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Equations on a del Pezzo surface
ϕ0 = t1 − t2, ϕ1 = t2

2 − t2, ϕ2 = t1t2 − t2, ϕ3 = t2
1 − t2, ϕ4 = t1t2

2 − t2, ϕ5 = t2
1 t2 − t2

f1 = − 7ϕ0 + 10ϕ1 + 17ϕ2 − 10ϕ3 − 17ϕ4 + 16ϕ5, f2 = 2ϕ0 + 5ϕ1 + 5ϕ2 + 5ϕ3 − 6ϕ4 − 6ϕ5
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Equations on a Bott-Samelson threefold
f1 = 1 + t1 + t2 + t3 + t1t3 + t2t3 + t1(t1t3 + t2) + t2(t1t3 + t2)

f2 = 1 − 2t1 + 3t2 − 4t3 + 5t1t3 − 6t2t3 + 7t1(t1t3 + t2) − 8t2(t1t3 + t2)
f3 = 2 + 3t1 + 5t2 + 7t3 + 11t1t3 + 13t2t3 + 17t1(t1t3 + t2) + 19t2(t1t3 + t2)
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0. formulation

Vol  = 10 Vol  = 6

-> 6 solutions 



Complete intersections

Id = I(Z )d and HFK[X]/I(d) = r 2nd smallest      such that ?ddreg =

I = ⟨ f1, …, fn ⟩ ⊂ K[X], VX(I) = Z = {z1, …, zr}
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Complete intersections

Theorem (Hilbert-Serre)

There exists an integer L such that, for all d ≥ L the Hilbert function is given by 

HFK[X](d) = HPK[X](d) =
deg X

(dim X)!
ddimX + lower order terms.

Id = I(Z )d and HFK[X]/I(d) = r 2nd smallest      such that ?ddreg =

I = ⟨ f1, …, fn ⟩ ⊂ K[X], VX(I) = Z = {z1, …, zr}
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Theorem. If is arithmetically Cohen-Macaulay, then X

dreg ≤
n

∑
i=1

deg( fi) + L + 1

Complete intersections

Theorem (Hilbert-Serre)

There exists an integer L such that, for all d ≥ L the Hilbert function is given by 

HFK[X](d) = HPK[X](d) =
deg X

(dim X)!
ddimX + lower order terms.

Id = I(Z )d and HFK[X]/I(d) = r 2nd smallest      such that ?ddreg =

I = ⟨ f1, …, fn ⟩ ⊂ K[X], VX(I) = Z = {z1, …, zr}
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Intersecting Chow forms
Good news: the Plücker embedding provides a Khovanskii basis!
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Intersecting Chow forms

Which lines in 3-space touch q given curves of degree 4, and 4-q curves of degree 2? 

intersect two generic quadrics intersect quadric and hyperplane

Good news: the Plücker embedding provides a Khovanskii basis!
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Which lines in 3-space touch q given curves of degree 4, and 4-q curves of degree 2? 
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q degree 4 equations in Plücker coordinates + (4-q) degree 2 equations


size of the matrix

Good news: the Plücker embedding provides a Khovanskii basis!
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Intersecting Chow forms

Which lines in 3-space touch q given curves of degree 4, and 4-q curves of degree 2? 

intersect two generic quadrics intersect quadric and hyperplane

q degree 4 equations in Plücker coordinates + (4-q) degree 2 equations


size of the matrix

Good news: the Plücker embedding provides a Khovanskii basis!

Theorem (Betti, Panizzut, T) 

Gr(k, m), dreg = ∑
i

di − m + 2.   For a complete intersection on
10



Khovanskii bases are hot!

MathComp ‘23
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From kernel to EVP
Construct M(dreg) and let N(dreg) be its kernel(1)

View N(dreg) as a map N : K[X]dreg
→ Kδ(2)

(3) For any degree one form p ∈ K[X]1 , define

h ∈ K[X]1

Np : K[X]d ⟶ Kδ, f ⟼ N(pf )

Set d := dreg − 1.

(4) Pick a random

1

δ = number of solutions
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