
(Yoshinori KAMIJIMA) ∗

1

1.1

(nearest neighbour self-avoiding walk SAW) (simple random

walk RW) path

bond p 1− p

(H2O)

0 ◦C 100 ◦C

H2O

(T − Tc)
β β

Tc

SAW SAW d

dc SAW dc = 4

d ≥ 5 Slade[2, 3]

dc = 6

d ≥ 11 [1]

1.2

SAW d ≥ 5 100
1) 10

SAW

100 20–30

[2, 3] (simple cubic lattice) Z
d

(body-centred cubic lattice) Ld
L
d

Z
d

d ≥ 7

d ≥ 5 30 100

∗ s153009@math.sci.hokudai.ac.jp or ykami@eis.hokudai.ac.jp
1) bootstrapping argument K1 K2 K3



SAW

2

d L
d

L
d ∋ o = (0, 0, . . . , 0) N = {x = (x1, x2, . . . , xd) ∈ Z
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L
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2) 1 Stirling

∀n ∈ N, D∗(2n)(o) = (D ∗ . . . ∗D)
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2n-fold
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3.1

SAW p ∈ [0, pc) x ∈ L
d

Gp (x) =
∑

ω : o→x

p|ω|
n∏

j=1

D (ωj − ωj−1)

︸ ︷︷ ︸

=Sp(x)

∏

0≤s<t≤|ω|

(
1−  {ωs=ωt }(ω)

)

︸ ︷︷ ︸

self-avoidance constraint

4)

Sp(x) RW pc χp : χp =
∑

x∈Ld Gp(x), pc = sup { p ≥ 0 | χp <∞} .

1. Bubble condition G∗2p (o) =
∑

x∈Ld

Gp(x)
2 =

∫

[−π,π]d
Ĝp(k)

2 ddk

(2π)d
< ∞5) χp ≍

(pc − p)
−1

γ = 1 ‘≍’

1 (with ). ∀d ≥ d0 ( d0 = 7),

∃C ∈ [1, pc) s.t.
|Ĝp(k)|
Ŝµp

(k)
≤ C

(

Ŝµp
=

1

1− µpD̂(k)
µp = 1− χ−1

p

)

.

3.2

Fourier Ĝp(k) self-consistent :

Ĝp (k) = 1 + pD̂ (k) Ĝp (k) + Π̂p (k) Ĝp (k) =⇒ Ĝp (k) =
1

1− pD̂(k)− Π̂p(k)

=⇒ χp = Ĝp (0) =
1

1− p− Π̂p(0)
∴ p = 1− χ−1

p − Π̂p(0) ≤ 1 + Π̂odd
p (0) (2)

2) δ·,· Kronecker
3) f(x) (f ∗ g) (x) =

∑

y∈Ld f(y)g(x− y)
4) n RW path n + 1 ω = (ω0, ω1, . . . , ωn) (ωj ∈ L

d, ∀j = 0, 1, . . . , n)

|ω| = n o x path

(ωj − ωj−1 ∈ N )
5) f(x) Fourier f̂(k) =

∑

x∈Ld f(x) e ik·x
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− 1 ≤
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p (0)

p
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p (k)
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p (0)−Π̂odd

p (k)

p(1−D̂(k))

(3)

Π̂p(k) Πp(x) Fourier
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x = o
+ o x −

o x
+
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x
− · · ·
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3.3 Bootstrapping argument

1 bootstrapping argument :

Step 1. g1(p) = p, g2(p) = supk∈[−π,π]d |Ĝp(k)|/Sµp
(k), g3(p) = supk, l∈[−π,π]d |∆̂kĜp(l)|/Uµp

(k, l)

(Uµp
(k, l) = [1− D̂(k)]

[{

Ŝµp
(l + k) + Ŝµp

(l − k)
}

Ŝµp
(l)/2 + 4Ŝµp

(l + k)Ŝµp
(l − k)

]

, ∆̂k

2 ) upper bound gi(p) ≤ Ki, ∀i = 1, 2, 3

Step 2. p = 0 gi(0) < Ki, ∀i = 1, 2, 3 p ∈ (0, pc)

Step 3. d upper bound gi(p) < Ki, ∀i = 1, 2, 3

g2(p) p ∈ [0, pc) K2 1

g1(p) g2(p)

L =
∥
∥
∥(pD(x))

∗2 ∗Gp

∥
∥
∥
∞
, B =

(

(pD)
∗2 ∗G∗2p

)

(o),

r = p‖D‖∞ + L+B, Ŵ (k) = sup
x∈Ld

Gp(x) (1− cos(k · x)) .

ε1 =
(

D∗2 ∗ S1

)

(o) =
∑∞

n=1 D
∗(2n)(o) ε2 =

(

D∗2 ∗ S∗21
)

(o) =
∑∞

n=1 (2n− 1)D∗(2n)(o)

(1) ε1, ε2 upper bound L, B, r, Ŵ (k)

L ≤ K1
2K2ε1, B ≤ K1

2K2
2ε2, r ≤ K1

2d
+K1

2K2ε1 +K1
2K2

2ε2,
Ŵ (k)

1− D̂(k)
≤ 5K3 (1 + 2ε1 + ε2) (4)

d ε1 ε2 Fourier Π̂p(k)

0 ≤ Π̂odd
p (0) ≤ L+

rB(p‖D‖∞ + L)

1− r2
, 0 ≤ Π̂even

p (0) ≤ B(p‖D‖∞ + L)

1− r2
(5)

0 ≤
Π̂odd

p (0)− Π̂odd
p (k)

p(1− D̂(k))
≤ Ŵ (k)

1− D̂(k)

B2(1 + r2)

p(1− r2)3
, 0 ≤

Π̂even
p (0)− Π̂even

p (k)

p(1− D̂(k))
≤ Ŵ (k)

1− D̂(k)

B(1 + rB)

p(1− r2)3
(6)

(4) (2) (3) (4) (5)

(6) g1(p) g2(p)
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