The universality of the Riemann zeta-function
Antanas LAURINCIKAS
(Vilnius University, Siauliai University, RIMS)

It is well known that analytic functions can be approximated by polynomi-
als. More precisely, the Mergelian theorem asserts that, for every continuous
function f(s), s = o 4 it, on a compact set K C C with connected comple-
ment which is analytic in the interior of K, and any € > 0, there exists a
polynomial p(s) in s such that

Sup 1f(s) —p(s)| <e.

Since 1975, it became known that there exist functions g(s) having a property
that their shifts g(s + i7) approximate uniformly on compact subsets of a
certain region every analytic function. The first example of such functions
is the Riemann zeta-function ((s), its approximation property is called the
universality, and was discovered by Voronin [2|. The last version of the
Voronin theorem is the following statement.

Theorem 1 Let K be a compact subset of the strip D = {s € C: % <o <
1} with connected complement, and let f(s) be a continuous non-vanishing
function on K which is analytic in the interior of K. Then, for every e > 0,

lim inf lmeaus{T €[0,7] :sup |C(s +iT) — f(s)| < e} > 0.
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It is known that certain functions F'(((s)) also preserve the universality

property. For example, log ((s), where log (o + it), % < o < 1, is defined

from log ((2) € R by continuous variation along the line segments [2, 2 + it]

and [2 + it, o + it], provided that the path does not pass a zero or pole of

¢(s), and if it does, than we take log ((o + it) = el—iglo log (o +i(t +¢€)), is

universal. The derivative (’(s) also has the universality property. In the both
examples the approximated function f(s) is not necessarily non-vanishing on
K. Therefore a problem arises to describe a set of functions F' such that
F(¢(s)) should be universal in the above sense. In the report, we discuss this
problem.

Let G be a region on the complex plane. Denote by H(G) the space of
analytic on G functions equipped with the topology of uniform convergence
on compacta.

Denote by Lip(c,a) a class of functions F' : H(D) — H(D) satistying
the hypotheses:



1° For each polynomial p = p(s) and every compact subset K C D with
connected complement, the pre-image F~'p(s) € H(D), and F~'p(s) # 0 on
K.

2° The functions F' are of the Lipschitz type, i. e., for all g;,9> € H(D)
and every compact subset K C D with connected complement there exist
positive constants ¢ and «, and a compact subset K; C D with connected
complement such that,

sup [F'(g1(s)) — F(g2(s))| < esup|gi(s) — g2(s)|”
seK sEA
for some A C K;.

Clearly, if F' € Lip(c, ), then the universality of F'({(s)) is a simple con-
sequence of the universality of ((s) itself. For example, in view of Cauchy in-
tegral formula, the function F'(g(s)) = ¢'(s), g € H(D), belongs to Lip(c,1).

Let S = {g € H(D): g '(s) € H(D) or g(s) = 0}. Denote by U the
class of continuous functions F' : H(D) — H(D) such that, for any open set
G C H(D),

(F'G)NnS #0.

Theorem 2 Suppose that F € U. Let K be the same as in Theorem 1 and

let f(s) be a continuous function on K which is analytic in the interior of
K. Then

lim inf %meas{T €[0,T] : sup |F(C(s+i71)) — f(s)] <e} > 0.
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A more convenient is the class U; of continuous functions F' : H(D) —
H(D) such that, for each polynomial p = p(s),

(F{pHhnS#0.

Theorem 3 Suppose that F' € Uy. Let K and f(s) be the same as in Theo-
rem 2. Then the assertion of Theorem 2 is true.

Let V' be an arbitrary positive number, and Dy = {s € C: % <o <1},
Sy ={g € HDv): g '(s) € HDy) or g(s) = 0}. Denote by Uy y the
class of continuous functions F' : H(Dy) — H(Dy) such that, for each
polynomial p = p(s),

(F~{pH) NSy #0.

Theorem 4 Let K and f(s) be the same as in Theorem 2. Suppose that
V' > 0 is such that K C Dy, and that F' € Uyy. Then the assertion of
Theorem 2 is true.



For example, by Theorem 4, the function
01</<S>+"'+CTC(T)(S), Ciy---,Cr GC\{O}7

is universal.
Define the class U,, . q,, @1,...,a, € C, of continuous functions F' :
H(D) — H(D) such that F(S) = H,,,. 4.(D),

Hy . 0 (D)={g€ H(D): g(s)=0or (g9(s)—a;)"' € HD), j=1,...,7}
Theorem 5 Suppose that F' € Uy, .. Forr =1, let K be the same as
in Theorem 2, and let f(s) be a continuous function on K, f(s) # a; on
K, which is analytic in the interior of K. For r > 1, let K be any compact
subset of D, and f(s) € Ha,.. a.(D). Then the assertion of Theorem 2 is
valid.

Theorem 5 implies the universality of the functions ¢V (s), N € N, and
eS(s)

Also, in the report, the universality of the functions F'(p(s, ﬁ)), where
o(s, ]/5) is the zeta-function associated to a holomorphic normalized Hecke
eigen cusp form ﬁ, and F(L(s,x1),- -, L(s,xn)), where L(s, x1), - -, L(S, Xn)
are Dirichlet L-functions with pairwise non-equivalent characters will be dis-
cussed.

All proofs of the above universality theorems are based on probabilistic
limit theorems in the space of analytic functions. A part of results were
obtained jointly with Kohji Matsumoto and Joern Steuding. Universality
theorems for the Riemann zeta function are published in [1].
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