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Long time behavior of the volume of the Wiener
sausage on Dirichlet spaces

Kazuki Okamura*

In this talk, we consider the long time behavior of the volume of the Wiener
sausage on Dirichlet spaces. Here the Wiener sausage W, . is the e-neighborhood of
the trajectory of a process until time ¢t. We focus on the volume of W, ., denoted by
Vi.e, for diffusion process on metric measure space other than the Euclid space. We
review known results. Chavel-Feldman [CES6-1, CE86-2, CE86-3] considered V.
for Brownian motion on Riemannian manifolds. [CES6-1] shows radial asymptotic
results (i.e. € — 0) on hyperbolic 3-spaces, and a time asymptotic result on Rieman-
nian symmetric spaces of non-positive curvature. [CER6-2] shows radial asymptotic
results on complete Riemannian manifolds for the dimension d > 3. [CER6-3] shows
a radial asymptotic result for the Wiener sausage of reflected Brownian motion on a
domain in RY,d > 2. Sznitman [Sz8Y] obtained a time asymptotic result of negative
exponentials of Brownian bridge on hyperbolic space, similar to Donsker-Varadhan
[DV75]. Chavel-Feldman-Rosen [CEFRYT] obtained second order radial asymptotic
result for 2-dimensional Riemannian manifold, extending Le Gall’s expansion [Le&8,
Theorem 2.1] in R?. Recently, Gibson-Pivarski [GPTH] obtained a time asymptotic
result similar to [DV75] for diffusions on local Dirichlet spaces.

Our results are time asymptotics for the volume of the Wiener sausage on non-
symmetric spaces. First, we will give growth rate of the means on some spaces
containing some fractal spaces such as infinite Sierpinski gaskets and carpets. (We
state it later.) Second, we will show that the exact growth rate of the means on
“finitely modified” FEuclidian spaces is identical with the one of the original Euclidian
space. Third, we will give an example of a space on which the sequence of the means
largely fluctuates. Some analogous results for a discrete framework, specifically,
range of random walk on graphs, were obtained by [OT4]. Difficulties are that we
cannot use symmetries and scalings of spaces and processes. On the Euclid spaces,
by Brownian scaling, time asymptotic results can be derived from radial asymptotic
results. The time asymptotic results in [Sp64] and [CES6-1] uses such symmetries
and scalings of spaces and processes.

Now we state our framework and one of our main results. Let (M, d) be a
metric space. Assume that any open ball is relatively compact. Let u be a Borel
measure on M such that for any relatively compact open subset U of M, 0 <
w(U) < w(U) < +oo. Here U is the closure of U. Let (£, F) be a strongly-local
regular symmetric conservative Dirichlet form on L?*(M, pu) and (X, P*) be the
associated Hunt process. We call a pair (M, d, u, £, F) a metric measure Dirichlet
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space. Let B(x,r) := {y € M : d(x,y) < r}. For a Borel measurable set B, let
Tp :=inf{t > 0: X; € B}. Let the volume of the Wiener sausage:

Vie=Vie(X):=p | | B(X..¢)

f =< g if and only if there are two constants ¢ and C such that cg(z) < f(x) < Cg(z)
for any x.

Theorem 0.1 (Growth rates). Fiz e > 0. Assume the following:
(i) There is C > 0 such that for any r € [0,€),

< i .
ng\g V(z,r) < Cxlélz\f;l V(z,r)

(i1) There are an increasing function f(t) and constants c; € (0,1),c0 > 1,¢3,¢4 >0
such that

t
csf(t) < / p(s,z,y)ds < cgf(t), t>1,ce <d(z,y) < cae.
0

Then, there exist constants Cy,Cy depending on € such that for any x € M,

E*[Vie .. E* [V, ]
A SR ey < O

The assumptions in the above result are satisfied if the following hold:

(Ahlfors regularity) (V,,): There exist Cy, Cy such that Cyr® < V(z,r) < Cor®
holds for any z, r € (0,€).

fHK((3): There exist ¢;, 1 < i < 4, such that for any ¢t > 0,2,y € M,

/(B-1)
€1 d(l’,y)ﬁ '
= _ I <
V(:E,tl/ﬂ) €xXp < Co ( n = p<t7x7y)

/(8-1)
C3 d(l‘,y)ﬂ !
<8 ey [ ,
= Vi, 07) exp( ( t

Then, for t > 1,
ft)=1 a>p,

f(t) =logt, a=p,
ft)y =t o < p.
Other results will be stated in talk.

Cy < liminf
t—o0
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Scaling limits of stochastic processes
associated with resistance forms

D. A. Croydon (University of Warwick)

NB. This talk is based on the preprints [1] and [2]; the latter work is joint with
B. M. Hambly (University of Oxford), and T. Kumagai (Kyoto University).

The connections between electricity and probability are deep, and have pro-
vided many tools for understanding the behaviour of stochastic processes. In
this talk, I will describe a new result in this direction, which states that if a
sequence of spaces equipped with so-called ‘resistance metrics’ and measures
converge with respect to the Gromov-Hausdorff-vague topology, and a certain
non-explosion condition is satisfied, then the associated stochastic processes
also converge. This result generalises previous work on trees, fractals, and
various models of random graphs. Moreover, it is useful in the study of time-
changed processes, including Liouville Brownian motion, the Bouchaud trap
model and the random conductance model, on such spaces. I further conjec-
ture that the result will be applicable to the random walk on the incipient
infinite cluster of critical bond percolation on the high-dimensional integer
lattice.

To present the main result, the objects of study will now be introduced
in more detail. A resistance metric on a space F is a function R : F' x F' —
R such that, for every finite V' C F'| one can find a weighted graph with
vertex set V' (here, ‘weighted’ means edges are equipped with conductances)
for which R|y«y is the associated effective resistance; this definition was
introduced by Kigami in the study of analysis on low-dimensional fractals,
see [3] for background. We write I for the collection of quadruples of the
form (F, R, u, p), where: F'is a non-empty set; R is a resistance metric on F'
such that closed bounded sets in (F, R) are compact (note this implies (F, R)
is complete, separable and locally compact); u is a locally finite Borel regular
measure of full support on (F, R); and p is a marked point in F'. Note that
the resistance metric is associated with a so-called ‘resistance form’ (&£, F)
(another concept introduced by Kigami, see [3, 4]), and we will further assume



that for elements of F this form is ‘regular’. Whilst we do not give precise
definitions for this terminology here, we note that it ensures the existence
of a related regular Dirichlet form (£,D) on L*(F,u), which we suppose
is recurrent, and also a Hunt process ((Xi)i>o0, (Pr)zer). Writing Bgr(p, )
for the ball of radius r in (F, R) centred at p, and R(p, Br(p, 7)) for the
resistance from p to the complement of Bg(p,7), we then have the following.
Note that the condition at (1) below ensures non-explosion, and is natural
in the context of recurrent processes.

Theorem 1 Suppose that the sequence (F,, Ry, tin, pn)n>1 in F satisfies

(Fn7 an Ko pn) — (F, R, s p)

in the Gromov-Hausdorff-vague topology for some (F, R, u,p) € F, and also
it holds that
lim limsup R, (pn, Br,, (pn, 7)) = 0. (1)

7= n—oo

It is then possible to isometrically embed (F,, Ry,)n>1 and (F, R) into a com-
mon metric space (M,dy) in such a way that

P;; ((th>t20 = ) — B, ((Xt)tzo = )

weakly as probability measures on D(R,, M) (that is, the space of cadlag
processes on M, equipped with the usual Skorohod Ji-topology), where we
have denoted by ((X7")i>0, (Pl)zecr,) the Markov process corresponding to

(Fna Ry, pin, pn)'
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Central limit theorems for non-symmetric random walks on
nilpotent covering graphs

Ryuya Namba (Okayama Univ.) e-mail: sc422113@s.okayama-u.ac.jp
(Joint work with S. Ishiwata (Yamagata Univ.) and H. Kawabi (Okayama Univ.))

As a fundamental problem in the theory of random walks (RWs), Donsker’s invariance prin-
ciple or the functional central limit theorem has been studied intensively and extensively. In
particular, Ishiwata, Kawabi and Kotani [2] studied this problem for non-symmetric RWs on a
crystal lattice from a viewpoint of discrete geometric analysis initiated by Sunada [3]. On the
other hand, Ishiwata [1] also discussed this problem for symmetric RWs on a nilpotent covering
graph X, a (locally finite and connected) covering graph of a finite graph Xy whose covering
transformation group I' is a torsion free and finitely generated nilpotent group. In this talk,
we consider a class of non-symmetric RWs on X and discuss Donsker’s invariance principle for
them as an extension of [1, 2].

Let X = (V, E) be a nilpotent covering graph. Here V is a set of all vertices and E a set
of all oriented edges in X. For e € E, we denote the origin, terminus and inverse edge of e by
o(e),t(e) and €, respectively. E, := {e € E|o(e) = z} denotes the set of all edges whose origin
is € V. In the following, we introduce basic materials for RWs on X. Now let p : E — (0, 1]
be a (I'-invariant) 1-step transition probability and {w,}52, a RW on X associated with p. We
may also consider the RW {m(wy)}>2, on the quotient Xy = (Vp, Ey) due to the I'-invariance of
p. Here m: X — X is a covering map. Let m : Vj — (0, 1] be a normalized invariant measure
on X( and we also write m : V. — (0, 1] for the I'-invariant lift of m to X. Let H;(Xo,R) and
H'(Xp,R) be the first homology group and the first cohomology group of X, respectively. We
define the homological direction of the RW on Xo by v := > cp, p(e)m(o(e))e € Hi(Xo,R).
We call the RW on Xq (m-)symmetric if p(e)m(o(e)) = p(e)(t(e)) (e € Ep). It easily follows
that the RW is (m-)symmetric if and only if 7, = 0.

Thanks to the celebrated theorem of Maléev, we find a connected and simply connected
nilpotent Lie group G such that I' is isomorphic to the lattice in G. In what follows, we always
assume that G is free of step 2. Namely, its Lie algebra g has the direct sum decomposition
of the form g = g @ g® = g @ [g(l),g(l)]. Now we take a canonical surjective linear map
pr : Hi(Xo,R) — g through n. By the discrete Hodge Kodaira theorem, an inner product

(w.mp =Y pleym(o(e))w(e)n(e) — (w, ) (n,7p) (w,n € H' (X0, R))
ecFEy

associated with the transition probability p is induced from the space of (modified) harmonic
1-forms on X to H!(Xg,R). Using the map pg, we construct a flat metric gy on g from the



inner product ((-, -)), and this is called the Albanese metric. A periodic realization &g : X — G
is said to be modified harmonic if

Z p(e)log <‘I’0 (0(6))71 - ®g (t(e))>

EEEI

=Py (e V), 0
The quantity on the right-hand side of (#) is called the asymptotic direction. It should be noted
that v, = 0 implies pr(7,) = Og, however, the converse does not hold in general.
We fix a reference point z, € V and take a modified harmonic realization &g : X —
G such that ®p(x,) = 1g. Now consider the RW on g given by =, := log (<I>0(wn)) (n =
0,1,2,...) and the sequence of G-valued continuous stochastic processes {y.(")};;ozo given by
t(") = Tn_l/z(exp(%ffn))) (t € [0,1]). Here 7. (0 < ¢ < 1) is the dilation operator acting on
G and %gn) 1= By + (0t — [nt])(E[nt]H — E[nt]). Let {V1,...,V4} be an orthonormal basis of
(81, go). We note that {[V;,V;] : 1 <i < j <d} forms a basis of g® by the assumption that

G is free. Here we put
B(®0) = 3 ple)m(ofe)) lox (®o(0(e)) - @o(t(e)) )| , = D0 B(@0)YVi.Vi] € o

ecEyp 1<i<j<d

Note that 7, = 0 = B(®g) = 04. Let (Y7)¢>0 be the G-valued diffusion process starting from
the unit 15 which solves a stochastic differential equation

dY; = Y Vi(Yz) 0 dBj + B(®o)(Y3) dt,

1<i<d

where (By)i>0 = (B}, ..., Bf);>0 is an R%valued standard BM. Let A := (1/2) di<i<d V2 +
B(®p) be the infinitesimal generator of (Y;);>0. Then we obtain

Theorem. Assume pr(yp) = 04. Fort >0 and f € C(G), we have

X
lim HL[nﬂPnflmf — Py apetAf H =0

n—oo
Moreover, we obtain (yt("))tzo = (Yi)i>0 in C14([0,1];G) as n — oo.

If time permits, we will discuss a rough path theoretic interpretation of this theorem and
give an example of a RW on a nilpotent covering graph with I' = H?(Z).
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Exponents for the number of high points of simple
random walks in two dimensions

Izumi OKADA (Tokyo institute of Technology)*

1. Introduction

000000000 (00000)0000000gooo (SRW)O local timed OO
O00000000.00000000000 favorite point (SRW O local time 0O 0O O
00000000000)0000000000O0O000OOODO.0DDoDOoooOoODOO
00O favorite domain (00000000 SRWO local time DO00O0O00000)00
OO0000. 00000000000 000 A.Dembo, Y.Peres, O.Zeitouni, J.Rosen
O0O00000 [2)00 favorite point O local time D00 000000000000
gboboooooobboobbuooobobboooonoobog.

2. Known results

local time O K(n,z) =Y 15,2y 00000. 00007, :=inf{m >0:|S,| > n}
O00. 0000 ADembo O0OO0OO00O0O [1]DDDDDDDDDDDZZDD SRW
ogoooo

maxgeze K(7,,x) 4

lim

et (log n>2 a.s.

OO000D0000<a<100000a-favorite points 0O O0OOOOOOOOOO

4oy

U, (a) = {x €7 K(t,x) > ?(logn)Z}.

Oo000;eNODOOOOODODDOOOOO
(21, .0y 25) € Upla) : d(zy, ;) < nP for any 1 <41 < 5}

0000000000 j=100000000 3y>200000000. j>20
OO000Green U0 OOD0OO0ODOOO0OOOOOODOODOOOOODOODODOOODO
OO0D00O0000DbO0b0o0b00oDo0.oogbGreen 00O OobOOOOOoDODO
0000000000000 0000O00000O0O00O0O00UUbODODO (DoboDoo
000000) 0000000000000 0000o0oO00D0oooOoooUoooO
oo.

O000000D00<a< 100000 favorite domain OO0 OO0 0O

Rjn(a) = {(zy1,...,7;) € (Z*) : ZK(Tn,xi) > Zk%(lognf}.

3. Main result
favorite domain 0 OO0 0 OO0 OOOOOOOO.

This work was supported by JSPS KAKENHI (15J11183).
2010 Mathematics Subject Classification: 60G.
Keywords: simple random walk, local time.
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Theorem 3.1 (0.2016). 0 <, < 1000000000000

lim log E[[{(z1, ..., zj) € Rjn() : d(x;, ;) <nf for any 1 <i,1 < j}]
n—oo logn

= ﬁj(‘%ﬂ)'

gooo

2420 - DB — gt (B<1+59),

j—

2(j +1-2Vja) (B >1+49).

O0D000000Green0D0000O00OO00ODOOO0OODOOODOO favorite domain
OO000000bO0Doooooob0obO. bgdb0dGreen DOODOOOOoOoOO
O00000000000000000000000000000000000OO (OO
0000)000000000000000Green0000000O0O0O0O0OODODOO
obooboobooboobobo.obobooboobobboobooboobo
favorite domain 0 00 0000000 O0OOO.

%

ﬁj(avﬁ) = {
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MAXIMAL EDGE-TRAVERSAL TIME IN FIRST PASSAGE PERCOLATION

SHUTA NAKAJIMA

First passage percolation (FPP) was first introduced by Hammersley and Welsh in 1965. It can
be thought of as a model for the speed to percolate some material. In this talk, we focus on the
maximal edge-traversal time of optimal paths in FPP and investigate the order of the growth. We
shall give precise definitions below.

Let E(Z?) be the set of undirected nearest-neighbor edges. We place a non-negative random
variables 7. on each edge e as the passage time. Assume {7.}.cp(zq) are i.i.d. random variables
with distribution F. We say I' = {;}f_, C Z% is a path from z to y (we write I' : © — )
if 7o = =, 2 = y and |v; — x;_1)s = 1 for i = 1,--- k. Given a path T' = {z;}F_,, the
passage time of T is defined as #(I") = Zle T{z,_1,2;} and we set first passage time T'(z,y) as
T(z,y) = infr.,—, t(T) for z,y € Z%. Let Opt, be the set of optimal paths from origin to ne; and
E() = max{7y, |2} 1 <i<k}for T'={z;}F € Opt,.

Let F be the infimum of the support of F' and p.(d), p.(d) the critical probability of d-dim
percolation, oriented precolation model, respectively. Then F' is said to be useful if either holds;
(i) £=0, F({0}) <pc(d), (ii) £ >0, F{E}) < pe(d).
It is easy to check that if F' is useful, Opt, is not empty almost surely. It is known from the

result of van den Berg and Kesten in [1] that if F' is unbounded and useful,

min E(T) - o0 a.s.
T'eOpt,,

Our purpose is to investigate the actual order of the growth of Z(Opt,,).

Theorem 1. Suppose d > 2, F is useful, and there exist a > 1, ¢1 — ¢4, t1, © > 0 such that for
any t > t, cre= ! < F([t,at]) < cse4t". Then, there exists K > 0 such that,

-1 n = =
P (K ar) < i S0 < e S0) < K () =1,

n

where, we set

-

(logn)T+r if0<r<d-—1
(logn) (log logn)%2 ifr=d-1
far(n) =< (logn)d ifd—1<r<d
(logn)i(loglogn)~a  ifr=4d
(logn)+ ifd<r.

Theorem 2. Suppose d > 2, F is useful, E[r2] < oo and there exist 0 < «, ¢, t; and a > 1 such
that for any t > t1, F([t,at]) > ct=*. Then, there exists K > 0 such that,

1 1
P(r1—2" < min )< max EC) < K—2" ) 51
loglogn — reopt, reOpt,, loglogn
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On mean-field approximation of particle systems
with annihilation and spikes

TOMOYUKI ICHIBA !

On a filtered probability space let us consider the following interactions of N (> 2) Brownian
particles each of which diffuses on the nonnegative half line R, and is attracted towards the
average position of all the particles. When a particle 7 attains the boundary 0, it is annihilated
(default) and a new particle (also called 7) spikes immediately in the middle of particles. More
precisely, let us denote by X; := (X}, ..., X}V) the positions of these particles, where X} (> 0)
is the position of particle i at time ¢ > 0 for 4 = 1,..., N. With the average X, := (X} +
-+ X))/ N the dynamics of the system is determined by

) . t R . t__ . 1 ,
Xi = X5+/ b(X;,XS)derWt“r/ Xs_<dM;——ZdMg>; t>0,
0 0 N ji
_ 1
X (D

N

M} = Zl{ﬂiﬁt}’ T = inf{s >Tio o XL — (M? — M) < O},

k=1 j#i
fori =1,...,N, ke N,where W, := (W},... , W}N), ¢t >0 isan N -dimensional Brownian
motion, Mg is the cumulative number of defaults by time ¢ > 0, T]i is the k -th default time with
75 = 0 of particle i. Here we assume that b : R — R is (globally) Lipschitz continuous, i.e.,

there exists a constant x > 0 such that
|b(x1, my) — b(xe, my)| < /<;(|:1:1 — To| + |my — m2|) 2)

for all xq, x5, m1, my € Ry, and we also impose the condition
N
> b, E) =0 (3)
i=1

forevery z:= (z',...,2") e RY and T := (' +--- + ") / N on the drift function b(-,-).

Given a standard Brownian motion W. we shall consider a system X. := (X! ... XV),
M. = (M, ..., MY)) described by (1) with (2)-(3) on a filtered probability space (2, F,F,P)
with filtration F := (F,,¢ > 0). In particular, we are concerned with (1) that there might be
multiple defaults at the same time with positive probability, i.e.,

P(3(4,5) 3t € [0,00) suchthat X; = X/ = 0) > 0.

We shall construct a solution to (1) with a specific boundary behavior of defaults until the
time 7o := inf{s > 0 : maxj<;<y X! = 0}. Let us define the following map ®(z) :=
(®'(z),..., 2N (x)) : [0,00)Y — [0,00)" and set-valued function I' : RY — {1,... N}
defined by I'g(z) := {i € {1,...,N}: 2" = 0},

k _ k
Teii(z) = {z’e{l,...,N}\UFg(x) : xi—%‘uu(;ﬂ)‘ go}; k=0,1,2,...,N -3
/=1 /=1

! Department of Statistics and Applied Probability, South Hall, University of California, Santa Barbara, CA 93106
(E-mail: ichiba@pstat.ucsb.edu). Research supported in part by the National Science Foundation under grant NSF-
DMS-13-13373 and DMS-16-15229. Part of research is joint work with Romuald Elie and Mathieu Lauriere.



12

['(z) := U [h(z), @(z):=2"+7 ((1 + %) “Lier@)y — N |F(95)|) “4)

for z = («',...,2V) e RY, i =1,...,N with 7 := (z' +---+2n) /N > 0. Note that
©([0,00)"\ {0}) <€ [0,00)"\ {0} and ®(0) = 0 = (0,...,0).

Lemma 1. Given a standard Brownian motion W. and the initial configuration X, € (0, 00)"
one can construct the process (X., M.) which is the unique, strong solution to (1) with (2), (3) on
[0,70], such that if there is a default, i.e., |I'(X;_)| > 1 at time t, then the post-default behavior
is determined by the process with X} = ®(X,_) fori = 1,...,N.

Now let us discuss the system (1) with (2)-(3) as a mean-field approximation for nonlinear
equation of MCKEAN-VLASOV type. For the sake of concreteness, let us assume b(z,m) =
—a(zr —m), x,m € [0,00) for some a > 0. By the theory of propagation of chaos (e.g.,
TANAKA (1984), SHIGA & TANAKA (1985) and SZNITMAN (1991)) as N — oo, the dynamics
of the finite-dimensional marginal distribution of limiting representative process is expressed by

t t
X, = Xo—a/ (X, —E[Xt])derWtJr/ E[X, Jd(M, —E[M): t>0, (5
0 0

where . is the standard Brownian motion, M; := > /7, k< 8 = inf{s > ¢ 1. x,_ <

0}, k> 1, 7° = 0. Then taking expectations of both sides of (5), we obtain E[X;] = E[X,],
t > 0. When &) = z( a.s. for some xy > 0, substituting this back into (5), we obtain

t
X, = Xo—a/(XS—Xo)derWtJrXo(Mt—]E[Mt]); £>0.
0

Transforming the state space from [0, 00) to (—o0,1] by X, := (zo — X,) / xg, we see

~ —

t
Xt:—/aXst—FWt—Mt—}-E[/\/lt], tZO, (6)
0

where we denote W. = . / o, M. = M..
This transformed process X. is similar to the nonlinear MCKEAN-VLASOV-type stochastic
differential equation

~ ~ t ~ — — —_
Xt = XO + / b(XS)dS + Wt — Mt + O[]E[Mt] ) t Z 0, (7)
0

studied by DELARUE, INGLIS, RUBENTHALER & TANRE (2015 a,b). Here )?0 <1l,a€(0,1),
b : (—oo,1] — R is assumed to be Lipschitz continuous with at most linear growth. W. is
the standard Brownian motion, M. = Sorey Lzrey with 78 = inf{s > 7"7! : X,_ > 1},
kE>1,7° = 0. When we specify 2?0 =0, b(z) = —azx, € R, ,and o = 1, the solution
(/'E, M\ .) to (7) reduces to the solution (z’?, M .) to (6), however, the previous study of (7) does
not guarantee the uniqueness of solution to (7) in the case o = 1.
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Proposition 1. Assume zo > 1 and b(x,m) = —a(z —m), xz,m € [0,00) for some a > 0.
There exists a unique strong solution to (6) on [0, T|. Moreover, for every T > 0, there exists a
constant ¢ such that every solution to (6) satisfies (d/dt)E[M,| < cp for 0 <t <T.

The proof is based on a fixed point argument. For example, when a = 0, we may reformulate
the solution (X', M.) in (6) as

§t=2+ﬂt=Wt+E[ﬂt], ]\Z:LSUP(Z\s)+J; t>0, (8)

0<s<t

—

where |x] is the integer part. Given a candidate solution e, for E[M,], ¢t > 0, we shall consider

Zf =W, +e, M\f = | sup (Zf)ﬂ, t>0, )

0<s<t

where the superscripts e of Z¢ and /\//\l? represent the dependence on e.. Then uniqueness of
the solution to (6) is reduced to uniqueness of the fixed point e¢* = 9. (e*) of the map I :
C(R+7 R+) — C(R+, R+) defined by

My(e) := B[ sup (Z)*|] = EIM]; t>0. (10)
0<s<t
By utilizing the monotone property of the map 91, and the first passage time distribution for
diffusions, we show contraction and then find a unique fixed point in the class of continuously
differentiable, nonnegative functions bounded by a linear line with slope 1/ .

It follows from Proposition 1 that the propagation-of-chaos result holds for the reformulated
solution (Z., M.) from the original X. in (1). Thus we have the following.

Proposition 2. Under the same assumption as in Proposition 1, forevery k > 1, { > 1, t1,...1y,
as N — oo the vector (ij,ij), 1<i<k,1<j </ defined from (1) converges towards
the finite dimensional marginals at times t,,...,t, of k independent copies of (X., M.) in (5).

We shall also discuss the invariant distribution of X in (5) and relation to the mean field games.
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Recent progress on conditional randomness
Hayato Takahashi'

The set of Hippocratic random sequences w.r.t. P is defined as the com-
pliment of the effective null sets w.r.t. P and denote it by RY. In particular
if P is computable it is called Martin-Lof random sequences.

Lambalgen’s theorem (1987) [9] says that a pair of sequences (z°°,y*>°) €
02 is Martin-Loéf (ML) random w.r.t. the product of uniform measures iff
x> is ML-random and y*° is ML-random relative to x*>°, where  is the
set of infinite binary sequences. In [10, 5, 6, 7], generalized Lambalgen’s
theorem is studied for computable correlated probabilities.

Let S be the set of finite binary strings and A(s) := {sz>®[z> € Q}
for s € S, where sz is the concatenation of s and z*°. Let X =Y = Q
and P be a computable probability on X x Y. Px and Py are marginal
distribution on X and Y, respectively. In the following we write P(z,y) :=
P(A(z) x A(y)) and P(zly) := P(A(z)|A(y)) for z,y € S.

Let R” be the set of ML-random points and R} := {z> | (2>,y>) €
RF}. In [5, 6], it is shown that conditional probabilities exist for all random
parameters, i.e.,

Ve e S, y>* e RTY P(z|y™) = l_1>m P(z|y) (the right-hand-side exist)
Y=y

and P(-|y>) is a probability on (2, B) for each y> € RY.
Let RPCI¥™)Y™ be the set of Hippocratic random sequences w.r.t. P(-|y>)
with oracle y*°.

Theorem 1 ([5, 6, 7]) Let P be a computable probability on X xY . Then
Régoo D RIPCWZIVT for all y>© € RTY. (1)

Fiz y>© € RYY and suppose that P(-|y™) is computable with oracle y™.
Then

RE. = RP(W™)0™, 2)

hayato.takahashiQieee.org
This work was done when the author was with Gifu University and supported by KAK-
ENHI (24540153).
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It is known that there is a non-computable conditional probabilities [4]
and in [2] Bauwens showed an example that violates the equality in (2)
when the conditional probability is not computable with oracle y*°. In [8],
an example that for all y°°, the conditional probabilities are not computable
with oracle y* and (2) holds. A survey on the randomness for conditional
probabilities is shown in [1].

Next we study mutually singular conditional probabilities. In [3], Hanssen
showed that for Bernoulli model P(-|9),

RECO) = RPUOLO for all 6. (3)

We generalize Hanssen’s theorem (3) for mutually singular conditional prob-
abilities. In [5, 7], equivalent conditions for mutually singular conditional
probabilities are shown.

Theorem 2 ([5, 7]) Let P be a computable probability on X X Y, where
X =Y = Q. The following sixz statements are equivalent:

(1) P(-|y) L P(-|2) if Aly) N A(z) =0 fory, 2 € 5.

(2) RECID A RPCIZ) = ¢ if A(y) NA(z) =0 fory,z € S.

(3) Pyx(-|x) converges weakly to Lo as x — x> for (x°,y>) € RY,
where I is the probability that has probability of 1 at y*°.

(4) Rbw N REw = 0 if y # 2.

(5) There exists f : X — Y such that f(z™>) = y> for (z*°,y>) € RE.

(6) There exists f : X =Y and Y’ C Y such that Py(Y') =1 and [ =
y>°, P(-;y®) —a.s. fory>® eY'.

Generalized form of Hanssen’s theorem (3) is as follows.

Theorem 3 Let P be a computable probability on X XY, where X =Y = Q.
Under one of the condition of Theorem 2, we have

P P(|y* P
RE D RPUWT) for all y> € RTY.
Fiz y>* € RYY and suppose that P(-|y™®) is computable with oracle y>.

Then
Ré’w — RPCIY™) — RP(1y>)y>
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A category of probability space and a
conditional expectation functor

Yoshihiro Ryu (Ritsumeikan University)
joint work with
Takanori Adachi (Ritsumeikan University)

An advantage of using category theory is that it can visualize relations be-
tween different mathematical fields. Further, when we find a relation between
different mathematical fields, it sometimes helps for developings a theory in
a new direction. This fact motivates us to use category theory for studying
probability theory.

One of the most prominent trials of applying category theory to proba-
bility theory so far is Lawvere and Giry’s approach of formulating transition
probabilities in a monad framework ([Lawvere, 1962], [Giry, 1982]). However,
their approach is based on two categories, the category of measurable spaces
and the category of measurable spaces of a Polish space , not a category of
probability spaces. Further, there are few trials of making categories con-
sisting of all probability spaces due to a difficulty of finding an appropriate
condition of their arrows.

Our approach is one of this simple-minded trials. We introduce a cate-
gory Prob of all probability spaces in order to see a possible generalization
of some classical tools in probability theory including conditional expecta-
tions. Actually, [Adachi, 2014] provides a simple category for formulating
conditional expectations, but its objects and arrows are so limited that we
cannot use it as a foundation of categorical probability theory.

Definition 1. A category Prob is the category whose objects are all prob-
ability spaces and the set of arrows between them are defined by

Prob((X,Yx,Px), (Y, Sy, Py))
={f"|f:(YV,2y,Py) = (X, 2x,Px) : measurable with Py o f ' < Py},
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where f~ is a symbol corresponding uniquely to a measurable function f.

We write (X, Xy, Px) EAN (Y, 2y, Py) in Prob, however, note that the
arrow f~ has an opposite direction of the function f.

From now on, f~ : (X, Xx,Px) = (Y, Xy,Py) is an arbitrary arrow in
Prob. For any v € L!(Y, Xy, Py), thanks to Radon-Nikodym theorem, we
can find B/ (v) € LY(X,Yx,Px), a (version of) conditional expectation of
v along f~, satisfying

/Ef@) dPx :/ v dPy
A F71A)

for all A € Xx. This is a generalization of conditional expectation. Because
if f=1idg:(Q,F,P)— (Q,G,P)and G C F, then E (v) becomes a usual
conditional expectation E(v|G). Since the arrow (2, F,P) 2o, (Q,G,P) is
identified as a sub c-algebra G of F, we can think of an arrow f~ in Prob
as a o-algebra.

Additionally, one can show the well-definedness of [v]., (BT (v)]
here ~p is P-a.s. equivalence relation. So we have the first theorem:

~Py

Theorem 2. There exists a contravariant functor £ from Prob to Set (the
category of all sets and all functions) as following:

X (X, Dy, Py)—E=E(X, Sy, Py) = LY(X,Sx,Pyx) > [E (v)].

S :

Y (Y,Iy,Py)—S—=E(Y, 5y, Py) = LYY,Zy,Py) > [1].,, .

Px

f

Continually, we define a concept of measurability.

Definition 3. A random variable v € L>(Y, Xy, Py) is called f~-measurable
if there exists w € L>(X, X x,Px) such that v ~p, wo f.

It seems natural because f~ is a "o-algebra”. Due to this definition, our
second theorem is obtained.

Theorem 4. Let u be an element of LYY, Yy, Py) and v be a random vari-
able in L>®(Y, Xy, Py), and assume that v is f~-measurable. Then we have

EJP(U ’ u) ~py W Efi(u)a

where w € L®(X, X x,Px) is a random variable satisfying v ~p, wo f.
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This theorem shows that our ”conditional expectation” still has a similar
property about measurability.
Next definition is a modification of [Franz, 2003].

Definition 5. We say v € £!(Y, Xy, Py) is independent of f~ if there exists
a measure preserving map ¢ which makes the following diagram commute:

(Y7 ZY, IP)Y)

v f
/ Lq \
(R,B,]P)y O’l}_l)T (R X X,B® Ex, (]P)y O’U_l) (059 (PY o f_l))? (X, Ex,]Px)

By a straightforward calculation, we see that this definition means usual
independence in the case of two o-algebras.
Finally, we encounter our last theorem.

Theorem 6. Let v € L1(Y, Xy, Py) be a random variable that is independent
of f~. Then we have,

E™ (v) ~p, EFY[U]ET (1y).

When f is measure preserving, £/ (1y) ~p, 1, then the above formula
turns well known formula of conditional expectation with independence since
E'” (1y) is the Radon-Nikodym derivative d(Py o f~1)/dPx.
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Stochastic differential equations for infinite
particle systems of jump types with long

range interactions

Syota Esaki*(Kyushu University),
Hideki Tanemura'(Chiba University)

In this talk we study infinite particle systems with interactions in which each particle
is undergoing the jump type process on R? with rate function p,(y) = p(|lz — y|) from x

to y satistying conditions (p.1)—(p.2):
(p.1) p(r) = O(r~(@*+9)) as r — oo for some a > 0.
(p-2) p(r) = O(r~ @A) as r — 40 for some 0 < 8 < 2.

Our theorems can be applied to the systems with Dyson, Ginibre, Airy and Bessel
interactions. In particular, we can give the SDE representations for the interacting a-
stable particle systems for any a € (k,2), where x is the growth order of the density (the
1-correlation function) of u, that is, p'(z) = O(|z|®), |z| — .

Suppose that a state space is d-dimensional Euclidian space R?. Then the configuration
space is represented as 9 = {§ = .0,:&(K) < oo for all compact sets K C Rd}, where
0, stands for the delta measure at a. We endow 91 with the vague topology. Then 9 is
a Polish space. For x,y € R? and £ € M, we write £ =& — 6, +d, and E\ z =& — 4, if
E({a)) > 1

Let u be a probability measure on 9, which describes an equilibrium measure for the

system. We consider a Dirichlet form & defined by

(.0 =5 [ ) [ et [ pantse) = sy

with some positive measurable function p on R? x R¢, which is a jump rate satisfying the
above condition (p.1)—(p.2). Under suitable assumptions we can construct the associated

unlabeled particle system by using the Dirichlet form technique [1].

*s-esaki@math.kyushu-u.ac.jp
ftanemura@math.s.chiba-u.ac.jp
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In this talk, we give the ISDE representations for the unlabeled particle systems by
generalizing the method in [2]. We introduce the rate function given by ¢(§,z;y) = 0 if

£({x}) =0, and

dps, P (y) :
c&xy)=p(lz—y <1+—§ x , if&({x}) > 1.
(& z5y) = p(lz —yl) dux< \ )pl(x) ({z})
Here, ju, is the reduced Palm measure defined by p, = pu (- — 0.| £E({z}) > 1) for x € R?,
p'(x) is the 1-correlation function of p and dpy,/du, is the Radon-Nikodym derivative of
f, with respect to p,. Then the labeled process (X/(t));en solves the following ISDE:

t 0
X;(t) = X;(0) —|—/ / / ua (u,r, X;(s—), Z(SXi(s—)> N;(dsdudr), (1)
0 JrdJo i
where a(u,r,2,§) = 1(0 <r <c¢(§ x;x+u)), and N;, j € N are independent Poisson
random point fields on [0,00) x R? x [0,00) whose intensity measure is the Lebesgue
measure dsdudr.
We also discuss the uniqueness of solutions of ISDE (1) by applying the argument in

[3], where systems of interacting Brownian motions are studied.
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Ginibre Ti57 270 VBEEIDSILAME L Alder BERHE
2016/12/20/ K : SEHESRKFEEEARNTIF S5 T Hirofumi Osada (Kyushu University)

RIIZEBIT D —(1/2)A DIAKIRD o(d) 5% d ot Coulomb KT V¥ ¥ L EIFY U, & RY, ZIT
o(d) =272 /T(d/2) 1% (d — 1) VoL BARE OHEETH V. VU(z) = —z/|z|? 7D, dktL—2 Vv
RZ2fiN % Coulomb RT > ¥ ¥ )V U, THEMEM L2 6 EE§ 2 MIMED 75 7 V#2525, #iE
[EE BT b, ZOMRNLVWEABEIAL R 2121k, IROMERGTHERMA AR TR I N5 5],

, _ Xi_ xJ

dXZdBZ+§)§;}. Z:, Bji3jﬁ

i XX |<r

BUE, d=27D B =20K7/E, ZOEERIES X FZDOPMAMIIMEINTE D, TNhEN [Ginibre

T¥7 7y vi#H)), [Ginibre fUBFE] LIFEN S, M. ZOMGERIE, FETILI— |k Gaussian 7 ¥ X L

TR OEEEDIAADIRETH 5, REIZEWT d X7t Coulomb KT > ¥ ¥ )LiE, Ruelle 7 7 ADKRT v

¥ I TRV, o TC, DLR ARERZED L, kD Gibbs HIE DM Z Z D F F#ATE 72\, Gibbs

HIEIX, Poisson FUBREITIEWY I A TH D, —F. Coulomb FT > ¥ v)Uid, D i TOMAIEHDR
DI, (BT 2 MER T RITE L SHEZ RE 2,

XA (2) THEZA SN D R EOFETBEAL P DREA LR SOEFE g s DIFET D LT 5, (2) 1, BX
HI7Z05, WM O S E VT, ERIFEEATEZ S, (d,8) = (2,2) DAMNE. FEIIRMBRTH 2,

dt (i eN) (1)

pra (%) = ;exp{ﬂ;wxi —eHJdn )
1<J

Z DF#E T, Ginibre T 7 77 VEBIOBILEMEEZRT, 61T, d=2DL &, —ROFERE 3 I
LT, (2) DD Ginibres RIBRENFET 2L WVWIIREDS & T, HOHLHATINZN S B A Z
5Zr%RT, EB AN —o VB OREYFAIE—Vay, DF DEREFOEMAVREMEREDOL
L. TN 62— v hz%35 750 VlEKFOREYF A ¥ — 3 VITRT 2EMEER v ORI
W&o T, AR ZE TP 5, ZOXDIT, BEFRNAPELDERDMEEZFFOZ L 2mRT, ZOREER
X, Alder BUFHEERS (85R) 2 2RTZ—B Y RTFVV Y IR U T L D IR T E 5,

R? (C & HAd) ORIEZER% S £ 5<, 1% Ginibre £UBR L T2, D% 0. FHRICARTHY 2
S g(de) = (1/m)e 1o do ZHREORE L Uiz L &, BB K (z,y) KR THEASNEELDTH B,

K(z,y) = e™
(= (l;)ien & 7~V (s) Z2Hi%ET % SDE(1) D X = (X")jen DAMEE Pyoyn % Eys) EK T
Theorem 1 ([6]). Py P F T, T_TDie NIZHUT, VF € Cy(C([0, 0); R?))
g%u<&ﬂEaMF&X@¥ﬂ—lﬁmyzd}>:0 for all § > 0. (3)

Tagged ki DGR DFREATHI D YIHASAIZ DWW T DT % H CILBATII L ags VD, TI T, B IR
JE, dIXZERORTTH S, b L. WRE B 25D dIRIEEE 7 — 0 ¥ SUBRESFET UL, —BEnd 5.
H CILBATHIAFELEIZ, BHRBZFD [3] Theorem 11, age =0, 2F 0. (8,d) = (2,2) DEHE
2. FREDBEE xrp 2T, ZOEDKRBEDHBET 5L 2R LD TH S,

—e 27 cosf (r<e
Xe,r(2) = —6_1{%}0059 (e<r<e+R)
0 (e+R<r)
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77U, o= (21,20) €R2 . FFz. (r,0) IMEERE, r = |z, cosd = x1/|z]|.

o L =1L(d) % dX7ik& T (Ffh) £ 95, BHOZOETIIFREEL LU Ly =L\{0} 35, AT

AT, BIZIE 2T, 3AKTEEZ D, KT LBGERoNE &, BB L & by ZIXTERT 5,
. T — T

b(z) = lim ¢4 Z ——— bo(x) =b(x) — ch

r—00 — 4|’
2% e e 1T
WRE B 2L T. TNFICHIET 5 SDE 2, IRTH 2 5,

dY; = dB; + gb(Yt)dt, dZ; = dBy + gbo(Zt)dt

BRI A — ) Y 2 Ve = Yy o & 2 = €2y BB &L TS ZRAE WL T,

11 1,1 Ze
ave = aB, + 2L tyveyar, dze = am, + gfb(fo)dt _ B2 Zi
€ € €

dt
2€ 2 |Zt€|d

Lemma 1. A¥EER L JIENEEH v = va5 WFEEL. RMOFEYF A L= 3 VAKILT 5,

lim €Yy = /7B,

Proof. BALIZT 225, FMIWFREY FA¥—varvThd, FRMMIE KEET S Y VHlBIOREY S
A X = a v EHRBEILIZEDREIN, 0<y<1ERR5, O
2IRICDGEIZ, ZAZH U T, IRDINFEHE & M A RAL S 5,

Theorem 2. d =2 ¢35, L ENlIm . =z 23235, ZOLEZ =lmZ¢ BMEEL.

5 7
2[Zi?

dZ, = \/7dB, dit (0<f<~y+1) (4)
EHi72S, HIZ, v+ 1< B < oo Tldk, HAPREEREZD, Z, =0forog <t. &I Z M, JFX
(DEfE) PotFT bL EiCiE, BN TH S, FriZ, B<y+ 1 T, 8>+ 1 THILHNTH
%, DFD, phomo — | 4 ZEEREL TS, IR/ BILBUCKN T BB Z 5,

Proof. Chen-Croydon-Kumagai [1] & & Saloff-Coste % DIz K 2 #EEDOFHM [7) 2 W5, FIT,
Girsanov DA, Mosco [UE* [2] @ Dirichlet FE X DR % {5, O

DEDZooxEMzMlAatbE s &, IEITHDOIERIEMEIZ DWW T OISR B, 12X LT, 2{RITTIE,
RDFMAF 5%, Ginibre RBIREDAHA. BFBETTHHEMUTED E VWS RHAD T T, ROEH
MWILT B, M. B = oo DMPRTIX, Ginibre FUARED MG IX, ZMARKFIZIRT 5, X, BTN d
NENTA=Z—DFRML LT, KyOmE (1 HBEBEMOEEE) WAL LITERT 5,

Theorem 3. d=2D& &, v+1<3. <2, Bz, 1<8. <2,

Remark e JBE D Ruelle 7 5 ADFRT VI vy LOEE L, 2 RICU ETIXEICHEERMIZZ 0, 3B{EL
BWZE 4o T WD, [4 TRMON—RIATOFEEERE LA, FEL L TE 2 el LTk
Ruelle 7 7 ZADFHHRT ¥ v VOBER, BIZIHBWA T —) v 7 eIER e BbnTnwg, 7266
LS TIVTIE, BAHEEREIZ D\WTiE, Kipnis-Varadhan, F7-, —OHEM&EFEIZ DWW T, Spohn
WX o TR RENT WS, HoT, SRIOMERIZ, ZhoDREKOFERL X, RN THE, 2Dk
5 BG4 U BHHIX, Coulomb KT > ¥ ¥ e D, EEAKTOMEDOMA S IZERNT S, ZDL>S
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(2. long range DFEED 720D, I DM IS BHERTIF D tagged K- 1%, @HED T T v VG e
IES O, WNEREEZ T LR Nn5
o v DL, BT DORIEIZHIZET 5, Theorem 3 D RASLDNY ¥ Rk, B v I2D2WTOD sup £HLS
ZEDHKD, Z U, ALK T T £ 72, observation TH 5,
o Alder #2886 & &, 1957 FFIZRR I N2 MIABRR D EM-IREIMHOHIER TH 5, THNIFEREHT=2—
}\ VIIFATHED MIRERCR DEE A, R OFETEEIIODOWTHERZET I L%, SIRE Y IaL—Y 3
VIZEoTRLEBDTH D, N—RIATETF Vv L WS IERICEMA DRI UK WIEEITRE
N7MEBTED, TOH, V—ART ¥y, Wik HRIFEL VoA THES Nz,
o HAHWHH, N—NaT T B SR L MRK TR, BT ZRT VWS ETERNLT
7o, MERRAEIE D Alder I FREI NIz, (4 ORRIIEZTNERETDEDE o7z, M. [4] 1 (7T A
2729 % ET. Mode Coupling Theory (MCT) & MEEN 2 FED, BIRTTOZE-TIEEILLARWT &%
AT 25D & LTHIHINT WS, MCT &, ZERDORGTAMERIXITIZE 23 < RFIZIE U < Féag
LLEDLNT WS, A7 AEBIE, WHE AT ZAHEWPIZADIFEPE NS T =X E2HOP\\, SHE
AN I T VS DY, BEERIIC IRl Uy, FEERIC» DS K5 7%, KRIOA T —ILTHS &,
ﬁ?xtﬁwiE%f%f\%@b?%%ﬁ%\zu—ﬁﬁybﬁwauﬁmofmé‘tmi:té%
U720 720%, BERIZHE 2 2 DD L\, hopping, caging, jamming 72 &, B4 RERDED EIFoh
W5, (uﬁ’bb . [4] 2513 5 k% Google Scholar TN S LMETE %), 4 [HD Theorem 3 I3,
H, 4 THEEINLPHEDN, 7V RF UV Y IVIZEEB TR (HIE) $52E2RLTVWS,
FERBG L1, TP RIRESECTEETIHR{THS, /-0 VRT VI v Ilid, BRMATRITH,
TNHETREEMEMEEEAZ2REDL. ZTOWEEIZOVWTOMER X, ABHKOTOlABEKTHS (Z
DY O, FIADPSEHZATT W Wz, 2770, FOhER IE@@"@LT ZRE - TEFL T\ A ATREME D
H5), 72D Alder 158 % TBIRDOHED7-DIZE U -MIEE 72 LRI X, SROMIERIZ. 77—
0 Y RT 2 Yy O OEREERAH LA EIC & o TR 28R & UTRML /R, ECeDTHY,
% Alder BB 2 WO DX, FEREET I EEHbNS,
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Dynamic Universality for Random Matrices
2016/12/20/ K : SRR AL ARATISEAT: AR, EHE (Kyushu University)

1. V8 LTHOEEN: T R LA, MBI G AT ARG TH S TV I — M7
Hlcho, Hov7ra=xy —T/ﬁ'/7}l/ (GUE) I :H’LZ) Z DEHMHED I 1E.  Vandermonde

AR CTEREI NG, BHEMEEMERLE L R o7256. MHBEMNER TR 2D, KEOENS K O R
xz@@ LoLgtiz, AR R :c%b <£&5IE§%=IEMZ> B D GUE iZWwbld, AV X1 54D
PEPIN /NG TﬁbF:ET)l/Z LTI RTZERNIZEIE TS L12& 0. ZTho DA MRHI N, /o T,
T ELEEER D KB DIEAPPHLMBIRER L [ U <, 5%, ZOHEEAEERHEE 2> TWnd,

Z VR LATHIOEEMNE, T Y X LTHHEERICE T 5HONHETH D, Tao ® Yau 2#]b& LT, Z
NFE ThRA 735 ﬁ@?fﬁﬁn#&é?’bf%f’ (FLULIE FIZIE 1] X2 0SEESIR). —HE%ET 5,

V % R _EEMBEIDD lim), o ek = co 2T E U, RN ORERME 1l (dxN) 252 5,

loglw\ B

mH\xlfoFHe*NV k) (1)

1<J

XS B FHHIE AT H5DT py &R, 2FD. XN =30y, EBLE RBBLT B,

1 S
Jim B [x (= )) = [ pv(a)da. )
Rriz, V=a?2 Uz & ull 13 NI GUE OEEMHDEN %2525, £72 py 1& Wigner D434 T

HH. ZOPEIZ Wigner DEFNEA L IEIEN B,

pv FREMRNBHETH D I Lo, (2) FRBDEN ARSI ENTE S, HIZKBDEADIRD
A== DEDHDBIRERIZH 2B DEFEA, 7 VX LBRMRK T OREE 525, py() >07%4%2
PERZEEL, AT—V YT amsk, o=l +0LU. sICHTOMRNEE uf, T 5L,

1y g (ds™) 0<H|sl—sj| Hexp (=NV( +0)) ds™. (3)

1<j k=1

™ & Y O n EHBEEBE TS, EEOn e NICHUT, R —BRIURA A 5 [2) -

N V(G)

lim p™"(x") = p”, (x™) compact uniformly, (4)

N—o00
Z 2T, plh,(x™) 1F Sine FUBAFRE pgn O n KM TRATEZ 615,

sin(z; — x;)
iy (X)) = det [7] ]
psm( ) T — 1<ij<n

DED. pfy (IR F BRI T OMIR T Sine sUBFR IR T B, BT, MBI pgn 13V 2 0 1K S 00
LB AERETH D, 2L, bulk MRIZE TS 5 v & LTS @iﬁﬁ'@@ FlTHh 5,

2. NENEEE:  RICHFERNEMEEZ S, pd iU L2(SN, ul)) TIR® Dirichlet X% % 2 5,
1 N
EN(f.9) = §/SN > Vif - Vigduy.
=1
Z @ Dirichlet EAZEATED T2 Z LIZ X 0 FS5 NS EEIEHFEIINIET 5 N kot SDE 13,

. . 1 1 XN
dXN — gBi + E dt — V(———+0)dt, 1<i<N. 5
' 1<J#1<NXN1—XN] 2PV<9) (va(ﬁ) ) o ( )

FIZHERAZED N ERATOMECE 513 EIEYGE SDE . BT O (6) ThHb L FHI N5,

i 1 N
dX{=dB'+ lm ) ———dt, ieN (6)
Ixi-x]|<r T
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FEBR (6) 1% pein 12T 2 Dirichlet JER (distorted 7 7 7 ViEE)) (BT RN ZEE NS TH 5,

T, GRKTROFEFEDMERDFUEFREANDIUERD, ZNE IS SR IIZDOPERE £
SeIfixng, Kz, FOBREOEENEL, NIST SR DZOEEEZEL, D0, EMKEE D
FHREREEANDEREDV AL S 5 & T 5, AFEHTIE, MEROMBIKIC SDE DD —EMEA - I N5
FHEOTTIE, ZOFRPELWIEEZRT, DF0, —fRIZAERORWIUR GEAIRREEY) 2R
HFEOPR (NZNEEMS) 2RIAETDE0WD 2L E2RT,

3. REELEH/R: MUF, —MEBMAZREL., ERREZBRRD,

SOBREOBRIFREL: S=RL S={s=>) 68 € SALED AV s KIZHL.s(K) < oo}
S OfEEMETS. S EOMERHAE 4 2 0B E WS, {uN Iven %, limy oo Y = pin law, 2D
pN(s(S) =N)=1Th2 L5 LrlBROIE TS, S, ={zes; |z <r} /UL, mpn, &m), Z2TH
Fvp & uN DS, On fUERERKE T 5,

(A1) myp, ml, € C®(SP,dzx) for any n,r € N, and > ;2 ip(S)") < oo for any r € N.

ZDEM (A1) 1. N K ROMERIFDOFEZ RS D, MERIZ DWW T Dirichlet 20D Al FME X HE
EHIMEZET 5, EEREINSE, BERNGGAEIR, REINTWD, K/, #Gibbs e WI BNR M
FaEMEPHONT WS, KEWZRDIE, RO (A2) L#BIRD (A3) DM TH 5,

(A2) limy o0 [|m),, — mrnllsn =0,  Cap”({s;myn(s) = 0}) = 0 for any n,r € N.

My |4 3EA A LD L® JIVAERT, m,, DERERBEZEBOESG L ARU {s;m, ,(s) =0} KT,
Dirichlet F#X D 2 DAL 4 D HIRZ: Dirichlet JERUZATBES 5, 2 B OEEL (FHEGEED %2 E A
3%, D, % local smooth 78 f: S 5 R 2k 95, f,ge Do ICHLT, 2ikFHD & D™ 2IXTHZ 5,

D)) = 3 D0V f(5) - Vg,

D'[f,9)(s) = D[fgl(s) (s€S™), D’[f,gl(s) =0 (s¢&ST).

ZZTs=Y0s,8=(s), f1& f(5) = f(s) AT S ={s€S;s(S,) =m} TH 3,
DE = {f e D NL2(p): E(f, f) < 00} LBE, L2(n) EOBEIHILR (€, D1) & (Em, DL I THA 5.

5(f7g)=/SD[f,g](S)du7 EM(fr9) :=/SDL’L[f,g}(S)du- (7)

552 (A1) B 5, FED m,r e NIZH U, (E™,DE) & L2(p) LWL 725,

E =Y 2 &L LEH L. B2 = {f; fis bounded and o[, ]-measurable} ¥ #<, ZUL T, (£,,D,) &
(&, D) 2ENEN, (€., DENBL) & (&,.,DY) DAL T 5, {(£,,D,)}ren 1& Dirichlet JE & U T §igiHy
Ko {(&r, D) b ren FHHBANC 25, BREZZNTN (E,D) & (E,D) £EL, £rT(E,,D,) < (E,D)).
HUZIRTE (£,D) < (£,D) TH5, £ZTID 22D Dirichlet ERD—HEKET 5,

(A3) (£,D) = (£,D).

Remark 1. (£,D) (Zf1Fd 2 fEFRIXIC SDE OO —FMHENE7-S 5 61, (A3) XS 5 [9), fif

D—EME, p DRBEROHPMEDP SRS 8, T 51T, THIRFGER X, HITREHERXPEIIZZ2 S [6],
(EN, DY) % (€N, D) @ L2(1N) TOBIA L $ 5, XN % (N, DV, L2(uN)) 1. X % (E,D, L2(1)) 12

INENNEES HIEORIEE §2, ZOR, RIT-EARO TR PR L SDE OO S,

TE 1. (A1) (A3) 2IKET S L. limy 0o (EN, DN, L2(u™)) = (€, D, L?(11)) in Mosco in the sense of

FIT-E4 [4]. Friz, PIASMEDIR T 5 (limy 00 X§ = Xo weakly) & &,

lim XY = X in distribution in C([0, ), S). (8)

N—o0

TN 2 IZH LT N (XY) DBAEBD 6(Xo) AU B (EFED B D m KT DREKT)

lim (XVH™, = (XY™, in distribution in C(]0, c0); (RY)™). (9)

N—o0
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4. WEHEEYE (bulk & soft-edge) :

e bulk: 3 =1,24D54IF, (A2) BEVWHPTHiZINDZ LA, 2] & B] TRINTWVWD, MR
TEHERM FRERO A WRO — D B =1,2,4 [8, 10]. F£7z, (AL D 0 db D 62 \\WA—ENIEF
if#HY) B > 1122V T Tsai [10] TRNT WD, KHTIRD SRS EIED KL T 5,

EIE 2 (bulk W) ull, & (3) THASNELDLT B, V IKEMHHI DD lim, o0 ooy = 00 Zii7
Trd5, ZOLE, (AL)-(A3) iz NnD, Bz, SDE (5) & (6) DRI L TER 1 D53
35, HL. f=1,4D541F. (3), (5), (6) FHHEBIET 5,

e soft-edge: f=2&¢95, (1) % V(x) = Z?l:o kix' (ko > 0) THRAAT =) V7 %RIRTL B,

z s N7 (en(1+ ——2) +dy)
anyN3

e 1) RIRTEA 55,

) +dy))) ds™. (10)

2
3

N N
il ai(ds™) o [T s — 551 T] exp(=NV(N =2 (en(1+
k=1

i<j anN

ZI7T en,an,dy BB THEASNT WS NITIKDER. ZOLE, u)f 5, 13 N HERAOBR T Airy 5
MFE pay WCPER L, 22D (A2) %1723 [3l. (A1) & (A3) Zifi7z3Z 23S NTVWS [T, 8, 6],

EHE 3 (soft-edge MifR). BLEDED FT, XD SDE O L TEM 1 OF5#HNHALT 5,

dx}"'=dB'+ ) ! dt Néi%CNV’(N*%( (1+ X )+ dn))dt
¢ = N N W eN 2 NJJE
1<jAen Xe = XY 2an ayNs
; T 1 p(x)
dX; = dB; + lim e —/ ——dx}dt.
I e

|X7|<s,j#i " ¢

S 3R
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Fourier expansion and discritizations of determinantal point processes

Shota OSADA
Kyushu University

1. Introduction
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Benjamini-Schramm convergence and limiting eigenvalue
density of random matrices

Sergio Andraus (Physics department, Chuo University)

Introduction

We review the application of the notion of local convergence on infinite rooted graphs, known
as Benjamini-Schramm convergence, to the calculation of the global eigenvalue density of ran-
dom matrices from the S-Gaussian ensemble. By regarding a random matrix as the weighted
adjacency matrix of a graph, and choosing the root of such a graph with uniform probability,
one can use the Benjamini-Schramm convergence to produce the probability distribution of
the infinite graph which results when the size of the matrix tends to infinity. We illustrate
how the Wigner semicircle law is obtained from the distribution of the limiting graph.

The Benjamini-Schramm convergence

Following [1], we consider the set of connected graphs G = (V, E'), and we define rooted graphs
as ordered pairs (G, 0) where the vertex o € V' is the root. We define the space of isomorphism
classes of rooted, connected, and locally finite graphs (that is, graphs with a finite number
of edges connected to any vertex) by X. Consider the locally finite rooted graphs (G, 0) and
(G',0"). Then, we can define the metric

d[(G,o0), (G, )] = 27",

where

k[(G,0), (G, 0] :==sup{r € Ny : B,(G,0) ~ B,.(G',d)}

and B,(G,o0) is the subgraph of radius r around o of G, with the same root, o. In addition,
if we define by &X); C X the class of graphs of maximum degree M, we see that it is compact
under the metric d[(G, o), (G', 0')].

Now, suppose that the unrooted finite graph H is given a root with uniform probability
among its vertices. With this, one has a probability distribution ug(A), where A is a Borel
subset of X', which gives the probability that (H, o) is an element of A. With these definitions
in place we state the following.
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Definition 1 (Benjamini-Schramm convergence). Consider the sequence of rooted graphs
{(Gy,05)}320, with roots chosen randomly with uniform probability. The rooted graph (G, 0)
is the distributional limit of the sequence if for every r > 0 and every finite rooted graph
(H, o),

j—o00

P[(H,0") ~ (B,(Gj,0;),0;)] — P[(H,0") ~ (B,(G,0),0)].
In other words, the probability law of (G}, 0;) tends weakly to the law of (G,0) as j — oo.

Random rooted weighted graphs

A sparse symmetric matrix can be viewed as the adjacency matrix of a finite graph. In
particular, consider random matrices from the 5-Gaussian ensemble [2]. These matrices are
tridiagonal, so they represent a graph in which each vertex is connected to two neighbors
through edges with random weight b; ;11 ~ Xxg(j—1), and to itself through an edge with weight
a; ~ N(0,2). The Benjamini-Schramm convergence can be extended directly to weighted
graphs, and following [3], one can show that the adjacency operator A is bounded on the
space .£*(@) of square summable functions on the vertex set V of G = (V, E); the action of
the adjacency operator on a function f € Z?(G) is given by

(Afl) = Y Uy))f (),

(z,y)EE

where [((x, y)) denotes the weight of the edge connecting the vertices x and y. The importance
of the adjacency operator stems from its close relationship with the expected spectral measure
of G, which is given by

I’LG,O(X) - <PXX07 Xo>7
where X is a Borel set of R, the inner product of f, g € Z?(G) is given by

(f.9) =Y fla)g(x),

Px is the orthogonal projection to the linear envelope of the eigenfunctions of A which have
eigenvalue A € X, and x,(z) is equal to 1 if x = 0 € E and zero otherwise. The relationship
between the spectral measure and the adjacency operator is given by the following.

Proposition 2. Denote by {e;}; the set of eigenfunctions on V(G) of the adjacency operator
A, with eigenvalues {\;};. Then,

1G,o(X) = Z Linexye; (o).

That is, the spectral measure of (G,0) is given by the eigenfunctions of A evaluated at
the root.
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Expected spectral measure and eigenvalue density of large
random matrices

From the previous considerations, one can calculate the eigenvalue density from the spectral
density by computing the expected spectral density w.r.t. the distribution of the roots. It
can be shown that for the distributional limit (G, 0) of the sequence {(Gj,0,)};, the spectral
density of the adjacent operator A of the limiting graph is given by

pa(X) = Elua,o(X)],

where the expectation is taken over the root distribution on V' (G). In this talk, we will review
this machinery in detail, and we will illustrate how it can be applied to show that, for example,
the limiting spectral density that corresponds to the S-Gaussian ensemble with 5 = 1 is given
by
1 ™
Mu(dm) = %/ 1{2\/ﬂcos(w)€[m,r+dm)}dw>

—T

where u is a uniformly-distributed random variable in the interval (0, 1), and its expected
spectral density (or eigenvalue density) is given by the well-known Wigner semicircle law,

1
p(dx) = 2—\/4 — 22 dx.
m
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ZME (AL) FAERZVYNRY NEEOFEICET 288 +25%4TH O ([1, Theorem 11.16]), F7=5M
(A1) OF, ZfF(A2) FLV YRy NEED ¢ (2B 2O BE+25M4TH S ([1, Theorem I1.19]).
51, &M (A1), (A2) KD BVROEMFEEBEAT S ¢

(A) X O Lévy symbol n BSIROZM % 729 :

1 €
q—n(u)
IDEE, LYLMRYNEEZDTOISIZEERES.

LY(R), ¢ >0.

i 2.1. &ff (A) OF,

1 oo e*iuz
re(z) = — R du, >0,z €R.
() WA <q—mm) !

NS AIRVASN

3 Renormalized zero resolvent

if?
he(x) :=14(0) = 7g(=2), ¢>0,7€R
LEHTS, ZOLE, FED ¢>01TXL, hq >0 THB. 5 UM L= limgyo iy BT LS, b
renormalized zero resolvent & FEIX4, Yano 5] 12 & DI ENT WA, 2Tl [5] D&MHE X 515D~
2 %M (A), (B) OF, PHAEFS N,
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(B) X ® Lévy symbol n DSIRDZAM %727 -

T 3.1. & (A), (B) DR,

MY LD,

4 HPDORIH

ZM: (A1), (A2) DF, LYLRY NEE L RATRE & OBIRAHI S TW5 ([1, Lemma V.3]) :

oo
E, [/ e_qtde] =rqr—y), ¢>0,z,yeckR
0
ZDLE, XD Doob-Meyer BfRMBEFSNS.

R 4.1. &M (A1), (A2)DF, LED ¢>0,t>0, z € RIZHL,

ro(—X + ) =ry(—Xo +x) + MP" + q/ot ro(—Xs +x)ds — LY,
D ONLD. 72720, MPT IERVF U Tr—LThb.
LoOMEIZBNT, g0 LTHFOAREZES.
T 4.2. X &M (A), (B) ®2ifil-32 35, ZorE, FEDOt>0, x e RIZHL,
hMXy —z)— h(Xg—2) = M+ LY,

MWD ILD. 72U, MY :=—limg oM " BIXNVFUTr—ILTHS.
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On density function concerning maxima of some one-dimensional
diffusion processes

Tomonori Nakatsu (Ritsumeikan University)

1 Introduction

This talk is based on [3] and [4].
In this talk, we shall deal with the following one-dimensional stochastic differential equation (SDE),

¢ ¢
X =1z +/ b(s, Xs)ds +/ o(s, Xs)dWs, (1)
0 0

where b,0 : [0,00) X R — R are measurable functions and {W;, ¢ € [0,00)} denotes a one-dimensional standard
Brownian motion defined on a probability space (Q, F, P). We will consider discrete time maximum and con-
tinuous time maximum which are defined by M} := max{Xy,,---, X, } and My := maxo<i<7 X, respectively,
where the time interval [0, T] and the time partition A, : 0 <t} < --- <t, =T, n > 2 are fixed.

The first part of the talk is devoted to prove an integration by parts (IBP) formula of M} and Myp. Here,
we say that the IBP formula for the random variables F' and G holds if there exists an integrable random
variable H(F'; G) such that

E[¢"(F)G] = Elp(F)H (F; G)]

holds for any ¢ € C}(R;R). Moreover, we will obtain expressions, and upper bounds of the density function
of M7 and Mt by means of the IBP formula.

In the second part of the talk, we shall obtain some asymptotic behaviors of the density function of M7. In
this part, we will deal with only Gaussian processes: It6 processes with deterministic integrands, the Brownian
Bridge and the Ornstein-Uhlenbeck process.

2 Main results
Assumption (A)

(A1) Fort € [0,00), b(t,-),o(t, ) € CZ(R;R). Furthermore, all constants which bound the derivatives of b(t, -)
and o(¢,-) do not depend on ¢.

(A2) There exists ¢ > 0 such that
lo(t,z)| > ¢
holds, for any € R and ¢ € [0, 00).

Theorem 1. (/3]) Assume (A). Let G € D>, Then there exists a random variable H®(G) such that HX(G)
belongs to LP(Q2, F, P) for any p > 1, and

E" [¢'(M})G] = E”[p(MF)HF(G))] (2)
holds for any ¢ € C}(R;R).

Assumption (A)’
We assume that the diffusion coefficient of (1) is of the form o (¢, z) = o1 (¢)o2(x) and the following assump-
tion.
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(A1)’ For t € [0,00), b(t,-) € CZ(R;R). Furthermore, all constants which bound the derivatives of b(t,-) do
not depend on t.

(A2)’ 01(+) € CP(]0,00); R) and there exists ¢; > 0 such that |o1(t)| > ¢ for any ¢ € [0, 00).
(A3)’ 02(+) € CZ(R;R) and there exists ¢z > 0 such that |o2(z)| > ¢ for any z € R.

Let U satisty the following ordinary differential equation (ODE),

{ e (1) = 02(T(2))
\IJ(O) = Xg-

Then due to (A3)’, ¥~'(z) exists for any = € R. We define the probability measure P by

~ g w=1(xg))o2(s)—b(s,Xs) Lo w=1(Xs))o2(s)—b(s,Xs) ]2
T s E T El E
dP L Jo 2 a(s,xsl) dWs—%fo [2 a(s,xi) ds —

=Y = = KTa
dP| .,

and

ds,t €[0,T],

< [P (TTN(X))aE(s) — b(s, Xs)
W= /0 o(s, Xs)

then {W,,t € [0,T]} is a one-dimensional under P. Moreover, it is easy to see that the solution to (1) is
expressed as

¢
X, =0 </ Ul(s)dWS> .t €10,T).
0
Theorem 2. ([3]) Assume (A)’. Let G € DV and ag > x¢ be fived arbitrarily. Then there exists a random
variable Hp (G, ag) such that Hp (G, ag) belongs to LP(Q2, F, P) for any p > 1, and
BT [¢'(Mr)G] = E"[p(Mr)Hr (G, ao)] (3)
holds for any ¢ € C}(R;R) whose support is included in (ag, o0).

In the talk, formulas (2) and (3) will be used to obtain the expressions and the upper bounds of the density
function of M7 and Mr.
Then, we shall obtain the results on asymptotic behaviors of the density functions which are proved in [4].
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Short time full asymptotic expansion of hypoelliptic
heat kernel at the cut locus

Yuzuru Inahama *

This is a jointwork with Setsuo Taniguchi (Kyushu University) and can be found at arXiv
Preprint Server (arXiv:1603.01386).

We discuss a short time asymptotic expansion of a hypoelliptic heat kernel on a Eu-
clidean space and on a compact manifold. We study the ”cut locus” case, namely, the case
where energy-minimizing paths which join the two points under consideration form not
a finite set, but a compact manifold. Under mild assumptions we obtain an asymptotic
expansion of the heat kernel up to any order. Our approach is probabilistic and the heat
kernel is regarded as the density of the law of a hypoelliptic diffusion process, which is
realized as a unique solution of the corresponding stochastic differential equation (SDE).
Our main tools are S. Watanabe’s distributional Malliavin calculus and T. Lyons’ rough
path theory.

Our work has the following three features. To our knowledge, there are no works which
satisfy all of these conditions simultaneously:

1. The manifold and the hypoelliptic diffusion process on it are rather general. In
other words, this is not a study of special examples.

2. The "cut locus” case is studied. More precisely, we mean by this that the set of
energy-minimizing paths (or controls) which connect the two points under consid-
eration becomes a compact manifold of finite dimension.

3. The asymptotic expansion is full, that is, the polynomial part of the asymptotics is
up to any order.

On a Euclidean space, however, there are two famous results which satisfy (2), (3)
and the latter half of (1). Both of them are probabilistic and use generalized versions of
Malliavin calculus. One is Takanobu and Watanabe [3]. They use Watanabe’s distribu-
tional Malliavin calculus. The other is Kusuoka and Stroock [2]. They use their version
of generalized Malliavin calculus. We use the former.

Though we basically follow Takanobu-Watanabe’s argument in [3], the main difference
is that we use T. Lyons’ rough path theory together, which is something like a determin-
istic version of the SDE theory. The main advantage of using rough path theory is that
while the usual It6 map i.e., the solution map of an SDE is discontinuous, the Lyons-Ito
map i.e., the solution map of a rough differential equation (RDE) is continuous.

This fact enables us to do ”local analysis” of the Lyons-Ito6 map (for instance, restrict-
ing the map on a neighborhood of its critical point and doing a Taylor-like expansion)
in a somewhat similar way we do in the Fréchet calculus. Recall that in the standard
SDE theory, this type of local operation is very hard and sometimes impossible, due to

*Kyushu University, Japan. Email:inahama@math.kyushu-u.ac. jp
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the discontinuity of the It6 map. For this reason, the localization procedure in [3] looks
so complicated that it might be difficult to generalize their method if rough path theory
did not exist. Of course, there is a possibility that our main result can be proved without
rough path theory, but we believe that the theory is quite suitable for this problem and
gives us a very clear view (in particular, in the manifold case).

A detailed proof can be found in our preprint [1]. We first reprove and generalize
the main result in [3] in the Euclidean setting by using rough path theory. Then, we
study the manifold case. Recall that Malliavin calculus for a manifold-valued SDE was
studied by Taniguchi [4]. Even in this Euclidean setting, many parts of the proof are
technically improved, thanks to rough path theory. We believe that the following are worth
mentioning: (i) Large deviation upper bound. (ii) Asymptotic partition of unity. (iii) A
Taylor-like expansion of the Lyons-Ito map and the uniform exponential integrability
lemma for the ordinary and the remainder terms of the expansion. (iv) Quasi-sure analysis
for the solution of the SDE.
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Support theorem for reflected diffusion processes

oo og
gooo

00000000000000D00000000. RY000000000000000, Wong-
ZakaiDOOODO (DOODOOOODOOOOOUODODOOOOO0OOD)0000O0OODOOOOOOO
oooooOoooooooOo0ooO “c0o0”0oo0o0(oooooobooooooooo,o
O000000000000) 000 Stroock-Varadhan (1972)00000000. 000,0000
000000000000 subharmonic function0 00 0000000000000 O0OOOO
0000000.000,00000000000000 (A-Kusuoka-Stroock,1993), 00000
0000000000000 0000O0O000O0O0oOOoOeOo00D000n. 000 rough
pathDO0OD0O0OD0O00O00OD0O0DO00OD0O0OO rough pathODOOOO0OD0OO0O0O0OOOOOO0O
000000, drivingrough path0D 0000000000000 ODODO,00000000O00
0000000 . Hairer O regularity structure 0 Gubinelli-Imkeller-Perkowski [0 paracontrolled
distribution 000000000 singular SPDEOOOCOOOODOOOOODOODOODOOO. O
00,0000000000000000000D0000000000000, rough pathO000
oo0oooooooooooo,oooooo.

RIOODODOOODOD D OODODO (oblique reflection 00 0) 0000000000000
000000000000, Wong-Zakai 000000000 [5)000000. OO0, normal
reflection 000 0000000000000 O0OOO0OOOOODO (A),(B)(OoooOoOooO
0)O00D0 Saisho(1987, PTRF) OO O0O0OOOOO. D000, (A),(B)Dooooooooo
000,0€CiRLLRYRY) O000,0000000000

Yi(B) = €+ /0 o (Yu(B)) o dBs + 3,(B), €D (1)

gobobobobo.oobo, 0 n0b0b0obOobOoDbO.
®, 0 & = [ 1op(Ya)n(Ys)d| @/ yaro 0000000, n(z) 0 29D 000000000
0000, [®],—pepg 0 00000 [5,¢0000p000000000.

00 (A), (B)ODO DO Wong-Zakai 000 [4,8,3]0000000. Ren-Wu [7] 00000
0[6)00000000D00000(A), (B)(00D0DO00DO00DO0DO0D)00000,O0
gooboooboooon.

000, 1] 000 reflected rough differential equation(=RRDE) 000000000000
O0o0o0ooooo. 00,000 RRDECOOOOOOOOOOOO, (A), (B)yooooo
00 (H) OoooooOoOo, 000000000 ooooooooooooooooo. 0o,
Gubinelli 0 O 0 controlled path O 000000000 OO0DOOOOOOODOOOCOOO.

Hélder rough path 0 000000000, 1/3< 8 <1/200, B-Holde D00D0D €8 =
cA(j0,T] >R OO0OO. BeCf 02000000 B(N), 0000000000 smooth rough
path B(N),; = (B(N)i;, B(N);,) 0000. N — oo 000, g-Holder rough path 000 O
B(N),, 00000000 BOO Qc €% 0 Wiener 00 000 100000000, O
BeQUOOOOOOO OO By = (Bs{thg,t) 0 Brownian rough path (geometric rough path
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00000)000. (1) 0 B O Lipschitzpath h 000000000000 Yy(h) DOOODODO
oo.

DO (A),(B)0DOOOD,seC3RYLRYRY))ODODO0. 0000, [4,8,3]0000
00000 Nk)ODDODODOOO (Y3(B(N))) O B-Héldernorm 00000000000 BeQ
00 QO0wu(Q)=1000000,00Y(B)(BcQ)DD00000000000. Lipshcitz
path h 0000, Y(A(N)) O Y(h) 00000DDO0OO,he 0000,

Lemma 1. 00000000000 Yi(B) (Be )0 LipschitzpathOOO A OD0OO0ODO.
00000000,8 <B000.000 e>00000,6>000000, ||h—B|s+ ||h%—
B2 <8000 ||[Y(B)-Y(h)|g <e, 000 |-|lg 000 Hélder normO 00O .

Lemma 1 0, Lipschitz path h 00000 Yy(h),®¢(h) O rough path OO0 00000000
goodo. oooooooooo.

Lemma 2. h O Lipschitz pathOO0O. 00O 6>00000
p({B e ||lh—Bls+IIh* - B*||l25 < 8}) > 0.

Lemma 1, Lemma 2 000000000000 OO D00 OO00O0OOODO. DODOO
00 Wong-Zakai DO DO OO OODO.

Theorem 3. D0 (A), (B) 0000,ceC2000. PY O -Hilder0DODODDO €400 (1)
00 yOOOOOOOO.O0Oooo,

Supp (PY) = {Y'(h) | h O Lipschitz path.}H I,
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Large deviations and its application

for a reaction-diffusion model

Fi

S%}l
il

1 &

ARG T SOBHIE R X4 % “Macroscopic Fluctuation Theory” (AN MFT &%) 122\ T
a9 %, MFT &% Bertini et al. [1] IZ &k > THIZEI LT 2 FEVAHTE FRRE DU AR 1 o
T 2 KA BB W 7 BEA R O BRI B GR ©d 5, SRfTitZEIc X 0. SR CRF oAl 2
P9 HEOB RS O | A AN BRROEFHEDI BN TH 2558120 TUIIEF IS  BITMThb i
TE 7, —TRIERERL D X 5 A2 TRAD EH R — B TR LA, ZDBEN %
TEARUIARIER & T 2 A S (o T b, AGHHTIE MFT OMGEROREIRT 202N T2 L &b
Iy BOCHEBEALI N § 2 B R OER 2 KR AR, 20520086 N HRICOWCTHNT 2,
D% Jonathan Farfan [k & Claudio Landim K & D I:FEIAZ (6, 4] 123D <,

2 RIDHEEUHEEY
WD I EERL 2 53T 5, 2 OBANI K 2 AR 1A R UE R O BOSHIAROT R
1
O = SAp+F(p), (2.1)

TH Y. De Masi et al. [3] IZE W TRIMEBAER (2.1) 2N R L DV BITT 2720108 AS 1
7o IEHERERIILTCHEAONS, N ZARKEL, Ty 2HBEM F—F 2 Z/NZ £ T %, BlE
22z 0,1} L L, ZOINEBELW Ny = {n(z);z € Ty} THET, KICHEBAR & 12RO MR/
ARMEAFZIC K D EE 2 {0,1}T LD Markov BFETH 5

N2

Lyf(n) = 5

) = f] + Y elman)[f(r") = F(0)] 4 (2.2)

zeT N zeT N

JUNKRY, R R+ 747 « A ¥ A N URISEAT, T819-0395, fbULtai iviXIuhd 7 4 4 Fh
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fBL f 1% {0, 1} LB, cid {0,1}2 EOIEMERFTBES. no* L, mn. n° B2 N EFNRKTELRS
NHMETH 5.

s
» n e We) et
N e) = anle) ife=y, o nt(z) = :
i —n(z) otherwise,
n(z) otherwise,

() = n(z+y).

BODPEEELEZ 5, (2.2) OAUE—IEHIFZ N2 12X ) REICOWT A7 — VA S - Pefthoi e ik
B L. BB O HAE R OFERIC I T % Glauber 1% CTHh %, 72 ¢ 23 {0,1}2 Lo IEAERE
BThrl o, % NITHLT Ly Ik ARSI NS Markov i@fid {0, 1} RBERIC AR 2, #uc
{0, 1}~ EoOfESRMEETH > T, Markov MFEDRFIFERICH L CAZE R b OB —RICHFET 2, ZD
fERMEZ yN L35,

3 ERER

oz DBEIZEFIREE plY, 20 502070 27 — VEHIC X D % 2 BN R FEEOIR 2§80 %
ETHIETHD, O LERIFMICH SO, BlE n € {0,111k L <. 1 ZonfiE  — 7 &
T =R/Z EOMETH 2580 7N (n) Z R CEHRT 5:

N 72 :E/Ndu7

€T N

L, 6, I3 ueTIZEP T2 Dirac fllEETHS, My =M (T) % T LOBRMEREDOZER- L T
BLopN i aN k) My BiciERREZFEET 20T, 2k PN 35 PN =yl o (7)1,

FARERZ IR 2 LI I TR ¢ 1ICBI L TR RN ED DI E 7 %, Z DIREZ NS 2512 [0,1]
LOBIBEDTOXIICED S, 0< p<1LIZNLTry, 2% p D {0,1}F LOER~NL X —AWE L
T%, [0,1] LOBSB £ D Z#RTED :

B@—ﬂuwwwm,mm—ﬁmmmw
B DOFFERIZROEMTH 5,

Theorem 3.1 (Farfan-Landim-T., 2016+). [0,1] FOP% B & D ZM<TH 2{KET 5, DL ZE,
WEDF (PN - N € N} i3 My EDb 3B W & L — bR E U TAMRARE % 7 5

k3 Theorem 3.1 DFLHD F#H1E, HIRRXICD Freidlin-Wentzell B % 3 4 DR IT D FEE D
PEHAIC B W THIBRT 2L TH S, 2D &)O)E“?]J@X‘T v 7E, BRXITDOEE D Freidlin-
Wentzell MO RFAFH 2RI LICH b, ZOBMITIH>TE VIR % L, De Masi et al. [3] TR
InTw Z)‘?ﬁﬁ-‘ﬁ?@ﬁﬂﬂiﬂff%ﬁﬁ%)ﬁﬁ%ﬁﬁ%‘?‘%M\E?ﬁ’d‘é %, ZDO—#lx Jona-Lasinio et al.
[BlICBTRIN TV, A DHMDRIZEA TR SDTH S0, o DRFZ L hEIRL
DICTERENDH D, BB £ DICHT2RERZIDAT Y TOARTRLIELE %5, RDAT v 733
5 NI BN 2 K 2R 2 o T BN 723 K2R T & % Theorem 3.1 2789 2 & T 5, A
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TRV — MW Z2E&T 2L LbiT, ikZzD L) R — PR E L TBENn 28237 %,
F o RIRAFB O & L, MES {Py : N e N} O N — oo ICE T 2UCRICBIT 25 IcD 0w T
bFoN5, ZOfERIF Bodineau & Lagouge[2] 12 & D PRI N T MHEBROREICOWTEZ %
HGZ5b0THY ., WEPICECTHENT 2,
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Kol DT HHRBEI>Tw b, MEDEI 270k 57X —F BT, ROWEIIKE LD B4
&, —MIC THEEBIR) EWENS, Z0ZoHE &R 5 (RE) 2 TS (RE) Toy LR C
DFEF R DR « 1H LT, B4 RYIEITENICR2E) L LI RRNAZBERPR NS, g TR
Ry EWY, ZOHEBEREOZ Lz THRER LS, BARIEEZ T3 RITERE L T2 OEIZ R L %23,
BRAUEBUL R DORIG & NFFED AIHKAE L BN 2 fETH 2 LELoNTVS, ZOEEZRET S L0
MR - lRHEROMEOEELHNDO VD EDOTH S,

HERGERE RIS 2 S0R T 2HEE AL LT APV 7R, L w ) bobBHIsnTwd, 4Py
RIDIEFIRBIZ OV TOHERBE S H Y, L SADHERENBINETTIESN TS0, RELOMED %
W, SHEEZDOOEDTH S M-arm FEH ps EWIEN ZEEFHEBIC OV TORREIBR 2,

l-arm FEHIE, DN S—aL —y a v W) FEHEERIc B Wi Sk, S—aL—va v iz,
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T, MHEBSRONS, N—aL—y a3 v IitBIT 2 l-arm 8L, BRRE RICBOT, B o Bk
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N5, 3Tl TERE—AV M) 203 EICED, BRIGICBWT p<2THs I EMEIHI N,
ZD%, 2] Tp=27TdH2 I LVRERITKESI NI,

APV BRI ET S larm HHO ST 2PHEIC k> TER I NS, HRAE BT, 79 28
AR DR r DR EDFFRICE T 5 2 OWFHEDS, r OB E L TENL S VORI THET 575
ERIERBp L LTERING, N—alL—ya v EHERICRE— X MMz v, BRI Z 523
SEBHNTH S, [5] T, \/(0004) < (00) 3 PRV DT EARENTE D, THUCED d>4 Tl
p<(d=2)/2 L INANR=RT =) VY ITAEADPRONTRS, 2I056d>4TlEp<1lEw)len
MBI NDD, SEIIHEIC p <1 &) PG ZGEHST 2 2 L3 CELDT, IhEfNT 5. Z0%
#13, Markus Heydenreich X, ¥H ¥ K & OILFEDLEDRERICHD |
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2 AIVVI/RBEDEREER/R
21 AIVITRBDER
Ve FDdRTGA P v TBBZDT DO X I ICERT S, r < RICHLT,
Ve ={veZ: |v| <R} oV, ={ug¢V,:JveV, st J,, >0} (2.1)

55, AEVEH 0 = {0, vevy € (X1} RG22, KPR EORAE YA, +11FERME, —1 1 TAE
ThHIRELZRT, COAEVEHOREBICNTL2ZANLF—2NIN =TV HQR L,

H'p@)=— > Juwouwsu—h Y oy, (2.2)
{uv}CVr veav,
THAS. Jup > 043, MBENFYE, 298, BRL Y TH D LRET 5. hIZES OV, Iip T sk
SRS DRI # KT NTRY —TH D, Jup >0 THBI EHS, AEVEALE, AUMEDIZ) ML
XN BVLET D ), BWEERZER LB ER>Tws, COZRLX—IC K BRI % A
) ZANGHTHEA, 2 OBIIFIIRHEZ LT O & 9 ICERT 2.

o~ H 1(@)/T.

T Za= X emaem g
R

oc{*+1}Vr

firg= > flo)

oc{*+1}Vr

22Tzl BHLERTH D, DB EFEN D, 7)) 7 4 ADARERIC XD DU ORROAFEDH 5
nTwz,

(oa)) = lim (o2)r . [2 € V2UOV,], (24)
(oz0y) = 11#20 (020y) - (2.5)

Lo T, FTRIMBRESL DA R HRARZID fe, MREEZ L2 L2525,

22 ERHFR

Theorem 2.1 (H, Heydenreich & Sakai ). Z4>* EORREGMEA 2 v ZBHRICE VT, J,, > 0 (3UGESH
M, Z4 3tk AIRL Y Th B ERET S, b L (0,0.) < |22~ (2] T 00) THD, <00>: =7 P (rtoo)
27T p>0MFET 2§ 5, 5 &, VFHEEHE p < 123D 520,

COEMDE C P2 2 HBAEADBLUTTH 5.

Proposition 2.2 (H, Heydenreich & Sakai ). g4 < > 7 BRI T, BUT OMHBIAEDEL D 25,

(X <aoo—w>)2

eIV,

Z <O’00z><0}50’y> + Z <000u><0u01><0u0—y><0—0><Jlrist(u,6Vr) ‘

z,yc€oV, uez?
z,yedV,

A (2.6)
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e, ; O@r=rv3) [p £1]
EROFERICEOT, 5T - pREFET 5. 2R 0(?), SRR L5, ¥
O(r’logr)  [p=1]
BE, p<1Ew) ZEDRREEND. (00) fpuov,) PEEZHATH Y, ZOHICE>Tp <1050
(ZOEBETIUZ S —aL—r ay EAUERICZ>TL £ 9). Proposition 2.2 DHHEARZERDEHEIHIZ I,

DIPTHMT2 T vy ahL vy bREY &) MR RHN 2RI Z v 5.

3 IV LALY KRR

FvFLALY FERIEER, A Yy IEMOEREREZ X DS R TH L. SoDRY FOEAZ
Br = {{u,v} CVg:Ju, >0}, Gr={{v,g}:vedV,} LEHTZ. g¢ 2 1E3T—RA A b LN
2THD,. Ry FEDOALVY PR n = {n,} ZIADBEDOESGL TS, ALY MR n it LT, &
BES On %

an::{UEEVRU{Q}:§:7%isodd}, (3.1)

bov

LEET D, FREAEH W] (), wr(n) ZEZNZEN

iy = T O g T

| |
Np- Ny
beEBR b b

LEFT D, T2LUTO7vFaALy bREL (K12H) o3,

bV eGRr

Proposition 3.1 (7 v ¥ 27V ¥ FREL[1]).

Y wig(n) Y wr(n)

on={x, on={z}A
(o) = 2t q}h , (0a0y) = 22 . (3.3)
> wlg(n) > wa(n)
on=9g on=9g

FYFLHLY PEBIZEWT, Tl e,y ALy n TEEZ, LwIDiR, EOAILY FE2HORY
FIZ&k 2 26 y NOEPFET LI L2V, ooy 0L, T2E, A—ab—arod) gl
WHEICR 5. Fv ¥ ALy PRETREEAMEIZ, THROB LBAME, TH2 [4, Lemma 2.3). C
kD, ZHOBB)ZHCT, FHREAZBLEZ S 2 LIRS, DWTIERO® L% 2 flifEc X
2 ik 2 bR %,

Lemma 3.2 (FROH% L& ZAM—EDHS ). EOMIES ACVr & BC VrRU{g}Ic LT, DITHED
LD,

Z wﬁR(n) WA(m)l{xmy in A} = Z wf’R(n) Wa(m). (3.4)
on=B on=BA{z}A{y}
om=2 om={z}A{y}

(3.4) DAL Z WY 5 B CH 2 HC, A ROMBIBSERD 1T 2 L5 TE 2,
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, <0'00'3c>R =

BI1 (oo)rp & (000u) g DTV I BALY FEBITH B, AHOALY bHBD->TORBRY FETE#
Wiz, BET—A P A P g DRV FERL TV,

SE 3R

[1] R.B. Griffiths, C.A. Hurst and S. Sherman. Concavity of magnetization of an Ising ferromagnet in
a positive external field. J. Math. Phys. 11 (1970): 790-795.

[2] G. Kozma and A. Nachmias. Arm exponents in high dimensional percolation. J. Amer. Math. Soc.
24 (2011): 375-409.

[3] A. Sakai. Mean-field behavior for the survival probability and the percolation point-to-surface
connectivity. J. Stat. Phys. 117 (2004): 111-130.

[4] A. Sakai. Lace expansion for the Ising model. Commun. Math. Phys. 272 (2007): 283-344.

[5] H. Tasaki. Hyperscaling inequalities for percolation. Commun. Math. Phys. 113 (1987): 49-65.
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DAL TR EOBGEREE T IOVIZN T 5 L — AR

AbHEE K 7 R B B e BT
5 Ffm (Yoshinori KAMIJIMA) *
FRERE ok e HRERFERHE - CEH MG L

1 [FL®IC
L1 RESR

Bof i E Clab#A1T (nearest neighbour self-avoiding walk, 2A R SAW) (ZHffiZ > & L7+ — 2 (simple random
walk, AN RW) IZHZAHE®D path £ XD SRV EWS REEZMALZETVTH S, £z, N—ab—Y 3 Vid&
bond 2R p THWTWS, MK 1 —p THULTWAE L WHIRENEZX SN ETNTHS. Ihol, BREZ
PHLMEINEET VB W TEERMATH S, HER - WARBSERT. FLEK (HO0) &, WEClk
DKTH-T, 0°C THRIZZE(LL, 100°C TKREKIZET S Z i L<HMonT WS,

H,O I3&HH L AHDMIZ, SHPKMTERLSRE2EDBH D, INZEFERREER. BSOS TS &
EEN5, MHEEICREEZ RIHADPRES I BPHIOoNT VWS, Thbb, YHENRERIZR 720, FHL
=095, ZOWNENRIRSEHENE (T — T.)° OLSICHEFANIHS. 22BN  2BERIERE V. YRO
ZENS, BRROME T, IWEILICE® LS. UL UBRAERE, WEOBBEIZESRWER, w5 EEEL
HEDZENERMNIZA ST VS,

SAW IZBWTHHFIEHVPER I NS, FHIZZ OERFIERIL, SAW 2 X 2 =M DIRIG d ITIREFEL TED 5.
oGt THFEROEENE] X, EATVWE%EM (KTFOK) CXS5TETVOMNMERRITCIZOAL > TRES
2k, ZERTS. HFEHEBEENICRDBEZ L1, KUOLTIRELWHETSH O, BEMNITHE RN H £ 0
HEATWAR, —HTERIGTIE, ESREI TGRS W Eh 5 BB b2 Z e osnTn 5.
IorE, BETHEDEDOUSE d, & (EER) BFRTEVS. SAW OEFRRTIIERINCI, =4 Tho LT
BENTWS, BEDL 2, BEERICHEIZEHINTWADIE d > 5 OB&TH 5. TIEE L Slade[2, 3] 12
Ko TmRENS~., ZTOMIXTHWONEZTENL—ARETH 5.

FREIZ S — T L —> a 2B WTH L — B A AW CHERRTERDZRADH Y, d, =6 L FHINATWS.
L2LIH5IEHICHLL, d> 11 OBAETULR2HSI ATV [1).

1.2 HREH

SAW Tl d > 5 CHRFHEBD SR HBEBIRMET 5 Z L 23T E 2, LR, U2 U ZDIEHIE, 100
R=VPEZE DY, BRTIOPEH TR, BETIRVP 10 MU EEH 572010, av¥a—K %&b
TPV TDEMSEZRRL TS, L—ARIICEL CTOIRWITT 7 = HIVRIEFHIEDZ, 505
AZZBLENTV D HDTRAR o7, 25 LR, SAW OEFBIRMILCRBRISN TS LIEFWE#.

100 =Y LD 0 EMETH > 7-iflHE, ZTOXEHLATD 20-30 A=Vl z, HETHTHLDLNRDL LI ICHET
BZONRKRMEDERTH L. TDHIT, [2, 3] TIEHHEMIL T (simple cubic lattice) Z9 ETHEZTWD%,
RN JiKEF (body-centred cubic lattice) LY EICEE L7z, HLTHhARB K Sz, LY IZid 29 T3 RWHEDO B
P TR AERICHIBICS20THS. HRELT, BMEXTIZ d > TR TSR LTS Y, TN
Nzd>5 ETEEIDLTHD. TSHIEHHIITTBEL 30 X—VRiRIZIMZ 6 NE Z e FTES. 211 100

* $153009@math.sci.hokudai.ac.jp or ykami@eis.hokudai.ac.jp
D bootstrapping argument (%) THW3, Ki, Ko, Kz THIzonzEDZ L.
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R=ULlEH o7 Z & R, EERIZALRWSRETHS.
INEMALT, N=ab—=YayiZBWTHORTTHFIGHEMEENRMET 2 Z 2 HIEELTWS., 2565
WRZFZHR L TVWRWZD, BURTIE SAW TENZIFEHHIZRZ DR E 5.

2 HRODIBBRFOESEEETDHR

dﬁﬁ%@jﬁ%¥Ldi,ﬁﬁééﬁlﬂao:®0.“ﬁyUM:{m:mhmwnﬁﬂeZHMH:Mﬂ:
=z =1} 2VIBBIEEZ L CERINIES, LLTEZRING. REESOMEKE || =27 Tk 5.

Zdtmﬂtt%@Ld®ﬂﬁipMN®%%%$b#%&%ﬁﬂtéth%é.?@b%,D@ﬂ:LNuVﬂ:

[15_1012,1/20 805, W75 | RTEBREOETEINTLES. DI Lh5, Stiling DARIHER T,

wew, wo0-e oot - () () i ()" 2

3 EHER
3.1 HCOES5T

SAW 1239 2 — g%, pe0,p.) & zeld T LT

ZCED IRl | CITERRN | G ERER

w: o—x 0<s<t<|w|

=Sp(x) self-avoidance constraint
EEHETD. TIT, Sp(x) F RW O “GBETH Y, BN po ZHEE xp, PERTIRTHS: xp, =

> werd Gp(x), pe=sup{p>0]x, <oo}.
W QS RGEHE TOMRD N E, ROEHIZ L > TRHEN T 5N 5.

. d?k
*2 2 —— >
£ 1. Bubble condition G}, %dG /[ﬁﬂ]d Cy() (2m)d =
x

(Pe—p) L DD D, LEAoT y=1. TIT, = BEFPORALA—X—THIZZ 5N 2 L 2HKT 5.

) Wi E 0B, x, <

INZFHT 272D DIRDFHELARBEDOEHERTH 5.
fRE 1 (with B, M), Vd > do (BEDO LI A dy=7),

Gp()]
Siun ()

1
1- pr(k)

aC € [1,p.) s.t. <C <7L:7”:°b,5'up: Bi(ﬁupzl—xgl>.

32 L—XREHE
L—AERIE, —RED Fourier 24 G, (k) XI$ 5, HBFED self-consistent 2 ifER% 52 %:

Go ) = 1+pD () Gy () + 11, (09 Gy () = Gy () = i

1 . _1_ -1 _ "1 rodd
:>XP—G() r— H(O) p=1-x, I1,,(0) < 14 11;9(0) (2)

2) §.. 1% Kronecker 7V X.
P BB f(z) DRBABE (f+g) (2) = 5, era fW)ole — v) TET
D n HO RW O path %, HFESF 507z n+ 1 HOEDOHESE w = (wo, wi, .., wn) (wj €LY, V=0, 1, ..., n) LLTEHL,
ZOHERE |w| =n THRT. BHIX 0o 25 2 IZELTARTO path IZDOWT LB I %2EkL, —DHORBOKFIEE D% % H3k
Aol (wj —wj—1 € /V) RO TVWAHILERT.
5) B f(2) © Fourier Z£#% f(k) = >perd f(z)elF® THRT.
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11544 (0) n 157 (0)—T12¥°" (k) . 157" (0) " 11999(0) 113 (k)
N — p(1=D(k)) < Gy (k) 1< P p(1=D(k)) 3)
|- BRO-TRE S, (k) A O D)
p(1—D(k)) p(1—D(k))

22T, T,(k) 13V —ZBRERE 10, (z) ® Fourier £H#TdH 5.

L RN ANAv S

1L, (z) (2 U CRBUHD M Z 139 (z) & U, BEHOMZ 119" (2) & Lk, Lo T#z) 1%, SAW O =B G (x)
DAEBHRAEIZ L 5T RW 226 EORETNE %2R L TWEEDT, Feynman diagram & XN TV 5.

3.3 Bootstrapping argument
fiE 1 Z2FEHT 272012, XD & 5 72 bootstrapping argument & XN 2 FEFHSNS:

Step 1. 4R g1(p) = p, 92(p) = SUDpe(_r 2a |G (k )|/5up( )s 93(p) = 5Py 1em,mpet | AkGp(1)] /Uy, (k1)
(M@%Jﬁ=ﬂ—ﬁ%ﬂHS 4k + 8,0 } m+4&wa+m$@(—m}Aki%ﬁifay
T V% 2 TE-7/-HD) 2%, upper bound g;(p) < Kl, Vi=1, 2, 3 2{ET 5.

Step 2. MIMHE p=0 T g;(0) < K;, Vi=1, 2, 3 #i=d 222, pe (0,p) THHETHSZ & AT

Step 3. Xyt d +43RKEWE LT, upper bound DIREN/ZE N5 561, ¢i(p) < K;, Vi=1, 2,3 £725Z
LEMERT B

IOYE, go(p) Epe(0,p) THIZ Ky KDAIWIEHbAERS, Ml 1 OFEWSETT 5,
BT, gi(p) & go(p) REDES IS A SNBNERES.

L:HQMXxDﬂ*(%Hm, Bzz(@DﬁQ*Gf>0m
r=p|D| .+ L+ B, W (k) :wséllll?d Gp(z) (1 —cos(k - x)) .

B 1= (D28 (0) =307 D (0) BEU g3 = (D*2%572) (0) = Yn’, (2n — 1) D*(0) B Hi %
EHETBE, 25l (1) Tk VFHIiTE 3. &1, e BE upper bound DIEEZA WS & L, B, r, W(k) 1%

L < K’Kse1, B<Ki\’Ky’e, 1< % + K12 Kae1 + K12 Ko?es, I/Vl()k()k)
CHMTES. L d BEFHREVEE, 2 & e NS D, £/, L—ARBIEED Fourier ZH#1 11 »(k) 12
j(:.l-L/yCy

<5Kj; (1+2€1 +52) (4)

“ro TBpDoo+L “reven BpDoo+L
Ogﬂfﬁm§L+—l%i%f—l, ognp(mggi%QET—l (5)
oo LR -4 W) B MR - Tk) Wk B+ rB)

STt 1-bm - ST pi-bw)  Ci-pweai-epr

p
BB EES. ThSIE (4) LADETERSHIERBIENTES. LEN-T, (2 (3) % @) & (5) 8L
(6) THAET2ZL12kD, gi(p) & gop) REMSHEZSNE.

S 3k

[1] R. Fitzner and R. van der Hofstad. Nearest-neighbor percolation function is continuous for d > 10. Preprint,
(2015). arXiv:1506.07977.

[2] T. Hara and G. Slade. Self-avoiding walk in five or more dimensions. I. The critical behaviour. Commaun.
Math. Phys., Vol. 147, pp. 101-136, (1992).

[3] T. Hara and G. Slade. The lace expansion for self-avoiding walk in five or more dimensions. Rev. Math.
Phys., Vol. 4, pp. 235-327, (1992).
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AN OPTIMAL INVESTMENT STRATEGY FOR INSURANCE
COMPANIES WITH A LINEAR GAUSSIAN STOCHASTIC FACTOR
MODEL.

MR (R FPEEZE)  ZH M5k (RBORZEH L)

(REROBH] R Gauss BIFER T 7 V9 —ETI/IL N COIRKESI AR~ AUV~ RIE4t
DEEREREOREHRE & RBIEZ KD B,

(Q,F, P, (F)i0) &7 4 VX SHEREME T D, 727200 Fpi=0{Ws,ps, Zjlj<p,;s <
t»j 2 1} T&)éo Z :VC‘\ (Wt)tZO ‘i n—+m >kfﬁ*ﬁjﬁ§i%7:7_ '7 ‘/E@J, (pt)tz() &i? f/ﬁ‘L\ i}fgﬁﬁx?

BIZEERT D) 25D Cox M2 | (Z;)i>1 (ZE—046 v 2 DML IEAMEREH DI, *
7=, (Wt)t207 (pt)tzo, (Zi)izl WEH WIS & T 5,
L. ROTGETNEEZ 5,

o SRATTEDERE : dSP = rSPdt, S = s,

o i(i=1,---,m) FH DMEMRE EMEEFE -

n+m
dst =S} {(a + AV dt+ ) z;’fdwﬁ} . Si=s),
k=1
o 777Xk : dY; = (b+ BY;)dt + XpdW;, Y (0) =y e R"™
ZZT, r>0,acR™ beR", AcR™" BecR™" X, c Rmx (ntm) DIFNS R (ntm)
THd,
Bz, U AZEREE LT, RD Cramér-Lundberg €T V%25 :
Ry = x4+ ct — Ji,

bt

l:T\xﬁﬂﬁﬁﬁ\c>0ﬁﬂlﬁ@ﬂ$\ﬁr:zyﬁﬁ%éoik\AL::L—%_

=1
CREFRT DL E, JICHEET S jump measure (£t >0 ERVIVESG U C [0,00) IZH LT, X
DEIITEHKT S :
N([0,T] x U):= > 1u(AJy).
0<s<t
D&, ROFMEIRET 5,
(A1) Z,%5 > 0.
(A2) TV RLBHREEZ NY,) =Y AY, +Xo. &5 5, 72720L. XN >0,A>0Th5,
& i BHOBREEDOHRDRER, 1=(1,---,1)* & T5&, BEtITBI3RBRat0E
PEERE X 1XRZ w729,

™ ! - 1dS'LZL ™ * ng

=1

t t Pt
—x+/ {c—i—wZ(a—i—AYu)—rl)—i—rX;r}du—i—/ wzzdeu—ZZi,
0 0

i=1
ARG TIE, ROBHUZ B2 W RR O R EREZ % 5.

(P) V(t, Z, y) = sup E [_e_aX;z,y,ﬂ-] .
WGAt’T

272U Apr 3ZEFA R EIE R,
(fEDZFIE)
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(1) BIRYETHEFEEZ W T, BRIZ (RI25Z2 5015 )HIB 2K (0.1) 2835, (K

HIB ARERX (0.1) @ sup [ [ IZBWT, sup ZEKT D 7 |3 il £ & K O e 12
TeER™

5, )

(2) HIB A2 (0.1) \Z s kg D5l 7 2 RA L 72 AR (0.1) (A FTEATW5) Off
DIFAEZFET %,

(3) HIB /if#=X (0.1) ZH\W T, Verification Theorem (B EIEDGEAH 7 23 AY (2 itk
Th DI &2 RIES 5 EH) ZFEMT 5,

Gy PHHEBIEE AT O X S ICHSMA B Z LA TE S,

P _ T _ T r(T—s)
E [_eiaX; " } = —e_azer(T V—ca [, e"T=ds+xo fz>0(eaze B

1>V(dz)ds
g™ [e Ir ﬁ(ys,,ﬂs)ds}

7270, EM I P CEZEINAHERAIE P (2B 3 2 B 2 F3,

dj](;) = 53T(7T),

S 2 .
ggT(ﬂ_) — e_a f: QT(T_“)W:EPC[W“—% ts CQr(T—u)ﬂ_ZZPE;du

Fr

o Jsg e TTON (s d)+ [ M) [ (1= Yuldz)du

)

(eazeT(T_t) - 1) v(dz).

Uy, ) = O;Qe2r(Tt)7r*2pE;7r — ae" T D (u(y) — r1) + y* Ay /z>0
IIZT, Y&k PO-T5 il W= W, + / ae" TS du & VWS & P O FT
RAENTZTILILERT 5, t
aY, = {b+ BY, — ae’ "5 sim b ds + pdWE, YVi=y.
Z DN, M (P) 3 ROME L FMHEIZZ 5,
(P) V(t,y) :== inf J(t,y;m).

WEAt,T

SRR BIEFEEIE D S, B (P) (BT 5 HIB ARRIIRD &S 12725,

inf
TER™

8‘7 1 * 271/ r(T—t * * 7 7
S+ 3(EED V)+ {b+ By — a5, 550 L DV + 6(y,m) | = 0,V(T,y) = 0.

EIZ, Vi(t,y)=e W) L322 v ROMMS AR %MWY

(0.1) sup Lio(t,y) =0, o(T,y) =0,
TER™

ZZT. LTu(t,y) IFRTEHRIND,

- ov 1 . 1 . N N 1 r(T—1) % «
Liolty) = 5o + §tr(2f2fD%) — 5(Dv)"SySDv + (b+ By)*Dv — 5a2e2 Ty, 5o
+ ae" T (a + Ay —r1 + X7 Dv) — y*Ay/ . (eazeT(Tﬂ» - 1) v(dz).

z>
DED, RDLDITH D,
8 1 *
6—;} + itr(EfE}DQU) +{Kiy+b- ZfE;(EpE;)_l(a —71)}" Dv

1 1, o e
- §(Dl}) KyDv + JY Koy + (a —11)"(X,%) LAy

1
+ —(a— Tl)*(EpE;)fl(a —rl) — y*Ay/
2 z>0
v(T,y) =0.

(0.2)
(eazer(T_t) — 1) v(dz) =0,
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772U, Ko, K1, Ko l3RTHZ 6N 5:
Ky =S {I = S5(5,55) 718, } £F, Ky := B — 5555 (5,55) T A, Ko = A*(S,55) 1A
(BEDFIE] 28T, ROMRIPELND,
Theorem 0.1. (A1), (A2) ZRKET 5D, T 51T, REINET 5,
(A3) Ko — 2A / . (eaze’”T - 1) v(dz) > 0.

ZTDELE, ROMERMEFEOSNS,
1.(0.2) 1FROBIRME O(t,y) 25 D,

-~ 1 * *

o(t,y) = Y P(t)y +q(t)"y + k(1),
7272 L. P(t),q(t), k(t) TNEFNRDHFEARDMETH 5,

P(t) + P(t)Ky + K} P(t) — P(t)K>P(t) + Ko — 2A / (=" = 1) v(dz) = 0, P(T) =0,
z2>0

Q(t) + (K — KaP(1)*q(t) + P(8)b + (A — Z,Z5P(1)* (5,55 " Ma - r1) = 0, ¢(T) =0,

(1) + 3 (S7SP(0) + a(t)" {b— B2y, 0~ r1)} — Sqlt)" Kag(1)

i (a— ) (5,5 Na—r1) =0, K(T)=0.

2
2. HIZRZERET %,
(A4) / eQazerTV(dz) < 0.
z>0
ZDEE,

2= 7 (s, Ys) = ée—“T—S)(zpz;;)—l [{A = S,55P(s)} Vet a — 1l — 5,554(s)]
EGEIE T, ¢ e [0, T] KR LT, KA D Y20,

— T (T—s T r(T—s)
Vit m,y) = —o T e Sl et dstro [T [ (e

aze

71) v(dz)ds—aze™(T—1)

SZ

[1] H. Hata and K. Yasuda (2016) “An optimal investment strategy for insurance companies
with a linear Gaussian stochastic factor model”, preprint.
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PARAMETRIX EXPANSIONS FOR SIMULATION OF
STOCHASTIC DIFFERENTIAL EQUATIONS

TOMOOKI YUASA

JOINT WORK WITH PATRIK ANDERSSON AND ARTURO KOHATSU-HIGA

1. 00

goo0oooOoOooOoOoOoooOoOoooO0OooOooOooooOoooDooooDooboood
0000000000 0D0O0D 19%50000000000000000 Euler-
Maruyyama OO OOOOO0OD0OOOODOOOOOOEuler-MaruyamaO OO OO0
oooo00oOooooOoO0ooooobOo0ooooobOo0oOobDoooooDOooOoooDoO
O000000000000oooooooooooooboodd Hoang-Taguchi
O000000DOoO0O00000ooDooOOOO0O00dnOOdEuler-Maruyama 0 0
OOooo0ooO0o0ooO0ooOobOOoOooOoooOoDoOooOoooOD NooOoOoOO
OO0000D00O Milstein 00000OD0OCO0OO Kusuoka OO O Ninomiya-Victoir(d
Bally-Kohatsu[2l D 000000000000 COOOOOODOO Bally-Kohatsu O
O0D0O0O0000000D0D000000 Parametrix methodDOOOOO0D0OOO
00000000000 Parametrix simulation method O O O 0O O O *0 Parametrix
simulation method 00000000000 O0O0ODOOCOOODOOOO

() 0000000000 OoooOoUooooooo
(i) D0O00O00O0O0O0OU0O0O0O0DUOOO0OOooOOOoUooOoo

0000G() 000000000000 0000000O000oooooooooOod)
O000000oo0oDooooooggOEuler-Maruyama OO OOO0O0OO0OO0OO
0000000000000 000000 Euler-Maruyama OO0 OO0O000O0O0O
00000 Parametrix simulation method 000000 OO0 OO OO O Parametrix
simulation method D0 00 000000000000 OO0OO0OODOODOODOOO
00o0000oDOoooOooooon

(iii) 0000000000000 0D0O0D00DO0DOUOOOOoOOo
(iv) 000000000000 00000000000

0000@) 0000000000000 00Andersson-Kohatsu[l]OOOOO0O
00000000000 D00000DbD000000oDo00o0DDOo0o0o0ooOoOon
0000000000 DODODDODOOOOParametrix simulation method OO0 O O O
00000000000 (ivy0OO0O0OO0O “0000000000P0000000
000000000 ()00000000000U0o0o0ooo0oooooUoo

*Parametrix simulation method 0 Unbiased simulation method 00 000000000000
0000000000000 000O0000Euler-Maruyama 00 0000000000000 OOO
000000000000 00 Exact simulation method 0 Unbiased simulation method 00000
0000000 strong 0000000000000 0OOOOO weakOOODODOOODOOOODOOOOO

1



2. PARAMETRIX SIMULATION METHOD O 0O [0

0000000000 Parametrix simulation method 00 0 0O "0 (Xy)>0 00
D0 Xo=2€R'0d000000000 dXy = Y7, 05(Xe)dW + b(X¢)dt O
00000000000000(W)i>o0 mOO WienerOOOOOOc0OOO00OO
000000 € CARLRY@R™)Ob e CH(RYL,RY) 0D000000000000O
E[f(X;)] O Parametrix expansion 0 00000000

Theorem 2.0.1 (Bally-Kohatsu). 000 fe L*R4Y)0¢te€ (0,7/00000

[e%e} n—1
E[f(X:)] = /Rd dyf(y)Z/n ds /RM dy [ ] asi—sops (Wi vi41)Bs, (s v)-
n=0 t i=0

00008y ={0<s, <...<s1 <t}0a(z,y) =0:(x,y)p,(x,y) DO ODODODOOO
Oy—=p(r,y) 000 o+ b(xt0 00000 «(z)t0000000000000O0
000000000000000 1,200 HermiteD OO AR 00000000
060:0,TxRIxRY—-RODODOOOOOODO

d d
1 ij i
et(xay) = § Z etﬂ(xay) - Zpt(x’y)7
=1

ij=1
0y (x,y) = 07 ;0™ (y) + 0;a" (y)hi(w, y) + ;0™ (y)hi (z,y)
+ (a7 (y) — ™ (2))hy (2, y),
pi(z,y) = 0ib'(y) + (b'(y) — 0 (2))hi(z, y).
0000000D000000000
Theorem 2.0.2 (Bally-Kohatsu). 000 fe L*°(RY)0t€ (0,7)00000

Npr—1
E[f(X7)] =E|f(XP)eA™N [T 0ny—n (X5, X )|

Tit1
i=0

=y
0000 (V)e>o 0000 (r)ien000000 A>00000000 Poisson0 O
0000000(X ), 00000000 7(w) = {r(w);i=0,1,..., Np(w)}U{T}
000 Euler-Maruyame 000000

Parametrix simulation method D 00000000000 DOOOOO Y OOO
0000000000000 00U E[f(Xy)]0000000000O00OOO0OOO
0000000YODODOOO0ODO0D0DO000000000D00 Andersson-Kohatsu O OO
0000000000000 0ooDo0o0ooo0oooooooDoOooooOon
00000 PoissonOOO0OO0O0 Renewal 00 000000000000 OODODOO
ooooooo

2.1. 00000000 UO Importance sampling. E[f(X;)] 0 Parametrix expansion
gooono ZZOZODDD fsndSDDD fRnddyD 3000ooboooboooboooboa

Andersson-Kohatsu OO OO OO0 000000000000 OOOOO Importance
sampling 00 000000000000 OOOO0ODOODOOODOOQO Importance

TBally-Kohatsu[I[lDDDDDDDParametrix method O Forward method O Backward method
ooooooOoooO0o0DoO0o0oOoOO0O0ODO0O0DOO0O0OD0OO00DOOO0OO0OOO0ODOODDOO
Forward method 0000000000000

63



64

sampling0 00000000000 Andersson-KohatsuO OO OOOOOOOOO
oooooo

3. 0000000000 IMPORTANCE SAMPLING

00000000000000000000000000000 Importance sam-
pling000000000000000000000000000000000000
000000000000000¢t>00zeRYI0000000 v,,,0RIODO0ODO
O000000RI0O0OD0OD000O000000D0000000000000w,0
0000 |v,|000Radon-Nikodym 00000 ¢, 00000000w,,000
000000000000

e 000 2,y cRIODDOOOOD t+ ¢r.(y)0 (0,00) 0000000000

e 0D ¢t>002cRIODOODO0 y— dpr(y) 0 RADOODDOODDO

e 000 feCRHYDDODOTs —»t000supyere [Vsa(f) = via(f)] = 0

D0000¢t—0000sup,epa [vea(f) —6:(f)) »000000
e 000 t>0000008up,e(0gxRre Vsl (RY) <co 00000
e 000 t>002zcRIDODODO0 y—¢.(y)0 L*000000000

00006, 02xcRI000000 Dirac 000000000 L*00000000
O000(X,)> 0000000 CRYHYODODOO0DD0DODOOO0O0OD LOOOOOLY
OLOCARYNLARY)N{Lf e L*RH}O0OO00O0O0OO L2RYHOOOOO
oopoo00O00DO00DO0DO0o0O0OO0O0ODOoO v, 000000000000000

Theorem 3.0.1. 000 fe L*RY)0t€ (0,7T)0p>000000
$r-rnp xg, (XF) Needa, (X7 XT )1

H Tit1
ﬁT—TNT (XENT’X%) 27)"'77+1—"'71 (X;ri’Xﬂ- )

i=0 Tit1

E[f(X,)] = E| f(XF)e A~ Nr

=Y
E[[Y "] < || fI5.Crpexp {-AT(1 = p) + CrpA' PT} < oo.
0000a(z,y) =(L" = 0)pra(y) DOOO
Theorem 3.0.2. 000 fe L*RY)0te€ (0,7T)0p>000000
E[f(Xt)] =
s T (X7) Nﬁl (soml—n,x:,., (K)o n (X5, XT, ) )1
Ter XT) Propr—r (X5 XT ) APy, (XTLXT )

T—TNT (XTNT’ T

E

=0

=Y
E[[Y[?] < ||f|[2Crpexp {—AT + CrpA\' PT} < co.

p=2000Theorem 3.020 0000000 Theorem 3.0.1 000002000
O00000000O0doD AOODOODOODODOOOO0OOCOO0ODOOOOoDOOonDOg g
O0000000Theorem 3.020000 AN0000000O0OOCO0OODOOODOOO
oobo0obOoO0bOo0ob0oOo0oooO00ooOO00oobooNODOO0ODOOoOoDbDOoOoDbDDOO
gboobuoobooboboboobooobog

REFERENCES

[1] Andersson, P. and Kohatsu-Higa, A.: “Unbiased simulation of stochastic differential equations
using parametrix expansions”, To appear in Bernoulli, 2016.

[2] Bally, V. and Kohatsu-Higa, A.: “A probabilistic interpretation of the parametrix method”,
Ann. Appl. Probab., 25(6), 3095-3138, 2015.



65

Ergodic type limit theorem for fundamental solutions of

Schrodinger operators
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Potential theory of subordinate killed Brownian motion

Panki Kim Renming Song and Zoran Vondracek

Abstract

Let WP be a killed Brownian motion in a domain D € R% and S an independent subordinator
with Laplace exponent ¢. The process Y defined by Y}’ = W£ is called a subordinate killed
Brownian motion. It is a Hunt process with infinitesimal generator —¢(—A|p), where Al|p is the
Dirichlet Laplacian.

In the PDE literature, the operator —(—A|p)*/2, a € (0,2), which is the generator of the
subordinate killed Brownian motion via an «/2-stable subordinator, also goes under the name of
spectral fractional Laplacian, see [1] and the references therein. This operator has been of interest
to quite a few people in the PDE circle. For instance, a version of Harnack inequality was also
shown in [6].

In this talk we discuss the potential theory of YP under a weak scaling condition on the
derivative of ¢.

For any Borel set B C D, let 75 = inf{t > 0: Y;” ¢ B} be the exit time of Y from B.

Definition 0.1 A real-valued function f defined on D is said to be harmonic in an open set V' C D
with respect to Y if for every open set U C U C V,

E, Hf(YTg)H <oo and f(zx)=E,; [f(YTL;)} for all x € U. (0.1)

Under some mild assumptions on ¢ and D, we show that non-negative harmonic functions of
YD satisfy the following scale invariant Harnack inequality, which extends [5, 6].

Theorem 0.2 (Harnack inequality) Let D C R? be either a bounded Lipschitz domain or an
unbounded domain consisting of all the points above the graph of a globally Lipschitz function. There
exists a constant C' > 0 such that for any r € (0,1] and B(xo,r) C D and any function f which is
non-negative in D and harmonic in B(xg,r) with respect to YP, we have

f@)<Cfly),  foralwz,ye Bxo,r/2).

The proof of the Harnack inequality is modeled after the powerful method developed in [2].

Subsequently we present two types of scale invariant boundary Harnack principles with explicit
decay rates for non-negative harmonic functions of Y. The first boundary Harnack principle deals
with a C'! domain D and non-negative functions which are harmonic near the boundary of D.

For any open set U C R? and z € R?, we use dy7(z) to denote the distance between x and the
boundary oU.
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Theorem 0.3 Let D be a bounded C*' domain, or a CY' domain with compact complement or a
domain consisting of all the points above the graph of a bounded globally C** function. Let (R, A)
be the C11 characteristics of D. There exists a constant C = C(d, A, R, ¢) > 0 such that for any

€ (0, R], Q € 0D, and any non-negative function f in D which is harmonic in D N B(Q,r) with
respect to Y and vanishes continuously on 0D N B(Q,r), we have

f(x) f(y)
5n@) = opy)

In particular, we see from the theorem above that if a non-negative function which is harmonic

for all z,y € DN B(Q,r/2). (0.2)

with respect to Y'© vanishes near the boundary, then its rate of decay is proportional to the distance
to the boundary. This shows that near the boundary of D, Y? behaves like the killed Brownian
motion WP,

The second one is for a more general domain D and non-negative functions which are harmonic
near the boundary of an interior open subset of D.

Theorem 0.4 Let D C RY be either a bounded Lipschitz domain or an unbounded domain consist-
ing of all the points above the graph of a globally Lipschitz function. There exists a constant
b = b(¢p,d) > 2 such that, for every open set E C D and every Q@ € OFE N D such that E
is CY1 near Q with characteristics (5p(Q) A 1,A), the following holds: There exists a constant
C=C0p(Q) N1, A, ¢p,d) > 0 such that for every r < (dp(Q) A1)/(b+2) and every non-negative
function f on D which is regular harmonic in E N B(Q,r) with respect to YP and vanishes on
E°N B(Q,r), we have

f(z) f()
om0 D17 = Gty

The obtained decay rates in the above two theorem are not the same, reflecting different bound-

2,y € ENB(Q,27%(1+ (1+A)*) %),

ary and interior behaviors of YP. Theorem 0.4 is new even in the case of a stable subordinator.
The method of proof of Theorem 0.4 is quite different from that of Theorem 0.3. It relies on a
comparison of the Green functions of subprocesses of Y and X for small interior subsets of D,
and on some already available potential-theoretic results for X obtained in [3].

This is a joint work with Renming Song (University of Illinois) and Zoran Vondracek (University
of Zagreb).
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YL 2ELsupl=0 2T 5. ((0)=( TH5.

EHE 3 EED:e >0 IR UTUTARITS.
(1) /\hm P{]Eg’%glA)\} =1.
—00
(11) lim P{E4,)\7E|B)\} =1.
A—00
ZT

(Y

Eire ={w e W:pine(w)>1—¢}, i=3/4,
Pape(w) = Py {0(1/2 =0 + e, muwy) < e X(e)) <o(1/2 ¢ — e, mawn) }
pare(w) = PO {¢(e,mwn) < e X () < ((—e(N), mawn) }
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e(N) > 0,A > 0, 1Flimy oo e(N) = 0, limy 500 Ae(N) = o0, Zii7z T{EEDOEET
H5.

we WX U,

H = H(w) = Juax w(z)

Yl weABRSIEHW) =1/2-8 THY, weB A5IE0< Hw) <1/2-7
Th5.

EHE 4 F£ED:e>0 I UTUTHRIT S,
(1) )\hm P{E57/\,5|A)\} =1.
—00
(11) lim P{E67)\7E|B,\} =1.
A—00
Z T,
Eire ={w eW:p.(w)>1—-¢}, i=05,6,
p57>\75<w) = Pg/\ {’6(1/2»\7(6)\) . ggtagxl G,\(t)| < 8} :

pG,,\ﬁ(w) = PB/\ {‘)\71 logY(e)‘) — H(T)\w)\) — El| < 8} .

FEDOEH 1 ~ 4 1%, [KST], [KS] 2 &2 M7 57 VRT3 v L& S DHLEGH
FROZEEZET 2ERIZHINTE2EDOTH S.

FHETCUE, o = o = 1/4 DEGE, £72c1,00 > 1/4 DEGEDOX)IRT 5 @FEDZEE)IZ
DWTHHET 2.

S 3k

[B] Brox, T. (1986). A one-dimensional diffusion process in a Wiener medium. Ann.
Probab. 14, 1206-1218.

[KS] Kawazu, K. and Suzuki, Y. (2006). Limit theorems for a diffusion process with
a one-sided Brownian potential. Journal of Applied Probability 43, 997-1012.

[KST] Kawazu, K., Suzuki, Y. and Tanaka, H. (2001). A diffusion process with a one-
sided Brownian potential. Tokyo J. Math. 24, 211-229.

[KTT] Kawazu, K., Tamura, Y. and Tanaka, H. (1989). Limit theorems for one-
dimensional diffusions and random walks in random environments. Probab. The-
ory Related Fields 80, 501-541.

[S] Suzuki, Y. (2016). A diffusion process with a random potential consisting of two

contracted self-similar processes. preprint.



73

Sharp interface limit for stochastically perturbed mass
conserving Allen-Cahn equation

Rl EE CROREER)

email: satoshi2@ms.u-tokyo.ac.jp

D CR™ 2o B 0D 2R DA R L U, IROMEREBD DM u = v (t, v)
EZD:

S = ke (100 - [ ) a0, DR,
D
1 ous
() ay :0’ On@DXR.;.,
u®(0,-) = g°(-), in D,

ZZT.e>0,a>0,vZ0D EONMEERRZ ML, R, =[0,00), 7=,

€Y\ __ i £
[ R )
IR E S £ e S EN

(2) 151}})19 (z) = Xvo0s

in L?(D), 272U, 7o 1& D EOBEFH N BRAE DR 7> S 1K S ¥ S A7 Bl T 4o = 0Dy
272550 (Do IFHESHDT Dy C D), xy &z D5y DIMU (R 122 & &, x, (2) = +1(-1) 7
2LDTHD, we(t) ldd3 (Q,F,P) TEHI NIz w(t) = we(t,w) € C°(Ry) Dt I DN TDW
77T, we(t) 1% 1 ¥XE Brown B w(t) 12 e | 0 THYRERTIRT2EDTH D, KINHE f 1
f € C*(R), bistable T, AN Zjii7=3 & 9§ 5:

() f(&1) =0, f/(+1) <0, /_1 Flu)du =0,

(ii)  f has only three zeros =+ 1 and one another between =+ 1,
(iii) there exists ¢; > 0 such that f'(u) < ¢; for every u € R.

FHEA (1) Ta=0. 22, fOFEEEHDPRWEE X Allen-Cahn SRR TH 5, a =0 THNIT,
(1) Dfft u® DEMEIFRFEINS: IC eRsit.

1 E(t,z)dx =
(3) |D|/Du (t,z)dx = C,

IR Allen-Cahn /2R T/ 4 X720 54 (1) with a = 0) D e | 0 T sharp interface
limit (% [1] THMU SNT WD, BXIFZ/ A1 ZXHY (a#0) ODHHEEZEA. D sharp interface limit
EMU 5, ETIEMTEZOVWTHNTE2TETHS ¢

L BAFIZRARD (4) DN —EINITFET DRMED T, e LODE &, (1) D us(t) 1E. ¢° A1 (2) &
729726, (4) IT/D 3 IZH B EEKTIHRT 5,

2. (4) DfFIZ D C R?, v, »* convex TH SR Y —RMIZFET 5,
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(4) V:n—][ ot 42U, te 0.0,
Yt 2|’Yt|

o: stopping time T o > 0 (a.s.), V: v @ inward normal velocity, k : 7 ® mean curvature

(multiplied by n — 1), f;ﬁ K= f% kds, w(t): white noise process, o: Stratonovich sense,

AFER ([2]) FAREALE DEFRHAETDH 5,

[1] X. CHEN, D. HILHORST, E. LOGAK, Mass conserving Allen-Cahn equation and volume pre-
serving mean curvature flow, Interfaces Free Bound., 12 (2010), 527-549.

[2] T. FUNAKI, S. YOKOYAMA, Sharp interface limit for stochastically perturbed mass conserving
Allen-Cahn equation, arXiv:1610.01263.
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Sharp interface limit for the stochastic Allen-Cahn equations
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Stochastic complex Ginzburg-Landau equation with

space-time white noise *

Nobuaki Naganuma (Osaka University)

In this talk, we prove local well-posedness of the stochastic complex Ginzburg-Landau equation
with a complex-valued space-time white noise £ in the three-dimensional torus T? = (R/Z)3

®) {u(atu: (i+p)Au+v(l — |uf*)u+ € on (0,00) x T?,

0,-) = uo(-)-

Here, i = v/—1, p is a positive constant and v is a complex constant.

Before starting our discussion, we introduce notation. We denote by D the space of all smooth
functions on T3 and by D’ its dual. For every o € R, 1 < p, ¢ < 00, we denote by By, the Besov
space, which is defined by the completion of the space of smooth functions on T? under the Besov
norm [|-||gg . To define the Besov norm, we use the Littlewood-Paley block {A, = F omF}oo_ 1,
where F and F~! are the Fourier transformation and its inverse, respectively, and {p,, }5°__; is
the dyadic partition of unity. For notational simplicity, we set the Holder-Besov space C* = By,
and denote by CpC® the space of all C*-valued continuous functions on [0, T] for every 7' > 0. Next
we introduce the notion of paradifferential calculus. For every f € C* and g € C?, we define the
resonance f ® g and the praproduct f© g. They give the decomposition fg= f@g+ fOg+fSg.
The paraproduct f © g can be defined for any «, 8 € R, but the resonance f ® g can be defined for
a+ B > 0. Hence, in order define products fg, it is necessary that a4+ 8 > 0 holds. Finally, we set
LY =0 —{(i+pA -1}, P} = Hi+mA=1 and I(u), = fioo P} jugds for u:[0,00) — D'

Now we return to well-posedness of the equation (P). For some reason, we write (B) as L'u =
v(1 — |u/*)u + u + € and discuss the problem. To illustrate difficulty of this problem, we consider
a stationary solution to the linear equation £1'Z = ¢ on (0,00) x T3. The solution is given by
Zy = I(£); formally and it is not a function but a distribution with respect to the space variable
in the dimension three. More precisely, Z; belongs C—27" for any k > 0. Hence the products Z72,
ZZy, Z2Z; and so on are not defined a priori. Since the irregularity of the solution to (B) comes
from the white noise, it is natural to guess that the space regularity of u; is not better than that of
Z; and that the product |u;|?u; = u?%; is not defined a priori.

To overcome this difficulty, we use the theory of paracontrolled distributions developed in
[GIPTH). The method consists a deterministic part and a probabilistic part.

*This talk is based on a joint work with Masato Hoshino (The University of Tokyo) and Yuzuru Inahama (Kyushu
University)



In the deterministic part, we construct the solution map of (B) from the space X of driving
vectors to the space Di}f/ of solutions, where T, is a life time of a solution and &, s’ are positive
small parameters, and show that the solution map is continuous. To be precise, for every 0 < k <
k' <1/18 and T > 0, we call a vector of space-time distributions

x = xhxV x¥ xY xY xY xV xF ¥ ¥ ¥ Y ¥
€ CrC 5% x (OpC~ 1772 x (CrCY)2 x L277375% 5 (CrC~")8 x (CrC~ 3?2

which satisfies EIXY = XV and ElXY =XxVa driving vector of (H). We denote by X the set
of all driving vector. The definition of D;’“/ is a little complicated. Because we transform (B) to
a system of two equations with respect to (v,w) so that u = X — vX YV 40+ w solves (B). The
space D;’”/ is where (v, w) lives.

We explain the meanings of the graphical symbols I, V, ¥, Y,.... They are just coordinates
mathematically; however, the dot and the line are icons for the white noise and the operation I,
respectively. Hence, | represents I(£) = Z. Moreover, ! and ¥ are icons for the complex conjugate
of Z and the product ZZ, respectively. So ¥ means I(Z2Z). Finally, - denotes the resonance term;
\F represents 1(Z%22) ® Z.

In the probabilistic part, we construct a driving vector X¢ from a smeared noise £¢ with a
parameter 0 < € < 1 and show convergence of X€¢ as ¢ | 0. Of course, we assume that £¢ — £
as ¢ | 0. More precisely, we set xel = z¢ = I(£%)y, X = Z¢ and XV = (Z¢)?; however, since
¢ = E[ZfZ] diverges as € | 0, we need to consider renormalization and set X ¥ = z¢7¢ - ¢f. In

order to define X7 for Y, Y, i.'-: % and ‘i, it is necessary to consider renormalization. The other
renormalization constants are ¢, = %E[X(et ) © X(eu)] and ¢§ 5 = E[X(etl) 0] X&’\;L,)]. To show
convergence of X¢, we express A\,, X7 by the It6-Wiener integrals and estimate their kernels.

From the discussion above, we obtain our main result:
Theorem 1. Set ¢ = 2(c{ —vc5 | —2vch,). Let ug € C—3t . Consider the renormalized equation
()
u(0, ) = uo(-).
Then ¢¢ — oo as € | 0 and there exist a unique process u¢ and a random time T such that

e u¢ solves (B1) on [0,T¢) x T3,

{ Oput = (i + ) Au + v(1 — [uf]?)uf + veus + &, on (0,00) x T3,

o TS converges to some a.s. positive random time T in probability,

e u® converges to some process u defined on [0,T,) x T3 in the sense that SUpg<s<r, 2 |lU§ —
us| 240 2 0ase—=00n probability. Furthermore, u is independent of the choice of £°.
References

[GIP15] Massimiliano Gubinelli, Peter Imkeller, and Nicolas Perkowski. Paracontrolled distribu-
tions and singular PDEs. Forum Math. Pi, 3:e6, 75, 2015.
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GLOBAL SOLUTION OF THE COUPLED KPZ
EQUATIONS

MASATO HOSHINO (THE UNIVERSITY OF TOKYO)

1. INTRODUCTION: THE KPZ EQUATION
The KPZ equation
(1) Oh=32h+L(0,h)*+&, t>0, z€T,

where ¢ is a space-time white noise, appears as a space-time scaling limit
of the fluctuations of weakly asymmetric microscopic models. Since the
solution h of the equation (1) is expected to have a regularity (3)7, i.e. 3 —x
for every k > 0 in spatial variable, the square term is ill-posed. Instead, the
Cole-Hopf solution of the KPZ equation is defined by hcp = log Z, where

Z is the solution of the multiplicative stochastic heat equation
0z =1027 + Z¢.
At formal level, It6’s formula yields that h = hgp solves the equation
Oh = 302h + L{(0,h)* — o0} + &

This heuristic equation should be reformulated into the approximation
(2) Ohe = 3020 + 3{(0:h) — ¢} + £,
where £°(t,z) = (£(t) *x n°)(z) is a smeared noise with an even mollifier
1°(x) = € 'n(e'z) (e > 0), and ¢ = [[n]|7. = € *|InllZ.-

Recently developed theories of regularity structures [5], or paracontrolled
calculus [2] constructed the well-posedness theory for the KPZ equation
independent to the probability space. Let C? be the completion of the set

of smooth functions on T under the Bgopo(rﬂ‘) norm and C? = C% U {A} be
the extended space with a “death point” A.

Theorem 1.1 ([4, 3, 7]). Let 0 € (0,3). There exist a Polish space M, a

lower semicontinuous map Ty : C° x M — (0,00], and a map

S:C% x M 3 (hg,E) = h e C([0,),C?)
such that, hljgr,) € Cc(0,T.),c%, h T.,00) = A, the map S is continuous
with respect to the C([0,T],C%)-norm on the set {(ho,Z); T(ho,Z) > T}

for every T > 0, and for every probability space (2, P) (which admits a
space-time white noise) there exists a measurable map = : Q@ — M such that

hcu(ho,w) = S(ho, E(w))  P-a.s. w,

where hcp(ho,w) is the Cole-Hopf solution with initial value hy € C?. More-
over, there exists a measurable map Z° :  — M such that lim o E¢ = E
in probability, and h¢(hg,w) = S(ho,Z%(w)) solves (2) with initial value
hg € c?.




Theorem 1.1 and the properties of the Cole-Hopf solution imply that
T, (ho, E(w)) = 00, P-a.s. w. On the other hand, the fact that T%(ho, Z) = oo
for every (ho,Z) € C? x M was shown by Gubinelli and Perkowski [3] by
using the Cole-Hopf transform again.

2. MAIN RESULT: THE COUPLED KPZ EQUATIONS

Let d € N. For given constants {I'§ }1<a,3y<a and the independent
space-time white noises {£“}1<q<q, we consider the coupled KPZ equations

(3)  Oh™ = JO2h™ + 3T5,0,h°0,h + €%, 1<a<d, t>0, z€T,

where the summation symbol ) over (8,7) is omitted. Such system nat-
urally appears as a scaling limit of microscopic systems with d (local) con-
served quantities. As with (1), the ill-posed equation (3) should be refor-
mulated into the approximation

(4)  Oho = LO2h + TG (9,h PO, R — £67 — C9P7) + g5,

where C¢ = (C“#7)5., is a matrix behaving as O(|loge|) in general. It is
not difficult to show the similar well-posedness result to Theorem 1.1 for the
coupled equations, except for the existence of global-in-time solution like
the Cole-Hopf solution.

In order to obtain the global existence, we assume the symmetry condition

(5) Iy, =T% =00,

Then indeed we can choose C¢ = 0. Under the condition (5), the distribution
w of (0,B%)q, where (B®), is the d-tuple of independent Brownian bridges
on T, is invariant under the process (0,h®),, where h is the limit point of
the sequence (h€) defined by (4). This implies that for p-a.e. ug € (C/~1)? =
CO~1(T,RY), it holds that

(6) Ty(ho,Z(w)) = 00, P-as. w

for every hg such that 0:ho = ug ([1]). By using the fact that the limit pro-
cess h is a strong Feller process on the space (C?)? ([6]), the global existence
(6) can be shown for every initial value.

Theorem 2.1 ([1, 6]). Let 6 € (0,%). Under the symmetry condition (5),
we have (6) for every ho € (C%)2.

REFERENCES

[1] T. FUNAKI AND M. HOSHINO, A coupled KPZ equation, its two types of approzima-
tions and existence of global solutions, arXiv:1611.00498.

[2] M. GUBINELLI, P. IMKELLER, AND N. PERKOWSKI, Paracontrolled distributions and
singular PDEs, Forum Math. Pi 3 (2015), €6, 75pp.

[3] M. GUBINELLI AND N. PERKOWSKI, KPZ reloaded, arXiv:1508.03877.

[4] M. HAIRER, Solving the KPZ equation, Ann. Math, 178 (2013), 559-664.

[5] M. HAIRER, A theory of regularity structures, Invent. Math. 198 (2014), no. 2, 269-
504.

[6] M. HAIRER AND J. MATTINGLY, The strong Feller property for singular stochastic
PDEs, arXiv:1610.03415.

[7] M. HOSHINO, Paracontrolled calculus and Funaki-Quastel approximation for the KPZ
equation, arXiv:1605.02624.

81



	[00]program20161213dl
	[01]岡村　和樹daisympo16-abst-okamura
	[02][Croydon]abstract
	[03]難波abstract
	[04]岡田sample_en2
	[05]nakajima
	[06]一場知之Ichiba
	[07]井上昭彦
	[08]高橋勇人htakahashiprob2016
	[09]琉佳勳proceeding2016_ryu
	[10]江崎翔太daishinpo-2016
	[11]長田博文16-12-確率論-sub-2
	[12]河本陽介・長田博文2016-12-大シンポ-kawa-osa-5
	[13]長田 翔太shota_osada
	[14]AndrausPTS2016
	[15]野場啓yokou.noba.02
	[16]大進歩2016_塚田
	[17]中津abstract(prop_sympo_kyoto)
	[18]稲浜bankok
	[19]会田aida
	[20]角田＿daisimpo_abstract_tsunoda
	[21]半田 悟確率論シンポ2016（予稿）
	[22]上島芳倫conference_abstract
	[23]畑(静岡大教育)予稿
	[24]tomooki_yuasa_20161222
	[25]和田正樹2016probsympo-resume
	[26][Panki Kim]ptslp_abstract
	[27]鈴木16-12-22
	[28]横山 聡Abstract-Yokoyama-20161222
	[29]李　嘉衣daisimpo2016
	[30]naganuma
	References

	[31]星野hoshino



