
Lévy

( ), ( )

1

Z = {Zt : t ≥ 0}

Z . , a > b q ≥ 0, Z

τ+a = inf{t > 0 : Zt > a}, τ−b = inf{t > 0 : Zt < b} , E
Z
0

(

e−qτ
+
a : τ+a < τ−b

)

.

X spectrally negative Lévy , X

. , X Laplace Laplace

. , ,

.

Kyprianou and Loeffen [2] , Lévy U

. Lévy U , 0 spectrally negative

Lévy X , 0 X α

. , Lévy U = {Ut : t ≥ 0} ,

Ut − U0 = Xt − α

∫ t

0

1{Us>0}ds, t ≥ 0 (1.1)

.

[3] , Kyprianou–Loeffen Lévy

, X, Y spectrally negative Lévy , X

, Y U . ,

.

, U , X X Y ,

Ut − U0 =

∫

(0,t]

1{Us−≥0}dXs +

∫

(0,t]

1{Us−<0}dYs, (1.2)

. X Gaussian part

1



P
U0

x nU F

P
U0

x

(

F
(

(Ut)t<τ−
0
, (Ut+τ−

0
)t≥0

))

= P
X
x



E
Y 0

y

(

F
(

w, (Y 0
t )t≥0

))

∣

∣

∣

∣y=X(τ
−

0 )

w=(X(t))
t<τ

−

0



 x 6= 0 (1.3)

nU
(

F
(

(Ut)t<τ−
0
, (Ut+τ−

0
)t≥0

))

= nX



E
Y 0

y

(

F
(

w, (Y 0
t )t≥0

))

∣

∣

∣

∣y=X(τ
−

0 )

w=(X(t))
t<τ

−

0



 (1.4)

, U . , Y 0 Y

0 , nX X 0 . , (1.2)

, (1.3) (1.4)

.

2 Spectrally negative Lévy

Spectrally negative Lévy

. . X = {Xt : t ≥ 0} spectrally negative Lévy

, −X subordinator . X Laplace

ψX(λ) := logEX
0 (e

λX1), λ ≥ 0 (2.1)

. q ≥ 0 , q- W
(q)
X : R→ [0,∞) , (−∞, 0)

W
(q)
X = 0 , [0,∞) , Laplace

∫ ∞

0

e−βxW
(q)
X (x)dx =

1

ψX(β)− q
, β > Φ(q) (2.2)

.

2.1 (X ). b ≤ x ≤ a q ≥ 0 ,

E
X
x

(

e−qτ
+
a : τ+a < τ−b

)

=
W

(q)
X (x− b)

W
(q)
X (a− b)

(2.3)

.

2.2 ( ). b ≤ x ≤ a q ≥ 0 f ,

E
X
x

(

∫ τ+a ∧τ
−

b

0

e−qtf(Xt)dt

)

=

∫ a

b

(

W
(q)
X (x− b)

W
(q)
X (a− b)

W
(q)
X (a− y)−W

(q)
X (x− y)

)

f(y)dy

(2.4)

.

2



3 Kyprianou–Loeffen Lévy

[2] . α > 0 . X . X

, α X . ,

.

3.1. X0 = x ∈ R a.s. . , (1.1) .

, Y = {Yt : t ≥ 0} , Yt = Xt−αt , q- W
(q)
Y

. , x, y ∈ R q ≥ 0 ,

W
(q)
U (x, y) =

{

W
(q)
X (x− y) + α1(x≥0)

∫ x

0
W

(q)
Y (x− z)W

(q)′
X (z − y)dz y ≤ 0

W
(q)
Y (x− y) y > 0

(3.1)

.

3.2 (U ). b ≤ x ≤ a q ≥ 0 ,

E
U
x

(

e−qτ
+
a : τ+a < τ−b

)

=
W

(q)
U (x, b)

W
(q)
U (a, b)

(3.2)

.

3.3 ( ). b ≤ x ≤ a q ≥ 0 f ,

E
U
x

(

∫ τ+a ∧τ
−

b

0

e−qtf(Ut)dt

)

=

∫ a

b

(

W
(q)
U (x, b)

W
(q)
U (a, b)

W
(q)
U (a, y)−W

(q)
U (x, y)

)

f(y)dy (3.3)

.
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