermic surface" is, as in De�nition 9.5, is as follows: Take
a smooth surface x. Give it curvature line coordinates x = x(u; v), so xu ? xv.
(Curvature line coordinates always exist away from umbilics.) Then the �rst and
secondfundamental forms are

I =
�

g11 0
0 g22

�
; I I =

�
b11 0
0 b22

�
:

One can always stretch the coordinates, so that x = x(u; v) = x(~u(u); ~v(v)) for any
monotonic functions ~u depending only on u, and ~v depending only on v. Note that
hx~u; x~v i = 0, and x~u~v = xuv

du
d~u

dv
d~v implies hx~u~v; ~N i = 0, so (~u; ~v) are alsocurvature line

coordinates. The surfaceis then isothermic if and only if there exist ~u, ~v such that
the metric becomesconformal, i.e. hx~u; x~u i = hx~v; x~v i , and this is equivalent to

g11

g22
=

a(u)
b(v)

;

wherethe function a dependsonly on u, and b dependsonly on v.
Now considerthe crossratio q� of the four points x(u; v), x(u + �; v), x(u + �; v + � )

and x(u; v + � ). Using that xu ? xv implies xux � 1
v = � x � 1

v xu, we seethat

(9.3) lim
� ! 0

q� = �
g11

g22
:

So x is isothermic if and only if

(9.4) lim
� ! 0

q� = �
a(u)
b(v)

;
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Figure 16. Although we will not considerumbilics on discrete sur-
facesin this text, it is possibleto de�ne umbilics on discreteisothermic
surfaces,as follows: We now do not considerthe discretesurfaceas a
map from a domain in the integer lattice Z2 (it will not be). Let �p be
a vertex of a discretesurfaceconsistingentirely of quadrilateral faces,
with each facehaving concircular vertices. Thus all crossratios on the
facesare real, and we have a real cross ratio factorizing function a.
Supposethat �p is a vertex of someeven number of faces,and at least
six faces,of the surface. If the crossratio factorizing condition in Def-
inition 9.5 is satis�ed, then we have a discreteisothermic surfacewith
umbilic point �p. For example,if �p hassix adjacent facesasin the �gure
here, then we require that a�qj � 1 �r j � 1 = a�p�qj = a�r j �qj +1 for j = 2; 3; 4; 5,
and also a�q6 �r 6 = a�p�q1 = a�r 1 �q2 and a�q5 �r 5 = a�p�q6 = a�r 6 �q1 . Furthermore,
this surfacewith an umbilic is then alsodiscreteCMC if there existsa
linear conserved quantit y as in De�nition 9.32.

where again a is somefunction that depends only on u, and b depends only on v.
This description of isothermicity does not involve any stretching by ~u or ~v, which
we would not be able to do in the discretecaseanyways, and now De�nition 9.5 is
a natural discretization of (9.4): The corresponding statement for discretesurfaces,
where stretching of coordinates is no longer possible,is that the surfaceis discrete
isothermic if and only if the crossratio factorizing function can be chosenso that
apq = ar s and aps = aqr for verticesp;q; r; s (in order) about a given quadrilateral.

There is another perspective on isothermicity, coming from a lemma proven by
Bobenko and Pinkall [20]:
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Lemma 9.6. Let x(u; v) be a smooth surface in R3, and de�ne the diagonal cross
ratio

qd
� = (x(u + �; v � � ) � x(u � �; v � � ))( x(u + �; v + � ) � x(u + �; v � � )) � 1 �

(x(u � �; v + � ) � x(u + �; v + � ))( x(u � �; v � � ) � x(u � �; v + � )) � 1 :

Then
qd

� = � 1 + O(� )

if and only if (u; v) are conformal coordinates for x, and

qd
� = � 1 + O(� 2)

if and only if (u; v) are isothermic coordinates for x.

The superscript "d" in qd
� stands for "diagonal", becausewe are using diagonal

elements to de�ne this crossratio, unlike with the previous q� . Also, O(� k) denotes
any function f = f (� ) such that the limit of f (� )� � k , as � approaches0, exists and is
�nite.

Proof. Without lossof generality, we may assumex(u; v) = ~0, and then for � u; � v 2
f� 1g, we have

x(u + � u �; v + � v � ) = �� uxu + �� vxv + 1
2 � 2(xuu + xvv + 2� u � vxuv ) + O(� 3) ;

so
qd

� = xux � 1
v xux � 1

v +

� (xux � 1
v xuv x � 1

v + xux � 1
v xux � 1

v xuv x � 1
v � xuv x � 1

v xux � 1
v � xux � 1

v xuv x � 1
v xux � 1

v ) + O(� 2) :

If the coordinatesare conformal, then xux � 1
v xux � 1

v = � 1, and we have

qd
� = � 1 + �x � 4

u (xuxvxuv (xu + xv) + x2
uxuv (xu � xv)) + O(� 2) :

Now, if the coordinatesareisothermic, then b12 = 0, andsothereexist scalarfunctions
A and B so that

xuv = Ax u + Bxv :

From this it follows that qd
� = � 1 + � � 0 + O(� 2). �

This lemma leadsto the following de�nition for discreteisothermic surfacesin the
narrow sense:f is discreteisothermic if

qpqr s = � 1

for all quadrilaterals, with verticesfp; fq; fr ; fs.
However, with this de�nition, transformations, such as the Calapsotransform, of

isothermic surfaceswill not remain isothermic. (Lemma 9.23 demonstratesthis.)
Hencethe broader de�nition given in De�nition 9.5 hasbeenfound to be more suit-
able.

One could think of a discrete surface x with cross ratios exactly � 1 as being
"isothermically parametrized", while a discrete surface f with cross ratios satisfy-
ing De�nition 9.5 is one that could have its coordinatesstretched so that it becomes
isothermic, were it a smooth surface.
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9.3. Moutard lifts for smooth surfaces. Given a smooth immersion x(u; v) so
that xu ? xv, the light conelift

X = X (u; v) =
�

x � x2

1 � x

�
2 PL4

could also be represented by � � X for any choice of nonzero real-valued function
� = � (u; v). If we choose� so that

(9.5) @u@v(� X )jjX ;

or equivalently � uxv + � vxu + � xuv = 0, then we say that � X is a Moutard lift .

Lemma 9.7. Moutard lifts alwaysexist for any smooth isothermic immersion.

Proof. Let x(u; v) be a smooth isothermic immersion with isothermic coordinates
u; v. As we saw in the proofs of Lemma 8.47and Lemma 9.6, there exist real-valued
functions A; B so that

xuv = Ax u + Bxv :
Taking the inner product of this with xu and with xv, and using that hxu; xu i =
hxv; xv i and hxu; xv i = 0, we �nd that

A = @v( 1
2 loghxu ; xu i ) ; B = @u( 1

2 loghxu ; xu i ) ;

and thus it follows that Au = Bv. The existenceof a solution � to the equation
� uxv + � vxu + � xuv = 0 is equivalent to solving the system

� u = � � B ; � v = � � A ;

becausexuv = Ax u + Bxv. The compatibilit y condition of this systemis Au = Bv,
seenas follows:

� uv = � vu

if and only if (� � B )v = (� � A)u, if and only if

� vB + � Bv = � uA + � Au ;

if and only if (� � A)B + � Bv = (� � B )A + � Au, if and only if

Bv = Au :

This provesthe lemma. �

Remark 9.8. Here is a hint of another way to prove Lemma 9.7: x has isothermic
coordinates, and so e2û = hxu; xu i = hxv; xv i for some real-valued function û =
û(u; v), which implies 2ûue2û = 2hxuv ; xv i , so xuv = � 1 � xu + ûuxv + � 2 � ~N for some
functions � j . Similarly, now taking the derivative of e2û with respect to v, we have
xuv = ûvxu + ûuxv + � 2 � ~N . Then hxuv ; ~N i = �h xu ; ~Nv i = �h xu; � 3 � xv i = 0 implies
xuv = ûvxu + ûuxv. Then, taking the lift

X 1 = X 1(u; v) =
�

x � x2

1 � x

�

of x = x(u; v) into L 4, we have (X 1)uv = ûv(X 1)u + ûu(X 1)v. We then rescale
X 1 to X 2 := e� ûX 1. A computation gives (X 2)uv = � � X 2 with � = ûuûv � ûuv .
(X 2)uv = �X 2 is the condition for a Moutard lift. This argument would still hold if
(u; v) werejust curvature line coordinates,but not necessarilyisothermiccoordinates,
for the isothermicsurfacex. In other words,even if just e2û = hxu; xu i � � = hxv; xv i � � ,
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with functions � and � such that � v = � u = 0, this is enoughto say there exists a
Moutard lift X 2, i.e. (X 2)uv = �X 2.

9.4. Moutard lifts for discrete surfaces. Recallthat for each point f 2 ImH , there
is a unique lift F 2 M � (not necessarilyMoutard). However, as noted in Remark
8.1 and in the previoussection,we can freely multiply F by any nonzeroreal scalar,
giving a scalarfreedomin the choiceof lift. Here, in the caseof discretesurfaces,we
describe particular choicesfor the lift F that are convenient for computations, again
called Moutard lifts, analogousto Moutard lifts for smooth surfaces.

De�nition 9.9. We say that F is a Moutard lift if, for the four vertices p;q; r; s
listed in counterclockwiseorder about any quadrilateral, we have

(Fr � Fp)jj (Fq � Fs) ;

meaning that

(9.6) Fr � Fp = � (Fq � Fs)

for somereal scalar � .

The discrete Moutard equation as in De�nition 9.9 can be justi�ed as follows:
considera quadrilateral with lifts Fp, Fq, Fr and Fs at the vertices. The discrete
secondderivative of F (analogousto X uv in the smooth case)is

(Fr � Fs) � (Fq � Fp) ;

so the Moutard equation, i.e. the discreteversionof Equation (9.5), can naturally be
consideredto be

Fr � Fs � Fq + Fp = � 1
1
4(Fp + Fq + Fr + Fs) ; � 1 2 R ;

and the 1
4 can be absorbed into the � 1 as � 2 = 1

4 � 1. Then

Fp + Fr = � (Fq + Fs) ;

where we have de�ned � by � = 1+ � 2
1� � 2

, i.e. (Fp + Fr )jj (Fq + Fs). SinceF� is only
projectively de�ned and thus signs of any of the F� can always be switched (i.e.
F� ! � F� ), we could alsowrite

(Fr � Fp)jj (Fq � Fs)

as in De�nition 9.9.

Remark 9.10. By a consideration similar to the one just above, we have discrete
conjugatenets: A conjugatenet for a smooth surfacex in R3 is coordinates so that
the secondfundamental form is diagonal (not necessarilyconformal, nor necessarily
curvature line coordinates), i.e. xuv 2 spanf xu; xvg. This last condition would be
(fr � fs) � (fq � fp) 2 spanf fq � fp; fs � fpg for a discrete surface in R3, implying
fr � fp 2 spanf fq � fp; fs � fpg, and so fp, fq, fr and fs are coplanar. This is why we
de�ne discrete conjugatenets to be thosediscretesurfacesthat have planar faces.

Lemma 9.11. For a Moutard lift F of a discrete isothermic surface f, the crossratios
qpqr s = apq

aps
satisfy

qpqr s =
apq

aps
=

hFp; Fqi
hFp; Fsi

:
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Proof. For Moutard lifts, sincejjFr jj = jjFpjj = 0, we have

0 = hFr + Fp; Fr � Fpi = � hFr + Fp; Fq � Fsi ;

and so (Fr + Fp) ? (Fq � Fs). Similarly, (Fr � Fp) ? (Fq + Fs). So

hFp; Fr i � hFq; Fsi = hFp; Fr � Fpi � hFq � Fs; Fsi =

hFp; � (Fq � Fs)i � h� � 1(Fr � Fp); Fsi = hFp; Fq � Fsi � hFr � Fp; Fsi =

(hFp; Fqi � hFp; Fsi ) � (hFr ; Fsi � hFp; Fsi ) = (hFp; Fqi � hFp; Fsi )2 ;
sincehFp; Fqi = hFr ; Fsi , by (Fr + �F p) ? (Fq � �F s) for � = � 1. Also, hFq; Fr i =
hFp; Fsi . By Lemma 9.2 with the p� there being the projections of the F� here to
ImH , and using that E = 0, we have proven the lemma. �

Remark 9.12. The Moutard lift is not completely unique, and it has more than just
the freedomof a constant scalar multiple. For example, if points p corresponds to
(m; n) in the domain lattice in Z2, we could changea Moutard lift Fp to � Fp when
m + n is even and � Fp when m + n is odd, for any nonzeroconstants � ; � 2 R, and
this givesanother Moutard lift.

Lemma9.11and Remark 9.12imply that, by multiplying all Fp by an appropriate
constant real scalar,we may assume

(9.7) FpFq + FqFp = apq � I

on all edges.Furthermore, any lift satisfying (9.7) is Moutard, and all Moutard lifts
satisfy (9.7) up to the freedomgiven in Remark 9.12.

Remark 9.13. BecauseFpFq + FqFp is a scalarmultiple of the identit y, we sometimes
ignore that it is a matrix, and simply considerit as that scalarapq.

Lemma 9.14. Let f 2 R3 � ImH be a discretesurface with concircular quadrilaterals.
Then there existsa Moutard lift if and only if f is isothermic. In particular, we can
then choosethe Moutard lift so that Equation (9.7) holds.

Proof. First we assumef is isothermic, and show that a Moutard lift exists. Choose
a particular quadrilateral pqr s, and assumea lift F is chosenso that (9.7) holds for
both of the two edgespq and ps in that quadrilateral pqr s. Then Equation (9.2)
implies we can chooseFr to be (note that we are not requiring any condition like
Fr 2 M � here)

Fr = Fp + 1
2(hFq; Fsi )� 1((aps � apq)Fq + (apq � aps)Fs) :

Noting that isothermicity implies apq = ar s and aps = aqr , a computation gives that
(9.7) alsoholds on the edgessr and qr . It follows that a Moutard lift exists.

We now assumethat a Moutard lift F exists, and then prove the surface f is
isothermic. Let fp, fq, fr and fs be the vertices of one quadrilateral of f with cross
ratio q 2 R. The assumptionof concircularity implies that Fr 2 spanf Fp; Fq; Fsg, by
Remark 9.4.

Now recall that a point
p 2 R3 � ImH

has lift

(x1; x2; x3; x4; x5) = (2pj ; � (1 � jpj j2); 1 + jpj j2) � Pj = 2
�

pj � p2
j

1 � pj

�
2 M0 � L4 ;
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whereR3 = M 0 is given by the Q in (8.3) with � = 0.
We saw in (9.1) that for p1; p2 2 R3 � ImH , we have

hP1; P2i = 2(p1 � p2)2 :

We have fp; fq; fr ; fs 2 ImH , and we can �nd � � 2 R n f 0g so that � pFp, � qFq, � r Fr

and � sFs all lie in M 0, and then Lemma 8.37givesthat q satis�es

(9.8) q2 =
�

(fp � fq)
(fq � fr )
(fq � fr )2

(fr � fs)
(fs � fp)
(fs � fp)2

� 2

=

=
(fp � fq)2(fr � fs)2

(fq � fr )2(fs � fp)2
=

h� pFp; � qFqih� r Fr ; � sFsi
h� qFq; � r Fr ih� sFs; � pFpi

=
hFp; FqihFr ; Fsi
hFq; Fr ihFs; Fpi

:

A condition for Fr to be in L4 is, from Equation (9.6),

0 = hFr ; Fr i = h� (Fq� Fs)+ Fp; � (Fq� Fs)+ Fpi = � 2hFq� Fs; Fq� Fsi + 2� hFq� Fs; Fpi ;

which implies

� =
� 2hFq � Fs; Fpi

hFq � Fs; Fq � Fsi
;

and so

Fr =
� 2hFq � Fs; Fpi

hFq � Fs; Fq � Fsi
(Fq � Fs) + Fp ;

which implies
hFr ; Fsi = hFp; Fqi and hFr ; Fqi = hFp; Fsi :

This shows that the crossratios of f satisfy the condition in De�nition 9.5,completing
the proof. �

Remark 9.15. When the discretesurfaceis isothermic in the narrow sense,i.e. when
the crossratios are identically � 1, there is a way to describe real valuesde�ned at the
vertices so that they can be thought of as the "scalar factor" or "stretching factor"
for the discrete "conformal metric", as follows: For a smooth surfacex(u; v) with
isothermic coordinatesu; v, we have as in Remark 9.8 that

X 2 = e� ûX 1

is a Moutard lift, where e2û is the metric factor. Now, in the caseof a discrete
isothermic surfacef, one lift is

F� =
�

f � � f 2
�

1 � f �

�

(� now denotesvertices in the domain of f), and we can take a Moutard lift

~F� = s� F�

satisfying (9.7). Here s� will be the "discrete metric". We can take apq = � 1, and
then

japqj = 2jh~Fp; ~Fqij

(i.e. ~F� is a Moutard lift satisfying (9.7)) implies
1
2 = jspj � jsqj � jhFp; Fqij = 1

2 jspj � jsqj � jfp � fqj2 :

So js� j behavesjust like e� û would in the caseof a smooth isothermic surface.
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We now give an application of Moutard lifts. Supposethat (0; 0), (� 1; 0), (0; � 1),
� (1; 1) and � (1; � 1) are all in the lattice domain of a discrete surfacef. Then the
diagonalvertexstar of f(0;0) consistsof the imagesf(0;0), f(1;� 1), f(1;1), f(� 1;1) and f(� 1;� 1)

of the points (0; 0), (1; � 1), (1; 1), (� 1; 1) and (� 1; � 1). The proof of the next lemma
appliesMoutard lifts.

Lemma 9.16. The �ve verticesof any diagonalvertex star on a discrete isothermic
surface are cospherical.

Proof. We can take the image f(0;0) of the point (0; 0) in the lattice domain to be
the center of the diagonal vertex star. Let F(i;j ) be a Moutard lift of f(i;j ) satisfying
Equation (9.7).

Our goal is to show

dim(F(0;0); F(1;� 1); F(1;1); F(� 1;1); F(� 1;� 1)) � 4 :

Then there existsa spacelike vector S 2 R4;1 which producesthe sphere ~S, via (8.9),
that contains all �v e points F(0;0) ; F(1;� 1); F(1;1); F(� 1;1); F(� 1;� 1), and the proof would
be completed.

In the following computation, for the sake of simplicity, we ignorecaseswheresome
coe�cien ts might be zero(those other casescan be dealt with separately).

Becausewe chosea Moutard lift, we have hFq; Fr i = hFp; Fsi on any quadrilateral,
implying

hFq; Fp � Fr i = hFp; Fq � Fsi ;
so

hFq; Fs � Fqi (Fr � Fp) = hFq; Fr � Fpi (Fs � Fq) = hFp; Fq � Fsi (Fq � Fs) ;

and so

hFq; Fsi (Fr � Fp) = �
1
2

(apq � aps)(Fq � Fs) :

This implies

hF(1;� 1); F(0;0) i (F(1;0) � F(0;� 1)) = �
1
2

(a(0;0)(1;0) � a(0;� 1)(0;0) )(F(1;� 1) � F(0;0)) ;

hF(0;� 1); F(� 1;0) i (F(0;0) � F(� 1;� 1)) = �
1
2

(a(� 1;0)(0;0) � a(0;� 1)(0;0))(F(0;� 1) � F(� 1;0)) ;

hF(0;0); F(� 1;1) i (F(0;1) � F(� 1;0)) = �
1
2

(a(� 1;0)(0;0) � a(0;0)(0;1) )(F(0;0) � F(� 1;1)) ;

hF(1;0); F(0;1) i (F(1;1) � F(0;0)) = �
1
2

(a(0;0)(1;0) � a(0;0)(0;1) )(F(1;0) � F(0;1)) ;

and then

F(1;0) � F(0;� 1) = �
a(0;0)(1;0) � a(0;� 1)(0;0)

2hF(1;� 1); F(0;0) i
(F(1;� 1) � F(0;0)) ;

F(0;� 1) � F(� 1;0) =
� 2hF(0;� 1) ; F(� 1;0) i

a(� 1;0)(0;0) � a(0;� 1)(0;0)
(F(0;0) � F(� 1;� 1)) ;

F(� 1;0) � F(0;1) =
a(� 1;0)(0;0) � a(0;0)(0;1)

2hF(� 1;1); F(0;0) i
(F(0;0) � F(� 1;1)) ;

F(0;1) � F(1;0) =
2hF(1;0); F(0;1) i

a(0;0)(1;0) � a(0;0)(0;1)
(F(1;1) � F(0;0)) :
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Adding theselast four equations,we seethat a linear combination of those�v e points
F(0;0); F(1;� 1); F(1;1); F(� 1;1); F(� 1;� 1) equalszero,proving the result. �

The conclusionof Lemma 9.16 is in fact equivalent to the discrete surfacebeing
isothermic, and this then makes it obvious that discrete isothermicity is invariant
under M•obius transformations.

De�nition 9.17. We say that the sphere (containing the vertexstar) in Lemma9.16
is the central sphereof the discrete isothermic surface at the central vertex of the
diagonalvertex star.

9.5. Christo�el transforms. When f is a discreteisothermicsurfacein R3 � ImH ,
we can de�ne the Christo�el transform f � (also in R3) of f as follows:

De�nition 9.18. Let f be a discrete isothermic surface in R3. Then the Christo�el
transform f � of f satis�es

(9.9) df �
pqdfpq = apq :

Here, for any object F de�ned on vertices,dFpq denotesthe di�erence

dFpq := Fq � Fp

of the valuesof F at the verticesq and p.
To seethat this de�nition is natural, we considerthe Christo�el transform x � of a

smooth surfacex in R3 with isothermic coordinatesu; v. In the smooth case,we may
assumex and x � satisfy

dx = xudu + xvdv ; dx� = x � 1
u du � x � 1

v dv ;

as seenin the previouschapter. So

dx� (@u)dx(@u) = 1 and dx� (@v)dx(@v) = � 1 :

We alsohave

lim
� ! 0

q� = � 1 =
dx� (@u)dx(@u)
dx� (@v)dx(@v)

;

by Equation (9.3). In the discretecase,we loosenedthe � 1 in the right-hand sideof
Equation (9.3) to the apq=aps in the right-hand sideof qpqr s = apq=aps, asin De�nition
9.5. Becauseof this, it is natural to considerthat

apq

aps
=

df �
pqdfpq

df �
psdfps

;

wheredfpq, df �
pq, dfps, df �

ps now represent discreteanalogsof dx(@u), dx� (@u), dx(@v),
dx� (@v), and so De�nition 9.18becomesnatural.

We can then prove the following:

Lemma 9.19. [19] If f is a discrete isothermic surface, then there existsa Christo�el
transform f � of f.

Proof. f � exists if and only if the compatibilit y condition

(9.10) df �
pq + df �

qr = df �
ps + df �

sr

holds, that is to say, we can apply \discrete integration" of df � to obtain f � .
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We now prove that Equation (9.10) holdswith df � de�ned asin Equation (9.9). By
Equation (9.9), Equation (9.10) is equivalent to

apqdf � 1
pq + aqr df � 1

qr = apsdf � 1
ps + asr df � 1

sr :

Becauseapq = asr and aps = aqr (by isothermicity), this equation is equivalent to
apq

aps
(df � 1

pq � df � 1
sr ) = df � 1

ps � df � 1
qr :

By Lemma 8.37, the crossratio is apqa� 1
ps = dfpqdf � 1

qr dfr sdf � 1
sp = df � 1

qr dfr sdf � 1
sp dfpq =

df � 1
qr dfpqdf � 1

sp dfr s, and so the equation becomes

df � 1
qr dfr sdf � 1

sp + df � 1
qr dfpqdf � 1

sp = df � 1
ps � df � 1

qr ;

that is, df � 1
qr (dfr s + dfpq)df � 1

sp = df � 1
ps � df � 1

qr , i.e.

dfr s + dfpq + dfqr + dfsp = 0 ;

and this follows from the fact that f exists and so df is closed. �

Lemma 9.20. Let f be a discrete isothermic surface. Then the Christo�el transform
f � of f is isothermic with the samecrossratios as f.

Proof. Let q; q� be the crossratios of f, f � respectively. Then

q� = df �
pq(df �

qr )
� 1df �

r s(df �
sp)

� 1 = apqdf � 1
pq (aqr df � 1

qr )� 1ar sdf � 1
r s (aspdf � 1

sp )� 1 =

(apq=aqr )(ar s=asp)df � 1
pq (df � 1

qr )� 1df � 1
r s (df � 1

sp )� 1 = q2(df � 1
sp dfr sdf � 1

qr dfpq)� 1 :
Then Lemma 8.37 implies

q� = q2(dfpqdf � 1
qr dfr sdf � 1

sp )� 1 = q2 � q� 1 = q :

�

9.6. Calapso transforms. Like in the smooth case,we can de�ne Calapsotransfor-
mations T in the discretecase.We �rst de�ne � as

� pq =
�

fp

1

�
(f �

q � f �
p)

�
1 � fq

�
:

Note that � pq doesnot have symmetry with respect to p and q, and this was just a
choice that was made, and there is no particular geometricmotivation for choosing
fp in the leftward vector and fq in the rightward vector. Then taking any lift

Fp = � p

�
fp � f2

p
1 � fp

�

at all p, a short computation gives

(9.11) � pq =
�

fpdf �
pq � fpdf �

pqfq

df �
pq � df �

pqfq

�
= � apq

FpFq

FpFq + FqFp
:

Note that, although FpFq + FqFp is a matrix, we are regardingit asa scalarhere,like
in Remark 9.13.

If F is a Moutard lift, then we can assume(9.7), and sowe have

(9.12) � pq = � FpFq :

For adjacent verticesp;q, we de�ne T = T � by

(9.13) Tq = Tp(I + �� pq) :
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This is not a commutativ e operation, aswe will seein the proof of the next lemma,
i.e. we cannot switch p and q and expect this equation to still hold. So we must
decideon a direction for each edge.Let us do this by �xing onevertex p and then for
any edgep̂q̂, whereq̂ is farther from p than p̂ is, apply the above equation to de�ne
Tq̂ = Tp̂(I + �� p̂q̂). It will turn out that this noncommutativit y will not a�ect the
Calapsotransform (seethe de�nition of the Calapsotransform below), becauseT is
in fact de�ned up to real scalarfactors even without this normalization of directions,
so it is not a problem, but let us normalize thesedirections that we usein (9.13) in
order to choosea particular T. (We will also usethis normalization in the proofs of
Lemmas9.23and 9.25.)

A direct computation shows that I + �� pq (with a;b;c;d now regardedasthe entries
in the matrix I + �� pq) satis�es (8.18) and (8.19) when 1 � �a pq 6= 0, so I + �� pq 2
Mob(3) and then T is aswell, when the initial condition chosenfor the solution T is
taken in Mob(3).

De�nition 9.21. We say that TF T � 1 is a Calapsotransform.

We can write TF T � 1 as TpFpT � 1
p when we wish to specify which vertex p is being

used,and asT � F (T � )� 1 when we wish to specify which value of � hasbeenchosen.
We will seein the proof of the next lemma that T is only de�ned up to real scalar

factors, i.e. the T are actually multiv alued, and becomewell de�ned only when
consideredin a projectivized space.But, asnoted above, this freedomdoesnot a�ect
the resulting Calapsotransform TF T � 1.

Lemma 9.22. If f is a discrete isothermic surface, then a solution T 2 Mob(3) to
(9.13) exists.

Proof. First we note that
(I + �� pq)( I + �� qp)

is a real scalar multiple of I , so that T is de�ned up to a real scalar factor when
applying (9.13) back and forth along a singleedge.To seethis, we needto seethat

� pq + � qp

is a real scalar multiple of I . Taking a Moutard lift F of f so that (9.7) holds,
� pq + � qp = � FpFq � FqFp = � apqI is a real scalarmultiple of I .

For a quadrilateral with vertices p;q; r; s in counterclockwise order, we have, if T
exists, that

Tr = Tq(I + �� qr ) = Tp(I + �� pq)( I + �� qr ) =

Tp(I + �� ps)( I + �� sr ) :

So existenceof T would be implied by

(9.14) (I + �� pq)( I + �� qr ) = (I + �� ps)( I + �� sr ) ;

that is to say, we want to show

� pq� qr = � ps� sr

and
� pq + � qr � � sr � � ps = 0 :
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The �rst of thesetwo equationsfollows immediately from
�
1 � fq

�
�

fq

1

�
= 0 ;

and the secondone is not di�cult to show if we usea Moutard lift satisfying (9.12):
Using such a lift F meansthat we needonly show

FpFq + FqFr = FpFs + FsFr ;

i.e. that
Fp(Fq � Fs) + (Fq � Fs)Fr = 0 :

But by de�nition of the Moutard lift, Fq � Fs and Fp � Fr are parallel, so we need
only show

Fp(Fp � Fr ) + (Fp � Fr )Fr = 0 :
This is clearly true, sinceF 2

p = F 2
r = 0.

Finally, as noted before, if Tp0 2 Mob(3) at one vertex p0, and 1 � �a pq is never
zero, then Tp 2 Mob(3) for all verticesp. �

Lemma 9.23. Let f be a discrete isothermic surface with lift F . The Calapsotrans-
form Fp ! F �

p := T �
p Fp(T �

p )� 1 givesanother isothermic surface f � , and the crossratio
factorizing function apq changesfrom f to f � as follows:

apq ! a�
pq =

apq

1 � �a pq
:

Proof. Let F be a Moutard lift satisfying (9.7). For a quadrilateral with vertices p,
q, r and s listed in counterclockwise order around the quadrilateral, and noting that

(I + �� pq)( I + �� qp) = (1 � �a pq)I ;

we have (assumepq is directed from p to q)

hF �
p ; F �

q i = hTpFpT � 1
p ; TqFqT � 1

q i =

� 1
2 [TpFp(I + �� pq)FqT � 1

q +
1

1 � �a pq
TqFq(I + �� qp)FpT � 1

p ] =

� 1
2 [TpFpFqT � 1

q +
1

1 � �a pq
TqFqFpT � 1

p ] =

� 1
2 Tp[FpFq

1
1 � �a pq

� I +
1

1 � �a pq
I � FqFp]T � 1

p =
1

1 � �a pq
hFp; Fqi :

Also (assumeas well that qr is directed from q to r ),

hF �
p ; F �

r i = hTpFpT � 1
p ; Tr Fr T � 1

r i = � 1
2

�
TpFpT � 1

p Tr Fr T � 1
r + Tr Fr T � 1

r TpFpT � 1
p

�
=

� 1
2

�
TpFpT � 1

p TqT � 1
q Tr Fr T � 1

r + Tr Fr T � 1
r TqT � 1

q TpFpT � 1
p

�
=

� 1
2

�
TpFp � I � I � Fr T � 1

r +
1

1 � �a pq

1
1 � �a qr

Tr Fr FpT � 1
p

�
=

� 1
2 Tq

�
T � 1

q TpFpFr T � 1
r Tq +

1
1 � �a pq

1
1 � �a qr

T � 1
q Tr Fr FpT � 1

p Tq

�
T � 1

q =

1
1 � �a pq

1
1 � �a qr

hFp; Fr i :
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Similarly,

hF �
p ; F �

s i =
1

1 � �a ps
hFp; Fsi ;

hF �
q ; F �

r i =
1

1 � �a qr
hFq; Fr i ;

hF �
q ; F �

s i =
1

1 � �a pq

1
1 � �a qr

hFq; Fsi :

We now renotate the subscripts p;q; r; s by p1; p2; p3; p4, respectively. Then, using
the lift F satisfying (9.7) chosenhere in Lemma 9.2 (note that we do not need to
require F 2 M � ), and noting that we have s12 = s34 = � 1

2ap1p2 and s14 = s23 =
� 1

2ap1p4 , and becauseq = ap1p2=ap1p4 , Lemma9.2 implies s13s24 = 1
4(ap1p2 � ap1p4 )2. A

computation, again using Lemma 9.2, then shows that the corresponding crossratio
on the Christo�el transform f � is

a�
pq=a�

ps ;
where

a�
pq =

apq

1 � �a pq
; a�

ps =
aps

1 � �a ps
:

Thus f � is an isothermic surface,and the lemma is proven. �

In the above proof we saw that hF �
p ; F �

q i = (1 � �a pq)� 1hFp; Fqi = � 1
2a�

pq and
hF �

p ; F �
s i = (1 � �a ps)� 1hFp; Fsi = � 1

2a�
ps, so this corollary follows:

Corollary 9.24. If Fp is a Moutard lift of a discrete isothermic surface f satisfying
(9.7), then so is F �

p , for any � 2 R n f 0g.

In order to state the next lemma, we de�ne T �;� by

T �;�
q = T �;�

p (I + �� �
pq) ;

where

� �
pq =

� a�
pqF

�
p F �

q

F �
p F �

q + F �
q F �

p
; a�

pq =
apq

1 � �a pq
; F �

p = T �
p Fp(T �

p )� 1 :

Lemma 9.25. Let f be a discrete isothermic surface with associated T. Then T is a
1-parameter group, that is, we can chooseT �;� so that

T � + � = T �;� T �

for any �; � 2 R.

Proof. Without lossof generality, assumeF is a Moutard lift satisfying (9.7), and so
Corollary 9.24implies � �

pq = � F �
p F �

q . First note that T �
q = T �

p (I + �� pq). We wish to
show T � + � = T �;� T � , i.e.

(9.15) T �;�
q T �

q = T �;�
p T �

p (I + (� + � )� pq) ;

wherethe edgepq is directed from p to q. Note that

(9.16) (T �
p )� 1T �

q = I + �� pq ;

and inverting gives

(9.17) (T �
q )� 1T �

p =
1

1 � �a pq
(I + �� qp) ;
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sinceF is a Moutard lift satisfying (9.7). Then

T �;�
q T �

q = T �;�
p (I � �F �

p F �
q )T �

q =

= T �;�
p (I � �T �

p Fp(T �
p )� 1T �

q Fq(T �
q )� 1)T �

q :

Then, using the properties Fp� pq = � pqFq = 0 and (9.16), we have

T �;�
q T �

q = T �;�
p (I + �T �

p � pq(T �
q )� 1)T �

q =

= T �;�
p T �

p ((T �
p )� 1T �

q + �� pq) = T �;�
p T �

p (( I + �� pq) + �� pq) =

= T �;�
p T �

p (I + (� + � )� pq) :

Thus we have shown (9.15). �

Now we recall that, for generallifts F that are not necessarilyMoutard, we have

� pq =
� apqFpFq

FpFq + FqFp
; � �

pq =
� a�

pqF
�
p F �

q

F �
p F �

q + F �
q F �

p
;

and, by Equations (9.16) and (9.17), we have

(9.18) (I + �� pq)� 1 =
1

1 � �a pq
(I + �� qp) :

Remark 9.26. Equation (9.18) is not symmetric in p and q. In fact, as noted before,
� itself is not symmetric in p and q. However, the most essential object, the family
of 
at connections� �

pq, is symmetric in p and q (seeRemark 9.29). We will discuss

at connectionsin the next Section9.7.

Furthermore, if F is Moutard satisfying (9.7), this is true of F � as well, by Corol-
lary 9.24, and we have � �

pq = � F �
p F �

q = � T �
p Fp(T �

p )� 1T �
q Fq(T �

q )� 1 = � T �
p Fp(I +

�� pq)Fq(T �
q )� 1 = T �

p (� FpFq)(T �
q )� 1, so we have

(9.19) � �
pq = T �

p � pq(T �
q )� 1 :

This equation will be usedlater, when we show that if f hasa polynomial conserved
quantit y of type n, then so do its Calapsotransformations (seeLemma 11.26). In
particular, if f is a discrete isothermic CMC surfacein somespaceform, then so are
its Calapsotransformations (in di�erent spaceforms in general). But sincewe have
not de�ned the notionsof polynomial conserved quantities and discreteCMC surfaces
yet, we comeback to this later.

9.7. Flat connections. Let us �rst review what a connectionis in the smooth case.
We will seehow isothermic surfaceshave a 1-parameter family of 
at connections.
Although we do not show it here(see[30] for such an argument), the converseis also
true: existenceof a family of 
at connectionsimplies that the surfaceis isothermic.

Recall that the Riemannian connection of a Riemannian manifold is the unique
connectionsatisfying

(9.20) r f X + Y Z = f r X Z + r Y Z ;

(9.21) r X (f Y + Z) = X (f )Y + f r X Y + r X Z ;

(9.22) r X Y � r Y X = [X ; Y] ;

(9.23) X hY; Z i = hr X Y; Z i + hY; r X Z i ;
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where X ; Y; Z are any smooth tangent vector �elds of the manifold, and f is any
smooth function from the manifold to R. The �rst two relations (9.20), (9.21) de�ne
generala�ne connections,and adding in the last two conditions (9.22), (9.23) makes
the connectiona Riemannianconnection.

Taking an n-dimensionalmanifold M n with a�ne connectionr , and taking a basis
X 1, X 2, ... , X n of vector �elds for the tangent spaces,we de�ne � k

ij and Rk
l ij by

r X i X j =
nX

k=1

� k
ij X k ;

(9.24) r X i r X j X l � r X j r X i X l � r [X i ;X j ]X l =
nX

k=1

Rk
l ij X k :

We de�ne the one forms ! i and ! i
j by (here � i

j is the Kronecker delta function)

! i (X j ) = � i
j ; ! i

j =
nX

k=1

� i
kj !

k :

The oneforms ! i
j are called the connectionone forms. Then

d! i
l +

nX

p=1

! i
p ^ ! p

l = 1
2

nX

j;k =1

Ri
l j k ! j ^ ! k :

When the connection is the Riemannian connection, the R i
l j k give the Riemannian

curvature tensor. When, for an a�ne connection,all of the R i
l j k are zero,then we say

that r is a 
at connection. For a more thorough explanation of the above equations,
there are many textbooks onecould look at, for example[70].

For a smooth isothermic surfacex, we can regard R4;1 as 5-dimensional�b ers of
a trivial vector bundle de�ned on x. We now de�ne r = d + �� for any choice of
� 2 R, i.e.

(9.25) r Z Y = dZ Y + � (� (Z ) � Y � Y � � (Z )) ;

whereY 2 R4;1 dependson the parametersu; v for the isothermic surfacex, and Z
lies in the tangent spaceof the surface.This is a bit di�erent than the considerations
above, becausenow the bundle is not the tangent bundle of the surfacex, and so Y
is not necessarilytangent to x. But in any case,� (Z ) is de�ned, becauseZ lies in the
tangent spaceof x. We note that (9.20) and (9.21) hold, and so this r is an a�ne
connection.

We wish to seethat this r in (9.25) is a 
at connectionfor all � 2 R. That is, we
wish to have

(9.26) r @u r @v Y � r @v r @u Y � r [@u ;@v ]Y = 0

for any Y 2 R4;1 depending on u and v, and for any � 2 R. Because[@u ; @v] = 0, a
computation shows that (9.26) will hold if

d(�� ) + (�� ) ^ (�� ) = 0

holds for all � 2 R, i.e.

(9.27) @u(� (@v)) � @v(� (@u)) = � (@u)� (@v) � � (@v)� (@u) = 0 :
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Then r is a family of 
at connectionsparametrizedby � . Let us now con�rm that
r is 
at:

Lemma 9.27. Equation (9.27) holds.

Proof. The proof is a direct computation using the properties in (8.21). �

Connectionsare equivalent to having a notion of parallel transport along each
given curve in the surface,and a connectionis 
at if and only if the parallel transport
map depends only on the homotopy classof each curve (with �xed endpoints). In
particular, if the surfacex is simply connected,parallel transport is independent of
path if and only if the connectionis 
at, which can be seenas follows: One direction
is immediately clear from Equation (9.24), by choosing the X i there to be constant
vector �elds (that is, by choosing X i by using parallel translation, i.e. r � X i = 0),
and then all Rk

l ij become0. To seethe other direction, supposethat the connection
is 
at. Then Equation (9.24) implies

r @u r @v Y = r @v r @u Y

for any vector �eld Y . Then wecanapply an argument like in the proof of Proposition
3.1.2 in [59] to concludethat if Y is constructedso that r @u Y = 0 along one curve
where v = v0 is constant and so that r @v Y = 0 everywhere, then also r @u Y = 0
everywhere,and so Y is a vector �eld that is parallel on any curve in x.

Thus, becausethe connectionin Equation (9.25) is 
at, every vector at one point
of a simply-connectedx can be extendedto a parallel vector �eld de�ned over all of
x that is independent of choiceof path. Let us denotesuch a vector �eld by

Y = � � 1 � Y0 := � � 1Y0� ;

where� is a map from the domain of x (with isothermiccoordinatesu; v) to Mob(3),
and Y0 is any �xed vector in R4;1. The condition that Y is parallel is

(9.28) 0 = r Z (� � 1 � Y0)

for all vectorsZ tangent to the surfacex, at any point of x. Equation (9.28) holds if
and only if

0 = dZ (� � 1Y0� ) + � (� (Z ) � � � 1Y0� � � � 1Y0� � � (Z ))

for all Z , which then holds if and only if

[R(Z ); Y0] = 0

for all Z , where
R = (d� ) � � � 1 � ��� � � 1 :

This is true for all Z tangent to x, and for any choiceof Y0 2 R4;1. It would certainly
su�ce to have R = 0, i.e.

(9.29) d� = ��� :

Sowecantake� to bethe Calapsotransformation T, asin De�nition 8.44andLemma
8.47.

Remark 9.28. Note that when Y0 2 L4, then Y is actually a Darboux transform of
the surface.
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Equation (9.29) is how we can describe parallel transportation in terms of � .
To get a connection for a discrete isothermic surface f, it is not the connection

r that we will discretize, but rather the notion of parallel transport and Equation
(9.29): the discreteversionof Equation (9.29) is

� q � � p = �� p� pq

along edgespq directed from p to q, i.e.

(9.30) � � 1
p � q = I + �� pq :

Note that this is exactly the sameequation as (9.13).
Let Y0 be a �xed vector in R4;1. Analogous to the smooth caseas above, for a

solution � to (9.30), we form a vector �eld de�ned on the verticesof f by

Yp = � � 1
p � Y0 = � � 1

p Y0� p ;

we then have the following: obviously Y0 = � q(� � 1
q Y0� q)� � 1

q = � p(� � 1
p Y0� p)� � 1

p , and
so

� qYq� � 1
q = � pYp� � 1

p implies � � 1
p � qYq(� � 1

p � q)� 1 = Yp ;

thus (I + �� pq)Yq(I + �� pq)� 1 = (1 � �a pq)� 1(I + �� pq)Yq(I + �� qp) by (9.18). Thus

(9.31) � pq � Yq = Yp ;

wherewe de�ne � pq = � �
pq, aslong as�a pq 6= 1, by (the symbol � now plays a di�erent

role than it did at the beginningof this section)

(9.32) � pq � Yq = (1 � �a pq)� 1(I + �� pq)Yq(I + �� qp) :

Equation (9.31) de�nes parallel transport alongedges,and thusprovidesa connection
for the surface. We conclude that � pq is a 
at Mob(3)-connection on the discrete
isothermic net, with the solution � being a gaugetransformation identifying this
connectionwith the trivial connection.

Remark 9.29. The connection� pq is symmetric in the following sense:If, instead, pq
had beendirected from q to p, then (� � 1

q � p)� 1Yq� � 1
q � p = Yp implies (I + �� qp)� 1Yq(I +

�� qp) = (1 � �a pq)� 1(I + �� pq)Yq(I + �� qp), and the de�nition of � pq in (9.32) would
not change;that is, � pq is independent of choiceof direction along the edgepq.

Now, parallel sectionsY 2 R4;1 are those that satisfy (9.31) for some� 2 R, and
then Yq ! Yp is parallel transport along edges.

Note that � �
pq�

�
qp = 1, by (9.18), and for this reasonwe call � � a connection. By

(9.14) and (9.18), we have
� �

pq�
�
qr �

�
r s�

�
sp = 1 ;

and for this reasonwe call it a 
at connection. Finally, we call the � �
pq as in (9.32)

the isothermic family of connections of f.

9.8. Linear conserv ed quantities. We can now discretize (8.12) as follows: We
say that f is CMC (in the appropriate spaceform) if there exists a linear conserved
quantit y P = Q + �Z so that TPT � 1 is constant with respect to vertices in the
domain of f. Here,Q and Z are mapsde�ned on the lattice domain and taking values
in R4;1. (SeeDe�nition 9.32 below.) We have proven that this holds in the smooth
case(seeEquation (8.22)), and we take it as a de�nition in the discrete case. We
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will seein Lemma11.14the equivalenceof this de�nition with previousde�nitions of
discreteCMC surfaces.That TPT � 1 is constant is equivalent to

TqPqT � 1
q = TpPpT � 1

p

for all adjacent verticesp and q, which is equivalent to

(I + �� pq)Pq = Pp(I + �� pq) ;

which becomesthe equation

(9.33) (I + �� pq)(Q + �Z )q = (Q + �Z )p(I + �� pq) :

Remark 9.30. Note that (9.33) is equivalent to saying that P is a parallel sectionof
the 
at connection� �

pq, for all � .

Looking at the coe�cien ts in front of the � k in Equation (9.33) for k = 0; 1; 2, we
immediately have the following lemma:

Lemma 9.31. Equation (9.33) is equivalent to dQpq = 0 and dZpq = Qp� pq � � pqQq

and � pqZq = Zp� pq.

Noting that Q is constant, we now cometo a formal de�nition:

De�nition 9.32. If a linear conserved quantity Q+ �Z , Q 6= 0, existsfor an isother-
mic discretesurface f, wesaythat f is of constant mean curvature (CMC) in the space
form M determined by Q.

The �rst fact we give about theselinear conserved quantities is this:

Lemma 9.33. jjZ jj is constant, that is, jjZpjj doesnot dependon the choice of vertex
p.

Proof. We give an argument similar to the argument in the proof of Lemma8.26. Let
p and q be adjacent vertices. Then (with � = � pq)

Z 2
q � Z 2

p = (Zq � Zp)Zq + Zp(Zq � Zp) = (Q� � � Q)Zq + Zp(Q� � � Q) =

= QZp� � � QZq + ZpQ� � � ZqQ = (QZp + ZpQ)� � � (QZq + ZqQ) :

We know that QZp + ZpQ and QZq + ZqQ are real multiples of the identit y matrix,
so it will su�ce to prove QZp + ZpQ = QZq + ZqQ, which we do as follows:

(QZp + ZpQ � QZq � ZqQ)� = � (QdZpq + dZpqQ)� =

= � (Q(Q� � � Q) + (Q� � � Q)Q)� = � (Q2� � � Q2)� = 0 :

�

Then, in analogyto (8.16), we de�ne the meancurvature to be

H = �h Z; Qi

when we have normalizedthe conserved quantit y by a scalarfactor so that jjZ jj = 1,
which we can do becausewe know from the above lemma that jjZ jj is constant.
This normalization also changesQ by a scalar factor, thus potentially changing the
curvature of the ambient space. Even if we do not normalize the linear conserved
quantit y, we can still de�ne the meancruvature, like as in (8.16).
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Remark 9.34. One can see, in the caseof M 0 = R3, that the above de�nition is
equivalent to the de�nition found by Bobenko and Pinkall [19]: f is CMC if jfp � f �

pj
2

is constant, and then that constant is H � 2
0 . This is proven in [27]. Also, the property

of being discrete CMC is preserved by Calapso transformations (seeLemma 11.26
below), so the de�nition here is the right one for the spaceform M 1 = S3, and also
for the spaceform M � 1 = H3 when the mean curvature H � 1 has absolute value at
least 1.

Remark 9.35. Unlike the caseof smooth surfaces,Z will not be called the central
sphere congruence. We will call it the mean curvature sphere congruence, for any
spaceform. In the discretecase,the central spherecongruenceand meancurvature
spherecongruenceare generallynot the same.(SeeDe�nition 9.17.)

Lemma9.31givesthe following two corollaries. The proofs are not hard. One just
needsto note that there exists an imaginary quaternion np such that we can write

Zp =
�

Cpfp + np Bp

Cp � Cpfp � np

�
; Bp; Cp 2 R ;

and then useLemma 9.31to computeBp. Here we have de�ned Cp as the lower left
entry of Zp and then chosennp to be the upper left entry minus Cp times fp.

Corollary 9.36. Assumef has a linear conserved quantity. If � = 0 and Q is as in
(8.3), then

Zp =
�

H fp + np � npfp � fpnp � H f2
p

H � H fp � np

�
;

for someconstant H 2 R. Furthermore, jnpj2 is constant (becausejjZpjj is constant),
and

df �
pq = d(H f + n)pq ; dfpqnq + npdfpq = 0

and
H f2

q � H f2
p + nqfq + fqnq � npfp � fpnp = df � fq + fpdf � :

We note that the equation dfpqnq + npdfpq = 0 could have beenreplacedwith the
equivalent equation df �

pqnq + npdf �
pq = 0 in the above corollary.

Corollary 9.37. Assumef has a linear conserved quantity and Q is as in (8.3) for
some� . Then

Zp =
�

Hpfp + np � npfp � fpnp � Hpf2
p

Hp � Hpfp � np

�
; Hp 2 R ;

for somefunction Hp from the lattice domainof f to R. Furthermore, jnpj2 is constant.

In light of Lemma9.31,we now give three propertiesof linear conserved quantities:

Lemma 9.38. Let F be a Moutard lift of a discrete isothermic surface f having a
linear conserved quantity Z + �Q . Suppose further that F satis�es (9.12). Then
dZpq = Q� pq � � pqQ is equivalent to

(9.34) Zq = Zp � (QFp + FpQ)Fq + (QFq + FqQ)Fp

for all adjacent p;q.
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Proof. BecauseQFq + FqQ is a real scalarmultiple of I for any p, we have � (QFp +
FpQ)Fq + (QFq + FqQ)Fp = � (QFp + FpQ)Fq + Fp(QFq + FqQ) = FpFqQ � QFpFq =
Q� � � Q. �

Corollary 9.39. Once Z is determined at onevertexp, it is uniquelydetermined via
(9.34) at all vertices.

Lemma 9.40. Assumethe conditions in Lemma 9.38. Then Zp� pq = � pqZq for all
adjacent p;q is equivalent to ZpFp + FpZp = 0 for all p.

Proof. Setting � = � pq, Zp� = � Zq implies (FpZp + ZpFp)� = FpZp� = Fp� Zq =
0 � Zq = 0. So FpZp + ZpFp = 0. Conversely, (FpZp + ZpFp)Fq � Fp(FqZq + ZqFq) =
0�Fq� Fp �0 = 0, implying ZpFpFq = FpFqZq by Lemma9.38,and then Zp� = � Zq. �

Remark 9.41. Supposethat f hasa conserved quantit y P = Q + � � 0 of order 0 with
jjP jj 2 not equal to zero. Then f is contained in a sphere,like for the caseof smooth
surfaces(Theorem 8.30), and this can be seenas follows: P = Z = Q (i.e. Q is
both the highest and lowest coe�cien t of P) is constant in the caseof order 0, with
jjZ jj 2 6= 0 by assumption. Thus the upcoming Lemma 11.23tells us jjZ jj 2 > 0 and
Z ? Fp for all p. So Z givesa spherevia (8.9) and fp lies in that spherefor all p.

9.9. On uniqueness of linear conserv ed quantities. When the domain of f is

f (m; n) 2 Z2 j 1 � m; n � kg ;

or any translation of that domain, we say f is a k by k net. The vertex star of a
vertex f(m;n ) consistsof it and its four neighboring verticesf (m+1 ;n) , f(m;n +1) , f(m� 1;n) ,
f(m;n � 1). When all �v e points in a vertex star are contained in a singlesphere,assay
that the vertex star is spherical.

Lemma 9.42. ([27]) Any 5 by 5 isothermic net whosecentermostvertex star is not
spherical hasa linear conserved quantity.

Proof. We take a Moutard lift F such that � pq = � FpFq. We needto �nd a constant
Q and a variable Z so that

(9.35) Zq = Zp � (QFp + FpQ)Fq + Fp(QFq + FqQ)

and

(9.36) Zp� pq = � pqZq

hold. Let us take the domainof the meshto bef (m; n) j jmj; jnj � 2g. By assumption,
the centermost vertex star is nonspherical,so

(9.37) dim spanf F0;0; F1;0; F0;1; F� 1;0; F0;� 1g = 5 :

(Note that we have abbreviated the notation F(i;j ) to Fi;j here,becausethat will be
convenient in this proof.) Set

(9.38) Q = q0;0F0;0 + q1;0F1;0 + q0;1F0;1 + q� 1;0F� 1;0 + q0;� 1F0;� 1

and

(9.39) Z0;0 = c0;0F0;0 + c1;0F1;0 + c0;1F0;1 + c� 1;0F� 1;0 + c0;� 1F0;� 1 :
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De�ne ~q = (q0;0; q1;0; q0;1; q� 1;0; q0;� 1)t and ~c = (c0;0; c1;0; c0;1; c� 1;0; c0;� 1)t and

A =

0

B
B
B
B
@

hF0;0; F0;0i hF1;0; F0;0i hF0;1; F0;0i hF� 1;0; F0;0i hF0;� 1; F0;0i
hF0;0; F1;0i hF1;0; F1;0i hF0;1; F1;0i hF� 1;0; F1;0i hF0;� 1; F1;0i
hF0;0; F0;1i hF1;0; F0;1i hF0;1; F0;1i hF� 1;0; F0;1i hF0;� 1; F0;1i

hF0;0; F� 1;0i hF1;0; F� 1;0i hF0;1; F� 1;0i hF� 1;0; F� 1;0i hF0;� 1; F� 1;0i
hF0;0; F0;� 1i hF1;0; F0;� 1i hF0;1; F0;� 1i hF� 1;0; F0;� 1i hF0;� 1; F0;� 1i

1

C
C
C
C
A

;

~A =

0

B
B
@

hF0;0; F1;0i hF1;0; F1;0i hF0;1; F1;0i hF� 1;0; F1;0i hF0;� 1; F1;0i
hF0;0; F0;1i hF1;0; F0;1i hF0;1; F0;1i hF� 1;0; F0;1i hF0;� 1; F0;1i

hF0;0; F� 1;0i hF1;0; F� 1;0i hF0;1; F� 1;0i hF� 1;0; F� 1;0i hF0;� 1; F� 1;0i
hF0;0; F0;� 1i hF1;0; F0;� 1i hF0;1; F0;� 1i hF� 1;0; F0;� 1i hF0;� 1; F0;� 1i

1

C
C
A ;

E =

0

B
B
@

hF0;0; F2;0i hF1;0; F2;0i hF0;1; F2;0i hF� 1;0; F2;0i hF0;� 1; F2;0i
hF0;0; F0;2i hF1;0; F0;2i hF0;1; F0;2i hF� 1;0; F0;2i hF0;� 1; F0;2i
hF0;0; F� 2;0i hF1;0; F� 2;0i hF0;1; F� 2;0i hF� 1;0; F� 2;0i hF0;� 1; F� 2;0i
hF0;0; F0;� 2i hF1;0; F0;� 2i hF0;1; F0;� 2i hF� 1;0; F0;� 2i hF0;� 1; F0;� 2i

1

C
C
A ;

G =

0

B
B
@

hF0;0; F0;0i hF0;0; F1;0i hF0;0; F0;1i hF0;0; F� 1;0i hF0;0; F0;� 1i
hF0;0; F0;0i hF0;0; F1;0i hF0;0; F0;1i hF0;0; F� 1;0i hF0;0; F0;� 1i
hF0;0; F0;0i hF0;0; F1;0i hF0;0; F0;1i hF0;0; F� 1;0i hF0;0; F0;� 1i
hF0;0; F0;0i hF0;0; F1;0i hF0;0; F0;1i hF0;0; F� 1;0i hF0;0; F0;� 1i

1

C
C
A ;

B =

0

B
B
B
B
@

hF0;0; F0;0i 0 0 0 0
0 hF0;0; F1;0i 0 0 0
0 0 hF0;0; F0;1i 0 0
0 0 0 hF0;0; F� 1;0i 0
0 0 0 0 hF0;0; F0;� 1i

1

C
C
C
C
A

;

C =

0

B
B
@

hF1;0; F2;0i 0 0 0
0 hF0;1; F0;2i 0 0
0 0 hF� 1;0; F� 2;0i 0
0 0 0 hF0;� 1; F0;� 2i

1

C
C
A ;

D =

0

B
B
@

hF0;0; F2;0i 0 0 0
0 hF0;0; F0;2i 0 0
0 0 hF0;0; F� 2;0i 0
0 0 0 hF0;0; F0;� 2i

1

C
C
A :

We needto know that A is invertible, which follows from (9.37), in this way: We
can write A as

A =
�
F0;0 F1;0 F0;1 F� 1;0 F0;� 1

� t
�

0

B
B
B
B
@

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 � 1

1

C
C
C
C
A

�
�
F0;0 F1;0 F0;1 F� 1;0 F0;� 1

�

(hereweareregardingF0;0, F� 1;0, F0;� 1 as5-vectors,not 2 by 2 quaternionicmatrices),
so detA 6= 0 if and only if

det
�
F0;0 F1;0 F0;1 F� 1;0 F0;� 1

�
6= 0 ;

but this last condition follows from (9.37).
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Becauseof
hF0;0; Z0;0i = 0 ;

hF1;0; Z0;0i = 2hF1;0; QihF0;0; F1;0i ;

hF2;0; Z0;0i = 2hF2;0; QihF1;0; F2;0i � 2hF0;0; QihF1;0; F2;0i + 2hF1;0; QihF0;0; F2;0i ;

and other similar equations,we then have the two equations

A~c = 2BA~q ; E~c = (� 2CG + 2CE + 2D ~A)~q ;

which give in turn that

(EA � 1BA + CG � CE � D ~A)~q = 0 :

BecauseEA � 1BA+ CG� CE � D ~A is a 4 by 5 matrix, this linear systemhasa nonzero
solution ~q. We then de�ne Q using that solution ~q, as in (9.38). Then A~c = 2BA~q
determines~c, which we useto de�ne Z0;0, as in (9.39). We then propagateZ using
Equation (9.35).

It only remains to check that Equations (9.35) and (9.36) hold everywhere. By
Lemma9.40,Equation (9.36) is equivalent to showing F ? Z , which is now a property
on vertices. We leave out the details of computing F ? Z here, but note that such
typesof computations will be shown in detail in the proof of the next lemma. �

Remark 9.43. In Lemma 9.42, we showed existencebut not uniquenessof the linear
conserved quantit y. It would be interesting to �nd natural geometricconditions that
would make the linear conserved quantit y unique.

Lemma 9.44. ([27]) For any nonspherical 3 by 3 isothermic net and any Q 2 R4;1 n
f 0g, there existsa Z so that �Z + Q is a linear conserved quantity of the net.

Proof. This proof will follow along the samelines asthe previousproof, but now will
be simpler becausethe sizeof the net is smaller.

Let us take the domain mesh to be f (m; n) j jmj; jnj � 1g. Like in the previous
proof, we take a Moutard lift F such that � pq = � FpFq. Using the notation in the
previousproof, ~q is now given by the given choiceof Q. If the centermost vertex star
F(0;0), F(1;0) , F(0;1), F(� 1;0) , F(0;� 1) would be spherical,then the whole3 by 3 net would
be sphericalas well. Sincethis is not so, the central vertex star is not spherical,and
thus the matrix A in the previousproof is invertible. We can then solve A~c = 2BA~q
for ~c. Setting p = (0; 0), we have Zp de�ned by this ~c, and we can propagateZ like
in the previousproof so that Zq and Zs are de�ned, whereq = (1; 0) and s = (0; 1).
The fact that A~c = 2BA~q holds implies that

hFq; Zqi = 0 i.e. hZp; Fqi = 2hQ; FqihFp; Fqi ;

and
hFs; Zsi = 0 i.e. hZp; Fsi = 2hQ; FsihFp; Fsi :

We also set r = (1; 1) and propagateZ to Z r . Then, becauseFp̂Fq̂ + Fq̂Fp̂ = ap̂q̂ � I
for any edgep̂q̂ (i.e. hFp̂; Fq̂i = (� 1=2)ap̂q̂), and because(Fr � Fp)jj (Fq � Fs), i.e.
Fr � Fp = � (Fq � Fs) for somescalar � , we have that

(9.40) Fr � Fp = � (Fq � Fs) ; � =
hFq � Fs; Fpi

hFq; Fsi
;
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seenas follows: hFq; Fr i = hFp; Fsi , hFq; Fp � Fr i = hFp; Fq � Fsi , hFq; Fr � Fpi (Fs �
Fq) = hFp; Fq � Fsi (Fq � Fs), hFq; Fs � Fqi (Fr � Fp) = hFp; Fq � Fsi (Fq � Fs), implying
(9.40).

We now wish to show hFr ; Zr i = 0. First, we �nd an expressionfor Z r :

Zr = Zq + 2hQ; Fqi Fr � 2hQ; Fr i Fq =

= Zp + 2hQ; Fpi Fq � 2hQ; Fqi Fp + 2hQ; Fqi Fr � 2hQ; Fr i Fq =

= Zp + 2hQ; Fqi (Fr � Fp) � 2hQ; Fr � Fpi Fq ;
thus, by (9.40),

Zr = Zp + 2� hQ; Fqi (Fq � Fs) � 2� hQ; Fq � Fsi Fq =

= Zp � 2� hQ; Fqi Fs + 2� hQ; Fsi Fq :
Then (9.40) gives

hZr ; Fr i = hZp � 2� hQ; Fqi Fs + 2� hQ; Fsi Fq; � Fq � � Fs + Fpi =

� hZp; Fqi � � hZp; Fsi � 2� 2hQ; FqihFq; Fsi�

2� hQ; FqihFs; Fpi � 2� 2hQ; FsihFs; Fqi + 2� hQ; FsihFp; Fqi =

� hZp; Fqi � 2� 2hQ; Fq+ FsihFq; Fsi � � hZp; Fsi � 2� hQ; FqihFs; Fpi + 2� hQ; FsihFp; Fqi :
Thus, by (9.34),

hZr ; Fr i = 2� hQ; FqihFp; Fqi � 2� hQ; FsihFp; Fsi + 2� hQ; FsihFp; Fqi�

2� hQ; FqihFp; Fsi � 2� 2hQ; Fq + FsihFq; Fsi =

2� hQ; Fq + FsihFp; Fqi � 2� hQ; Fs + FqihFp; Fsi � 2� 2hQ; Fq + FsihFq; Fsi =

2� hQ; Fq + FsihFp; Fq � Fsi � 2� 2hQ; Fq + FsihFq; Fsi =

2� hQ; Fq + Fsi (hFp; Fq � Fsi � � hFq; Fsi ) =

2� hQ; Fq + Fsi (hFp; Fq � Fsi �
hFp; Fq � Fsi

hFq; Fsi
hFq; Fsi ) = 0 :

Repeatingsimilar computationson the other threequadrilateralscompletesthe proof.
�

9.10. Discrete CMC surfaces of rev olution. We take Q as in (8.3). Let us �rst
make the following assumptionabout the verticesof the discretesurface,implying we
have a discretesurfaceof revolution:

Assumption 1: f(m;n ) = rm (cn i + sn j ) + hm k ;

where cn = cos(2� � n=N ), sn = sin(2� � n=N ) and rm ; hm 2 R, with N a natural
number and � n 2 R.

The crossratio for the quadrilateral with verticescoming from (m; n), (m + 1; n),
(m + 1; n + 1) and (m; n + 1) is

q = qm;n =
� dh2

m;m +1 � dr2
m;m +1

4rm rm+1 sin2(� d� n;n +1 =N )
;

wheredrm;m +1 = rm+1 � rm , dhm;m +1 = hm+1 � hm and d� n;n +1 = � n+1 � � n . So we
can take

a(m;n );(m+1 ;n) = � �
dh2

m;m +1 + dr2
m;m +1

rm rm+1
;
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Figure 17. A discrete minimal surface of revolution in H3 (in two
copiesof the upper-half spacemodel { oneabove the central plane,and
one below), and a discreteminimal surfaceof revolution in S3 (where
S3 hasbeenstereographicallyprojected to R3).

a(m;n );(m;n +1) = 4� sin2(� d� n;n +1 =N )

for any choiceof � 2 R n f 0g. Becausedf �
pqdfpq = apq, we have

df �
pq = �

�
rprq

dfpq ;

where"+" is usedfor m-edgesand " � " for n-edges.The m-edgesare thosebetween
f(m;n ) and f(m+1 ;n) , and the n-edgesare thosebetweenf(m;n ) and f(m;n +1) .

We then have

� pq = �
�

rprq

�
fpdfpq � fpdfpqfq

dfpq � dfpqfq

�
:

Now assumef is a discreteCMC surface,that is:

Assumption 2: f hasa linear conserved quantit y Q + �Z :

Then, by Corollary 9.37,we have

Zp =
�

np + Hpfp � fpnp � npfp � Hpf2
p

Hp � np � Hpfp

�
:

De�nition 9.45. We saythat the surface of revolution fm;n hasa constant hyperbolic
speedparametrization if the crossratio qm;n is a constant (i.e. indep of m and n).

We now restrict to the casein the above de�nition:

Assumption 3: f is a constant hyperbolic speedparametrization :

This third assumptionis not soessential for the arguments here,but we include it as
it is geometricallynatural.

The last two equationsin Lemma 9.31now give the four equations

dfpqnq + npdfpq = 0 ;
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Hq = Hp + (� fpdfpq + �d fpqfq) �
� �
rprq

;

nq + Hqfq = np + Hpfp + (dfpq + � fpdfpqfq) �
� �
rprq

;

fqnq + nqfq + Hqf2
q = fpnp + npfp + Hpf2

p + (dfpqfq + fpdfpq) �
� �
rprq

:

We now assumethat np, and hencethe conserved quantit y as well, has the same
rotation symmetry as the surfaceitself:

Assumption 4: np = � p(cn i + sn j ) + � pk and � p; � p 2 R depend only on m :

The fact that jjZpjj 2 is constant implies jnpj2 is constant, and thus � 2
p + � 2

p is also
constant. We have the following further facts:

fpnp + npfp + Hpf2
p = � 2(r p� p + hp� p) � Hp(r 2

p + h2
p) ;

and when p = (m; n) and q = (m; n + 1), we have

fpdfpq + dfpqfq = 0 ; dfpq + � fpdfpqfq = rp(1 + � (r 2
p + h2

p))( dcn;n +1 i + dsn;n +1 j )

for dcn;n +1 = cn+1 � cn and dsn;n +1 = sn+1 � sn . When p = (m; n) and q = (m + 1; n),
we have

fpdfpq + dfpqfq = r 2
m + h2

m � r 2
m+1 � h2

m+1

and

dfpq + � fpdfpqfq = (drm;m +1 + � (rm+1 (r 2
m + h2

m ) � rm (r 2
m+1 + h2

m+1 )))( cn i + sn j )+

+( dhm;m +1 + � (hm+1 (r 2
m + h2

m ) � hm (r 2
m+1 + h2

m+1 ))) k :

Now the full list of equationsbecomes:

(1) � 2
m + � 2

m is constant, wherewenow denote� p and � p by � m and � m , respectively,
(2) Hp dependsonly on m,
(3) � m + Hm rm = � � r � 1

m (1 + � (r 2
m + h2

m )),
(4) (� m+1 + � m )drm;m +1 + (� m+1 + � m )dhm;m +1 = 0,
(5) drm;m +1 d� m;m +1 � dhm;m +1 d� m;m +1 = 0,
(6) Hm+1 � Hm = � �r � 1

m r � 1
m+1 (r 2

m + h2
m � r 2

m+1 � h2
m+1 ),

(7) d� m;m +1 + Hm+1 rm+1 � Hm rm = � r � 1
m r � 1

m+1 (drm;m +1 + � (rm+1 (r 2
m + h2

m ) �
rm (r 2

m+1 + h2
m+1 ))),

(8) d� m;m +1 + Hm+1 hm+1 � Hm hm = � r � 1
m r � 1

m+1 (dhm;m +1 + � (hm+1 (r 2
m + h2

m ) �
hm (r 2

m+1 + h2
m+1 ))),

(9) 2(rm � m + hm � m � rm+1 � m+1 � hm+1 � m+1 )+ Hm (r 2
m + h2

m )� Hm+1 (r 2
m+1 + h2

m+1 ) =
� r � 1

m r � 1
m+1 (r 2

m + h2
m � r 2

m+1 � h2
m+1 ).



100

The �rst condition above should follow from the other equations,and we can just
assumethe secondcondition. We then have the system

(9.41) P �

0

B
B
B
B
B
B
B
B
B
@

Hm

Hm+1

� m

� m+1

� m

� m+1

H �

1

1

C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
@

0
0
0
0
0
0
0
0

1

C
C
C
C
C
C
C
C
C
A

;

P =

0

B
B
B
B
B
B
B
B
B
@

r 2
m 0 0 0 rm 0 0 A
0 r 2

m+1 0 0 0 rm+1 0 B
0 0 dhm;m +1 dhm;m +1 drm;m +1 drm;m +1 0 0
0 0 � drm;m +1 drm;m +1 dhm;m +1 � dhm;m +1 0 0

� 1 1 0 0 0 0 0 �C
� rm rm+1 0 0 � 1 1 0 D
� hm hm+1 � 1 1 0 0 0 E

r 2
m + h2

m � r 2
m+1 � h2

m+1 2hm � 2hm+1 2rm � 2rm+1 0 C

1

C
C
C
C
C
C
C
C
C
A

;

where
A = � (1 + � (r 2

m + h2
m )) ;

B = � (1 + � (r 2
m+1 + h2

m+1 )) ;

C = � r � 1
m r � 1

m+1 (r 2
m+1 + h2

m+1 � r 2
m � h2

m ) ;

D = � � r � 1
m r � 1

m+1 (drm;m +1 + � (rm+1 (r 2
m + h2

m ) � rm (r 2
m+1 + h2

m+1 ))) ;

E = � � r � 1
m r � 1

m+1 (dhm;m +1 + � (hm+1 (r 2
m + h2

m ) � hm (r 2
m+1 + h2

m+1 ))) :
The �fth and eighth rows of the product on the left-hand side of (9.41) being zero
implies that

Hm+1 � Hm = 2� (rm � m + hm � m � rm+1 � m+1 � hm+1 � m+1 )+

+ Hm (r 2
m + h2

m )� � Hm+1 (r 2
m+1 + h2

m+1 )� ;
and so

2H � := Hm+1 (1 + � (r 2
m+1 + h2

m+1 )) + 2� (rm+1 � m+1 + hm+1 � m+1 ) =

= Hm (1 + � (r 2
m + h2

m )) + 2� (rm � m + hm � m )
is constant.

We can then choosethe constant � so that � 2
m + � 2

m = 1, and then start with some
initial conditions and propagatethrough valuesof m via (9.41) to producethe vertex
data for a discreteCMC surfaceof revolution.

Example 9.46. In Figure 18, we showdiscrete CMC surfacesof revolution. The �rst
two curvesare pro�le curvesfor discrete nonminimal CMC surfaces of revolution in
R3, the �rst being unduloidal and the second nodoidal. (For each of thesetwo curves,
the axis of rotation producing the surface is a vertical line drawn to the left of the
curve, and is not shownin the �gur e.) The third picture showsthe pro�le curve for
a discrete CMC surface of revolution in S3, where S3 is stereographically projected to
R3, and the circle shownis a geodesicof S3 that is also the axis of the surface { and
furthermore, this examplehasa periodicity that causesit to closeon itself and form a
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Figure 18. Discretepro�le curvesfor discreteCMC surfacesof revo-
lution. The meaningsof thesegraphicsare explainedin Example 9.46.

torus. Half of this surface in S3 is shownon the right-hand side of Figure 17 as well,
under a di�er ent stereographic projection to R3. The �nal two pictures in Figure 18
showpro�le curves for discrete CMC surfaces of revolution in H3. Thesesurfaces,
with H > 1 and H = 1 respectively, are shownin the Poincare model, and the �rst
is unduloidal while the second looks similar to a smooth embedded catenoid cousin.
(For thesetwo curves,the corresponding axis of revolution is the vertical line between
the uppermost and lowermost points of the circle shown, and this circle lies in the
boundary sphere at in�nity of H3.) Also, on the left-hand side of Figure 17, we see a
minimal surface that lies in both copiesof M � 1 = H3 [ H3, and the horizontal plane
shownthere is the virtual boundary at in�nity of two copies of the halfspace model
for H3. This examplewas�rst known in [27], becausethe notion of discrete CMC for
this casewasnot de�ned before then.

10. Discrete spacelike CMC surf aces in R2;1

In Chapter 7, we looked at smooth maximal surfacesin Minkowski 3-space.In this
chapter, we consideroneway to de�ne discreteversionsof them, and more generally,
to de�ne discretespacelike CMC surfacesin R2;1. We start by reviewing the smooth
case.

10.1. Smooth CMC surfaces in R3 and R2;1, without quaternions. Consider
a smooth surface

x(u; v) = (x1(u; v); x2(u; v); x3(u; v))

in R3 or R2;1, with unit normal n. Supposethe surfaceis spacelike, in the caseof
R2;1. Also, supposethat the coordinates u; v are isothermic. Conformality implies
the �rst fundamental form is

I =
�

E 0
0 E

�

with E = hxu ; xu i , whereh�; �i denotesthe inner product associated with R3 or R2;1.
Then the secondfundamental form is

I I =
�

hn; xuu i hn; xvu i
hn; xuv i hn; xvv i

�
=

�
b11 b12

b21 b22

�
;
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and having isothermic coordinates implies nu = � k1xu and nv = � k2xv, where k1

and k2 are the principal curvatures, and so

I I =
�

k1E 0
0 k2E

�
:

The Hopf di�erential function is, with z = u + iv ,

Q̂ = hn; xzz i =
1
4

hn; xuu � xvv � 2ix uv i =
1
4

hn; xuu � xvv i

=
1
4

(b11 � b22) =
E
4

(k1 � k2) :

If the meancurvature H is constant, then Corollary 8.22and the secondequation
in (7.2) imply Q̂�z = 0, so Q̂ = (E=4)(k1 � k2) 2 R is constant.

Lemma 10.1. If x is isothermic in R3 or R2;1 with isothermic coordinatesu; v, then
x � exists, solvingdx� = � xu

E du + xv
E dv.

Proof. This was already proven in the caseof R3 in Lemma 8.15, so let us be brief
here: We want to show "d2x � = 0", i.e.

d(�
xu

E
du +

xv

E
dv) = 0;

i.e. 2xuv E � xuEv � xvEu = 0. We can seethis by noting that b12 = 0 implies
xuv = Ax u + Bxv for somerealsA and B, and that hxu; xv i = 0. �

The x � in Lemma 10.1 is the sameas the x � in De�nition 8.17, but scaledby a
factor of 1=4. This is a non-essential change.

Prop osition 10.2. Let x be an isothermic immersion in R3 or R2;1, with x � as in
the previouslemma. Then x is CMC H if and only if dx� = h(H dx + dn) for some
constant h.

Proof. Let us again be brief, becausethe R3 casewas already dealt with in Remark
8.19:

�
xu

E
du +

xv

E
dv = h(H dx + dn) ; h constant

is equivalent to

k1 + k2 = 2H ; and h = 2E � 1(k1 � k2)� 1 is constant :

The �rst of theseis clearly true, and h is constant if and only if the Hopf di�erential
function Q̂ is constant, which is true if and only if x is CMC. �

Corollary 10.3. An isothermic immersion x in R3 or R2;1 is CMC if and only if

�
xu

E
du +

xv

E
dv = h(H dx + dn)

for somereal constantsh and H .
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10.2. Discrete isothermic CMC surfaces in R3, without quaternions. Let f be
a discreteisothermicsurfacein ImH � R3 asin Chapter 9, with crossratio factorizing
function apq. Starting with the equation

df �
pq = apq

� dfpq

jdfpqj2

for the Christo�el transformation, we have the following lemma, which follows from
Corollary 9.36:

Lemma 10.4. A discrete isothermic surface f in R3 is CMC if and only if there exist
constantsh; H 2 R and np with jnpj2 = 1 and dfpqnq + npdfpq = 0 so that

h(dnpq + H dfpq) =
� apqdfpq

jdfpqj2
:

However, dfpqnq + npdfpq = 0 is still a quaternionic equation. But this equation is
equivalent to the pair of equationsdfpq ^ nq + np ^ dfpq = 0 and hdfpq; np + nqi R3 = 0.
Then we can restate the previous lemma, without any useof quaternions,as:

Theorem 10.5. A discrete isothermic surface f in R3 is CMC if and only if there
exist constantsh; H 2 R and vectors np so that

� jnpj2 = 1,
� dfpq ^ nq + np ^ dfpq = 0,
� hdfpq; np + nqi R3 = 0, and
� h(dnpq + H dfpq) = � apq dfpq

jdfpq j2 .

Not all four items in the abovetheoremareindependent of each other. For example,
the seconditem follows from the fourth item, becausethe seconditem is just telling
us that dfpq is parallel to dnpq.

10.3. Discrete CMC surfaces in R2;1. We now propose possiblede�nitions for
discreteisothermic surfacesand discretespacelike CMC surfacesin R2;1.

Let f be a map from a domain in Z2 to R2;1. Let p = (m; n), q = (m + 1; n),
r = (m + 1; n + 1) and s = (m; n + 1) be four vertices in the domain of f, for some
m; n 2 Z. Let fp, fq, fr and fs be the imagesof p, q, r and s under f.

To de�ne the crossratio factorizing function apq in the caseof R2;1, we need to
de�ne someanalogueof the crossratio, call it q = qpqr s. Then we can de�ne the apq

in the usual way.
We now considerhow to de�ne the crossratio on quadrilaterals. We could consider

quadrilaterals in spacelike planes,without rotating thoseplanesto horizontal. How-
ever, in the argument below we chooseto rotate the planesto horizontal, so that the
metric will be exactly the Euclideanmetric that is so familiar to us.

We assumethat the points fp; fq; fr ; fs lie in a "circle" in a spacelike plane of R2;1.
In general,such a circle is

8
<

:

0

@
cos� sin� 0

� sin� cos� 0
0 0 1

1

A

0

@
cosh
 0 sinh


0 1 0
sinh
 0 cosh


1

A

0

@
� cos�
� sin�

0

1

A +

0

@
x0

y0

z0

1

A

�
�
�
�
�
�

� 2 [0; 2� )

9
=

;
;

wherex0; y0; z0; �; 
 ; � are all real constants. By a rigid motion of R2;1, we can move
this circle to the horizontal circle

f (� cos� ; � sin� ; 0) j � 2 [0; 2� )g :
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Then the points fp; fq; fr ; fs are moved to points (� cos� � ; � sin� � ; 0) for � = p;q; r; s,
respectively.

Then we can compute the crossratio in the usual way for the spaceR3 (that is,
we can replacethe metric for R2;1 with the metric for R3 and then computethe cross
ratio, which is allowed becausethe circle is now horizontal in R2;1):

qpqr s = sin(
� p � � q

2
) csc(

� q � � r

2
) sin(

� r � � s

2
) csc(

� s � � p

2
) :

Remark 10.6. This qpqr s is invariant under isometriesof R2;1 (by de�nition), but is
not M•obius invariant (unlike the caseof R3).

Oncethe qqpr s are de�ned, then the apq can be de�ned by

qpqr s = apq=aps ;

and then we could usethe sameequationsas for the R3 case,that is, the equations
in De�nition 9.5, to determinewhen the surfaceis discreteisothermic, with spacelike
quadrilaterals.

Then, after restricting to discrete isothermic surfaces,we could de�ne discrete
spacelike CMC surfacesin R2;1 by imitating the equationsfrom the caseof discrete
CMC surfacesin R3, asfound in Theorem10.5. This is justi�ed by looking at smooth
CMC surfacesin R3 and R2;1, which have exactly the sameequations { only the
ambient metric changes,seeCorollary 10.3.

Sothe equationswe want for de�ning a discretespacelike CMC surfacein R2;1 are
as follows: there exist h; H 2 R and normals np so that

(1) hnp; npi R2;1 = � 1,
(2) dfpq ^ nq + np ^ dfpq = 0,
(3) hdfpq; np + nqi R2;1 = 0, and
(4) h(dnpq + H dfpq) = � apq dfpq

jdfpq j2 ,

wherehereh�; �i R2;1 represents the R2;1 inner product, and ^ is the R2;1 crossproduct,
and j � j is the R2;1 norm.

11. Pol ynomial conser ved quantities and Darboux transf orms

11.1. Polynomial conserv ed quantities. Equation (9.33) can be extendedto de-
�ne discreteisothermic surfacesf with polynomial conserved quantities, as follows:

De�nition 11.1.

P = Q + �P 1 + � 2P2 + ::: + � n� 1Pn� 1 + � nZ

is a polynomial conserved quantit y if

(11.1) (I + �� pq)Pq = Pp(I + �� pq) ;

where Q, Z and the Pj are mapsfrom the lattice domain to R4;1.

We sometimeswrite Z as Pn as well. If such a polynomial conserved quantit y
exists, we say that f is a special surface of type n, and the above Equation (11.1) is
equivalent to

(11.2) T �
p Pp(T �

p )� 1

being constant with respect to the verticesp.
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Equation (11.1) can be restatedas � �
pq � Pq = Pp, i.e. P is a parallel section,i.e. P

is conserved by the connection� �
pq, sowe can call it a "conserved quantit y".

11.2. Polynomial conserv ed quantities for smooth surfaces. Before further
exploring discretesurfaceswith polynomial conserved quantities, let us considerthe
caseof smooth surfaces. De�nition 8.23 and Equation (8.12) can be extended to
de�ne smooth surfaceswith polynomial conserved quantities

P = Q + �P 1 + � 2P2 + ::: + � n� 1Pn� 1 + � nZ ;

whereQ, Z and the Pj are mapsfrom the domain of de�nition of x = x(u; v) to R4;1,
as follows:

De�nition 11.2. P is a polynomial conserved quantit y of type n if

(11.3) dP = �P � � �� P :

Wenow state a result about the polynomial conserved quantities of Darboux trans-
forms of smooth surfaces(recall that Darboux transformations were de�ned in De�-
nition 8.49):

Lemma 11.3. If the initial isothermic surface x = x(u; v) has a polynomial con-
served quantity of order n, then any Darboux transform x̂ = x̂(u; v) hasa polynomial
conserved quantity of order at most n + 1.

Proof. Let X be a lift of the initial surfacex with Calapso transformation T and
polynomial conserved quantit y P of order n. Then TPT � 1 is constant. Let X̂ be
a lift of the Darboux transform x̂ of x, i.e. TX̂ T � 1 is constant in PL4 for some
particular choiceof � , and let us refer to that choiceof � as � = � . (From now on we
take � to be that �xed value, and � will denotea free real parameter.) We de�ne

A = I �
�
�

X X̂

X X̂ + X̂ X

(since X X̂ + X̂ X is a scalar multiple of the identit y, we regard it as a scalar in the
denominator here), and we can check that

A � 1 =
1

(� � � )(X X̂ + X̂ X )
(�X X̂ + (� � � )X̂ X ) ;

which follows immediately from the property X 2 = X̂ 2 = 0.
Sincewe are free to rescaleX and X̂ , let us rescalethem so that

X =
�

x � x2

1 � x

�
; X̂ =

1
� 2

�
x̂ � x̂2

1 � x̂

�
;

where� := x̂ � x. Then

X X̂ =
1
� 2

�
x� � x� x̂
� � � x̂

�
; X̂ X =

1
� 2

�
� x̂� x̂� x
� � � x

�
;

and also
X X̂ + X̂ X = � I ; x� x̂ = x̂� x :
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We also have that the logarithmic derivatives � and �̂ of Calapsotransformations
of x and x̂ satisfy

� (@u) =
�

xx � 1
u � xx � 1

u x
x � 1

u � x � 1
u x

�
; � (@v) = �

�
xx � 1

v � xx � 1
v x

x � 1
v � x � 1

v x

�
;

�̂ (@u) =
�

x̂x̂ � 1
u � x̂x̂ � 1

u x̂
x̂ � 1

u � x̂ � 1
u x̂

�
; �̂ (@v) = �

�
x̂x̂ � 1

v � x̂x̂ � 1
v x̂

x̂ � 1
v � x̂ � 1

v x̂

�
:

Furthermore, by Equation (8.24), we have

(11.4) x̂u = �� x � 1
u � ; x̂v = � �� x � 1

v � :

Next we should show that d(TA) = TA � � �̂ , so T̂ = TA solvesT̂ � 1dT̂ = � �̂ . That
is, we wish to show that

A � 1�� (@u)A + A � 1dA � � �̂ (@u) =

��
� � �

�
xx � 1

u � xx � 1
u x

x � 1
u � x � 1

u x

�
� �

�
x̂x̂ � 1

u � x̂x̂ � 1
u x̂

x̂ � 1
u � x̂ � 1

u x̂

�
�

� (� � u + � u � )
(� � � )� 4

�
x� � x� x̂
� � � x̂

�
+

�
(� � � )� 2

�
xu � + x� u � xu � x̂ � x� u x̂ � x� x̂u

� u � � u x̂ � � x̂u

�
+

� 2

� (� � � )� 4

�
� x̂� xu � x̂� xu � x̂
� � xu � � xu � x̂

�

is zero, and also A � 1�� (@v)A + A � 1dA � � �̂ (@v) = 0, and this follows from the �rst
equation in (11.4).

Then we de�ne
P̂ = � (� � � )A � 1PA ;

and we can show that T̂P̂T̂ � 1 is constant, as follows: d(T̂P̂T̂ � 1) = � (� � � )d(TA �
A � 1PA � A � 1T � 1) = � (� � � )d(TPT � 1) = 0.

It is now clear that P̂ is a polynomial conserved quantit y of degreeat most n + 2.
To show that the degreeis actually at most n + 1, it su�ces to show that Pn is
perpendicular to X , and so X PnX = 0. We omit an argument for this, but note
that the analogousargument for the caseof discretesurfacescan be found in detail
below. �

Remark 11.4. The Darboux transform in Lemma 11.3 is a Baecklund transform ex-
actly when it is of type at most n. SeeRemarks8.52 and 8.53. Seealso De�nition
11.28and Lemma 11.30(discretecase).

For an isothermic surface with a polynomial conserved quantit y of order n, we
de�ne a complementary surfaceas follows: take a value � 0 of � so that

jjP(� 0)jj 2 = jjQ + � 0P1 + � 2
0P2 + ::: + � n� 1

0 Pn� 1 + � n
0Z jj 2 = 0

and de�ne the complementary surfaceto be P(� 0). This will be a Baecklund trans-
formation, so will be of type at most n. We say more about this in Section11.6.

Complementary surfacescan be of type n. But if a Baecklund transform is of
type n � 1 (Darboux transforms must be of type at least n � 1, as seenin Lemma
11.22),then it must be a complementary surface,by Lemma4.10of [27]. Examplesof
type n � 1 Baecklund transforms can comefrom CMC 1 surfacesin H3 and minimal
surfacesin R3. In fact, we have the following lemma:

Lemma 11.5. In the casen = 1 (i.e. CMC surfaces), CMC �
p

� � surfaces in M �

are the only caseswhere a type n� 1 = 0 Baecklundtransformcan exist. In particular,
if sucha Baecklund transform exists, then � � 0.
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Proof. When the linear conserved quantit y is normalized,we have

jj �Z + Qjj 2 = � 2 � 2H � � � ;

and the discriminant is
2
p

H 2 + � :
When a type0 Baecklund transform exists,wehavea higherorderzeroof � 2� 2H � � �
(by Lemma 4.10 in [27]), so H 2 + � = 0, i.e. H 2 = � � . (See [27] for further
details.) �

Remark 11.6. Take a smooth surfaceand apply two Darboux transformations given
by using � and � , respectively. Then apply a Darboux transformations to each of
those,but now using� for the caseof the surface�rst madeusing� and using� for the
caseof the surface�rst madeusing� . By a permutabilit y theorem,this secondpair of
Darboux transformations is just onesinglesurface. Fixing onepoint on the original
surfaceand looking at the other three corresponding points on the four (actually only
three) transformed surfaces,one has a quadrilateral with crossratio equal to �=� .
One can keeprepeating this procedureto make more quadrilaterals. This will result
in a discretesurfacestarting from a singlepoint on the original smooth surface,and
comprizedof corresponding points on the transformed surfaces(one point for each
transformedsurface). Becausethe crossratios take the form �=� , this discretesurface
is discreteisothermic.

11.3. Darb oux transforms for discrete surfaces. The Darboux transforms of
discretesurfaceshave similar envelopingproperties to the caseof smooth surfaces.In
the discrete case,the eight vertices of two corresponding quadrilaterals (one on the
original surfaceand the corresponding one on the Darboux transform) all lie in one
sphere.(This can be seenfrom the upcoming Lemmas11.9and 11.11.)

Assumef is a discrete isothermic surface,and that F is a lift of f. We have the
Christo�el transformation T � satisfying

T �
q = T �

p (I + �� pq) :

De�nition 11.7. F̂ givesa Darboux transform f̂ of f if

(11.5) T �
p F̂p(T �

p )� 1

is constant in PL4 with respect to vertices p, for somevalue � .

When the term T �
p F̂p(T �

p )� 1 in Equation (11.5) is set to a constant, we have what
is sometimescalled Darboux's linear system.

In this de�nition, f̂ is a Darboux transformation if T � F̂ (T � )� 1 is constant. Here
"constant" meansin the projectivized sense.That is, there exists an r pq 2 R such
that T �

p F̂p(T �
p )� 1 = rpq � T �

q F̂q(T �
q )� 1.

Oncea choiceof T is made, it is possibleto chooseF̂ so that r pq = 1 on all edges,
but then F̂ might not be a Moutard lift.

Just like in the smooth case,where we obtained the Riccati equation (8.24), we
have:

Lemma 11.8. De�nition 11.7 is equivalent to

(11.6) d̂fpq = � (f̂ � f)pdf �
pq(f̂ � f)q :
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Proof. We prove just one direction here. The other direction can be proven by an
argument analogousto the one in the proof of Lemma 8.50,and we leave that to the
reader.

T �
q F̂q(T �

q )� 1 being parallel to T �
p F̂p(T �

p )� 1 is equivalent to the following four equa-
tions:

1 + �d f �
pqdDq = r (1 � �d Dpdf �

pq) ;

f̂q + � fpdf �
pqdDq = r (f̂p � � f̂pdDpdf �

pq) ;

f̂q + �d f �
pqdDq̂fq = r (f̂p � �d Dpdf �

pqfq) ;

(f̂q + � fpdf �
pqdDq)f̂q = r f̂p(f̂p � �d Dpdf �

pqfq) ;

for somereal r , wheredD := f̂ � f. De�ning r by the �rst of the four equations,we
have

(1 � �d Dpdf �
pq)( f̂q + � fpdf �

pqdDq)f̂q =

(1 + �d f �
pqdDq)f̂p(1 � �d Dpdf �

pq)f̂q =

(1 � �d Dpdf �
pq)f̂p(1 + �d f �

pqdDq)f̂q =

(1 + �d f �
pqdDq)f̂p(f̂p � �d Dpdf �

pqfq) :
In particular,

f̂q + � fpdf �
pqdDq = f̂p + � f̂pdf �

pqdDq ;

f̂q � �d Dpdf �
pq̂fq = f̂p � �d Dpdf �

pqfq :

Summing theselast two equationsgivesEquation (11.6). �

Lemma 11.9. If f̂ is a Darboux transform of f, then for adjacent p and q, the four
points fp, fq, f̂q and f̂p are concircular.

Proof. Becausêf is a Darboux transformation, by (11.6) we have

1 = � (f̂p � fp)df �
pq(f̂q � fq)( d̂fpq)� 1

for some� 2 R. So

(f̂p � fp)( fq � fp)� 1(f̂q � fq)( f̂q � f̂p)� 1 2 R ;

so the crossratio of fp, fq, f̂q and f̂p is real. �

Lemma 11.10. If f � is both a Christo�el and a Darboux transform, then jf � f � j is
constant.

Proof. The previous lemma implies that fp, fq, f �
q and f �

p are concircular. Becausef �

is a Christo�el transform, fq � fp and f �
q � f �

p are parallel. �

Lemma 11.11. A Darboux transform f̂ of f has the samecrossratios as f.

Proof. Note that p and q can be switched in Equation (11.6), which can be seenjust
by conjugating that equation, sowe have

(f̂ � f)pdf �
pq(f̂ � f)q = (f̂ � f)qdf �

pq(f̂ � f)p :

Then
q̂ = d̂fpq(d̂fqr )� 1d̂fr s(d̂fsp)� 1 =

(f̂ � f)pdf �
pq(f̂ � f)q(( f̂ � f)qdf �

qr (f̂ � f)r )� 1(f̂ � f)r df �
r s(f̂ � f)s(( f̂ � f)sdf �

sp(f̂ � f)p)� 1 =
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(f̂ � f)pdf �
pq(f̂ � f)q(( f̂ � f)r df �

qr (f̂ � f)q)� 1(f̂ � f)r df �
r s(f̂ � f)s(( f̂ � f)pdf �

sp(f̂ � f)s)� 1 =

(f̂ � f)pdf �
pq(df

�
qr )

� 1df �
r sdf

�
sp(f̂ � f)� 1

p = q� :

Sinceq� = q, by Lemma 9.20, the proof is completed. �

Justi�cation for the following de�nition can be found in [20], [71], [72] and [73]:

De�nition 11.12. Let f be a discrete isothermic surface in R3. The f is CMC in the
old senseif there existsa Christo�el transformation that is also a Darboux transfor-
mation.

Note that Christo�el transformationsarede�ned only up to translation and scaling.

Lemma 11.13. If f is CMC in the old sense,then f hasa linear conserved quantity
(for R3).

Proof. By assumption, there exists an f � such that apq = dfpqdf �
pq and there exists a

� 2 R such that

(11.7) df �
pq = � (f � � f)pdf �

pq(f
� � f)q :

Set np = s � (f � � f)p for someconstant s 2 R. For simplicity, we assume� > 0, and
leave the case� < 0 to the reader.

Lemma11.10implies jnpj2 is constant. Sincejf �
p � fpj2 is constant, Equation (11.7)

implies

(11.8) � � 2 = (f �
p � fp)4

for all verticesp. Take Q as in (8.3) with � = 0, and set

Z =
�

H f + n � fn � nf � H f2

1 � H f � n

�
:

The goal is to �nd valuesfor the real constants s and H so that

(11.9) dZ = Q� � � Q

and

(11.10) � Zq = Zp� :

If we take H = 1, then Equation (11.10) holds if and only if dfpqnq + npdfpq = 0,
and this follows from (f �

p � fp)2 = (f �
q � fq)2 and the fact that df �

pq is parallel to dfpq.
Equation (11.9) holds if and only if

(11.11) df �
pq = H dfpq + dnpq

and

(11.12) fpnp + npfp � fqnq � nqfq + H f2
p � H f2

q = � df �
pqfq � fpdf �

pq

both hold. Equation (11.11) holds if H = s = 1. Now assumethat H = s = 1. Then
Equation (11.12) is equivalent to

(f � � f)pdfpq + dfpq(f � � f)q = 0 ;

which in turn is equivalent to

(f � � f)pdf �
pq(f

� � f)q �
1

(f � � f)2
= � df �

pq ;
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and this last equation is the sameas Equation (11.7) by (11.8) and the facts that
(f̂ � f)2 < 0 and � > 0. This completesthe proof. �

Although the constant H becomes1 in the above proof, this doesnot necessarily
meanthat H is the meancurvature of the CMC surfacef, becausethe linear conserved
quantit y might not be normalizedsothat � Z 2 takesthe value neededto make H the
meancurvature.

Lemma 11.14. If f has a linear conserved quantity Q + �Z for R3 (i.e. Q2 = 0) so
that hZ; Qi 6= 0, then f is CMC in R3 in the old sense.

Proof. We can assumethe constant term Q in the linear conserved quantit y is as in
(8.3) with � = 0. Then Corollary 9.36implies that thereexistsa constant H 2 Rnf 0g,
and an np 2 ImH with jnpj2 constant, such that

df �
pq = d(H f + n)pq ; dfpqnq + npdfpq = 0 :

The goal is to �nd constants � and � in R, and a constant b2 ImH so that

� df �
pq = � (� f � + b� f)pdf �

pq(� f � + b� f)q :

Here f̂ = � f � + b, and without lossof generality we can take f � = H f + n.
Take b = 0 and � = H � 1. Then the goal becomesto �nd � such that H � 1df �

pq =
�H � 1npdf �

pqH
� 1nq, and � = � H=n2 will work. �

With respect to Lemma 11.14,we can treat the casehZ; Qi = 0 separately, and
we leave this to the reader. This will lead to the equivalenceof discrete minimal
surfacesasde�ned herevia linear conserved quantities, and discreteminimal surfaces
as previously de�ned (see[20], [71], [72], [73]), like this:

De�nition 11.15. f is a discrete minimal surface in R3 in the old senseif the
Christo�el transform f � takesvaluesin a sphere.

Now let us turn our attention to a discreteversion of Lemma 11.3. Supposethat
the discrete isothermic surfacef has a polynomial conserved quantit y P of order n.
Let f̂ be a Darboux transform of f determined by the value � 2 R. (� and � play
the sameroles here as they did in the proof of Lemma 11.3.) Considera Christo�el
transformation T̂ � of f̂ satisfying

T̂ �
q = T̂ �

p (1 + � �̂ pq) :

Let F and F̂ be lifts into L4 of f and f̂, respectively. We de�ne

A = Ap := I �
�
�

FpF̂p

FpF̂p + F̂pFp

for each vertex p. We want to show

(T � A)q = (T � A)p(I + � �̂ pq) ;

so that we can take T̂ � = T � A, i.e. we want

(I + �� pq)Aq = Ap(I + � �̂ pq) ;

i.e.

(I + �� pq)( I �
�
�

FqF̂q

FqF̂q + F̂qFq

) = (I �
�
�

FpF̂p

FpF̂p + F̂pFp

)( I + � �̂ pq) :
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WecanchooseF and F̂ sothat Fp, Fq, F̂q and F̂p area Moutard lift of the concircular
quadrilateral with vertices fp, fq, f̂q and f̂p, satisfying the equivalents of (9.7) and
(9.12). We can also let 1=� take the role of the crossratio factor afp f̂p

= afq f̂q
on the

edgesf p̂fp and fq̂fq. Then the above equation is equivalent to

(Fq � F̂p)F̂q + Fp(Fq � F̂p) = 0 :

Then, by the de�nition of Moutard lifts (De�nition 9.9), this is equivalent to

(F̂q � Fp)F̂q + Fp(F̂q � Fp) = 0 ;

and this �nal equation is obviously true.
It is then easilychecked that

A � 1
p =

1

(� � � )(FpF̂p + F̂pFp)
(�F pF̂p + (� � � )F̂pFp) ;

so (� � � )A � 1
p is linear in � . Noting that Ap itself is also linear in � , we have that

P̂ := � (� � � )A � 1PA

is a polynomial in � of degreeat most n + 2. Note that T � P(T � )� 1 is constant. Also,

T̂ � P̂ (T̂ � )� 1 = � (� � � )T � A � A � 1PA � (T � A)� 1 = � (� � � )T � P(T � )� 1 ;

so T̂ � P̂(T̂ � )� 1 is constant. Thus P̂ is a polynomial conserved quantit y of type at
most n + 2 for the Darboux transform f̂.

We will seein Corollary 11.20 below that F PnF = 0, so F̂ F PnF F̂ = 0, which
implies that the top term of P̂ is zero,so P̂ is of type at most n + 1. This provesthe
following theorem(analogousto Lemma 11.3 for the smooth case):

Theorem 11.16. A Darboux transform of a discrete special surface of type n is a
discrete special surface of type at most n + 1.

We now give someresults, with the aim of obtaining Corollary 11.20.

Lemma 11.17. If P is a polynomial conserved quantity of a discrete isothermic
surface f, and if F is a lift of f, then FpdPpqFq = 0 for all edgespq.

Proof. By Equation (11.1), we have

0 = Fp((1 + �� pq)Pq � Pp(1 + �� pq))Fq = Fp(Pq � Pp)Fq ;

becauseFp� pq = � pqFq = 0. �

Corollary 11.18. If P is a polynomial conserved quantity of f, and if F is a lift of
f, then

(11.13) dPpq =
�a pq

hFp; Fqi
(hPq; Fqi Fp � hPp; Fpi Fq)

for all edgespq.

Proof. BecauseEquation (11.13)is not a�ected by the choiceof lift F , wemay assume
F is Moutard, and (9.7) and (9.12)hold. First note that FpFq 6= 0 if fp 6= fq. Secondly,
note that if S 2 R4;1 n f 0g is perpendicular to both Fp and Fq, then S is spacelike
and S2 is a negative real scalar times I .
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Supposefurther that FpSFq = 0, then

0 = SFpSFq = �S 2FpFq ;

which givesa contradiction. ThereforeLemma 11.17implies

dPpq = � Fp � � Fq

for somereals � ; � . Now considerthe following computation:

(FpPq + PqFp)Fp = FpPqFp = Fp(I + �� pq)PqFp = FpPp(I + �� pq)Fp =

FpPp((1 � �a pq) � I � �� qp)Fp = (1 � �a pq)(FpPp + PpFp)Fp :
Thus

Fp(Pq � Pp)Fp = � �a pqFpPpFp

and then
� hFp; Fqi Fp = �a pqhFp; Ppi Fp :

Thus

� =
�a pqhFp; Ppi

hFp; Fqi
:

We can derive � similarly. �

Lemma 11.19. Pn ? F .

Proof. Looking at the equation for dPpq in Corollary 11.18,there is no � n+1 term on
the left, so the � n+1 term on the right must be zero. This means

hPn;q; Fqi Fp = hPn;p ; Fpi Fq :

SinceFp and Fq are not parallel, it follows that

hPn;q; Fqi = hPn;p ; Fpi = 0 :

SohPn;p ; Fpi = 0 for all verticesp. �

Corollary 11.20. F PnF = 0.

Proof. Lemma 11.19 gives F Pn + PnF = 0, which implies 0 = F PnF + PnF 2 =
F PnF . �

We alsohave the following stronger versionof Corollary 11.18,proven in [27]:

Corollary 11.21. The polynomial conserved quantity P satis�es

dPpq =
�a pq

hFp; Fqi
fhPq; Fqi Fp � hPp; Fpi Fqg

=
�a pq

(1 � �a pq)hFp; Fqi
fhPp; Fqi Fp � hPq; Fpi Fqg :

The next lemma follows from the following symmetry: If f̂ is a Darboux transform
of f, then f is also a Darboux transform of f̂. So if the order of the polynomial
conserved quantit y can only go up by at most one, then also it can only go down by
at most one.

Lemma 11.22. A Darboux transformation of a special surface of type n is special of
type at least n � 1.
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Proof. The proof of Lemma 11.9 implies (11.6) is equivalent to

(11.14) 1 = �a pq(f̂p � fp)( fq � fp)� 1(f̂q � fq)( f̂q � f̂p)� 1 ;

so we know this equation (11.14) holds. We wish to show the equation that results
when f and f̂ are switched alsoholds, i.e. that

(11.15) 1 = �̂ âpq(fp � f̂p)( f̂q � f̂p)� 1(fq � f̂q)( fq � fp)� 1

holds. But the equivalenceof (11.14) and (11.15) follows from apq = âpq (Lemma
11.11)and Lemma8.37,when taking �̂ = � . Now Theorem11.16implies the lemma.

�

11.4. More on Calapso transformations. Becausethe Calapsotransformation in
(11.2) is constant, and Calapsotransformationsgive isometriesof R4;1 (for each �xed
value of T), we have that jjPpjj 2 is independent of p. With this, it is not di�cult
to prove the following lemma about order n polynomial conserved quantities P of
discreteisothermic surfacesf. Let F 2 PL 4 be a lift of f.

Lemma 11.23. The following hold:
(1) jjZ jj 2 and jjQjj 2 are constant. (Lemmas9.31 and 9.33 whenn = 1)
(2) dPpq = �a pq

hFp ;Fq i fhPq; Fqi Fp � hPp; Fpi Fqg. (Lemma11.18)
(3) Zp ? Fp for all p. (Lemma9.40 whenn = 1)
(4) jjZ jj 2 � 0, and jjZ jj 2 = 0 if and only if Z and F are parallel. (Corollary 8.28

in the caseof smooth surfaces, whenn = 1)
(5) Spq := Zp + apq

hPn � 1;q ;Fq i
hFp ;Fq i Fp = Zq + apq

hPn � 1;p ;Fp i
hFp ;Fq i Fq. (the curvature sphere)

(6) If P is linear, then hQ; Z i is constant as well. (Corollary 9.36 when the
ambient space is R3)

(7) When jjZ jj 2 > 0, Spq givesa sphere via (8.9) containing both fp and fq.

Next we prove the following lemma:

Lemma 11.24. If a discrete isothermic surface f has a linear conserved quantity
P = Q+ �Z and lies in a connected space form (this rules out two copiesof H3), then
jjZ jj 2 = 0 implies the cross ratios of f are positive. In particular, the quadrilaterals
are not embedded.

Proof. Let M � be the connectedspaceform, which we may assumeis produced by
a Q as in (8.3). Take the lift F of f so that F 2 M � . BecausejjZ jj 2 = 0, there
exists a real-valued function r so that Z = rF (by part (4) of Lemma 11.23). Then
d(rF ) = Q� � � Q givesthe three equations

2rq

1 � � f2
q

�
2rp

1 � � f2
p

= � (fpdf �
pq + df �

pqfq) ;

2rqf2
q

1 � � f2
q

�
2rpf2

p

1 � � f2
p

= df �
pqfq + fpdf �

pq ;

2rqfq

1 � � f2
q

�
2rpfp

1 � � f2
p

= df �
pq + � fpdf �

pqfq :

The �rst and secondof theseequationsimply that r is constant (i.e. r p = rq).
If � = 0, the third equation gives apq = dfpqdf �

pq = 2rdf2
pq, so all the apq have the

samesign, and thus the crossratios are positive.
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If � 6= 0, then

�
2r fpf2

q

1 � � f2
q

� �
2r fpf2

p

1 � � f2
p

= � (fpdf �
pqfq + f2

pdf �
pq) ;

and the third of the above three equationsgives

2rdfpq = df �
pq(1 � � f2

p)(1 � � f2
q) :

Note that 1 � � f2 never changessign, since f stays in the connected3-dimensional
spaceform M � , so all the apq have the samesign. �

Example 11.25. The situation in Lemma 11.24does indeedoccur. Consider the fol-
lowing simple example: Let the domain of f be Z2, and

f m;n = j ; when m � n � 0 (mod 2) ;

f m;n = i + j ; when m � 1; n � 0 (mod 2) ;

f m;n = 0 ; when m � n � 1 (mod 2) ;

f m;n = i ; when m � 0; n � 1 (mod 2) :

All crossratios are 1=2 > 0. We can take all crossratio factors on vertical edgesto
be a(m;n )( m;n +1) = 2 and on all horizontal edgesto be a(m;n )( m+1 ;n) = 1. Setting

Z = Zm;n = �
�

fm;n � f2
m;n

1 � fm;n

�
; Q =

�
0 1
0 0

�
;

then P = Q + �Z is a linear conserved quantit y of f, the ambient spaceis R3, and
jjZ jj 2 = 0. Lemma 11.24now implies all quadrilaterals are not embedded,which is
also immediately clear from the de�nition of f.

Lemma 11.26. Supposef is a discrete isothermic surface with a conserved quantity
P of order n. Let T �

p denotea Calapsotransformation satisfying T �
q = T �

p (I + �� pq).
Then the Calapso transform f �

p with lift F �
p = T �

p Fp(T �
p )� 1 also has a polynomial

conserved quantity of order n, de�ned by

P �
p = T �

p (Pp(� + � ))( T �
p )� 1 ;

where P(� + � ) denotesPj � ! � + � .

Proof.
dP �

pq + �� �
pqP

�
q � P �

p �� �
pq =

T �
q Pq(� + � )(T �

q )� 1 � T �
p Pp(� + � )(T �

p )� 1+

+ �T �
p � pqPq(� + � )(T �

q )� 1 � �T �
p Pp(� + � )� pq(T �

q )� 1 ;

by Equation (9.19). So then

dP �
pq + �� �

pqP
�
q � P �

p �� �
pq =

T �
q Pq(� + � )(T �

q )� 1 � T �
p Pp(� + � )(T �

p )� 1 � T �
p [Pq(� + � ) � Pp(� + � )+

+ �� pqPq(� + � ) � �P p(� + � )� pq](T �
q )� 1 =

T �
p [�� pqPq(� + � ) � Pp(� + � )�� pq � �� pqPq(� + � ) + �P p(� + � )� pq](T �

q )� 1 = 0 :

�
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Note that the corresponding result for the caseof smooth surfacesof the above
lemma, in the casen = 1, implies that the Calapso transformations and Lawson
transformations of smooth CMC surfacesare the same. We say more about this in
Remark 11.27just below.

Remark 11.27. Now we remark about the Lawsoncorrespondencefor smooth surfaces
x with linear conserved quantities P = Q + �Z . First we note that, for a smooth
surfacex with lift X in the light coneL 4, we have, for the Calapsotransformation
X � := TX T � 1,

dX � = d(T � X (T � )� 1) = T � (dX + �� X � X �� )(T � )� 1 = T � dX (T � )� 1

(note that � X = X � = 0), and we similarly have, for the linear conserved quantit y
P � = Q� + �Z � of the Calapsotransform,

dZ � = T � (dZ + �� Z � Z �� )(T � )� 1 = T � dZ(T � )� 1 ;

by considering the version of Lemma 11.26 for smooth surfaces,and noting that
Z � � � Z = 0.

Let us consider for a moment how to derive the version of Lemma 11.26 for
smooth surfaces. For the smooth caseas well, we have the corresponding proper-
ties T � + � = T �;� T � (like we saw in Lemma 9.25 in the caseof discretesurfaces)and
� � = T � � (T � )� 1 (like Equation (9.19) for the caseof discretesurfaces)for the smooth
surfacex � with lift X � = T � X (T � )� 1. When x is CMC in somespaceform, we have
a linear conserved quantit y P = Q + �Z , and by (8.22),

d(T � + � P(� + � )(T � + � )� 1) = 0 ;

so
d(T �;� (T � P(� + � )(T � )� 1)(T �;� )� 1) = 0 ;

and so P � (� ) = T � P(� + � )(T � )� 1 is a linear conserved quantit y for x � . We have
just derived the versionof Lemma11.26for smooth surfaces(stated only for the case
n = 1 here).

Thus x � is CMC in the spaceform determined by the constant term Q� in P � .
Note that

P � (� ) = �Z � + Q� = (� + � )T � Z(T � )� 1 + T � Q(T � )� 1 =

= �T � Z(T � )� 1 + T � (�Z + Q)(T � )� 1 :

Now,
jjdX � jj 2 = jjT � dX (T � )� 1jj 2 = jjdX jj 2 ;

so the metrics of x and x � are the same.Also,

�h dX � ; dZ � i = �h T � dX (T � )� 1; T � dZ(T � )� 1i = �h dX; dZ i ;

sothe Hopf di�erentials of x and x � arethe same.Also, assumingwe have normalized
P properly, the meancurvatures H and H � of x and x � are related by

H � = �h T � Z(T � )� 1; T � (�Z + Q)(T � )� 1i = � � + H :

We concludethat x ! x � is the Lawson correspondence,with the surfacex in the
spaceform determinedby Q, and the surfacex � in the spaceform determinedby Q� .
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11.5. Baecklund transforms.

De�nition 11.28. If the Darboux transform f̂ (with any lift F̂ ) of a discrete special
surface f of type n satis�es

P(� ) ? F̂ ;

then we say that f̂ is a Baecklund transform of f.

In this case,it follows that f̂ is alsoa special surfaceof type at most n, i.e. not of
type n + 1, as we will now see.(This de�nition is also related to Remark 8.53.)

Lemma 11.29. If a polynomial conserved quantity P = P(� ) satis�es P(� ) = 0 for
some� 2 R, then there existsa polynomial conserved quantity of order one less.

Proof. P(� ) = 0 implies ~P(� ) = 1
� � � �P(� ) is still a polynomial. Then T �

p Pp(� )(T �
p )� 1

is constant with respect to p, and so T �
p

~Pp(� )(T �
p )� 1 is too. Also, ord ~P = (ordP) �

1. �

The following lemma justi�es the statement we madein Remark 11.4.

Lemma 11.30. For a Darboux transform f̂ of a type n discrete special surface f
determined by the value � = � , if P(� ) ? f̂, then f̂ is of type at most n.

Proof. As in the proof of Theorem11.16,

P̂ =
�

F F̂ + F̂ F
f (�F F̂ + (� � � )F̂ F )P(I �

�
�

F F̂

F F̂ + F̂ F
)g ;

so

P̂(� ) =
�

F F̂ + F̂ F
f �F (F̂ P(� ))( I �

F F̂

F F̂ + F̂ F
)g =

P̂(� ) =
�

F F̂ + F̂ F
f �F (� P(� )F̂ )

F̂ F

F F̂ + F̂ F
)g = 0 ;

sinceF̂ 2 = 0. Then Lemma 11.29provesthe result. �

Lemma 11.31. If P(� )p ? F̂p for one value of p, then this holdsalso for any other
valueof p.

Proof. WesupposeP(� )p ? F̂p holdsat oneparticular p, and then show that P(� )q ?
F̂q holds for any adjacent q. The relation

F̂pP(� )p = � P(� )pF̂p

implies that

� P(� )p(T �
p )� 1T �

q F̂q(T �
q )� 1T �

p = (T �
p )� 1T �

q F̂q(T �
q )� 1T �

p P(� )p ;

and so

� P(� )p(I + �� pq)F̂q = (I + �� pq)F̂q(I + �� pq)� 1P(� )p(I + �� pq) :

Therefore� P(� )qF̂q = F̂qP(� )q, and F̂q ? P(� )q. �
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11.6. Complemen tary surfaces. As promisedin Section11.2,we say more about
complementary surfaceshere.

If P is a polynomial conserved quantit y of order n, then jjP(� )jj 2 has at most
2n zeros � 1; :::; � 2n . We can choose F̂ = P(� j ) to get another surface, for some
j 2 f 1; :::; 2ng, becauseP(� j ) lies in the light cone L 4. (Clearly, choices of �
for which P(� ) is not in the light cone cannot be allowed.) Then T � j F̂ (T � j )� 1 =
T � j P(� j )(T � j )� 1 is constant, by the de�nition of a conserved quantit y, and thus F̂
givesa Darboux transform. Furthermore,

hF̂ ; P(� j )i = jjP(� j )jj 2 = 0 ;

and so in fact we have a Baecklund transform.

De�nition 11.32. We call the Baecklund transform given by F̂ = P(� j ) a comple-
mentary surfaceof f.

11.7. The spaces in whic h Darb oux transformations liv e. In this section,we
includesomecomments about the ambient spacesthat Darboux and Baecklund trans-
formations lie in. The comments here are lessthan perfectly organized,and more
thorough arguments can be found in [27].

Let f be an isothermic discretesurfacewith normalized linear conserved quantit y
P = Q + �Z , jjZ jj 2 = 1, and let f̂ be a Darboux transform of f. To shortennotation,
de�ne B = F F̂ + F̂ F . Then, asin the proof of Theorem11.16,the conserved quantit y
for f̂ is

P̂ = � B� 1(� B � � F̂ F )P� � 1B� 1(� B � �F F̂ ) = � 2Ẑ + � P̂1 + Q̂ ;

where
Q̂ = � 2Q ; P̂1 = � 2Z � � B� 1(F̂ F Q + QF F̂ )

and
Ẑ = B� 2F̂ F QF F̂ � � B� 1(F̂ F Z + ZF F̂ ) :

Using F 2 = F̂ 2 = 0, and that F ZF = 0 implies F Z F̂ F QF = BF ZQF and
F QF F̂ ZF = BF QZF and F Z F̂ F = BF Z and F F̂ ZF = BZF , we have Ẑ 2 = � 2Z 2.
Thus, when we normalizeP̂ so that the leadingcoe�cien t hassquarednorm +1, the
constant term will become� � Q, so f and f̂ do not live in the samespaceform, in
general, but at least the sectional curvatures of the two spaceforms (i.e. the two
quadrics) containing f and f̂ have the samesign. However, it doesnot really matter
that they are not in the samespaceform, as Darboux transforms are a notion most
naturally consideredfor ambient spaceswith just a conformal structure, not with a
Riemannianstructure (and the two quadricsdo have a commonconformalstructure).

In the casethat the Darboux transform is actually a Baecklund transform with
linear conserved quantit y ~Q + � ~Z, let us supposethat

(11.16) P̂ = �s (� ~Z + ~Q) + t(� ~Z + ~Q)

for someconstants s and t. HenceẐ = s ~Z , and so
~Z 2 = (�=s )2Z 2 :

Also, ~Q = t � 1Q̂ = t � 1� 2Q. Then P̂1 = s ~Q + t ~Z implies

� 2Z � � B� 1(F̂ F Q + QF F̂ ) = st� 1� 2Q + ts� 1(B� 2F̂ F QF F̂ � � B� 1(F̂ F Z + ZF F̂ )) :
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Multiplying this on both the left and the right by F , we get

� � B� 1(F F̂ F QF + F QF F̂ F ) = st� 1� 2F QF + ts� 1(B� 2F F̂ F QF F̂ F ) :

So
(2� + st� 1� 2 + ts� 1)(F QF ) = 0 :

SinceF Q = GI � QF for somenonzeroreal scalarG, we have F QF = GF 6= 0, so

(
p

jst� 1� 2j �
p

jts� 1j)2 = 0 :

Soin fact
p

jst� 1� 2j �
p

jts� 1j = 0, and it follows that s2� 2 = t2. Thus ~Z 2 = t2s� 4Z 2

and ~Q = ts� 2Q, so when we normalize � ~Z + ~Q, ~Q is changedback to the original
Q. The conclusion is that a Baecklund transform lies in the samespaceform as
the original surface,whenusingnormalizedconserved quantities, and whenassuming
(11.16). In fact, this conclusionis true even without assuming(11.16), seeTheorem
4.5 in [27].

Wegave the arguments hereassumingf hasa linear conservedquantit y, but the cor-
responding results and arguments hold in the casethat f hasa polynomial conserved
quantit y as well.

11.8. Envelop es.

De�nition 11.33. Let f be a discrete isothermic surface with domain � � Z2 and
lift F : � ! L4. We say that f envelopsthe discrete sphere congruence Z : � ! R4;1,
Zp spacelike for all p 2 � , if

(1) fp ? Zp for all p 2 � (incidence),
(2) Zp � Zq mod spanf Fp; Fqg for all edgespq with p;q 2 � (touching).

Remark 11.34. The top-term coe�cien t Z of a polynomial conserved quantit y of f is
an exampleof a spherecongruenceof f, by parts (3) and (5) of Lemma 11.23.

Remark 11.35. Although Zp itself is a singlesphere,it determinesa pencil of spheres
Zp + sFp for s 2 R.

Supposethat f is a discreteisothermic surfacewith lift F that envelopesa sphere
congruenceZ , and let f̂ with lift F̂ bea Darboux transform of f. Let Ẑp = Zp+ spFp be
spheresin the pencilsproducedby Z sothat Ẑp hasincidencewith f̂ p, i.e. hF̂p; Ẑpi =
0. Let cp be the circle containing both fp and f̂p that is perpendicular to Ẑp.

Now, f (resp. f̂) envelopsZ (resp. Ẑ ) if and only if thereexistsa circlecpq (resp. ĉpq)
tangent to both cp and cq for all edgespq. (This follows from the secondenumerated
item in De�nition 11.33,which implies there is a spherecommonto both the pencil
producedby Zp (resp. Ẑp) and the pencil producedby Zq (resp. Ẑq).) In particular,
cpq exists, becausef envelopsZ . We then have:

Lemma 11.36. f̂ envelopsẐ .

Proof. Considerthe circle through the four points fp, fq, f̂q and f̂p, the circular arc of
cp from fp and f̂p, the circular arc of cq from fq and f̂q, and the circular arc of cpq from fp

and fq. Geometricconsiderationsshow that all four circles lie in onesphere(in fact,
by applying a M•obius transformation, we could assumethey all lie in a Euclidean
2-plane),and sothere existsan arc of a circle ĉpq from f̂p to f̂q tangent to both cp and
cq. So f̂ envelopsẐ . �
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12. Discrete minimal surf aces in R3 and discrete CMC 1 surf aces in H3

We have already given de�nitions of discreteminimal surfacesin R3 and discrete
CMC 1 surfacesin H3 in Chapter 9. However, in this chapter we describe the ways
theseparticular surfaceswere �rst de�ned in the literature, without using conserved
quantities. Theseways are more directly related to the Weierstrassand Bryant rep-
resentations for smooth minimal surfacesin R3 and smooth CMC 1 surfacesin H3.
They also provide us with a clear reasonto describe discreteholomorphic functions,
which are essential to those�rst de�nitions.

12.1. Discrete holomorphic functions. Let g be a map from the lattice Z2 (or a
subdomain of Z2) to C. Then g is a discreteholomorphic function if the crossratios
of g satisfy

(gq � gp)(gr � gq)� 1(gs � gr )(gp � gs)� 1 =
apq

aps
;

with apq = ar s 2 R and aps = aqr 2 R, for all quadrilaterals, with vertices p =
(m; n); q = (m + 1; n); r = (m + 1; n + 1); s = (m; n + 1) 2 Z2 in the domain of g.

Throughout this chapter, apq will denotethe crossratio factorizing function of g.

Remark 12.1. Note that this de�nition of discreteholomorphic functions is the same
as the de�nition of thosediscreteisothermic surfacesthat lie in a plane.

Remark 12.2. The abovede�nition of discreteholomorphicfunctions is in the "broad"
sense.The de�nition in the "narrow" sensewould be that apq

aps
is identically � 1.

Remark 12.3. If onetakesa discretederivative or discreteintegral of a discreteholo-
morphic function, onewill not get another discreteholomorphic function, in general.

Letting (m; n) denotean arbitrary point in the domain of g, examplesof discrete
holomorphic functions g are

(1) gm;n = c(m + in ) for m; n 2 Z and c a complexconstant,
(2) gm;n = ec(m+ in ) for m; n 2 Z and c a real or pure imaginary constant,
(3) M•obius and Darboux transformations of any of the above examples,
(4) discreteversionsof z
 and logz, as in Example 12.4below.

Example 12.4. For � 2 (0; 2) 2 R, the following discrete holomorphic function is a
discreteversionof g = z� , in the narrow sense.It is de�ned by the recursion

� � gm;n = 2m
(gm+1 ;n � gm;n )(gm;n � gm� 1;n )

gm+1 ;n � gm� 1;n
+ 2n

(gm;n +1 � gm;n )(gm;n � gm;n � 1)
gm;n +1 � gm;n � 1

:

We start with

g0;0 = 0 ; g1;0 = 1 ; g0;1 = i � :

We canusethis recursionto propagatealongthe positive axesf gm;0g and f g0;n g with
m; n > 0. We can then computegeneralgm;n , m; n > 0, by using that the crossratio
is always � 1. It turns out that the gm;n then automatically satisfy the above recursion
relation for all m and n. Also, Agafonov [2] showed that thesepower functions are
embedded in a wedge, and there is also a discrete version of logz. Furthermore,
Agafonov showed that theseg are Schramm circle packings [157].
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Remark 12.5. Here is an exampleof a function that is holomorphic in the sensehere,
but is not holomorphic in Schramm's sense[157]:

g0;0 = 0 ; g1;0 = 1 ; g2;0 = 2 + r ;

g0;1 = i ; g1;1 = 1 + i ; g2;1 = 2 + r + i ;

g0;2 = 2i ; g1;2 = 1 + 2i ; g2;2 = 2 + r + 2i ;

for any �xed r > 0. In fact, Schramm's circle patterns are a special caseof the
de�nition for discreteholomorphic functions that we usehere. (If one includesboth
centers of circlesand intersectionpoints of circles,then Schramm's circlepackingsgive
discreteholomorphic functions.) The de�nition here(unlike Schramm's de�nition) is
loose,in the sensethat it allows the following 
exibilit y: Take a discreteholomorphic
function gm;n in the senseherewith crossratios identically � 1. Fix gm;n wherem + n
is odd, asde�ned by this function. Then changethe value of g0;0 freely, and then one
can �nd new valuesfor all gm;n wherem + n is even (and (m; n) 6= (0; 0)) so that the
crossratios are all still � 1.

12.2. Smooth minimal surfaces in R3. Wecanalways takea smooth CMC surface
to have isothermic coordinates z = u + iv , u; v 2 R (away from umbilic points), and
then the Hopf di�erential becomesrdz2 for some real constant r . Rescaling the
coordinate z by a constant real factor, we may assumer = 1. Sonow assumewe have
an isothermic minimal surfacewith Hopf di�erential function Q = 1. Then

Qdz2

dg
=

dz
g0

;

whereg is the stereographicprojection of the Gaussmap to the complexplane, and
g0 = dg=dz. The map g taking z in the domain of the immersion (of the surface)
to C is holomorphic. Becausewe are avoiding umbilics, we have g0 6= 0. We are
only concernedwith local behavior of the surface,so we ignore the possiblity that g
has polesor other singularities. Then the Weierstrassrepresentation is (with

p
� 1

regardedas lying in the complexplane, unlike the quaternion i )

x = Re
Z z

z0

(2g; 1 � g2;
p

� 1 +
p

� 1g2)
dz
g0

:

Associating (1; 0; 0), (0; 1; 0) and (0; 0; 1) with the quaternionsi , j and k, respectively,
we have the partial derivativesas in the following lemma:

Lemma 12.6.

xu = (i � gj )j
1
gu

(i � gj ) ;

xv = (i � gj )j
� 1
gv

(i � gj ) :

Proof. This proof usesthe holomorphicity of g, and usesidenti�cation of the imagi-
nary complexnumber

p
� 1 with the imaginary quaternion i .

Becauseg is holomorphic, we have
p

� 1gu = gv and g0(= gz) = gu = �
p

� 1gv.
Then,

x =
1
2

� Z
(2g; 1 � g2;

p
� 1(1 + g2))

dz
g0

+
Z

(2�g; 1 � �g2; �
p

� 1(1 + �g2))
d�z
g0

�
;
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so

xu =
1
2

�
2g
g0

+
2�g
g0

;
1 � g2

g0
+

1 � �g2

g0
;

p
� 1(1 + g2)

g0
�

p
� 1(1+ �g2)

g0

�
=

�
g
g0

+
�g
g0

�
i +

1
2

�
1 � g2

g0
+

1 � �g2

g0

�
j +

1
2

�
1 + g2

g0
�

1 + �g2

g0

�
i � k =

�
g
g0

+
�g
g0

�
i +

1
2

�
1 � g2

g0
+

1 � �g2

g0
�

1 + g2

g0
+

1 + �g2

g0

�
j =

�
g
g0

+
�g
g0

�
i +

�
1
g0

�
g2

g0

�
j =

g
g0

i � i
�g
g0

k2 +
1
g0

j �
g2

g0
j =

�
� i
g0

k +
g
g0

i
�

(1 + gk) = (k + g)
i
g0

(1 + igj ) =

(i � gj )j
1
g0

(i � gj ) = (i � gj )j
1
gu

(i � gj ) :

Similarly, we have

xv =
i
2

�
2g
g0

�
2�g
g0

;
1 � g2

g0
�

1 � �g2

g0
;

p
� 1(1+ g2)

g0
+

p
� 1(1 + �g2)

g0

�
=

�
�

g
g0

�
�g
g0

�
+

1
2

�
1 � g2

g0
�

1 � �g2

g0

�
k �

1
2

�
1 + g2

g0
+

1 + �g2

g0

�
k =

�
�

g
g0

+
�g
g0

�
+

1
2

�
1 � g2

g0
�

1 � �g2

g0
�

1 + g2

g0
�

1 + �g2

g0

�
k =

�
�

g
g0

+
�g
g0

�
+

�
�

1
g0

�
g2

g0

�
k =

�
g
g0

j �
�g
g0

j �
1
g0

i �
g2

g0
i
�

j =

�
1
g0

� i
g
g0

j
�

(� i � �gj )j = (i � gj )
� i
g0

j (i � gj ) =

(i � gj )j
i
g0

(i � gj ) = (i � gj )j
� 1
gv

(i � gj ) :

�

12.3. Discrete minimal surfaces in R3. The smooth caseabove suggeststhat the
de�nition for discreteminimal surfacesshould be

fq � fp = (i � gpj )j
apq

gq � gp
(i � gqj ) ;

wherethe map g from a domain in Z2 to C is a discreteholomorphic function. Here
p = (m; n) and q is either (m + 1; n) or (m; n + 1). As in the smooth case,we avoid
"umbilics", so

gq � gp 6= 0 :

Taking this as the de�nition (see[20] and [71]), we have the following two examples:

Example12.7. The discreteholomorphic function c(m + in ) for c a complexconstant
will produce a minimal surfacecalled a discrete Enneper surface,and graphics for
this surfacecan be seenin [20].
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Example 12.8. The discrete holomorphic function ec1m+ ic2n for choicesof real con-
stants c1 and c2 so that the cross ratio is identically � 1 will produce a minimal
surfacecalled a discrete catenoid, and graphics for this surfacealso can be seenin
[20]. SeealsoFigure 4 in this text.

12.4. Smooth CMC 1 surfaces in H3. We can now similarly describe smooth and
discreteCMC 1 surfacesin H3. Construction of smooth isothermic CMC 1 surfaces
starts with the Bryant equation (g is an arbitrary holomorphic function such that
g0 6= 0)

dF = F
�

g � g2

1 � g

�
dz
g0

with solution F 2 SL2C, and the surfaceis then

F � �F t 2 H3 :

Here,hyperbolic 3-spaceis

H3 = f (x0; x1; x2; x3) 2 R3;1 j x0 > 0; x2
0 � x2

1 � x2
2 � x2

3 = 1g =
��

x0 + x3 x1 + ix 2

x1 � ix 2 x0 � x3

��
= f X � �X t j X 2 SL2Cg :

Example 12.9. Take any constant q 2 C n f 0g. Then g = qz gives

F = q� 1=2

�
cosh(z) qsinh(z) � qz cosh(z)
sinh(z) qcosh(z) � qz sinh(z)

�
;

and F �F t givesa CMC 1 Enneper cousin in H3.

Example 12.10. To make CMC 1 surfacesof revolution, called catenoid cousins,one
can useg = e�z for � either real or purely imaginary.

12.5. Discrete CMC 1 surfaces in H3. Following [71], the discreteversionof the
Bryant equation becomes

(12.1) Fq � Fp = Fp

�
gp � gpgq

1 � gq

�
�a pq

gq � gp
; detF 2 R ;

and g is again a discrete holomorphic function with qq � qp 6= 0. Now the formula
in [71] for the surfaceis di�erent: it is obtained using the R4;1 lightcone model by
setting �

a
b

�
=

�
0 1
j 0

�
Fp

�
i
j

�

and then taking the verticesof the surfaceas

fp = rp

�
� b�a a�a
b�b � a�b

�
2 H3 � L4 � R4;1 ; rp 2 R n f 0g :

Here H3 lies in the 4-dimensionallight coneL 4 in the following way, like in Chapter
8:

H3 =
�

X 2 L4

�
�
�
� X �

�
� i 0
0 i

�
+

�
� i 0
0 i

�
� X = 2I

�
:

Note that becausethe entries of F are complex,not quaternionic, it follows that b�a
is purely imaginary quaternionic, so fp really does lie in R4;1, and thus in L4. The
scalar r p is chosenso that fp 2 H3.
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One can check that fp will be of the form

r
�

� ( �AC + �BD)j + i (AD � BC) C �C + D �D
A �A + B �B j (A �C + B �D) � i (AD � BC)

�
;

where

F =
�

A B
C D

�
:

For fp to lie in H3, we should take

r =
1

AD � BC
:

This meansthat the coe�cien t of the i term in the diagonal entries will be simply
� 1. So we can view the surfaceas lieing in the 4-dimensionalspaceR3;1, by simply
dropping the x1 part o� of (this sumof matriceswasseenat the beginningof Chapter
8)

x1

�
i 0
0 � i

�
+ x2

�
j 0
0 � j

�
+ x3

�
k 0
0 � k

�
+ x4

�
0 1

� 1 0

�
+ x0

�
0 1
1 0

�
:

Now, the projection into the Poincareball model is

(x2; x3; x4; x0) !
(x2; x3; x4)

1 + x0
=

(12.2)
(Re(� �AC � �BD); Im(� �AC � �BD); 1

2(� A �A � B �B + C �C + D �D))

AD � BC + 1
2(A �A + B �B + C �C + D �D)

:

On the other hand, if we simply look at

1
AD � BC

F �F t =
1

AD � BC

�
A �A + B �B A �C + B �D
C �A + D �B C �C + D �D

�
=

�
y0 + y3 y1 +

p
� 1y2

y1 �
p

� 1y2 y0 � y3

�
;

and then project to the Poincareball, we have

(y1; y2; y3)
1 + y0

=

(12.3)
(Re(A �C + B �D); Im(A �C + B �D); 1

2(A �A + B �B � C �C � D �D))

AD � BC + 1
2(A �A + B �B + C �C + D �D)

:

Note that (12.2) and (12.3) areessentially the same,up to a rigid motion of H3. Thus
we have proven:

Theorem 12.11. ([78]) The discreteCMC 1 surface f in H3 givenbyF solving (12.1)
is

f =
1

detF
F �F t ;

up to a rigid motion of H3.
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We can now make speci�c examplesby choosing discrete holomorphic functions
gm;n . For example,we can construct discreteversionsof the smooth CMC 1 Enneper
cousins and catenoid cousins by using discrete versions of g = qz and g = e�z ,
� 2 (R [

p
� 1R) n f 0g, respectively.

Remark 12.12. Recently, there has been research on a notion of discrete surfaces
called s-isothermic surfaces,and we comment brie
y on this here. One can "b end"
Schramm's circle packings to get surfaces,by changinghalf of the circles(in a check-
eredpattern) into spheres.This leadsto the notion of discretes-isothermic minimal
surfaces.

We can de�ne discrete s-CMC surfacesin this way: an s-isothermic surfaceis s-
CMC if it hasa Christo�el transform that is alsoa Darboux transform. (SeeDe�nition
11.12.)

For more on s-isothermic surfaces,see[15] and [22].
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