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2 o0 EIFR HGM OEEGEIAZE IZ DO \W\WT

Z DFHE T & HGM (holonomic gradient method) % F\\ 7z 2 Ju43 #IFR D BIBUZ DWW TE
B9 %. ChangeLog MIHH ¥ www.openxm.org D cvsweb TY — A I — R &GO RO BT
ZRBERBEPNT VDS, 2OV T —YIE TR ITH— RT3,

load("gtt_ekn.rr");

BT D asir-contrib package & HUfF9 5121%, FaddD & D ICH B Z L H T,

import ("names.rr");
asir_contrib_update(|update=1);

AXHTEALTWD X Z ST 5.

[GM2016] Y.Goto, K.Matsumoto, Pfaffian equations and contiguity relations of the
hypergeometric function of type (k+1,k+n+2) and their applications, arxiv:1602.01637
(version 1)

[T2016] Y.Tachibana, #73HR B/ Iy ZHEEDEY 257 —A Yy FIZLSEHEOE
# Ak, 2016, M RZE LGRS

[GTT2016] Y.Goto, Y.Tachibana, N.Takayama, 2 Ju/3 &R IZKN T HE0+F-0 ./ I v
B RCIE D FELE, B GETT Gk,

[TGKT] Y.Tachibana, Y.Goto, T.Koyama, N.Takayama, Holonomic Gradient Method
for Two Way Contingency Tables, arxiv:1803.04170

[TKT2015] N.Takayama, S.Kuriki, A.Takemura, $A$-hypergeometric distributions and
Newton polytopes. arxiv:1510.02269

DR =aTIVCHHT 288 W= 710 F LfillE gtt_ekn /test-t1.ar 72 &



2 2t EIZR HGM DOREEL

2.1

AR E(k,n)

2.1.1 gtt_ekn.gmvector

gtt_ekn.gmvector(beta,p)

i Ji A M beta, £V OESRp D e 0 HIFRIZABES 5 EEMBI E(kn) OfEH
FUZDWDDIEZE RS

gtt_ekn.ekn_cBasis_2(beta,p)

DH#TH 5.

return N7 MV, BRI DME L =DM, 5L < I TR

beta

p

7R, FIFID ) A b R IE I ANTIETH D Z &,
IR FNRD LNV OHERD ) A b
gmvector (% Gauss-Manin vector DI T & %[GM2016].
gmvector DR D EIX[GM2016] D 6 F p.23 DT ML S THS. THNIX[GM2016] D
4FETERINTVWEINRY MLF OEBEETH D, ZDOEHIIE — A H[GM2016] D
CETERINTVIHINS DEEFELLRD LS ITHROSNT NS,
rl x 2 DEIREZZEZ S, m+l=rl, n+1=r2 & H <. EFLEBR Z 135 HE u % (m+1)
(n+1) {7512 & Z pru/ul DFMTHS. Z 2 THUITHFIR A beta TH D &5 7% u
2RT & B5[TKT2015], [GM2016]. S & ZDLHEAXZ D p %
[([1,y11,...,y1ln],
(1,y21,...,y2n],...,
(1,yml, ...,ymn],
(1,1, ..., 1]1]
(1 2L FRUZIER), L EHME L 725 ETH 5.
2x(n+1) 73 #|ZF T, gmvector DR D fli% Lauricella F. D TEL Z AU FDLIITTE
% (b[2][1]-b[1][1] >= 0 DHE). T Z T b[1][1], b[1][2] &, ZNZh 1 1THDIFH, 2 17
HOAFH, b2][i] X1 FIHDFFTH 5.

S=F_D(-b[1,1], [-b[2,2],...,-b[2,n+1]], b[2,1]-b[1,1]+1 ; y)/C,
C=b[1,1]! b[2,2]! ... b[2,n+1]! (b[2,1]-b[L,1])! &HK. 1/C IF L FRIDsEIK
[[b[1,1], 0, ...y O 1,

[b[2,1]-b[1,1],b[2,2], ..., b[2,n+1]]]
WXt gmvector &
[S,(y11/a2) d_11 S,(y12/a3) d_12 S, ..., (yin/a_(n+1)) d_1in S]
ThHb. ZIZTdij iyij iIZ2WTOM4,

[a0, al, ... ,a_(n+2)]
= [-b[1,2],-b[1,1],b[2,2], ..., b[2,n+1],b[2,1]]
Thb.

JAA M beta® K D IERALE D L IVIERp 15T 2 I3 HAITIB(E L 72 E(k,n) Off
TREITE 5. XH[TKT2015], [GM2016] £,
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e option crt=1 (crt = Chinese remainder theorem) % 5-2 % &, D #EI A % & T 72
5 [T2016). FEGTEHADERE /T A — X D IF gtt_ekn.setup TIT7RD.

Bl IRIE 2 x 2 A EIERTIFRIM[5,1), FIFIH3[3,3], &IV OMERMH([1/2,1/3],[1/7,1/5]] D
%6 D gmvector DIETH 5.
[3000] load("gtt_ekn.rr");
[3001] ekn_gtt.gmvector([[5,1],[3,3]1]1,[[1/2,1/3],[1/7,1/511)
[775/27783]
[200/9261]
Bl: N %2 2 A EOBHRE L T 51, Gauss DHEBMEB(Z 0GEIXLEHAL D)
F(-36N,-11N,2N,(1-1/N)/56) DfiiE T3 IZRAZ N5 ( [TGKT] ).
N=2;
T2=gtt_ekn.gmvector ([[36*N,13*N-1], [38xN-1,11*N]], [[1, (1-1/N)/56],[1,1]1]) [0] [0];
D=fac (36*N)*xfac (11*N) *xfac (2*N-1) ;
T3=T2%*D;

5 7 AIZIE UfE % Mathematica (2 S5 121%
n=2; Hypergeometric2F1[-36%n,-11*n,2*n, (1-1/n)/56]
2% 2 x m 43 #FK (Lauricella FD)IZDWTIE/Ny 77— tk fd TH NElD & 5 ICFAE
REENTE 5. SFHEHEORL 2 707 F LR LD, debug FiZ%.

[3080] import("tk_fd.rr");
[3081] A=tk_fd.marginal2abc([4,5],[2,4,3]);
[-4,[-4,-3],-1]1 // 2Z&¥ FD D/XF5A—% . a,[b1,b2],c
[3082] tk_fd.fd_hessian2(A[0],A[1],A[2],[1/2,1/3]);
Computing Dmat(ca) for parameters B=[-4,-3],X=[ 1/2 1/3 1]
[4483/124416,[ 1961/15552 185/1728 1],

[ 79/288 259/864 ]

[ 259/864 47/288 1]
// BR{El& [F=F_D, gradient(F), Hessian(F)]

// ekn_gt TOHIERL/INTA—%.

[3543] A=tk_fd.marginal2abc([5,1],[3,3]);

[-5,[-3],-1]

[3544] tk_fd.fd_hessian2(A[0],A[1],A[2], [(1/3)*(1/7)/((1/2)*(1/5))1);
Computing Dmat(ca) for parameters B=[-3],X=[ 10/21 ]

[775/27783,[ 20/147 1,[ 17/42 1]

2% — D A A O ERHALEEIZ DWW T D Hessian D G 5 1% S BRI package
ot_hessian_ahg.rr THEEDT A MR INTWVWS. (ZHIFEZRTEKDT A MRBROTH S
TR IR LA X B )

import ("ot_hgm_ahg.rr");
import ("ot_hessian_ahg.rr");
def htest4() {

extern Cl11_A;

extern Cl1_Beta;

Hess=newmat (7,7);

A =C11_A;
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BetaO= [b0,b1,b2,b3];
BaseIdx=[4,5,6];
X=[x0,x1,x2,x3,x4,x5,x6] ;
for (I=0; I<7; I++) for (J=0; J<7; J++) {
Idx = [I,J];
H=hessian_simplify(A,Beta0,X,Baseldx,Idx);
Hess[I][J]=H;
printf (" [I,J]=)a, Hessian_ij=la\n",Idx,H);
}
return(Hess) ;
}
[2917] C11_A;
(fo,0,0,1,1,1,11,1,0,0,1,0,1,01, [0,1,1,0,1,0,1],[1,1,0,1,1,0,0]]
[2918] C11_Beta;
[166,36,290,214]
[2919] Ans=htest4$
[2920] Ans[0][0];
[[((b1-b0-1)*x4)/(x072), [4]], [((b1-b0-1)*x6)/(x0"2), [6]],
[(b172+(-2%b0-1) *b1+b0~2+b0) /(x0°2), [1]1, [(x6)/(x0), [6,0]1], [(x4)/(x0), [4,0]]]

SR Section 2.1.5 [gtt_ekn.setup|, p. 9, (undefined) [gtt_ekn.pfaffian_basis], p. (un-
defined),
Changel.og

o ZOBBUKXIGM2016] DT ILT VY X LB L U[T2016] (2 & % modular method % W7z
FELEEE LB DTH D,

o BH % %1} 727 7 A iE OpenXM/src/asir-contrib/packages/src/gtt_ekn.rr 1.1,
gtt_ekn/ekn_pfaffian_8.rr

2.1.2 gtt_ekn.nc

gtt_ekn.nc(beta,p)
B4 beta, ¥V DOMERDp O o3 EIRDFZMA SHEROIEFLER Z B &

CZ DM DIEZRT.
return N7 MVZ,[[d-11 Z,d12 Z, .., ..., [d-ml Z, d-m2 Z, ...., d_mn Z]]]
beta TR, FIFID ) A b R IE T ANTIETH D Z &,
p AR EROEIVOHERDY A K

o 1l x12 NEEXEZEZXD. m=rl, n=12 £ BL. EHEHZ 5% Fu %2 m n 175
352 Epru/ul OMTHS. T2 THIZITMAM D beta THB LS 7% u &R TL
%[TKT2015], [GM2016]. p~u (& p_ij~u_ij O, u! 1F uij! OMTH 5. dijZ TZ D
B p.ij IZOWTDIRMS 2 ET.

e nc & gmvector DfE % JLIZ, [GM2016] D Prop 7.1 IZHDWT Z OfEzFHE T 5.

e option crt=1 (crt = Chinese remainder theorem) 52 % &, FWEIAZ B IR 5.
BETEH O RN T A — X DEE L gtt_ekn.setup TIT72 D .

Bil: 2x3 EIERTD Z & F DM DFHHA.
[2237] gtt_ekn.nc([[4,5],[2,4,3]],[[1,1/2,1/3],[1,1,111);
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%

[4483/124416,[ 353/7776 1961/15552 185/1728 ]
[ 5563/20736 1261/15552 1001/13824 1]
#: 2 x m 7 #3K (Lauricella FD)IZDWTIENX Y 7 —Y thk fd TH FaedD & 5 IZ[H5E

IREHRMPTE S,

[3076] import("tk_fd.rr");

[3077] A=tk_fd.marginal2abc([4,5],[2,4,3]);

[-4,[-4,-3],-1]

[3078] tk_fd.ahmat_abc(A[0],A[1],A[2],([[1,1/2,1/3],[1,1,111);

RS=[ 4 5 ], CSnew=[ 2 4 3], Ynew=[ 1 1/2 1/3 ]

[111]

Computing Dmat(ca) for parameters B=[-4,-3],X=[ 1/2 1/3 ]

[4483/124416, [[353/7776,1961/15552,185/1728],
[653/20736,1261/15552,1001/13824]1]

// RIEF [z, [[d_11 Z, d_12 Z, d4_13 Z],

// [d_21 Z, d_22 Z, d_23 Zz]]] D1E.

// ZZT diij W@ i,j] RBICOVWTOHMPD%ZRY .
SR Section 2.1.5 [gtt_ekn.setup], p. 9, Section 2.1.3 [gtt_ekn.lognc|, p. 5,
Changelog

o ZH %% F 727 7 A i OpenXM/src/asir-contrib/packages/src/gtt_ekn.rr 1.1,
gtt_ekn/ekn_eval.rr

2.1.

gtt_

3 gtt_ekn.lognc

ekn.lognc(beta,p)
= JAMIbeta, €IV ORERD O = EIRO LML EHERDOTERLEI Z D log

DIELUES & O DD OELUEE RS .

return N7 MVlog(Z), [[d-11 log(Z), d_12 log(Z), ...], [d-21 log(Z),...], ... ]

beta

p

TR0, IR ) A b i E T RTIETH S Z L.

SN EROLIVDHERD Y A b
ST E IHEE RIS 5 [TKT2015].
option crt=1 (crt = Chinese remainder theorem) % 5-Z % &, FWEIRZH IR 5. 77
BEITRHA DA/ N T A — X DEEIR gtt_ekn.setup TIT72 5.

Bil: 2 3 DEIRTOH]. 5 D AIELUE.

[2238] gtt_ekn.lognc([[4,5],[2,4,3]1]1,[[1,1/2,1/3],[1,1,111);
[-3.32333832422461674630, [ 5648/4483 15688/4483 13320/4483 ]
[ 3318/4483 10088/4483 9009/4483 1]

2% 2 x m 73 #Z& (Lauricella FD)IZ DWW TIE/Ny 7 —Y tk fd TH FiddD & 5 IZ[AF
IREHAMNTE S,

[3076] import("tk_fd.rr");

[3077] A=tk_fd.marginal2abc([4,5],[2,4,3]);

[-4,[-4,-3],-1]

[3078] tk_fd.log_ahmat_abc(A[O],A[1],A[2],[[1,1/2,1/3],[1,1,11]1);
RS=[ 4 5], CSnew=[ 2 4 3], Ynew=[ 1 1/2 1/3 ]
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[111]
Computing Dmat(ca) for parameters B=[-4,-3],X=[ 1/2 1/3 1]
[-3.32333832422461674639485797719209322217260539267246045320,
[[1.2598706, 3.499442, 2.971224],
[0.7401293, 2.250278, 2.00959111]
// RIEIE [log(2),
// [[d_11 log(Z), d_12 log(z), d_13 log(2)],
// [d_21 log(Z), d_22 log(Z), d_23 log(Z)11]
// DELUE.

SR Section 2.1.5 [gtt_ekn.setup], p. 9, Section 2.1.2 [gtt_ekn.nc|, p. 4,

\

Changel.og
o BHEZIT727 7 A )X OpenXM /src/asir-contrib/packages/src/gtt_ekn.rr 1.1.

2.1.4 gtt_ekn.expectation

gtt_ekn.expectation(beta,p)
: AL Fbeta, ¥V OfERp O i BIROMFRHEZFIHT 5.

return TR EROZIVOMARHED ) A K.
beta TR ZIFIDO ) A b lETRTIETHD Z &
p T ERDOENDMERD ) A b

e [GM2016] ® Algorithm 7.8 D%,

e option crt=1 (crt = Chinese remainder theorem) % 5-2 % &, T#EIREZ B IR D. 4
BETBEH O RN T A — X DEE L gtt_ekn.setup TIT72 D .

e option index % 52 % &, f8E I N/ K D DHFHEDAGIHET 5. 7z 21X 2x 2 /2#
T index=[[0,0],[1,1]] £4EET B L, 1 DD 2K DYFRHED AFHT 3.

22, 33 D EIROMFFHEEFH.
[2235] gtt_ekn.expectation([[1,4],[2,3]1]1,[[1,1/3],[1,1]11);
[ 2/3 1/3 1]
[ 4/3 8/3 ]
[2236] gtt_ekn.expectation([[4,5],[2,4,3]1],[[1,1/2,1/3],[1,1,111);
[ 5648/4483 7844/4483 4440/4483 ]
[ 3318/4483 10088/4483 9009/4483 ]

[2442] gtt_ekn.expectation([[4,14,9],[11,6,10]1],([1,1/2,1/3],[1,1/5,1/7],[1,1,111);
[ 207017568232262040/147000422096729819 163140751505489940/147000422096729819
217843368649167296/147000422096729819 1]

[ 1185482401011137878/147000422096729819 358095302885438604/147000422096729819
514428205457640984/147000422096729819 ]

[ 224504673820628091/147000422096729819 360766478189450370/147000422096729819
737732646860489910/147000422096729819 ]

2% 2 x m 43 E|FK (Lauricella FD)IZDWTIE NNy r—Y tk fd TH FELdD & 5 IZ[A%
REITRMNTE 5.
[3076] import("tk_fd.rr");
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[3077] A=tk_fd.marginal2abc([4,5],[2,4,3]);
[-4,[-4,-3],-1]
[3078] tk_fd.expectation_abc(A[0],A[1],A[2],[[1,1/2,1/3],[1,1,111);
RS=[ 4 5], CSnew=[ 2 4 3], Ynew=[ 1 1/2 1/3 ]
[111]
Computing Dmat(ca) for parameters B=[-4,-3],X=[ 1/2 1/3 1]
[[5648/4483,7844/4483,4440/4483],
[3318/4483,10088/4483,9009/4483]]
/] BEIOERFE.
2% — DO A DA DFHFEIL ot_hgm_ahg.rr. F 7ZFERIY 7 72 &, module {1 T
W, ot_hgm_ahg.rr 122\ T D %% Hk: K.Ohara, N.Takayama, Pfaffian Systems of
A-Hypergeometric Systems I1 — Holonomic Gradient Method, arxiv:1505.02947

[3237] import("ot_hgm_ahg.rr");
// 2 x 2 DEIXK.
[3238] hgm_ahg_expected_values_contiguity([[0,0,1,1],[1,0,1,0],[0,1,0,1]1],
[9,6,8],[01/2,1/3,1/5,1/7], [x1,x2,x3,x4] |geometric=1);
oohg_native=0, oohg_curl=1
[1376777025/625400597,1750225960/625400597 ,
2375626557/625400597 ,3252978816/6254005971]
// 2 x 2 DEIROIPRE.

// 2 x 3 DEIXK.
[3238] hgm_ahg_expected_values_contiguity(
(fo,o0,0,1,1,11,I[1,0,0,1,0,01, [0,1,0,0,1,0], [0,0,1,0,0,1]],
(5,2,4,31,[1,1/2,1/3,1,1,1], [x1,x2,%x3,x4,x5,x6] | geometric=1) ;
[6648/4483,7844/4483,4440/4483,3318/4483,10088/4483,9009/4483]
// 2 x 3 DEIROHFHFE. LR UHE.
3 x 3 pHEIR. WHER 0 28—,
/*
dojo, p.221 DT —% . MIEIUTOERFERIEDHTVEDIC.
211
8 3 3
026

row sum: 4,14,8
column sum: 10,6,10

0 Z—DOELDT, (3,6) B A 5 7 FIHAIKL .

*/

A=[[0,0,0,1,1,1, 0,0],
[0,0,0,0,0,0, 1,1],
[1,0,0,1,0,0, 0,0],
[0,1,0,0,1,0, 1,07,
[0,0,1,0,0,1, 0,117;

B=[14,8,10,6,10];
hgm_ahg_expected_values_contiguity(A,B,[1,1/2,1/3,1,1/5,1/7,1,1],



Chapter 2: 2 o473 #[5R HGM D %L 8

[x1,x2,x3,x4,x5,x6,x7,x8] |geometric=1) ;

-
[14449864949304/9556267369631,
10262588586540/9556267369631, 13512615942680/9556267369631,

81112808747006/9556267369631,
21816297744346/9556267369631, 30858636683482/9556267369631,

25258717886900/9556267369631,51191421070148/9556267369631]
3 x 3 kK.

/*
EOF—49T 0 % 1 ICEH.

= 00 N
N W -~
D W=

row sum: 4,14,9
column sum: 11,6,10

*/

A=[[0,0,0,1,1,1,0,0,0],
(0,0,0,0,0,0,1,1,17,
(t1,0,0,1,0,0,1,0,01,
(0,1,0,0,1,0,0,1,01,

(0,0,1,0,0,1,0,0,111;
B=[14,9,11,6,10];
hgm_ahg_expected_values_contiguity(A,B,[1,1/2,1/3,1,1/5,1/7,1,1,1],
[x1,x2,x3,x4,x5,x6,x7,x8] |geometric=1) ;

// BRIEE, &. x9 ZIEELTVWAVLDT, 9ZFBOHSFEIIEAL T,
[207017568232262040/147000422096729819 ,
163140751505489940/147000422096729819, 217843368649167296/147000422096729819,

1185482401011137878/147000422096729819,
358095302885438604/147000422096729819,514428205457640984/147000422096729819,
224504673820628091/147000422096729819,360766478189450370/147000422096729819]

/! Z PEDWHDETEIE hgm_ahg_contiguity BAEMNE IR, ThoEHA
V=7 —RlF
/] EEEBVTARW.

= Section 2.1.5 [gtt_ekn.setup], p. 9, Section 2.1.2 [gtt_ekn.nc|, p. 4,

Ny

o

Changelog
o ZHAEZIT727 7 A VX OpenXM /src/asir-contrib/packages/src/gtt_ekn.rr 1.1.

2.1.5 gtt_ekn.setup

gtt_ekn.setup()
s AGHRAOREREEAB IR D, BEDREEHRET 5.
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return

o [T B 70t RALIERDOMEE, BNDFEHEFRRT S, XN TVRWEGIZZD
B & 2R,

o ZONYIT—UTDNEGEITERD cpu 2 U -EHBETHEITINS Z & 2E
LTW5.

e option nps (& 7z1% number_of_processes) & 52 5 L5E L7721 T 22 HET
5.

e option nprm (& 7z 1% number_of_primes) % 5-Z % £ nprm B X FH DG ERE S iz
FHIVANDT 7 ANV ZGEAAL. nprm DAEHRED LG X 512 option minp (minp
=MINimum Prime)% 5- %2 % & minp & ¥ K 72 F % nprm [AAEK T 5. £ DR
option fgp (F 7z i file_of_generated_primes)% 52 5 L M U 7-FEHV A %2 7 741
W% fgp & ULTHRET 5.

o EFLD option ZIEE LR GERDT 7 4 )V MEDSHWS NS . nps=1. nprm=10.
fgp=0.

e option report=1 %2 5-X % L BUEDEBE D DA %17 . setup(lreport=1)D 44 &
U T report B2 T 52 & HTE 5.

e option subprogs=[filel,file2,...] IZ & D ABEIAO T T O AIZo—FIRE 7 7 A
) filel, file2, ... ZfRE T 5. default I& subprogs=|"gtt_ekn/childprocess.rr"] TdH 5.

e gtt_ekn.set_debug_level(Mode) T Ekn_debug DfE % FXET 5.

Bl FBEDOV A NZ2ERLTT 714 pixt ANEESHT.
gtt_ekn.setup(|nps=2,nprm=20,minp=10"10,fgp="p.txt")$
#: chinese remainder theorem (crt) Z{# > T gmvector % F1%..

[2867] gtt_ekn.setup(|nprm=20,minp=10720);
[2868] N=2; T2=gtt_ekn.gmvector ([[36*N,13*N-1], [38+N-1,11*N]],
[[1,(1-1/N)/56],[1,1]1] | crt=1)$

o

i Section 2.1.2 [gtt_ekn.nc], p. 4, Section 2.1.1 [gtt_ekn.gmvector], p. 2,

Changel.og
o ZH %% F 727 7 A iE OpenXM/src/asir-contrib/packages/src/gtt_ekn.rr 1.1,
gtt_ekn/g_mat_fac.rr

2.1.6 gtt_ekn.upAlpha

gtt_ekn.upAlpha(i,k,n)

ia.i% a i+l &EZILIH B contiguity relation.
k E(k+1,n+k+2)BA DBHRMBEED k. SEIRTIE (k+1)(n+1).
n E(k+1,n+k+2) B DB D n. FEIRTIX (k+1)(n+1).
return contiguity relation @ pfaffian_basis IZD W TDITIRIRZERT. [GM2016] D Cor
6.3.
e upAlpha i [GM2016] ® Cor 6.3 Df75] Ui 2R 7.
o FHEY 2 RBMOMERLFHEHBIE A S.
o aii & a_i-l1 EZLIEVEE IZEH downAlpha Z W 5.
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o ai &NEIRDELMZE R 5I121X, B marginaltoAlpha([17H1,5IH]) ZH\\5.
o pfaffian_basis 1Z[GM2016] D 4 D2 bV F (ZH BT 2 RMD %2 R 9.

Bil: DU OHNE 22 738K (E(2,4)), 23 DEIR(E(2,5))DEETH 5. [2225] £ TIH L%
LTW5.
[2221] gtt_ekn.marginaltoAlpha([[1,4],[2,3]1]1);
[[a_0,-4]1,[a_1,-1],[2_2,3],[2_3,2]]
[2222] gtt_ekn.upAlpha(l,1,1); // E(2,4) D a_1 AAD
// contiguity &FRIRT 21775
[2223] gtt_ekn.upAlpha(2,1,1); // E(2,4) @ a_2 Al
[2224] gtt_ekn.upAlpha(3,1,1); // E(2,4) @D a_3 AH
[2225] function f(x_1_1);
[2232] gtt_ekn.pfaffian_basis(f(x_1_1),1,1);
[ f(x_1_1) 1]
[ (F1(x_1_D=*x_1_1)/(a_2) ]
[2233] function f(x_1_1,x_1_2);
f() redefined.
[2234] gtt_ekn.pfaffian_basis(f(x_1_1,x_1_2),1,2); // E(2,5), 2%3 DEIX
[ f(x_1_1,x_1_2) 1
[ (£1,0(x_1_1,x_1_2)*x_1_1)/(a_2) ]
[ (£0,1(x_1_1,x_1_2)*x_1_2)/(a_3) 1]

SR Section 2.1.2 [gtt_ekn.nc], p. 4, Section 2.1.1 [gtt_ekn.gmvector], p. 2,

ChangelLog
o ZDOBEIX[GM2016] THZ 5N/ 7 )V TV X LIZHE contiguity relation % & HIT 5.
o ZW%32\F727 7 A & OpenXM /src/asir-contrib/packages/src/gtt_ekn/ekn_pfaffian_8.rr
1.1

2.1.7 gtt_ekn.cmle

gtt_ekn.cmle(u) u #&8BAT—49&95&%X, P(U=u | row sum, column sum = these
of V) Z&AKIbtdT D, BELIDOEERDELEEKDS.

u 8GR T— % (DEIK)
return €IV DHEERBEIRER)
o uZBHlT—X LT 5L E P(U=u | row sum, column sum = these of U) % i K{td
%, B IVOMERDEMEZ KD 5.
e optional parameter T algorithm DR 5 5\ (72 & ZIXFEE ZGLIL T, 2D 753
INE WA BEIZ T 5, gradient descent D step &) % JHFE T X 7208, T NIX/EHE.
2017.03.03

Bl 2 x 4 7&K,
u=[[1,1,2,3],[1,3,1,1]];
gtt_ekn.cmle(U);
([1123]
(13111],[[7,6],[2,4,3,4]], // Data, row sum, column sum
[ 1 67147/183792 120403/64148 48801/17869 1 // probability obtained.
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[1111]]
Bil: EDFNIIRDBIEIZ.
gtt_ekn.cmle_test3();

SR Section 2.1.4 [gtt_ekn.expectation], p. 6,

Changelog
o gtt_ekn/mle.rr IZARIKD B 5.
e gtt_ekn.rr @ cmle BIEIE wrapper.

2.1.8 gtt_ekn.set_debug_level, gtt_ekn.show_path, gtt_ekn.assertl,
gtt_ekn.assert2, gtt_ekn.probl

1]

gtt_ekn.set_debug_level(m) debug X v E—I DL NIV EEE.
gtt_ekn.show_path() ED& I IC contiguity Z#EA LA DIFR.
gtt_ekn.assert1(V) 2x2 DEIXRTHEF vV /.

gtt_ekn.assert2(N) 3x3 DEIXRTE}EFI VY.
gtt_ekn.probl(R1,R2,Size) Rl x R2 NEIRADT AN T—9%E3.

m L)L,
e (m & 0x1) == Ox1 DI g_mat_fac_test_plain & g mat_fac_itor O 5 & MO H L%
9 % (gtt_ekn.setup U 724RFET).
o (m & 0x2) == 0x2 DI g_mat_fac_test ~NDF[E % tmp-input-#.ab & U TLRAE.
e (m & O0x4) == Ox4 D matrix factorial OFHEDIEOH U 51#1% KR,
o N IZfTEDFIFMDY 1 X,

.
[2846] gtt_ekn.set_debug_level (0x4);
[2847] N=2; T2=gtt_ekn.gmvector ([[36*N,13*N-1], [38*N-1,11*N]],
(l1,(1-1/N)/56]1,[1,111)8$
[2848] level&Ox4: g _mat_fac_test([ 113/112 ]
[ 1/112 1,[ (£+225/112)/(t"2+4*t+4) (111/112%t+111/112)/(t"2+4*t+4) ]
[ (1/112)/(t"2+4xt+4) (111/112%t+111/112)/(t"2+4*t+4) 1,0,20,1,t)
Note: we do not use g_mat_fac_itor. Call gtt_ekn.setup(); to use the crt option.
level&Ox4: g_mat_fac_test([ 67/62944040755546030080000 ]
[ 1/125888081511092060160000 1, [ (t+24)/(t"2+26%t+46) (2442)/(t"~2+25*%t+46) ]
[ (1)/(t"2+25*t+46) (-111xt-111)/(t"2+25%t+46) 1,0,73,1,t)
level&Ox4: g_mat_fac_test —————- snip
.
[2659] gtt_ekn.nc([[4,5],[2,4,31]1,[[1,1/2,1/3],[1,1,111)%$
[2660] L=matrix_transpose(gtt_ekn.show_path())$
[2661] L[2];
[1 4 3 2]
[1432] ®index %% D/87 A —4& — alpha DD contigity % KD ZN%HIT TEHHE
U722 &b 5. L[0] 1AWz contiguity D175, L[1] & contiguity % #H$ 5 step #K.
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B, fif % G592 path DARD 72 WA,
A=gtt_ekn.marginaltoAlpha_list([[400,410,1011],[910,411,500]1)%
[2666] gtt_ekn.contiguity_mat_list_2(A,2,2)$
[2667] L=matrix_transpose(gtt_ekn.show_path())$
[2668] L[2];
[21543]

#l. 0 DREINIX g_mat_fac_plain L FEE L 7Z5HE GIEORERRN B L2 22 bh b,

option ZENR\\ & g mat_fac_int & DL E 70 5.

[8859] gtt_ekn.assert2(1);
Marginal=[[130,170,353], [90,119,444]]
p=[[17/100,1,10],[7/50,1,33/10],[1,1,1]]
Try g_mat_fac_test_int: Note: we do not use g_mat_fac_itor. Call gtt_ekn.setup(); to u
Timing (int) =0.413916 (CPU) + 0.590723 (GC) = 1.00464 (total), real time=0.990672

Try g_mat_fac_test_plain: Note: we do not use g_mat_fac_itor. Call gtt_ekn.setup(); to
Timing (rational) =4.51349 (CPU) + 6.32174 (GC) = 10.8352 (total)

diff of both method =

[000]1]

[000]

[000]

[8860]

[8863] gtt_ekn.setup(|nprm=100,minp=10-50) ;
Number of processes = 1.
Number of primes = 100.
Min of plist = 100000000000000000000000000000000000000000000000151 .
0
[8864] gtt_ekn.assert2(l | crt=1);
Marginal=[[130,170,353], [90,119,444]]
p=[[17/100,1,10],[7/50,1,33/10],[1,1,1]]
Try [[lcrt,1]]
--—— snip
7B —FHOHID timing (total) B TIFEM] & mod G5 % subprocess 3% > T\ %
DTIEUWETIEZ. real time D EIREIFRIO HZ 272 5.
.
[9054] L=gtt_ekn.prob1(3,5,10 | factor=1, factor_row=3);
(C[10,20,420],[30,60,90,120,150]1],([1,1/2,1/3,1/5,1/7],[1,1/11,1/13,1/17,1/19],[1,1,1,
[9055] number_eval(gtt_ekn.expectation(L[0],L[1]1));
[ 0.434161208918863 ... snip ]

o

iR Section 2.1.2 [gtt_ekn.nc], p. 4,

Changel.og

e gtt_ekn/ekn_eval.rr C matrix factorial OFFHEDIFOH LB ZEKRT 5.
e grep ’iand(Ekn_debug,0x1)’ *aor TY —A 32— FOFHY DA EZ I 23T,
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3 modular &

3.1 HEFEREMH L itor

3.1.1 gtt_ekn.chinese_itor

gtt_ekn.chinese_itor(data,idlist)
:: mod p TEEUZZKER (2 ML) A5 chinese remainder theorem, itor(integer
to rational) THHEEANZ bV 215 5.

return [val, n] 22 T val 3B ZX. 7, n = nl*n2*..
data [[vall,nl],[val2,n2], ...], £ Z C val mod nl = vall, val mod n2 = val2,...
idlist chinese, itor ZE{T$5HY—/NIDD') X K.
o MEFEREH %\ T val0 mod nl = vall, val0 mod n2 = val2, ... £72% val0 % K&
5. val IZ algorithm itor Z#H 3 5.
e sqrt(n) & D val0 VKR Z WK itor 2YEH T T valo VA val=a/b IZE# I 1
5. DFD b*x =lmodn &R2Hx 2FZXT, x*a % n = val) & 725 val % &
9. BONoRnE i failure R 9.

#i: [3!, 5°3*3!]=[6,750] A E D fH. 6 mod 109 =6, 750 mod 109=96 A ¥ D 5| %L
D[[6,96],109]. LA F[FIEE.
gtt_ekn.setup(|nps=2,nprm=3,minp=101,fgp="p_small.txt");
SS=gtt_ekn.get_svalue();

Ss[o];

[103,107,109] // list of primes
SS[1];

[0,2] // list of server ID’s

gtt_ekn.chinese_itor([[[ 6,96 1,109],[[ 6,29 1,103],[[ 6,1 1,107]1]1,8S[1]);
[[ 6 750 1,1201289]

// BIBUERAAZ—THLL.
gtt_ekn.chinese_itor([[96,109],[29,103]],SS[1]);
[[ 750 1,11227]

#i: gtt_ekn/childprocess.rr (server THEAT S 11 %) D B chinese (chinese remainder
theorem) & euclid.

load("gtt_ekn/childprocess.rr");
chinese([newvect(2,[6,29]),103], [newvect (2, [6,750]),107%109]);
// mod 103 T [6,29], mod (107%109) T [6,750] &7%:%%% mod 103%(107%109)
// TKbHBE,
[[ 6 750 1,1201289]
euclid(3,103); // mod 103 T® 3 DHH. DFY 1/3
-34
3x(-34) % 103; // FEMICHEL.
1
#i: gtt_ekn/childprocess.rr (server THITI 1 5) DR itor (integer to rational) D
itor(Y,Q,Q2,Idx) TIXY<Q2&5 Y RZDFEFKES. Idx D index T &2 T
W, ROMEDOE 2D L5,
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load("gtt_ekn/childprocess.rr");

for (I=1;I<11; I++) print([I,itor(I,11,3,0)]1);

[1,[1,0]]

[2,[2,0]]

[3,[-2/3,011 //euclid(3,11); ->4, 4x(-2)%11 -> 3 WO THEMNIC -2/3 ETT

D DI

[4, [failure,0]]

[5,[-1/2,01]

[6,[1/2,0]]

[7,[-1/3,0]1]

[8, [failure,0]]

(9, [-2,0]]

[10,[-1,0]]
SR Section 2.1.5 [gtt_ekn.setup], p. 9,
ChangeLog

o FH T 7 1 )L gtt_ekn/g_mat_fac.rr gtt_ekn/childprocess.rr
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