it A &

RIS
1.0 ik
2005 4E 6 H

Risa/Asir #&fGGHHE/ Sy 77—Vt _res

by Kenji Fujiwara and Masayuki Noro




Copyright (© Risa/Asir committers 2001. All rights reserved.



1 i~ =—a7)

1.1 AY%3E

f_res Nv T —l%, ZEBLIHRNESITH U, dense 72£280% £ D & L T multipolynomial
resultant % G159 5 f_res.mres, sparse 7R fRE % £F D& 1T sparse resultant % G155
%f_res.sres, Dixon M GIEIZ & D resultant 2 5H 3 Bf_res.dres B X, (T 54
BaFRERLTWE. FEBIZIE, ZN5IEED resultant ODZHAG 2R THEVD 208, HE
A TFT7NVIZET 2ZTENE —DROZWIGEIZIE, 7V T F—RIEIZ L BHEEICHEL T
RNEWGEDVRD S,

IS DFHIEITHWTIE, AYEEHEE, M8, mixed volume DFMRER EVBBREL 725D, T
NOIZDOVWTIE 7Y =Y 7 N THbcddlib B & UMixedVol ZF|HL7Z. TSIk OpenXM
P —Nox_sres L LTEEHOLNTWS., ZNiE, VAT AN Ea—arTid, H
BT 1E make TNRVADY, ‘OpenXM/src/ox_cdd’ (ZH T make, make install 95 Z & IZ
D, asir DFIATIVTFA LI MIIZA VA=V EINE. ZNEHMHELTETHRA
resultant 3% % asir BI#AS, ‘OpenXM/src/asir-contrib/packages/f_res/f_res.rr’
WZhHd. Tk load T56 28T, IREIAETIRRZBERENMER B K 51225, 0, fIEET
MiiEB & O AR, gnp IC X DHEEIRZ1TS £ O &, FENIUZ X BEMEHE TS
LEDD2WMODVPHEBEINT VWS, BEDADREEED, MAVNETI2HE1H L. ZOER
I, f_res.gmp(), f_res.float() ZIFUNHT Z & TITS.

1.2 Notation

ZDR=a7IVTIER%ZY A NT, support X polytope 2V A MDY AKNTHT. DD,
M(1L,1) &Y A B[1,1]1 TRLU, £5{(0,0), (1,0), (0,1) } #5725 polytope ) A hD Y A
h[[0,01,[1,0],[0,1]1 1 TEXY.

1.3 F7EE%

1.3.1 f_res.mres, f_res.mresM

f_res.mres(Equations, Vars )
:: Multipolynomial resultant 02 HAAE % K9

f_res.mresM(Equations, Vars )

= FFHI R _res.mres DURTAEIZAR S & S iTs 2R T
return

f_res.mres

ZHAH L0

f_res.mresM
1751
Equaitons %MDY A b
Vars BEODOY AN,
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AFoay
rsc =)
rowidx fic 51
colidx fic 41|
p FE

sub Ak

o Equations D53 DL IHNIZ KB ANE L% Vars & U7z & EFRESIHADLH O ik
Tf_res.mres (& resultant DZIHASF %, f_res.mresM & resultant DZIHALE %175
KIZH D75 % KT,

o Equations D/ DZIHAIWNH CTHEIZF /AL N TWE 06 FRZHATH 5
AL IESANNY

e Rank Submatrix Construction Z{772W\W/2\W& EidA 7 a vrsc 2 1 IZRET 5. £
D6, Z DBEEIINER TR _res. submatrix ZFESH L TWA DT, ZD7-dD A
T a T RTCEZIIHITS.

[0] FO = alxx + a2*y + a3$
[1] F1 = bl*x + b2*y + b3$
[2] F2 = c1*x™2 + c2%y~2 + c3 + cdxx*xy + cb*x + c6*y$

[3] f_res.mresM( [FO,F1,F2], [x,y] );

[ 000 a2 a3 a1 ]

[ 0a2 a3 0 a1 0 ]

[ a2 a3 0 a1 0 0 ]

[ 0b2 b3 0 b1 0 ]

[ b2 b3 0 b1 0 0 ]

[ c2 ¢c6 c3 c4 c5 cl1 ]

[4] R = f_res.mres( [FO,F1,F2], [x,y] );
(-c3%b272+c6%b3*b2-c2%b3"2) *al "3+ (((2*c3*b2-c6%b3) ¥b1-c5xb3*b2+c4*b3~2) *a2+((-c
6*b2+2*c2%b3) *b1+c5+¥b2"2-c4d*b3*b2) *a3) *al 2+ ((-c3*b1"2+c5*b3*b1-c1*b372) *a2"2+(
c6*b172+(-c5*%b2-c4*b3) *b1+2*c1*xb3*b2) *a3*a2+ (-c2xb1~2+cd*b2*xbl-c1*¥b272) *a3"2) *a
1

[5] fctr( R );

[[-1,1],[a1,1], [(c3*b2"2-c6*b3*b2+c2*b3"2) *al 2+ (((-2*c3*b2+c6%b3) *b1+c5xb3*b2-
c4xb3"2)*a2+ ((c6*b2-2%c2%b3) *b1-c5xb2"2+c4*b3*b2) *a3) *al+ (c3*bl~2-c5*b3*bl+cl*b
372)*a2" 2+ (-c6*xb1~2+ (c5*xb2+cd*b3) *b1-2*%c1*xb3*b2) *a3*a2+ (c2*xbl1~2-c4d*xb2*xbl+cl*b2"
2)*a3°2,1]]

1.3.2 f_res.indexof

f_res.indexof (Element, List )

2 VA NIZEENRINCENAAEZRT
Element MR LU7-\\WEHZE
List MEBEXHRD ) A

return List THRANZEN S Element DA V7 v 27 A& 5. List \ZElement D337
SR
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o List THRANZEN S Element DA ~ T v 27 A% 5 %K T . List \ZElement D B 4172
BEi3-1 2KT.
o Element OFIIfITH > THRDIR .
o HFf1ist LHAEDLE S &, H BHED Asir IZAS>TWVWEDRRSN5.
[0] f_res.indexof( 2, [1,2,3] );

1

[1] f_res.indexof( 4, [1,2,3] );

-1

[2] f_res.indexof( "nd_det", flist() );
31

[3] f_res.indexof( "nd_Det", flist() );
-1

1.3.3 f_res.listadd

f_res.listadd(4, B )
D VDARNERYZ MLVERTHZRD B

A
B ) A b
return 1) Z b

e RIZKMILOHDESIZYVAMA LY AB ODlZRD 5.
e VAMA LV APMBODOEIIZFHELLL L TIEHEWITARW.

[0] f_res.listadd( [1,2,3], [4,5,6] );
[5,7,9]

[1] f_res.listadd( [a,b,c], [d,e,f] );
[a+d,b+e,c+f]

1.3.4 f_res.start

f_res.start ()
:: ox_sres % L#E)IT S

N =3
return B

o NI A—=KRN N1 D& XIXCMP R, ZTNUND & S IXFENNEIRKDH L\ OpenXM
Y —Nox_sres ZEH L, MOBEKTHELNDE T —NITHRET 5.

o BT 7 7 ANMBEAONSBRVWEZZXT N TE—-RIZAS.

o BINBBBULIE(E D72 D DRI T

1.3.5 f_res.float

f_res.float()
. ox_sres % L#E)IT S

return B
o FHEINEIRD OpenXM ¥ —Nox_sres WF(EL R W& ZILEE L, MDA TEbN
LY —NIZERET 5.
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o EITT7 7 ANDBRONSBNVE EIETNY JE—NIZAS.

o TTIAEL TV EEEIIMIDOBEKTHELN G U —/NIZE T 5721 THIZEE)IX
L7z,

o BTN B EELUTELE D728 D+
1.3.6 f_res.gmp

f_res.gmp()
:: ox_sres ZLHEIT 5

return B
e GMP IR®D OpenXM ¥ —/Nox_sres WEEL AW & EITES) L, MDA THibN D
P—NIZEET .
o EITT77ANDBEONSRNVEERZXTNY TE—RIZAD.

o T TIZHFEMEL TCWAEEIIMIDOBEB LN I — NIZERET 2771 TH-ITEEIX
U720,

o RINBEEILIBIEDT-D DA F.
1.3.7 f_res.conv

f_res.conv(List)

:: polytope DO MEAE % KD %
return YA MDY A B

List ReXRTIVAPDY A b
o List TH A 515 polytope DMl Z kD 5.
e OpenXM Y —/Vox_sres DMF(EL R\ & SIXFEVNSUK %2 BT 5.
o D FEREIFEEI L D32 T 7.

(0] f_res.conv( [ [1,1],[0,0],[0,2],[2,0],[2,2] 1 );
(fo,0],[0,2],[2,0],[2,2]]

1.3.8 f_res.support

f_res.support(Equation, Vars)
: ZIHA D support %3RS

return DARDY A b
Equation 2
Vars AREITLDY A b
o NEL%E Vars & L7z & & DL IEKX Equation @ support 21 A MDY A& LUTIRT.

[0] f_res.support( x"2 + x*y + y~2, [x,y] );
([0,21,[1,11,[2,0]]

[1] f_res.support( x"2 + x*y + y~2, [x,y,z] );
(f0,2,0],[1,1,0],[2,0,0]]
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1.3.9 f_res.np

f_res.np(Equation, Vars)
:: Newton polytope % X9

return JDZARDY A B
Equation % IHA
Vars RETDY A b

o REIL%E Vars & U7z & & DL IHA Equation D Newton polytope Z U A MDY A K &
LGk,
e OpenXM ¥ —/Vox_sres DFFE L7\ & SIXIFE/NSUR Z B 5.
[0] f_res.np( x°2 + x*xy + y~2, [x,y] );
(f0,2],[2,0]]
[1] f_res.np( x"2 + xxy + y~2, [x,y,z] );
[[0,2,0]1,[2,0,01]

1.3.10 f_res.msum

f_res.msum(Polytopes)
:: polytope 725 D Minkowski sum % K3

return JAMDY A b
Polytopes VAFDYAFDY A B
F7Tvav

conv =9

e Polytopes D %43 T& % polytope 1Z & % Minkowski sum A D 9§ X T D lattice points
ZRD 5.

e conv ' 1 D& X Minkowski sum DA %K. OpenXM ¥ —Nox_sres HF(E
LW & SIXFEI/NR 2 L) 5.
(0] Q1 = [[0,0],[1,0],[0,111%
[1] Q2 = [[0,0],[1,0],[0,1],[1,111$%
[2] f_res.msum( [Q1,Q1] );
(fo,ol,o,11,[0,21,[1,0],[1,1],[2,0]]
[3] f_res.msum( [Q1,Q1] | conv=1 );
[[0,0],[0,2],[2,0]1]
[4] f_res.msum( [Q1,Q1,Q1] | conv=1 );
[[0,0],[0,3],[3,0]]
[56] f_res.msum( [Q1,Q2] );
(fo,o01, (0,11, [0,2],[1,0],[1,1],[1,2],[2,0],[2,1]]
[6] f_res.msum( [Q1,Q2] | conv=1 );
[[0,0],[0,2],[1,2],[2,0],[2,1]]

1.3.11 f_res.mvol

f_res.mvol(Polytopes)
:: polytope 725 M mixed volume % 3K& %



Chapter 1: B i~=a7 )L 6

return B

Polytopes VAPDYARDY A b
e varPolytopes D4 Td % polytope (Z & b mixed volume % K& 5.
e Mixed volume DFEFED S polytope DIRIC EBIFEL WRBEND 5.
e OpenXM ¥ —/Nox_sres DMFIE LR W& SIXTFEI/NEIR 2 LE T 5.

(0] Q1 = [[0,0],[1,0],[0,1]1]1%

(1] Q2 = [[0,0],([1,0],[0,1],[1,1]1]1%
[2] f_res.mvol( [Q1,Q1] );

1

[3] f_res.mvol( [Q1,Q2] );

2

[4] f_res.mvol( [Q2,Q2] );

2

1.3.12 f_res.sres

f_res.sres(Equations, Vars)
:: sparse resultant O IHNAE %K

return ZIHA
Equations ZIHAD Y X b
Vars AETLDY A b
F7Toav
v D7
p FH
sub DI S

e Equations D73 DEZIHNIZ & 5 AEIC% Vars & U7z & & Incremental algorithm T
FHEL U 7= resultant DL IHAG 2K .

o I 7V avy i v-distance #KT VA NT, ERINTVRWEAIX[11,12,13,...]$ »°
flibns.

o 174D rank DFIHEIE GF(p) ETirbi, fTHOHDAEICIZIEA TV 3 > Tsub T
HEIND VA NDOEED G SIHIZRAINFHTEI NG, ZZTpldA T arvop
ThHbd. FZHp DMRESINTWARWEEIX 65521 2MEbir, U X bsub BHEEIN TV
WA E 53,59,. .. DEBIMEDLNS.

e OpenXM H—/Vox_sres DMF(EL R\ & SIXFEVNSUK %2 BT 5.

[0] FO = al*x + a2*y + a3$
[1] F1 = bl*x + b2*y + b3$
[2] F2 = c1*x72 + c2*y~2 + c3 + cdxx*y + cb*x + c6*y$

[3] R = f_res.sres( [FO,F1,F2], [x,y] );
(c3*b273-c6*xb3*b2"2+c2%b3"2xb2) *al "2+ (((-2*c3*b2"2+c64b3*b2) ¥*b1+c5xb3*b2"2-c4*b
372*xb2) *a2+ ((c6*b2"2-2*%c2*xb3*b2) *b1-c5*xb2"3+cd*b3*b2"2) *a3) *al+(c3*b2xb1"2-c5*b
3xb2*xbl+cl*b3"2xb2) *a2~ 2+ (-c6*b2*¥b1~ 2+ (c5xb2"2+c4*b3*b2) *b1-2*c1*b3*xb2"2) *a3*a2
+(c2%b2xb1~2-c4*xb2"2xbl+c1*b2"3) *a3"2
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[4] fctr( R );

[[1,1],[12,1], [(c3*b2"2-c64b3*b2+c2*%b3"2) *al "2+ (((-2*c3*b2+c6*b3) *bl+c5*b3*b2-c
4xb3"2) *a2+ ((c6*b2-2%c2*xb3) *b1-cb*b2"2+cd*b3*b2) *a3) *xal+ (c3*b1~2-c5*xb3*xbl+c1*b3
~2)*a2" 2+ (-c6*xb1"2+(c5xb2+cd4*b3) *b1-2*%c1*xb3*b2) *a3*a2+(c2*xb1~2-c4*b2*xbl+c1*b2"2
)*a3°2,1]]

1.3.13 f_res.dres, f_res.dresM

f_res.dres(Equations, Vars)
:: Dixon resultant % 3iX9

f_res.dresM(Equations, Vars)

i 47537 Dixon resultant (2725 & 5 7175 %2 K9
return

f_res.dres

ZIHA
f_res.dresM
1751
Equaitons ZIHADY A b
Vars AREITLDY A b
AF>av
norsc (=3

rowidx fid 51
colidx fic 51]
p FI

sub ) A b

e Equations D3 DZIANIZ K B AEILE Vars & U7z & & Dixon D F{ETE_res.dres
I resultant DZIEALT %, f_res.dresM & resultant D ZIHNME % 175 R H D175
ZRd.

e Rank Submatrix Construction 21772 W\W7=< W& ZlEA 7> 3 Vnorse % 1 IZRET
5.

o Z DBEBUITIHNE CEA%E _res.submatrix ZFFSH L TWADT, TD7/dDA T =
NETRTEZIFAT 5.

[0] FO = al*x + a2*y + a3$
[1] F1 = bl*x + b2*y + b3$
[2] F2 = c1#x72 + c2*xy~2 + c3 + cdxx*y + cb*x + cb6*xy$

[3] f_res.dresM( [FO,F1,F2], [x,y] )

[ c1*b3*a2-cl*xb2*xa3 -c2*xb3*al+cd*b3*a2+(c2*bl-cd*b2)*a3 (c3*b2-c6*b3)*al+(-c3*b
1+c5*b3) *a2+ (c6*bl-c5*b2) *a3 ]

[ 0 —c2%b2*al+c2xbl*a2 —c2%b3*al+c2xbl*a3 ]

[ —c1*b2*al+cl*bl*a2 -cd*xb2*al+cd*xbl*a2 -cd*xb3*al+cl*b3*a2+(cd*bl-cl1*b2)*a3 ]
[4] R = dres( [FO,F1,F2], [x,y] );
(—c3*c2*c1*b2"3+ch*xc2xc1*b3*b272-c2 " 2%c1*b3"2%b2) *al "3+ (((3*c3*c2*xcl1*b2"2-2*c6*
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1.3.

c2*c1*b3*b2+c272*c1*b372) *b1-ch*c2*c1*b3*b2"2+cd*c2*xc1*¥b3"2*xb2) *a2+ ((-cbxc2*xcl*
b2°2+2%c2"2xc1%b3*b2) *bl+c5*c2*xcl1*b2"3-c4*c2*xc1*¥b3*xb272) *a3) *xal 2+ (((-3*%c3*c2*c
1%b2+c6*c2*xc1*b3) ¥b1 "2+ (2*c5*c2*cl*b3*b2-cd*c2*xc1*b3"2) *bl-c2*cl1~2%xb3"2%b2) *xa2"
2+ ((2*cB*c2*cl1*xb2-2%c2"2*%c1*b3) ¥bl1~2-2*xc5*c2*c1*b2"2%b1+2*%c2*xc1”2*%b3*b2"2) *a3*a
2+ (-c272%c1%b2%b1~2+ch*c2*cl*xb2"2%b1l-c2%c1~2%b2"3) *a3"2) *xal+(c3*c2*cl*bl~3-cb5*c
2*c1*b3*b1~2+c2*xc1~2%b3"2xb1) *a2 3+ (—c6*c2*xc1*xb1~ 3+ (cb*c2*cl*b2+cd*c2*xc1*b3) *b1l
~2-2%c2%cl1”2xb3*b2*b1l) *al3*xa2" 2+ (c2"2xclxbl~3-cd*xc2*xcl*b2*¥bl1"2+c2*cl1~2xb2"2*xb1) *
a3~ 2*a2

[5] fctr(R);
[[-1,1],[c2,1],[c1,1], [b2*al-bi1*a2,1], [(c3*b2"2-c6xb3*b2+c2*¥b3"2) *al "2+ (((-2*c3
*b2+c6*b3) *b1+c5xb3*b2-c4*b372) *a2+ ((c6*b2-2*c2*b3) *b1-c5*b2"2+c4*b3*b2) *a3) *al
+(c3*%b1"2-c5*b3*bl+cl*b372) *a2~ 2+ (-c6*bl1" 2+ (c5*b2+c4*b3) *b1-2*xc1*b3*b2) *a3*xa2+(
c2%b1°2-c4*xb2*bl+ci1*b2"2)*a3"2,1]]

14 f_res.dixonpolynomial

f_res.dixonpolynomial (Equations, Vars)

:: Dixon polynomial % 3iX4

return ) A b
Equaitons ZIHAXD Y X b

Vars

1.3.

REFDY A b
Equations D57 DZIHNIZ KB AE 6% Vars & L7z & E D Dixon polynomial % &
F U, [ (Dixon polynomial), (BiL WEHKDES) 1 &S VA EKRT. FrLWE
BUIEA R uc T K> THERSINEZAELTH L. ZHANOBIIZEHOBED E—D2Z
MDD 5.
[0] FO = al*x + a2*y + a3$
[1] F1 = bl*x + b2*y + b3$
[2] F2 = c1*x™2 + c2%y~2 + c3 + cdxx*xy + cb*x + c6*y$
[3] f_res.dixonpolynomial( [FO,F1,F2], [x,y] );
[(-_O*c1l*b2*al+(_O*cl*bl+cl*b3)*a2-cl*b2*a3)*x+(((-_1xc2-_0*c4)*b2-c2*b3) *al+((
_1%c2+_0%c4) *b1l+c4*b3) *a2+ (c2xbl-cd*b2) xa3) *y+(c3*b2+(-_1xc2-_0*c4-c6) *b3) *al+(
-c3xb1+(_0*c1l+cbh)*b3)*a2+((_1*xc2+_0%cd+c6) *bl+(—_0*cl-c5)*b2)*a3,[ _0 _1 1]

15 f_res.matrixdecomp

f_res.matrixdecomp( Dpoly, UC, Vars )

:: Dixon polynomial % {75253 i3 %.

return J A b
Dpoly %2 I
uc fic 41|

Vars DS

dixonpolynomial Dpoly %1323UC @ monomial, 523 Vars @ monomial THRTAIIT 5
NBITHNRT 5.

ROl X, [ (UC D monomial DEH), (4751), (Vars D monomial DEZFI) 1 £\ D
T, T Fhsigma P =V D.PW OV, D.P, W #%K7.
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[0] FO = al*x + a2*y + a3$

[1] F1 = bl*x + b2*y + b3$

[2] F2 = c1*x”2 + c2*y~2 + c3 + cdxx*y + cb*x + c6*y$
[3] D = f_res.dixonpolynomial( [FO,F1,F2], [x,y] )$

[4] M = f_res.matrixdecomp( D[0], D[1], [x,y] );

[[1 _1 _01,[ cl*¥b3*a2-cl*b2*a3 —c2*b3*al+cd*b3*a2+(c2*xbl-cd*b2)*a3 (c3*b2-c6x*
b3) *al+(-c3*bl+c5*b3) *a2+ (c6*bl-c5*b2) *a3 ]

[ 0 -c2%b2*al+c2xbl*a2 -c2*b3*al+c2*bl*a3 ]

[ —c1*b2*al+cl*bl*a2 -cd*xb2*xal+cd*xbl*a2 -cd*xb3*xal+cl*b3*a2+(cd*bl-cl1*xb2)*a3 ], [
xy11]

[6] v = M[O]*M[1]$

[6] D[0] == V[O]l+M[2] [O]J+V[1]*M[2] [1]+V[2]=*M[2] [2];

1

1.3.16 f_res.submatrix

f_res.submatrix( Matrix )

i BT H 2175 D rank %R OHITHI KT

return el
Matrix el
FFvayv

rowidx fid 51|
colidx fid 51
p FE

sub 1) A b

o 174 Matrix @ rank %KD 175 %3RS .

o fFHID rank DEFFE TITFHIDOHDAETCITIZY A bsub DEDHIHD SMEIZAA S
GF(p) CiMiigh 2. ZZTp kAT a>vop Bfibh s,

o GAONATHINERTIEZRWE EWATHFE—RBRIZELZ OBV, I TEDITH %
BET 50 LW D D% Hrowidx,colidx TH72 5. EBUZIXFT S MatrixD (i,j) K5
% (rowidx(i],colidx[j]) s & ANEZ TWEZITTH 5.

o FEHp MWREINTVARWEEIX 65521 AMEibil, VA bsub BMEEINTWARWES
1% 53,59,dots DFEEAMHEDbNS.

(0] M = newmat( 3, 3, [[1,0,0],[0,a,0],[0,b,01] );

—/
[EY

[y

es.submatrix( M );

N
O r-—-Or-—oo

0
0
0
_r
]
]
_res.submatrix( M | rowidx=1ltov([0,2,1]) );
]
]

L e B e M e B B e B e B |
O O H p O H T P O
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