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1 B~ =—a7I)

1.1 AY3E

f_res X\ —IX, LEBLIHNESGITHU, dense 7245%0% £ D& U T multipolynomial
resultant % §1 %9 5 f_res.mres, sparse 72 R % £ D 5 & 1T sparse resultant % F 5.5
%f_res.sres, Dixon D HIEIZLD resultant & 51595 f_res.dres BL O, [T 2 B
BFRIBELTWS. EBIZIE, TS IFED resultant DZIEAEE R TIGENHE D, HEA T
TIWIZET B LHEHANE —DRDZWIGEIZIX, V7 F—HIRIZL B HEEICLHIERL TR &
WiGEDHS.

ZNH D FIFIZBENTIE, $EEHEE, M, mixed volume DEHEREVRNREL B H, Z
NSIZDOWTIK 7Y =Y 7 M ThHbcddlib & UMixedVol ZFHAL 7. T4 5 1% OpenXM
P —Nox_sres ELTEEDOSNTWS. 2N, YV —AT4 AN ¥a—Tary T, HEIW
IZ1% make T N7\, ‘OpenXM/src/ox_cdd’ (2B T make, make install 25 Z212K0,
asir DI A4 77V T4 LIV VAN —=)LE 5. ZnEFIHL T ETIRAR7Z resultant %
B9 5 asir B, ‘OpenXM/src/asir-contrib/packages/f_res/f_res.rr’ (ZH5.
N% load 35628 T, IRFILABE TR RBBEEENMEZ 5 X 512425, ol S EHEIES X O
AEIREIE, gnp CXBHEFNBEEZITO B DL, FEUNUZLZEMFHETITO2HDOD 2 #@H A
HAEINTWS. BEDADEEED, MENETIEHENHD. ZOERUL, f_res.gnp(),
f_res.float() ZIEUH T I L THFS.

1.2 Notation

DY =aT7I)VTIiEH%ZY AN T, support X polytope ZJ AFDYAFTHT. D0,
F(1,1) 1FY AB[1,1] THRLU, 5{(0,0), (1,0), (0,1) } #5725 polytope Y Ak DY A
~C[0,0],[1,0],[0,11 1 TKTY.

1.3 7B

1.3.1 f_res.mres, f_res.mresM

f_res.mres(Equations, Vars )
:: Multipolynomial resultant D2 IHA£%% K9

f_res.mresM(Equations, Vars )

= f7HIRDE _res . mres DR IMEIZAR D KD T4 % KT
return

f_res.mres

ZEALHLLIX0

f_res.mresM
1751
Equaitons %MDY A b
Vars BRD) AR,
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FFav
rsc =
rowidx fil 51
colidx fid %1
p FE
sub 1) A b
e Equations D53 DL IHAIZ LD AETLE Vars L L7 EFREZIHADLGED ik
Tf_res.mres & resultant DZIHALE%, f_res.mresM & resultant D2 IHALE% 1751
N2 2175 % KT .
o Equations D7 DL IHXIWH THEBIKIZF IR N T WS NS FIRLZIHATH S &
GRS
e Rank Submatrix Construction Z{72\W\W/z\WE EIA TV avrsc 2 1 IZHETD. FD
BE,Z OBEEIIAER CBEEE _res. submatrix ZFFOHL TWA DT, ZD7/2dDA T
aNETRTCEZITFITS.
[0] FO = al*x + a2*y + a3$
[1] F1 = bl*x + b2*y + b3$
[2] F2 = c1#x"2 + c2*y~2 + c3 + cdxx*y + cb*x + c6*y$
[3] f_res.mresM( [FO,F1,F2], [x,y] );
[ 000 a2 a3 a1 ]
[ 0 a2 a3 0 a1 0 1]
[ @2 a3 0 a1 0 0 ]
[ 0b2 b3 0 bl 0]
[ b2 b3 0 b1 0 0 ]
[ c2 c6 c3 c4 c5 cl1 ]
[4] R = f_res.mres( [FO,F1,F2], [x,y] );
(-c3%b272+c6*b3*b2-c2xb372) *al~ 3+ (((2*c3*b2-c6*b3) *b1-c5*b3*b2+cd*b3~2) *a2+ ((-c
6xb2+2%c2*b3) *b1+c5+b2"2-c4*b3*b2) *a3) *al 2+ ((-c3*b1"2+c5xb3*xb1-c1%b372) *a2~ 2+ (
c6*b1 "2+ (—ch*b2-c4*b3) ¥b1+2*c1*¥b3*b2) *a3*a2+ (—c2*bl~2+c4*b2*¥bl-c1*b2"2)*a3"2) *a
1
[5] fctr( R );
[[-1,1],[a1,1], [(c3*b2"2-c6*b3*b2+c2*b3"2) *al 2+ (((-2*c3*b2+c6*b3) *bl+c5xb3*b2-
c4xb3"2) *xa2+ ((cb6*xb2-2%c2%b3) xb1-c5xb2"2+c4*b3*b2) *a3) *al+ (c3*b1~2-c5*xb3*bl+cl%*b
372) *a2" 2+ (—c6*b1~2+(c5*b2+c4*b3) ¥b1-2*xc1*b3*b2) *a3*a2+(c2*bl1"~2-c4*b2*xbl+cl1*b2"
2)*a3"2,1]1]

1.3.2 f_res.indexof

f_res.indexof (Element, List )

2 VAN I EEP RN BHND A EE KT
Element MREBU-\WEE
List MR DY Ak

return List THRYINZF NS Element DA 27y 2 A% S List \Z Element 73E72\\ 15
BT,
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o List THMIZEID Element DA > 5w 7 AFK5% K. List |ZElement D B v70\
Bl3-1 Z2iRT.
e Element ORI TH-> THHEOR .
o HFf1ist LHAEDLEDZ L, HLEBD Asir IZADTWBEPRDNS.
[0] f_res.indexof( 2, [1,2,3] );

1

[1] f_res.indexof( 4, [1,2,3] );

-1

[2] f_res.indexof( "nd_det", flist() );
31

[3] f_res.indexof( "nd_Det", flist() );
-1

1.3.3 f_res.listadd

f_res.listadd(4, B )

2 VANERINLVE BTHIZRDS
A
B ) Ak
return ) Ak

o RIURMLDMDESIZYANA &V ANB Ofl%ERKDS.
e VAMA LV ANB OEIIFFHELL 2L TIEWIT AW,
[0] f_res.listadd( [1,2,3], [4,5,6] );

[5,7,9]
[1] f_res.listadd( [a,b,c], [d,e,f] );
[a+d,b+e,c+f]

1.3.4 f_res.start

f_res.start ()
:: ox_sres % ZHEIT S

N =3
return B

o NTIA—ZN M1 DLEIXCMP i, TNUUNDE ZITZE/NEIRDHL W OpenXM
—/Nox_sres ZEEL , MOBHKTHONE Y — \ITHRETS.

o EITTTANDEDMSBNEZFT Ny TE—RIZAS.
o KINDEHTME D7D DFHF.

1.3.5 f_res.float

f_res.float()
:: ox_sres % ZEIT S

return B
o FHEINERD OpenXM Y —Vox_sres DMEEL LW E EITEEL , OB TibND
Y—NTBET 5.
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FATT 7 ANVIIEDMPS RN EEET Ny TE—FIZAS.

TTITAFEL TS GEIIMO BB THlib D ¥ —/NIZERET 5721 TH ITEFIX L &
AN

WX N D FEBULEAE D728 DA .

1.3.6 f_res.gmp

f_res.gmp()

:: ox_sres ZLHIT S

return B

GMP FR®D OpenXM H—/Nox_sres WFEL RV E SILEBIL, MOBEKTHbNG Y
—NIZRET B.

FATT77 A NVIPEAOMSRNEEET NV T E—RIZAS.

T TIZHFAEL TV A GE IO Cib g I — N IZE T 5720 TH7ZITEEIEL 22
W,

RE 0D BEEULE(E D72 DFAI 1

1.3.7 f_res.conv

f_res.conv(List)

:: polytope D MEAEE KD S

return YARDY AR

List

MAERTYAMDY AR
List T5-Z 515 polytope DA Z KD S.
OpenXM ¥ —/Nox_sres DFLEL R\ E SIXTFE/ NS ZE B E) 95 .
RO FERZEEELL D32 1T AT 7200

(0] f_res.conv( [ [1,1],[0,0],[0,2],[2,0],[2,2] 1 );
(fo,0],[0,2],[2,0],[2,2]]

1.3.8 f_res.support

f_res.support (Equation, Vars)

: ZIHAD support %R 9

return DAFDY A B

Equation % IHA

Vars RETLDY AR
o NEILE Vars & U722 & DZIEN Equation D support 2 AMDY AN LU TIKT.

[0] f_res.support( x°2 + x*y + y~2, [x,y] );
([0,21,[1,11,[2,0]]

[1] f_res.support( x"2 + x*y + y~2, [x,y,z] );
(f0,2,0],[1,1,0],[2,0,0]]
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1.3.9 f_res.np

f_res.np(Equation, Vars)
:: Newton polytope % X9

return DARDY A
Equation % IH
Vars ANEITLDY A b
o E?ﬁ’i’ Vars £ U722 D% IHA Equation @ Newton polytope ZY ARDY A& LT

e OpenXM ¥ —/Nox_sres DFEL R\ E ZIXTFEN/ NS ZE E)§ 5.
[0] f_res.np( x"2 + x*xy + y~2, [x,y] );
(0,21, [2,0]]
[1] f_res.np( x°2 + xxy + y°2, [x,y,z] );
([0,2,01,[2,0,0]]

1.3.10 f_res.msum

f_res.msum(Polytopes)
:: polytope 725 @ Minkowski sum % &9
return DARDY A
Polytopes ) AR®DY ArDY A
F7Tvav
conv ERE.
e Polytopes D53 T 5 polytope 1Z& 5 Minkowski sum PND X TD lattice points %
Kbs.
e conv M1 D& XX Minkowski sum OB %IKT . OpenXM H—/Vox_sres W{FEL
RNE EITFENERZE EE 5.
fo] Q1 = [[0,0],[1,0],[0,1]1]$
[1] @2 = [[0,0],[1,01,[0,11,[1,1178
[2] f_res.msum( [Q1,Q1] );
(fo,o01, 0,11, [0,2],[1,0],[1,1],[2,0]]
[3] f_res.msum( [Q1,Q1] | conv=1 );
(fo,0],[0,2],[2,0]]
[4] f_res.msum( [Q1,Q1,Q1] | conv=1 );
(fo,01,[0,3],[3,0]]
[6] f_res.msum( [Q1,Q2] );
(fo,o1,[r0,11,[0,21,[1,01,[1,1],[1,2],[2,0],[2,1]1]
[6] f_res.msum( [Q1,Q2] | conv=1 );
(fo,o01,[0,21,[1,2],[2,0],[2,1]]

1.3.11 f_res.mvol

f_res.mvol(Polytopes)
:: polytope 725 @ mixed volume % K2
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return R

Polytopes ) AR®DY ArDY A
e varPolytopes D %43 Td % polytope (2L 5 mixed volume %KD 5.
e Mixed volume DEEHS polytope DIRTLE BUITFEL WBEDH B .
e OpenXM ¥ —/Vox_sres DMFAIEL LW\ & SXIFE/NERZ EH) 5.

(0] Q1 = [[0,0],[1,0],[0,111%

(11 Q2 = [[o0,0],[1,0],[0,1],[1,111$
[2] f_res.mvol( [Q1,Q1] );

1

[3] f_res.mvol( [Q1,Q2] );

2

[4] f_res.mvol( [Q2,Q2] );

2

1.3.12 f_res.sres

f_res.sres(Equations, Vars)
:: sparse resultant D2 IHARG% K9

return ZIHA
Equations %MDY A b
Vars AETLDY AR
F7vav
v YAk
p S
sub ) A b

e Equations D5 DZIHAIZ & D A EIuE Vars & U72& & Incremental algorithm T&Ef
B U7z resultant DL IHAMEZ KT

o I 7Vavy i v-distance ZHKTY AN T, EBINTVARWEEIX[11,12,13,. . .]$ H3H
binsd.

o 75D rank DOFEIL GF(p) ETiTRbN, {THIDOHDARETCITIEA TS 3> Tsub TH
EINE) AN DBEZEPFIDSIEIZMRAS NGHTiE NG, 22 Tp IZATVarDp THS.
FHp PHEEINTVRWEGIX 65521 BMEbiv, U Absub BIEEI N TWRWEEIE
53,59,... DFEHFbLNS.

o OpenXM Y —Vox_sres DMFAEL R W& EIXIFE/ NS E LB 9 5.

[0] FO = al*x + a2*y + a3$
[1] F1 = bl*x + b2*y + b3$
[2] F2 = c1*x"2 + c2*y~2 + c3 + cd*x*y + cb*x + c6xy$

[3] R = f_res.sres( [FO,F1,F2], [x,y] );
(c3%b2"3-c6%b3*b2"2+c2%b3"2*%b2) *al~ 2+ (((-2%c3*b2"2+c6*b3*b2) *b1+c5*xb3*b2"2-c4*b
372*xb2) *a2+ ((c6*b2"2-2*%c2*xb3*b2) *b1-c5*xb2"3+cd*b3*b2"2) *a3) *al+(c3*b2xb1"2-c5*b
3xb2*xbl+cl*¥b3"2xb2) *a2”~ 2+ (-c6*b2*¥b1 "2+ (c5xb2"2+c4*b3*b2) *b1-2*c1*xb3*xb2"2) *a3*a2
+(c2%b2xb1~2-c4*xb2"2xbl+c1*b2"3) *a3"2
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[4] fctr( R );

[[1,1],[12,1], [(c3*b2"2-c6*b3*b2+c2*%b3"2) *al "2+ (((-2*c3*b2+c6*b3) *bl+c5*b3*b2-c
4xb372) *a2+ ((c6*¥b2-2*%c2*xb3) *b1-c5*xb2"2+c4*b3*b2) *a3) *al+ (c3*bl~2-c5*b3*bl+cl1*b3
~2)*a2” 2+ (-c6xb1" 2+ (c5xb2+c4*b3) *b1-2*c1*b3*b2) *a3*a2+ (c2*¥b1~2-cd*b2*¥bl+cl1*xb2"2
)*a3°2,1]]

1.3.13 f_res.dres, f_res.dresM

f_res.dres(Equations, Vars)
:: Dixon resultant % &9

f_res.dresM(Equations, Vars)

:: 47537 Dixon resultant (2725 &5 22 475)% K9

return
f_res.dres
ZIHA
f_res.dresM
1741
Equaitons ZIHADY) A
Vars RETLDY AR
FTav
norsc (=3

rowidx fic 51
colidx fid 51|
p FEH

sub ) A B

e Equations D57 DL IHANIZL S RETLE Vars & L7z & Dixon O Lk TEf_res.dres
I resultant DZIANE% | f_res.dresM & resultant DZIHALGZ 175 H D1751%
b A
e Rank Submatrix Construction #1772 W=K W E A 7> avnorse & 1 IZ&RET 5.
o ZOMEIINIRCRI%E _res. submatrix ZIFFHL TWADT, ZD72HDA T avidk
ITRTEZITHITS.
[0] FO = al*x + a2*y + a3$
[1] bl*x + b2xy + b3$
[2] F2 = c1*x"2 + c2%y~2 + c3 + cd*x*y + cbxx + c6*y$
[3] f_res.dresM( [FO,F1,F2], [x,y]l );
[ c1#b3*a2-c1*b2*al3 -c2*b3*al+cd*b3*a2+(c2x¥bl-cd*b2)*a3d (c3*b2-c6%b3)*al+(-c3*b
1+c5*b3) *a2+(c6*bl-c5*b2) *a3 ]
[ 0 -c2%b2*al+c2%bl*a2 -c2%b3*al+c2xbl*a3 ]
[ —c1*b2*al+cl*bl*xa2 -cd*b2xal+cd*bl*a2 -cd*b3*al+cl*b3*a2+(cd*bl-c1*b2)*a3 ]
(4] R = dres( [FO,F1,F2], [x,y] );
(-c3*%c2*c1*b2"3+cB6*c2*xcl*b3*%b272-c2"2%c1*b3"2%b2) *al "3+ (((3*c3*c2*xcl*b2"2-2%cH*

r
[y
Il
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c2*c1*b3*b2+c272*c1*b372) *b1-ch*c2*c1*b3*b2"2+cd*c2*xc1*¥b3"2*xb2) *a2+ ((-c6*xc2*xcl*
b2°2+2%c2"2xc1%b3*b2) *bl+c5*c2*xcl1*b2"3-c4*c2xcl1*¥b3*xb272) *a3) *xal 2+ (((-3%c3*c2*c
1%b2+c6*c2*xc1*b3) ¥b1 "2+ (2*c5*c2*c1*b3*b2-cd*c2*xc1*b3"2) *bl-c2*cl1~2%b3"2%b2) *a2"
2+ ((2*xcB*c2*cl1*xb2-2%c2"2*%c1*b3) ¥b1~2-2*xc5*c2*c1*b2"2xb1+2*%c2*xc1 " 2%b3*b2"2) *a3*a
2+ (-c272%c1%b2%b1~2+ch*c2*cl*xb2"2%b1l-c2%c1~2%b2"3) *a3"2) *xal+(c3*c2*cl*bl~3-cb5*c
2*xc1*b3*b1~2+c2*xc1~2x%b3"2xb1) *a2 3+ (—c6*c2*xc1*bl1~ 3+ (cb*c2*cl*b2+cd*c2*c1*b3) *b1l
~2-2%c2%cl1”2*%b3*b2*b1l) *al3*xa2" 2+ (c2"2xclxbl"3-cd*xc2*xcl*b2*¥bl1"2+c2*c1~2xb2"2*xb1) *
a3~ 2*a2

[5] fctr(R);
[[-1,1],[c2,1],[c1,1], [b2*al-bi1*a2,1], [(c3*b2"2-c6xb3*b2+c2*¥b3"2) *al "2+ (((-2*c3
*b2+c6*b3) *b1+c5xb3*b2-c4*b372) *a2+ ((c6*b2-2*c2*b3) *b1-c5*b2"2+c4*b3*b2) *a3) *al
+(c3*%b1°2-c5*b3*bl+cl*b372) *a2~ 2+ (-c6*b1~ 2+ (c5*b2+c4*b3) *b1-2*xc1*b3*b2) *a3*xa2+(
c2%b1°2-c4*xb2*bl+ci1*b2"2)*a3"~2,1]]

1.3.14 f_res.dixonpolynomial

f_res.dixonpolynomial (Equations, Vars)

:: Dixon polynomial % X3

return ) A b
Equaitons ZIHADY A

Vars

1.3.

REITLDY A

Equations D %453 D% HAIZ KB A E 0% Vars & L72& E D Dixon polynomial % G5

U, [ (Dixon polynomial), CHTLWEIDES) 1 & W5 U A2 S . L WAL

Huc 12k > TERE N RRIETHS. FEADKREROBED DBV BTN DS,
[0] FO = al*x + a2*y + a3$
[1] F1 = bl*x + b2*y + b3$
[2] F2 = c1*x"2 + c2*%y~2 + c3 + c4*x*y + cb*x + c6xy$
[3] f_res.dixonpolynomial( [FO,F1,F2], [x,y] );
[(-_O*c1xb2*al+(_Oxcl*bl+ci*b3)*a2-c1xb2*a3)*x+(((-_1%c2-_0%c4)*b2-c2*b3)*al+((
_1xc2+_0*c4)*bl+c4*b3) *a2+ (c2*¥bl-c4*b2) *a3) *xy+(c3*b2+(-_1*c2-_0*c4-c6) *b3) *al+(
-c3%b1+(_0*c1+ch) #b3) *a2+ ((_1*c2+_0*c4+c6) *bl+(-_0*cl-c5)*b2)*a3,[ _0 _1 1]

15 f_res.matrixdecomp

f_res.matrixdecomp( Dpoly, UC, Vars )

:: Dixon polynomial % {75273 fi#d 5.

return ) A b
Dpoly E2E

uC

Vars

51

DAk
dixonpolynomial Dpoly % {74 UC @ monomial, 5% Vars @ monomial TEHFAI T 5
NBITHNZ RS 5.
RO fEIE, [ (UC D monomial DEZF), (475), (Vars D monomial DEF) 1 L W5 B
T, ZNZNsigma_P = VD.PW OV, D.P, W K7
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[0] FO
[1] F1

alxx + a2*y + a3$

bl*x + b2*y + b3$

[2] F2 = c1*x”2 + c2*y~2 + c3 + cdxx*y + cb*x + c6*y$

[3] D = f_res.dixonpolynomial( [FO,F1,F2], [x,y] )$

[4] M = f_res.matrixdecomp( D[0], D[1], [x,y] );

[[1 _1 _01,[ cl*¥b3*a2-cl*b2*a3 —c2*b3*al+cd*b3*a2+(c2*xbl-cd*b2)*a3 (c3*b2-c6x*
b3) *al+(-c3*bl+c5*b3) *a2+ (c6*bl-c5*b2) *a3 ]

[ 0 -c2%b2*al+c2xbl*a2 -c2*b3*al+c2*bl*a3 ]

[ —c1*b2*al+cl*bl*a2 -cd*xb2*xal+cd*xbl*a2 -cd*xb3*al+cl*b3*xa2+(cd*bl-cl1*xb2)*a3 ], [
xy11]

[6] v = M[O]*M[1]$

[6] D[0] == V[O]lxM[2] [O]J+V[1]*M[2] [1]+V[2]=*M[2] [2];

1

1.3.16 f_res.submatrix

f_res.submatrix( Matrix )

BT HBITHID rank % KO 1TH% KT

return el
Matrix 1751
FTvav

rowidx fi 51
colidx P 51
p E30
sub ) A b

o F7¥|Matrix O rank % fFOHN1751% KT

o 115D rank DFETITHIDOHDAEITLITIXY A b sub DIEDHIASNEIZRAZ 1L GF(p)
TiHliE b, 22 Tp ldATvarop HMfEbns.

o HZONFHNERTIERVWEEMATHIE—RITELES RV, I TEDITS]
ZIRET B VWD D% [iddlrowidx,colidx TH1725 . EERITIZITH MatrixD (i,j) B
% (rowidx[i],colidx[j]) B3 & ANBA TWBHZITTHS.

o FEHp BIEEINTWRWEAIX 65521 23Mdbi, Y Absub BMEEI N TV ARWEEIX
53,59,dots DR HHOND.

(0] M = newmat( 3, 3, [[1,0,0],[0,a,0],[0,b,0]1] );
[100]1]

[0ao0]

[0OboO]

[1] f_res.submatrix( M );

[10]

[0a]

[2] f_res.submatrix( M | rowidx=1ltov([0,2,1]) );
[10]

[ 0b]
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