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Introduction

We study GKZ hypergeometric systems (A-hypergeometric
systems) from the view point of Euler-type integral representations
of solutions. We can use the intersection theory of twisted
homology and cohomology groups.

» Hypergeometric integrals and GKZ systems
» Cycles corresponding to series solutions (by Matsubara-Heo)
» Their intersection numbers

» Applications

» Signature of monodromy invariant Hermitian forms
(Beukers-Verschoor's conjecture)
> (Twisted period relations)
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Gauss hypergeometric function

’ hypergeometric series‘

= (a)n(b)n
Fi(a,b,c;z) = 2",
“ z% (©n(1)n

(a)p=ala+1)---(a+n—-1)=

’ integral representation ‘

2Fi(a,b,¢;2) =

d
’difFerentiaI equation ‘ We set 0, = zg.

(92(92 te—1)— 20, +a) (0, + b)) osF) = 0.
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Hypergeometric integral

1
/ N1 —2)7 (1 — z2) da
0

(complex powers of polynomials (of degree 1))
J generalization
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Example — o F}

k=2 d=1, Ny =Ny =2.
aV(1)=0, a2 =1

We set (zgl)v Zél) | Z§2)7 252)) = (Zb z2 | %3, 24)'

hi(z) = h1(2(1)§ T) = Zgl) R Zél) 2V = Z1 + 227,
ho(z) = ha(2®); 2) = 23 + 242,
d
21+ 201)” Mzz+24) P x a x:fﬁt
(1 + 200) (2 + 242) 7 0
r x z2
_ _ -2 . dt
= (=)0 My O / (11—t (1 - @Q el
I 29223 t
This corresponds to the integral representation of
Z1%4
2F (c,vz, IL—m+¢ 7)
Z923
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k=2 d=2, Ny =Ny =3.
= (7). a¥e = (). a6 = (7).
a?(1) = (8) L a?(2) = (_01> ,a®(3) = <01> .

We set (zgl),zél),zél) ] 252),%2),2&2)) = (21,292,253 | 24,25, 26).

0 1 0

hi(x) =2z .a:(o) —i—zg.a;(o) _|_23.3;(1) — 21 + 2ok + 230,
0 -1 0 P 5
h2(ﬂf):Z4-ﬂj(0)+Z5.gj<0)+Z6,x(—1>zz4+;+l‘6'
1 2
- < 2\ dxy N dx
W/(Zl—i_szl—i_ZSxQ) " <Z4+5+6> R et it
T "E]_ :1','2 :B]_‘TQ
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For a “cycle” T,

/ B (205 )1y (2B ) ge PN A
T

is a solution to the GKZ system M 4(9)
(w.r.t. variables z = (z(V[2()]...|2(0))), where
1 1 0 0
1 1 0 0
A=
0 --- 010 --- 0 1 - 1
(A = @V(),...,a" (W) € Z5M)
0= t(71,---,7k,01,---76d) g @& generic.
£
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GKZ hypergeometric system (A-hypergeometric system)

A€ 2N & § € C*1 ~ GKZ system Ma(6)

(a system of differential equations)

Fact ([Hotta, 1998])

For our A, M 4(9) is regular holonomic.

A 4 = (the convex hull of the column vectors of A) C R",
Vol(A) = (the normalized volume of Ay) € N

Fact ([GZK, 1989])
If § is “generic”, then rank(M4(6)) = Vol(A).

For a generic z € CV, Solyg,(s),- denotes the space of the local
solutions around z. We have dim Soly,(5),. = Vol(4).
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Example — o F}

1 1|0 O k=2, d=1,n=k+d=3
A=[0 0]1 1 A=Ay = (01)
0 1]0 1 (Z§1)722 ’Z1 ) (2)> (21,22 | 23, 24)
)

6= t(fyla 72, €
d
/(z1 + zox)” (23 + z4z) 2 € ™ is a solution to Mu(9).
T x

Vol(A4) =
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(formal) power series solutions

V1
If v = : e CNV*1 satisfies Av = —4, then the series
UN
ou(z) = 2" Z ;z“
ek a Nu+v+1)
N
<z” =zt 2y, Tlu+ov+1)= Hf(uj +v; +1)>

j=1

is a (formal) solution to M4(J).

Fact ([GZK, 1989])

T : a regular triangulation of A4
~~ We can take vy, ...,v, € CV*! (r = Vol(A)) such that
{#u,; }i=y form a basis of Solyy, s),--
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Example — o F}

{(123),(234)} - --

1 1|0 O Y1
A=[0 01 1 §= 7| =
0 1|0 1 c
—01 + 03 0
_ _53 . r_ —51
Sl IR sl [ A A
0 01 — 03
satisfy Av = Av' = —4.

—01+03
21

22_5 25 2F1<53,52,1*51+53,

a regular triangulation of Ay

2174

2273

(¢ (234))

)

T AT -1 +dg)

Ty a0 (22)61 %yF) (51,51+52—53, 14461 —d3; Z;Z)
o= T(1— 61)L(1 — 0y — 03 + 63)T (1 + 0, — 03)
Vv, Py correspond to “well-known” solutions around S 0.
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Twisted (co)homology group

_ _ dx dr  driA---Ndxg
h M. W gl 22 e SARM )
[ @) (S - SRR

The “cycle” T' (twisted cycle) can be regarded as an element of

twisted homology group Hy(X; ®)
= {(domain of integration C X (< x-space))

k
& (the branch of multi-val. func. ®(x) = th(x)_w xc>}
=1
It is dual to

twisted cohomology group H%(X; V)
= ( de-Rham cohomology w.rt.V=d+dlog® A (d=d,) ).

The pairing between them gives hypergeometric integrals.

Fact ([GKZ, 1990])
~ d
Hy(X;®) — Solp, (5),,; ' — / ) f
r
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Because of Hy(X;®) — Soly,(s),.. there exists a cycle such that

dz b da:

— — D, py=n . e 22

ou(2) —/FCD . —/F‘”hl(z LY .
(power series sol.)

— How to construct such cycles?

Fact ([Matsubara-Heo; arXiv:1904.00565])

T': a regular triangulation of Ay ~~ {¢,, }i_;: a basis of Soly, (s),-
= We can construct cycles {I';}}_; such that

/th .zt df—%z()

s =1

An explicit construction is given.
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Intersection forms

By replacing ® with ®~! = 1/®, we consider
the twisted homology Hy(X;®~!) and
the twisted cohomology H4(X; V™) (V™ = d — dlog ®\).

Intersection form ([Kita-Yoshida, 1994], [Cho-Matsumoto, 1995])

» | homology | Iy,: Hg(X;®) x Hy(X;®@7 1) — C

------ topological int. num. + information of branches.

» | cohomology | I.: HY(X;V) x HY(X;V~) = C

------ taking the exterior product & integrating it on X.

Theorem 1 ([G.-Matsubara-Heo; 2022, Theorem 2.6])
The intersection matrix (I,(I';,T';)); j=1,...r is explicitly evaluated.

Applications
» Signatures of invariant Hermitian forms
(Beukers-Verschoor's conjecture)

» Twisted period relations (quadratic relations of HG series)
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Monodromy, Invariant Hermitian form

By considering the analytic continuation of the solutions, we have
the monodromy representation

71 (CN — (singular locus), z) — GL(Solyr,(s),2)
p — psx (o analytic conti. along p).

For § € R™*!, there exist a monodromy invariant Hermitian form
(unique up to constant):

(0, 0) : SOZMA(5),Z X SOlMA(é),z — (C,
(p«fs0+9) = (f,9) (Vp € m).

We consider its signature.
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Beukers-Verschoor's conjecture

T a regular triangulation of A4,
~ {py,; }i—1: a basis of Solyr, (s) -
(’Ui = t(’Uﬂ,...,’UZ‘N) eRNVI s oeT (J C {1,...,N}) )

Beukers-Verschoor's conjecture (cf. [Verschoor; 2022])

The signature of the monodromy invariant Hermitian form is given
by

sgn H sin v
JjEC

i=1,...,r

.
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Example — o F}

We set

— 55 s
0 S Av=Av = | -6, | .
0 53

—5
s _aag | P @NED)
51 — 83

a :=sinm(—0d; + I3) - sinw(—J3) - sinw(—0d2),
o :=sinm(—d1) - sinm(—6; — 2 + d3) - sinw(5; — I3).

Then the signature is given by (sgn(a),sgn(a)).
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Theorem 2 ([G.-Matsubara-Heo; 2022, Theorem 2.12])

The signature of the monodromy invariant Hermitian form is given
by

sgn H sin mv;;

J€T i=1,..,r

€

Hy(X;®) +— Solnr,(s),2

(intersection form) <— (inv. Herm. form)

We can compute the eigenvalues of the intersection matrix in
Theorem 1. O

v
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Twisted period relations

Proposition
{T;-t};:l © bases of Hy(X;®t!)
{¢FY_, : bases of H(X;V¥)

=L F+ F_> ) = (Ic T"_, ._> )
H (h( ;L) . © Wi, ¥7) s
1T :( (6} +> , I = (/ @—1 '—> )
" /F+ ¢Z i,j=1,...,r - wl ij=1,2
I J
We have

C=T1, 'H 'L,

cohomology intersection number = sum of product of HG series

By Theorem 1, we obtain an explicit form of RHS.
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» A hypergeometric integral (an integral of the product of
complex powers of Laurent polynomials) is a solution to a
GKZ system.

» Matsubara-Heo constructed cycles (domains of integration)
which correspond to series solutions to the GKZ system.

» We evaluate their intersection numbers.

» By using our intersection matrix, we can prove
Beukers-Verschoor's conjecture.

Thank you for your kind attention!
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