
( )

( )

, . n ∈ N

rk ∈ (0,∞) (k = 1, . . . , n) θk ∈ R \ {0} (k = 1, . . . , n)

c(t) :=
n

∑

k=1

θke
−rkt (t > 0) (1)

{W (t)}t∈R (Ω,F , P ) W (0) = 0 1

{Z(t)}t∈R

Z(t) := W (t)−

∫ t

0

{∫ s

−∞

c(s− u)dW (u)

}

ds (t ∈ R). (2)

P - N , Ft := σ(Z(s) : 0 ≤ s ≤ t) ∨ N {Ft}t≥0 .

{Z(t)}t≥0 {W (t)}t≥0 ,

W (t) := Z(t) +

∫ t

0

E

[∫ s

−∞

c(s− u)dW (u)
∣

∣

∣
Fs

]

ds (t ≥ 0).

{W (t)}t≥0 1 , σ(W (s) : 0 ≤ s ≤ t) = σ(Z(s) : 0 ≤ s ≤ t)

ℓ(s, u)

Z(t) = W (t)−

∫ t

0

{∫ s

0

ℓ(s, u)dW (u)

}

ds (t ≥ 0). (3)

{Z(t)}

{W (t)}t≥0
Θ

Θ(ξ) := 1−
n

∑

k=1

θk

rk + ξ

( )

Θ(−ξ) n q1, . . . , qn . (A)

(A) ψk ∈ R \ {0} (k = 1, . . . , n)

1 +
n

∑

k=1

ψk

qk + ξ
=

1

Θ(ξ)

t > 0 G(t) ∈ R
n×n

G(t) :=













ψ1Θ(q1)
q1+q1

e−q1t
ψ2Θ(q2)
q1+q2

e−q2t · · · ψnΘ(qn)
q1+qn

e−qnt

ψ1Θ(q1)
q2+q1

e−q1t
ψ2Θ(q2)
q2+q2

e−q2t · · · ψnΘ(qn)
q2+qn

e−qnt

...
...

. . .
...

ψ1Θ(q1)
qn+q1

e−q1t
ψ2Θ(q2)
qn+q2

e−q2t · · · ψnΘ(qn)
qn+qn

e−qnt













.



D(s) ∈ R
n×n

D(s) := {1−G(s)2}−1 (s > 0)

( ) s > 0 v1(s) ∈ R
1×n

F (s) ∈ R
n×n

v1(s) :=
(

ψ1Θ(q1)e
−q1s, ψ2Θ(q2)e

−q2s, . . . , ψnΘ(qn)e
−qns

)

,

F (s) :=
n

∑

j=1













G1,j(s)e
r1s

r1−qj

G1,j(s)e
r2s

r2−qj
· · · G1,j(s)e

rns

rn−qj
G2,j(s)e

r1s

r1−qj

G2,j(s)e
r2s

r2−qj
· · · G2,j(s)e

rns

rn−qj
...

...
. . .

...
Gn,j(s)e

r1s

r1−qj

Gn,j(s)e
r2s

r2−qj
· · · Gn,j(s)e

rns

rn−qj













.

Gi,j(s) G(s) (i, j) k = 1, 2, . . . , n

ℓk(s) := θke
rks − θk[v1(s)D(s)F (s)]k (s > 0) (4)

[v1(s)D(s)F (s)]k 1× n v1(s)D(s)F (s) k

Theorem 1. (A) (3) ℓ(s, u)

ℓ(s, u) :=
n

∑

k=1

e−rksℓk(u). (5)

{W (t)}t≥0 (5) ℓ(s, u)

(3) {Z(t)}t≥0 (1), (2) {Z(t)}t≥0
Theorem 1 n = 1 [AIK, INA]

Theorem 1 n ≥ 2 [AIK, INA] [IKP]

n {Xk(t)}t≥0 (k = 1, 2, . . . , n) ,

Xk(t) :=

∫ t

0

ℓk(s)dW (s) (t ≥ 0).

Z(t) n+1

Theorem 2. (A) (Z(t), X1(t), X2(t), . . . , Xn(t))

SDE t ≥ 0






dZ(t) =
{

−
∑n

k=1
e−rktXk(t)

}

dt+ dW (t),

dXk(t) = ℓk(t)dW (t) (k = 1, 2, . . . , n).

, {r(t)}t≥0

dr(t) = {a− br(t)}dt+ σdZ(t) (t ≥ 0), r(0) ∈ [0,∞) (6)

Vasicek . , a, b, σ ∈ (0,∞) .

P , {Ft}t≥0



. (6) {Z(t)} (3) , (6)

. , {Z(t)} , .

{Z(t)} 2n rk, θk , fitting .

T (> 0) 1 t ∈ [0, T ] P (t, T )

P (t, T ) = E
[

e−
∫ T

t
r(s)ds

∣

∣

∣
Ft

]

. Theorem 2 , [IMN] .

Theorem 3 ( ). P (t, T )

P (t, T ) = F (t, r(t), X1(t), . . . , Xn(t);T ) (0 ≤ t ≤ T )

ℓ0(s) := σ ,

F (t, x0, x1, . . . , xn;T ) := exp

{

−A(t, T )− C0(t, T )x0 −
n

∑

k=1

Ck(t, T )xk

}

,

C0(t, T ) :=
1− e−b(T−t)

b
,

Ck(t, T ) := −
σ

b

∫ T

t

e−pks{1− e−b(T−s)}ds (k = 1, 2, . . . , n),

A(t, T ) :=
a

b

{

T − t−
1− e−b(T−t)

b

}

−
1

2

∫ T

t

{

n
∑

k=0

ℓk(s)Ck(s, T )

}2

ds.

. G(t, r(t), X1(t), . . . , Xn(t)) S (≤

T ) H = h(P (S, T )) t

. , G PDE






∂G

∂t
(t, x) + LG(t, x) = 0 ((t, x) ∈ [0, S)× R

n+1),

G(S, x) = h(F (S, x;T )) (x ∈ R
n+1).

x = (x0, x1, . . . , xn), ℓ0(t) := σ,

LG :=
1

2

(

n
∑

k=0

ℓk(t)
∂

∂xk

)2

G+

{

a− bx0 − σ

n
∑

k=1

e−pktxk

}

∂G

∂x0
− x0G.

, (6) , PDE .
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