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Explanation of data listed
For the Fuchsian differential equations treated in the paper, we list the equations and the shift
operators in the form that the data is readable by the help of the mathematical software Maple.

Definition of the differential equations
The equations we treated in the paper are

Hg, G, Es,SEs, B5, SE5, By, SEy, STy, B3, SE3, Ey3, E3p, Es,

where Fs is the Gauss hypergeometric equation, which is related to all others; For their mutual relations,
we refer to the paper [1].

We summarize the defintion of the differential equations. The text-file HDFequations.txt lists the
maple forms of the differential equations.

e Hg = Hg(el,...,e9,T10) = TO + T1 * dx + T2 * dz? + T3 * dz3

TO:=(z+s+2) x(z+s+1) * (z+8) ¥ (z+e7) * (z+e8) * (z+e9) :
T1l:=(z+s+2)*x(z+s+1)*B1:

T2:=(z+s+2) *B2:

T3:=-(z+3-el)*(z+3-e2) *(z+3-e3) :
B1:=T13%z"3+T12*xz"2+T11*z+T10:
B2:=T23*%z~3+T22*xz"2+T21*z+T20:

where s is determined by the Fuchs relation el + -+ 4+ €9 + 3s + 9 = 15. The coefficients T'ij,
except T'10 are polynomials in e = (el,...,e9), and T10 is the accessory parameter. G¢ = Gg(e, a)
is a specialization of Hg, where T10 is a polynomial T'10(e,a) in e with a set a of parameters.
Es = Eg(e) = Gg(e,0). The operators Bl, B2 and the polynomials Tij are given in the file
HDFequations.txt.

e SFEjg is a specialization of Eg with the condition
el —2e2+e3 =ed —2eb+ eb =e7 — 2e8 + e9.

It is parameterized by (a,b, ¢, g,p, q,7) by the relations

el:=p+r+l:
e2:=atc+p+r+2:
e3:=2a+2c+g+p+r+3:
ed:=q+r+1:
eb:=b+c+q+r+2:
e6:=2b+2c+g+q+r+3:
e7:=-2c-p-q-r-1:
e8:=-a-b-2c-p-q-r-g-2:
e9:=-2a-2b-2c-p-q-r-g-3:
s:i=-I:

The equation Hs (j = 5,4,3) has one accessory parameter. Gj(e,a) (j = 5,4,3) is defined as above,
and E; (j = 5,4,3) is defined by G;(e,0) (j = 5,4,3). In the following we tabulate only E; and SE;
(j=5,4,3).

e The equation E5 = Es(el,...,e8) = x * Pn + PO + Pl x dx + P2 x dz? is the quotient of Eg with
the condition €9 = 0 divied by dx on the right.



Pn:=(z-r+1) % (z-r+2) * (z-1+3) * (z+e7+1) * (z+e8+1) :
PO:=(z-r+1)*(z-r+2) *B1(e9=0) :
P1l:=(z-r+2)*B2(e9=0) :

P2:=-(z+3-el)*x(z+3-e2) *(z+3-e3) :

where r = (el +---+ €8 — 6)/3.

e SFE5 is a specialization of F5 with the condition
el —2e2+e3 =ed —2eH+ eb = e7 — 2e8.
It is parameterized by (a,b,c¢,g,p,q) as

el:= -2xa - 2%b - 2xc - g - q - 2:
e2:= —a - 2*b - c - g-q - 1:
e3:= -2xb - q:

ed:= -2xa - 2%b - 2xc - g - p - 2:
eb:=-b - 2%¥a- c-g-p - 1:
e6:= —-2xa - p:

e7:= 2%a + 2xb + g + 2:

e8:=a +b + 1:

o Ey=FEy(el,....eT) = Qo+ Q1 * dx + Qo » dv? is defined as

QO0:=(z+eb) *(z+eb) x(z+e7) *(z+e8) :

Q1:=-2%z"3+Q12*z"2+Q11*z+Q10:

Q12:=el+e2-eb-e6-e7-e8-5:
Q11:=3*(el+e2)-el*e2+e3*ed-eb*eb-eb*e7-e5*xe8-eb*e7-ecb6*e8-e7*e8-8:
Q2:=(z-el+2) *(z-e2+2) :

where e8 is determined by the Fuchs raltion el + €2 + --- + e7 + e8 = 4 and Q10 is given in
HDFequations.txt. The equation is written also as

Ey = 2% x (x — 1)%dz* 4 p3 x da® + p2 * dz? + pl x dx + p0 :

where
p3:= xx(x-1)*((-t11-t12+10) *x+t11-5):
p2:= (-3%t11-3%t12+t23+19)*x"2 +(5*t11+t12-t21+t22-1t23-19) *x+4-2*t11+t21:
pl:= (t3-t11-t12+t23+5)*x+Q10:
pO:= eb*eb*eT7*e8:

Refer to HDFequations.txt for ¢11, t12, .. ..
e SFE, is a specialization of F, with the condition
el—2e2+1=e3—2e4d+1=eb—2e6+e7+e€8, el+---+e7+e8=4.

It is parameterized by (a,b, ¢, g,u) as

el:=2+2a+2c+g-u:
e2:=1+atc-u:
e3:=2+2b+2c+g-u:
ed:=1+b+c-u:

e5:=u+1l:
e6:=-1-a-2c-g-b+u:
e7:=-2c+u:

e8:=-2-2a-2b-2c-g+u:



e STy =STy(el,...,e6) =VO0+ V1xdr+ V2xdz? is given as

VO := (z+s+1)*(z+s)*(z+eb)*(z+eb):
V1l := (z+s+1)*x(-2*xz"2+(el+e2-e5-e6-4)*z

+1/4*%((e6-e5) "2-(e3-e4) "2+(el-e2) "2+2* (e1+e2-3) * (eb+e6+1)-1) ) :
V2 := (z+2-el)*(z+2-e2):

where s is determined by the Fuchs relation el +e2+e3+e4d+e5+eb6+2%xs+3=6.

e 4F3(a0,al,a2,a3;b1,b2,b3) := (z+a0)*(z+al)*(z+a2)x(z+a3) — (2 +b1) % (2 +b2) * (2 + b3) xdx
is the generalized hypergeometric equation of rank 4.

o F3=Fs(el,...,e6) =x+Sn+ 50+ S1xdx is defined as

Sn:
SO:

(z+eb) *(z+eB) * (z+e7) :

-2xz" 3+ (2*el+2*e2+e3+e4-3) *z"2
+(-el*e2+(e3-1)*(ed-1)-e5*xeb6-(e5+eb) *xe7) *z+a00, \\

S1l:=(z-el+1)*(z-e2+1):

where €7 is determined by the relation el +e2+e3 +ed +eb+ eb + €7 = 3 and a00 is the accessory
parameter defined as

54*%a00:= -4*(el+e2-e3-e4) "3-27*eb*eb*e7+9* (el+e2-e3-e4d) *x (e5*xeb+ebxe7+eb*e7-2)
+9%elxe2x (el+e2-1)+18*(el+e2-1)*(e3 " 2+e3*ed+ed"2)
-9*%e3xed* (e3+ed-1)-18*(e3+ed-1)* (el " 2+el*e2+e272) :
e SEj3 is a specialization of E3 with the condition
2el —e2 = 2e3 — ed = —eb + 2e6 — €.

It is parameterized by (a,b, ¢, g) as:

el:=a+c+l:

e2:=2el+g:
e3:=b+c+1:
ed:=2e3+g:
eb:=-2c:
e6:=-(a+b+2c+g+1):
e7:=2e6+g-eb5:

The accessory parameter turns out to be

a0 =c*(2xa+2*xc+14+g)*(2xa+2xb+2xc+2+g).

e 3F5(a0,al,a2;b1,02) := (2 4+ a0) * (z + al) * (z + a2) — (z + bl) * (z 4+ b2) * dzx is the generalized
hypergeometric equation of rank 3.

o Ey:= Fy(el,e2,e3,ed) = E(a,b,c) = (z+a) x (2 +b) — (2 + ¢) * dx is the Gauss hypergeometric
equation: We used the parameters (el,e2,e3,e4) defined asel =1—¢, e2=c—a—b, e3 = a, and
e4 = b, where el +e2+e3 +e4 = 1.

Shift operators

We review definitions of shift operators and explain the text-files for such operators.

Given a differential operator E(a) with parameter a of order n, suppose a shift operator P,; (resp.
P,_) exists, which is an operator of order lower than n sending Sol(E(a)) to Sol(E(a+1)) (resp. Sol(E(a—
1))), we have a shift relation such as

E(a+1)oP,i(a) = Qui(a) o E(a) (resp. E(a—1)o P,_(a) = Qq—(a) o E(a)),



where Q.+ are some operators of the same order of P, .

In the following, we list the operators P,+ and Q.+ for each equation and each shift.
For the Gauss equation Fy = E(a,b, ¢), the following shift operators are classically known:

P,y = zxdr+a,

P, = z(z—1)xder+a+bzr—oc,
Py = (x—1)*xdx+a+b—ec
P._. = zxdr+c—1,

QaJr
Qa-
Qc-i—
Qc—

rxdr+a+1,
z(r—1)xde+a+br—c+z—1,
Pc-i-a

P._.

For the equation F4, we find only a simple shift operator, which are mentioned in the paper

equation E3, we could not find a shift operator.

For other equations, refer to the list of shift operators given in

H6PQ.txt

G6PQ.txt, G6memo.txt
E6PQ.txt

SE6PQ.txt

E5PQ.txt

SE5PQ.txt

SE4PQ.txt

ST4PQ.txt

SE3PQ.txt

for Hg,
for G,
for Eg,
for SFEs,
for Fs,
for SFEs,
for SE4,
for STy,
for SEj3.

. For the



