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Solving polynomial equations

find (¢,1,) € K? such that
0 = ag+ atit, + atit, + aztits

0 = by+ bityt, + bytit, + bstyt

find u = (i, : u, : u,) € P% such that
aoug + augi U, + azu%uz + a3u1u22

0 =
0 =

b()ug + bluoulu2 + b2l/l121/l2 + b3ull/t22

find x = (x, : - : x3) € X C P3 such that
O = CloXO + al.xl + azxz + a3x3
0 = bo.xO + bl.xl + bzXz + b3X3

X=m(mr (1:1t: t12t2 : llfzz))




Solving polynomial equations

find (1;,1,) € K* such that findx = (x,: -+ : x3) € X C P} such that
0 = ay+ aifit, + aztlztz + a3l‘1t22 — 0 = agxg+ ax; + ayx, + asx,
0 = by + b1ty + bytit, + byt 13 0 = byxy + byx; + byx, + byx,
/ X =im(t - (1: 4t : 21, : {,13))

find u = (i, : u, : u,) € P% such that

0 — Cloug + a1u0u1u2 + Cl21/l121/t2 + Cl31/l11/t22

0 = bOI/tS + b1u0u1u2 + b2l/l12u2 + b3u11/t22
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Solving polynomial equations

find (1, 1)) € K* such that find x = (x,: - : x3) € X C Py such that
0 = ay+aht,+ai, +azht; | —» 0 = ayxy+ a;x; + arx, + aszx,
0 = by + b1ty + bytit, + byt 13 0 = byxy + byx; + byx, + byx,
v X =im(t - (1: 4t 2t 1 {13))
find u = (i, : u, : u,) € P% such that
0 = agug + augi ity + aui, + azuu;

0 = byug + byugu ity + byuiu, + byuus

X{ — XgXpx3 =0



Solving polynomial equations

General strategy:

—

find (1, 1,) € K? such that find x € X c P? such that
0 = apgxy+ ajx; + arx, + aszx;

O = ao + altltz + aztlztz + 6131‘11‘22
0 = boXO + blxl + bzXz + b3X3

0 = b, + b,t,t, + byt2t, + baty 12
0 1f1t2 21%2 3°1%2 X=im(t|—>(1:t1t2:t12fzif1f22))
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Solving polynomial equations

General strategy: EXPENSIVE CHEAP

find (z,,1,) € K? such that find x € X c P su@c_\ /_\ /\

0 = apxp+ a;x; + a,x, + a-x
O = a0+a1t1t2+a2t12t2+a3t1t22 00 I 22 373

0 = byxo+ byxy + by + byxs M(d) N(d) Av = Ay

0 = b, + b,t,t, + byt2t, + baty 12
0 1f1t2 21%2 3°1%2 X=im(t|—>(1:t1t2:t12fzif1f22))

equations generate an ideal [ = (f;, f,) C K[X]

(agxy + ayX; + ayX, + azxs, byxy + byx; + byx, + byxs) C K[X] = KXo, Xy, X5, X31/{x7 — Xpx0%3)

M(d) columns: basis for K[X], : generate 1y

2 2 2 2
Xo XoX1 XX XoX3 Xp XjXp Xy XXz XpX3 X3

Xo X1 Xy X3

(ag a; a, aj \
a a a a . . .
M) = 0 T “o % 5 size: Hilbert function of X
bo bl bz b3 ) a da, aj
o a dy ds d : regularity of K[X]/I
MQ2) = by by by by
bO bl b2 b3
b b, b, by
\ by by b, bs




- find (¢,,1,) € K? such that
acauiay n 1atrices -«

(f1,./5) C K[X]

|
~

— 3
X0, X1, X0, X317 (X — XX %3)

12
~

1o, Loty 1as It Pty Tty 5] =: R



- find (¢,,1,) € K? such that
acauiay n 1atrices -«

(fi..r) C K[X] = K[xy, X, Xy, x3]/(x13 — XpXyX3)

~ K[ty, tot by, ottty Tty 5] =: R

R=EDRs degltf - ft.1) = d
d=0




M) = <

Xo X1 Xy X3

dp d; dyp dj
by b, b, by

)

(f1,./5) C K[X]

I

- find (¢,,1,) € K? such that
acauiay n 1atrices -«

, 3
K xg, X1, X9, X3]/{X; — XpXpX3)

K1y, toti by, Lolity, gty 53] =: R

R=DR: degltf - ft.1) = d

d=0



find (,,1,) € K? such that

Macaulay matrices

(f1,./5) C K[X]

, 3
K xg, X1, X9, X3]/{X; — XpXpX3)

~ K[ty, tot by, ottty Tty 5] =: R

R=EDRs degltf - ft.1) = d
d=0

2 2 % 2
X0 XoXp XoXo XoX3 X[ XXy X XXz XpX3 o X3

\ g d; dy dj )
ap a a, as
/ ap a dp as

X0 A1 X2 A3 M) = by b, b, b,

bO bl bZ b 3
\ by by b, by
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0 = dj,pp+dizpiz+ diypig + dyspas + doypoy + dzypay
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Beyond toric varieties

Sometimes is for free:

Compute all lines in 3-space touching four given lines
findp = (p;, : - : p3,) € Gr(2,4) C P° such that
0 = apip+ a3p13+ A1aPra + AxzPas + Axg Doy + A34P34
0 = b1yp1o+ b13P13+ Diapra + bazpas + baypoy + b3ypsy

0 = c1pp1p + C13P13 + C1aP14 + Cp3P23 + CouDos + C34P34
0 = dj,pp+dizpiz+ diypig + dyspas + doypoy + dzypay

expand in monomials and solve on TVx solve directly on the Grassmannian

_ 2 _ ) .2 0
Po=t—t), Q=8 —b, Py=tih—t, 3=t —b, G,=4Ht;— b, 5= 1

fi =="1¢y+ 109, + 17¢, — 10¢p; — 17¢p, + 16¢ps, o = 200+ 5S¢, + 3¢, + S¢p; — 6, — 6¢)5

find x = (x, : - : x5) € X C P° such that
0 =—"7Txy+ 10x; + 17x, — 10x3 — 17x4 + 16x4
0= 2xy + 5x; + 5x, + 5x3 — 6x;, — 6x;4

X=imito (=t —h: =)



Generalized Macaulay matrices
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Po=t—t) ¢=t—b, G=Hhth—b, (3= —b, Ps=t4Ht; — b, 5=t 1

fi == Ty + 10¢, + 1'lpy — 10¢p; — 11 p4 + 16¢ps, fr = 2¢0+ 5¢1 + 53¢, + S5 — 64 — O¢ps

K[X] = K[x,, ..., x5]1/{5 quadrics, 1 cubic)



Generalized Macaulay matrices

2 _ ) .2 )
Po=t—t) ¢=t—b, G=Hhth—b, (3= —b, Ps=t4Ht; — b, 5=t 1

fi == Ty + 10¢, + 1'lpy — 10¢p; — 11 p4 + 16¢ps, fr = 2¢0+ 5¢1 + 53¢, + S5 — 64 — O¢ps
K[X] = K[x,, ..., x5]1/{5 quadrics, 1 cubic)

Xo X; Xy X3 X4 Xs
)
.,  _ 2x6



Generalized Macaulay matrices

2 2 2 2
Po=t—t) ¢=t—b, G=Hhth—b, (3= —b, Ps=t4Ht; — b, 5=t 1

fi == Ty + 10¢, + 1'lpy — 10¢p; — 11 p4 + 16¢ps, fr = 2¢0+ 5¢1 + 53¢, + S5 — 64 — O¢ps
K[X] = K[x,, ..., x5]1/{5 quadrics, 1 cubic)

Xg X; Xy X3 Xy Xs
19 1 0 1 16

MA)=149 5 5 5 _g _g| 2x6

J 19 90 0 ¢ 1¢ @ 7 0 g 10 15 0 0 0 0 0
0 & ¢ i1 0 10 -—-10 16 0 0 0 0 0 0 0 0
b 16 Iifi 0 0 o 10 1g 0 g 10 16 0 0 0 0
U - 1 2¢ 0 g 10 10 0 0 ¢ I¢ 1y 0 0 1D 0
0 1 U0 10 0 10 0 e 17 0 0. 10 16 0 0 0
M(2) = 0 0 0 0 0 0 0 10 0 0 -« 1y ¢ 0 10 16
0 5! 0 0 2 o —6 0 0 9 —6 0 0 0 0 0
9} 2 10 6 U 9 5 —6 0 0 0 0 0 0 0 0
0 4 15 O 0 -3 1 —6 0 0 o —6 0 0 0 0
j o 10 0 0 —4 4 0 0 2 5! —6 0 3 0 U
J4 o 0 3 g o 12 5 —6 0 0 5! —6 0 0 0
v 0 0 0 0 0 0 5! 0 0 2 5! —6 0 0 0




Generalized Macaulay matrices

2 2 2 2
Po=t—t) ¢=t—b, G=Hhth—b, (3= —b, Ps=t4Ht; — b, 5=t 1

fi == Ty + 10¢, + 1'lpy — 10¢p; — 11 p4 + 16¢ps, fr = 2¢0+ 5¢1 + 53¢, + S5 — 64 — O¢ps
K[X] = K[x,, ..., x5]1/{5 quadrics, 1 cubic)

0
> . [ 2X6

J 19 90 0 4 i 17 0 g 10 15 0 0 0 0 0
0 & ¢ i1 0 10 -—-10 16 0 0 0 0 0 0 0 0
b 16 Iifi 0 0 o 10 1g 0 g 10 16 0 0 0 0
U - 1 2¢ 0 0 10 10 0 0 ¢ I¢ 1y 0 0 1D 0
0 1 U0 10 0 10 0 ¢« 17i 0 0. 10 16 0 0 0
M(2) = 0 0 0 0 0 0 0 10 0 0 -« 1y ¢ 0 10 16
0 5! 0 0 2 o —6 0 0 9 —6 0 0 0 0 0
9} 2 10 6 U 9 5 —6 0 0 0 0 0 0 0 0
0 4 15 O 0 -3 1 —6 0 0 o —6 0 0 0 0
j o 10 0 0 —4 4 0 0 2 5! —6 0 3 0 U
J4 o 0 3 g o 12 5 —6 0 0 5! —6 0 0 0
v 0 0 0 0 0 0 5! 0 0 2 5! —6 0 0 0

need a basis for KI[X],
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R = K[ty ..., 19,1 C K1y, ..., 1,] R is the coordinate ring K[X]
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or SAGBI basis, canonical basis, ...



Grobner Bases

KhovanskKil bases |« cores e

Bernd Sturmfels

R = K[ty ..., 19,1 C K1y, ..., 1,] R is the coordinate ring K[X]

Definition: #y@Pgs - - -» lgPy is a Khovanskii basis for R with respect to < if

R ., = Klin_(#y¢y), ..., 1n_({x@,)] = 1n_(R)

or SAGBI basis, canonical basis, ...

2 _ _ 2 _ 2 _ 2
Go=t—b, ¢1=t b, p=hh—h, G:3=1~h, Gs=4~h, ¢s=1lhHL—1h

t3 t1t3 +to

t1to t%tg q//. o o O

"\/ t2
t1 t%
. f d: 0
t |




Grobner Bases

KhovanskKil bases |« cores e

Bernd Sturmfels

R = K[ty ..., 19,1 C K1y, ..., 1,] R is the coordinate ring K[X]

Definition: #y@Pgs - - -» lgPy is a Khovanskii basis for R with respect to < if

R ., = Klin_(#y¢y), ..., 1n_({x@,)] = 1n_(R)

or SAGBI basis, canonical basis, ...
=t —1 =17 —t =1t —t =t —t, Qo=tt:—1t, =11t —1
¢0—_1 25 ¢1—_2 25 452—1_2 25 ¢3—_1 22 Pa=Uhly =h, Ps=4LL—Dh

t3 t1t3 +to

- 35
(;"
\// t2
t1 t%
: T d: 01 2 3
2 HFgx(d): 1 6 16 31

For each dot at level d, it is easy to construct a basis monomial of K[X],



Equations on a del Pezzo surface

2 0 0 0
Po=t—b, Q=8 —b, Pr=Hlh—b, 3=t —b, Q,=H4t; -1, @s=tH—1t

fi == T¢g+ 10¢, + 17¢, — 10¢p; — 17 ¢, + 1645, fr = 200+ 5¢1 + 5¢p, + S35 — 6¢h, — 6¢p5

OSCAR

d =2; p=9716633; K = GF(p)

R, (t1,t2) = PolynomialRing(K, ["t1";"t2"])

¢ = [t1-t2; t272-t2; t1xt2-t2; t172-t2; t1xt272-t2; t172xt2-t2]
S, x = PolynomialRing(K, ["x$i" for i = 1:1length(¢)])

= [-7 10 17 -10 -17 16;2 5 5 5 -6 -6]*0¢;
degs_f = [1;1]; dreg = sum(degs_f)+1;
leadexps = [leadexp(h, [-2;-1]1) for h in @]
Mul = get_commuting_matrices(f,dreg,degs_f,o,K, (t1,t2), leadexps)




Equations on a Bott-Samelson threefold

fi — 1 + tl + t2 + t3 + t1t3 + t2t3 + tl(t1t3 + tz) + tz(t1t3 + tz)
= 1=2t4+3t, — 41 + 5t1t; — 60,15 + Tt (115 + 1,) — 8t (1113 + 1))
=243 +5,+ T+ 1145+ 136, + 171155 + 1) + 194,(4155 + 1)

Okounkov bodies and toric degenerations Numerical homotopies from Khovanskii bases
Authors: Dave Anderson Authors: Michael Burr, Frank Sottile, Elise Walker
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Equations on a Bott-Samelson threefold

fi=l+H+b+H+HG+ 65+ 4(HG+5) + LG + 1) X c P’
= 1=2t4+3t, — 41 + 5t1t; — 60,15 + Tt (115 + 1,) — 8t (1113 + 1)) c\
£ = 243t 4+ 5t + Tt + 111115 + 1361, + 171, (111, + 1) + 196,(41; + 1) ( )QCI:\I ‘
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Okounkov bodies and toric degenerations Numerical homotopies from Khovanskii bases
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Equations on a Bott-Samelson threefold

fi=l+H+b+H+HG+ 65+ 4(HG+5) + LG + 1) X c P’
= 1=2t4+3t, — 41 + 5t1t; — 60,15 + Tt (115 + 1,) — 8t (1113 + 1)) c\
£ = 243t 4+ 5t + Tt + 111115 + 1361, + 171, (111, + 1) + 196,(41; + 1) ( )QCI:\I a

K =QQ; R, (t1,t2,t3) = PolynomialRing(X, ["t1";"t2";"t3"])
¢ = [t170; t1; t2; t3; ti1xt3; t2*t3; tilx(tl*t3+t2); t2*(t1*t3+t2)]

f=[11111111;1-23-45-67-8; 2357 11 13 17 19]x*¢

degs_f = [1;1;1]; dreg = 3; leadexps = [leadexp(h,[0;-1;0]) for h in ¢]
sols = solve_Khovanskii(f,dreg,degs_f,o,(t1,t2,t3),leadexps)
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Equations on a Bott-Samelson threefold

fi=l+H+b+H+HG+ 65+ 4(HG+5) + LG + 1) X c P’
= 1=2t4+3t, — 41 + 5t1t; — 60,15 + Tt (115 + 1,) — 8t (1113 + 1)) c\
£ = 243t 4+ 5t + Tt + 111115 + 1361, + 171, (111, + 1) + 196,(41; + 1) ( )QCAI *

K =QQ; R, (t1,t2,t3) = PolynomialRing(K, ["t1";"t2";"t3"])
¢ = [t170; t1; t2; t3; ti1xt3; t2*t3; tilx(tl*t3+t2); t2*(t1*t3+t2)]

f=[11111111;1-23-45-67-8; 2357 11 13 17 19]x*¢

degs_f = [1;1;1]; dreg = 3; leadexps = [leadexp(h,[0;-1;0]) for h in ¢]
sols = solve_Khovanskii(f,dreg,degs_f,o,(t1,t2,t3),leadexps)

-> 6 solutions

Vol =10 Vol =6

Okounkov bodies and toric degenerations Numerical homotopies from Khovanskii bases

Authors: Dave Anderson Authors: Michael Burr, Frank Sottile, Elise Walker
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Theorem (Hilbert-Serre)

There exists an integer [, such that, forall ¢ > [, the Hilbert function is given by

deg X
(dim X)!

lower order terms.



Complete intersections

I={(f,...f.Y CKIX], VoD =Z={z,....2.)

dieco = 2nd smallest d such that I, = I(Z), and HFyy,(d) =17

Theorem (Hilbert-Serre)

There exists an integer [, such that, forall ¢ > [, the Hilbert function is given by

deg X
(dim X)!

HF g x(d) = HPgx(d) = d"™X +  |ower order terms.

Theorem. If X is arithmetically Cohen-Macaulay, then

drog < Y deg(f) + L+ 1
i=1



Intersecting Chow forms

Good news: the Plicker embedding provides a Khovanskii basis!
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Intersecting Chow forms

Good news: the Plicker embedding provides a Khovanskii basis!

Which lines in 3-space touch g given curves of degree 4, and 4-g curves of degree 27

intersect two generic quadrics intersect quadric and hyperplane

q degree 4 equations in Pllcker coordinates + (4-qg) degree 2 equations

q | # solutions dreg HFx(dreg) # equations tQ tFoy71 6633
0 32 6 336 4 39s 4s

1 64 8 825 4 711s 365
2 128 10 1716 4 6833s 247s
3 256 12 3185 4 55319s 13365
4 512 14 5440 4 X HH72s

Table 2: Computational results for intersecting Chow forms on Gr(2,4).
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q degree 4 equations in Pllcker coordinates + (4-qg) degree 2 equations

q | # solutions  dreg HF gix(dreg): # equations tQ tFoy71 6633
0 32 6 336 4 39s 4s

1 64 8 825 4 711s 365
2 128 10 1716 4 6833s 247s
3 256 12 3185 4 55319s 13365
4 512 14 5440 4 X HH72s
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Intersecting Chow forms

Good news: the Plicker embedding provides a Khovanskii basis!

Which lines in 3-space touch g given curves of degree 4, and 4-g curves of degree 27

intersect two generic quadrics intersect quadric and hyperplane

q degree 4 equations in Pllcker coordinates + (4-qg) degree 2 equations

q | # solutions dreg HF gx1(dreg): # equations tQ tFo716633
0 32 6 336 4 39s 4s

1 64 8 825 4 711s 30s
2 128 10 1716 4 6833s 247s
3 256 12 3185 4 H5319s  1336s
4 512 14 5440 4 X HoT72s

Table 2: Computational results for intersecting Chow forms on Gr(2,4).

Theorem (Betti, Panizzut, T)

For a complete intersection on  Gr(k,m), d,., = Z d,—m+2. 0
l. 1



Khovanskil bases are hot!

3. arXiv:2306.07897 [pdf, ps, other] cond-mat.soft math-ph nlin.PS physics.class-ph

Khovanskii bases for semimixed systems of polynomial equations -- a case of
approximating stationary nonlinear Newtonian dynamics

Authors: Viktoriia Borovik, Paul Breiding, Javier del Pino, Mateusz Michatek, Oded Zilberberg

4. arXiv:2302.12473 [pdf, ps, other] cs.MS
SubalgebraBases in Macaulay2

Authors: Michael Burr, Oliver Clarke, Timothy Duff, Jackson Leaman, Nathan Nichols, Elise Walker
10. arXiv:2208.08179 [pdf, other]

The Algebraic Degree of Coupled Oscillators

Authors: Paul Breiding, Mateusz Michatek, Leonid Monin, Simon Telen

11. arXiv:2208.05258 [pdf, ps, other] math.CO

Discrete geometry of Cox rings of blow-ups of P

Authors: Mara Belotti, Marta Panizzut
15. arXiv:2206.07838 [pdf, ps, other]

Generic root counts and flatness in tropical geometry
Authors: Paul Alexander Helminck, Yue Ren

29. arXiv:2008.13055 [pdf, ps, other]

Numerical homotopies from Khovanskii bases — MathComp ‘01
Authors: Michael Burr, Frank Sottile, Elise Walker

Thank you!



From kernel to EVP

(1) Construct M(d..,) andlet N(d,,) be its kernel

cg cg

(2) View N(d,,) asamap N:K[X], — K°

ce reg

(8) Set d:=d.,— 1. For any degree one form p € K[X], , define
N,:K[X],— K° f+— N(pf)

(4) Pick arandom h € K[X],

Theorem 4.5. With the above assumptions and notation, there exists a subspace B C
K| X|q such that the restriction (Ny) g is invertible. Moreover, for any p € K[X]|,, the

eigenvalues of (Nh)|_B1 o (Np)p: B — B are % (z), for z € Vx(I).
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