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1 tk.hf.rr O

T=tk_hf.pf_to_ode(P,X)

Assume dF/dX=Px*F.

T[0] is an ODE satisfied by F[0].

example: tk_hf.pf_to_ode([[0,1],[x,0]],x);

T=tk_hf.pf_sum(P,Q)

Assume dF/dX=P*F and dG/dX=Q*G

It returns a system dH/dX=T*H satisfied by H=[F[0]+G[0],F,G] T where computation is done in the rational Wey
example: T=tk_hf.pf_sum([[0,-1],[1,0]]1,[[0,1],[t,011);

ref: https://www.math.kobe-u.ac.jp/0OpenXM/Current/doc/other-docs/tk_hol_sum_prod-ja.pdf

T=tk_hf.pf_prod(P,Q)
Assume dF/dX=P*F and dG/dX=Q*G
It returns a system dH/dX=T*H satisfied by H=[F[0]*G[0],...] T where computation is done in the rational Wey
example: T=tk_hf.pf_sum([[0,-1],[1,0]],[[0,1],[t,0]11);
where F=[cos(t),sin(t)] and G=[airyAi(t),diff(airyAi(t))]
ref: https://www.math.kobe-u.ac.jp/OpenXM/Current/doc/other-docs/tk_hol_sum_prod-ja.pdf
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[2122] import("tk_hf_sum_prod.rr");

[2137] R=tk_hf.pf_sum([[0,-1],[1,0]11,[[0,1],[t,011);
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[2140] T=tk_hf.pf_to_ode(R,t);
[((-c_0*t~2-2%c_0*t—c_0)*dt "4+ (2kc_0*t+2%c_0)*dt 3+,
[[c_1, (=2%c_0%t-2%c_0)/(-t~3-2%t"2-t+2)], M&]1]
[2141] nm(base_replace(T[0], [[c_0,111));
(=t72-2%t-1) *dt "4+ (2%t +2) *dt "3+ (£t "3+t "2-t-3) *dt "2+ (2%t +2) *dt+t " 3+2*t "2+t -2
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def pf_prod(P,Q) {
P=matrix_list_to_matrix(P);
Q=matrix_list_to_matrix(Q);
.r = size(P)[0];
.s = size(Q) [0];
R=newmat (.r*.s,.r*.s);

for (K=0; K<.r; K++) for (L=0; L<.s; L++) {
for (I=0; I<.r; I++) for (J=0; J<.s; J++) {

if ((K==I) && (L==1)) {

R[K*.s+L] [I*.s+J]=P[K] [I]+Q[L] [J];
Yelse if ((K==I) && (L!=J)) {
R[K*.s+L] [I*.s+J]1=Q[L] [J];
Yelse if ((K!=I) && (L==J)) {
R[K*.s+L] [I*.s+J]1=P[K] [I];
Yelse{
R[K*.s+L] [I*.s+J]=0;
}
}
}
return R;

}

T=pf_prod([[0,-1],[1,01]1,[[0,1],[t,011);

end;;
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# cos(0)=1, cos’(0)=0

# Ai(0)=1/(37(2/3)*gamma(2/3)), Ai’(0)=-1/(3"(1/3)*gamma(1/3))
import numpy as np

import matplotlib.pyplot as plt

from scipy import special

from scipy.integrate import solve_ivp

def f(t,H):
rr=np.array([[0,1,-1,0],[t,0,0,-1],[1,0,0,1]1,[0,1,t,011);
return (rr@H)

airy=special.airy(0)

iv=np.array([1xairy[0],1*airy[1],0*airy[0],0*airy[1]1])

tmax=4.0 #3.0 TIE3Hi 0K 722% 4.0 X 1 HID A OK.

# Airy OHRBRNIMKRED O ->ALEN

t_span=[0.0, tmax]

sol=solve_ivp(f,t_span,iv,method=’RK45’,rtol=1e-10)

#print (sol)

print(’sol.y[0,-1]=’,s01.y[0,-1],’, cos()*airy()=",np.cos(tmax)*special.airy(tmax) [0])
plt.plot(sol.t,sol.y[0])

plt.show()
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[takaforange3m:~/this24/misc— 4/11/imi-hgm/Data$ python 4_11_18_cos_alry.py
sol.y[B,-1]= B.B7309B7597322876 , cos()+airy()= B.B73098BB4A5A032219
[takaforangedm:~/this24/misc-2024/11/imi-hgm/Data$ pythen3 2024_11 18 _cos_airy.py
sol.y[8,-1]= -0.814533393648727348 , cos()*airy()}= -0.014533566394805438
[taka@orange3dm:~/this24/misc-20824/11/imi-hgm/Data$ python3 2824_11_18_cos_airy.py
sol.y[8,-1]= -B.@065224445745523055 |, cos()#*airy()= -0.088652517858793309
[takaforange3m:~/this24/misc—20824/11/imi—hgm/Data$ python3 2024_11 18 cos_airy.py
sol.y[8,-1]= -B.8806145987696763026 , cos{l#airy()= —0.0006219836411844383
[taka@orange3m:~/this24/misc-2024/11/imi-hgm/Data$ python3 2024_11_18_cos_airy.py
Iglol‘y[a,—l]= —-B.0006146987606763026 , cos()+airy()= -0.0006219836411844383
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2https://arxiv.org/abs/math/9805006



