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2 o0 EIFR HGM OEEGEIAZE IZ DO \W\WT

Z DFHE T & HGM (holonomic gradient method) % F\\ 7z 2 Ju43 #IFR D BIBUZ DWW TE
B9 %. ChangeLog MIHH ¥ www.openxm.org D cvsweb TY — A I — R &GO RO BT
ZRBERBEPNT VDS, 2OV T —YIE TR ITH— RT3,

load("gtt_ekn3.rr");

gtt_ekn3.rr I¥ gtt_eknar ZEES R D2 RKESHBINZRNY r—ITH L. mHKD

asir-contrib package ZHUF9 A121%, FaddD & D ICHH B ZIEOH T,

import ("names.rr");
asir_contrib_update(|update=1);
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2 2t EIZR HGM DOREEL

2.1

AR E(k,n)

2.1.1 gtt_ekn3.gmvector

gtt_ekn3.gmvector (beta,p)

i Ji A M beta, £V OESRp D e 0 HIFRIZABES 5 EEMBI E(kn) OfEH
FUZDWDDIEZE RS

gtt_ekn3.ekn_cBasis_2(beta,p)

DH#TH 5.

return N7 MV, BRI DME L =DM, 5L < I TR

beta

p

7R, FIFID ) A b R IE I ANTIETH D Z &,
IR FNRD LNV OHERD ) A b
gmvector (% Gauss-Manin vector DI T & %[GM2016].
gmvector DR D EIX[GM2016] D 6 F p.23 DT ML S THS. THNIX[GM2016] D
4FETERINTVWEINRY MLF OEBEETH D, ZDOEHIIE — A H[GM2016] D
CETERINTVIHINS DEEFELLRD LS ITHROSNT NS,
rl x 2 DEIREZZEZ S, m+l=rl, n+1=r2 & H <. EFLEBR Z 135 HE u % (m+1)
(n+1) {7512 & Z pru/ul DFMTHS. Z 2 THUITHFIR A beta TH D &5 7% u
2RT & B5[TKT2015], [GM2016]. S & ZDLHEAXZ D p %
[([1,y11,...,y1ln],
(1,y21,...,y2n],...,
(1,yml, ...,ymn],
(1,1, ..., 1]1]
(1 2L FRUZIER), L EHME L 725 ETH 5.
2x(n+1) 73 #|ZF T, gmvector DR D fli% Lauricella F. D TEL Z AU FDLIITTE
% (b[2][1]-b[1][1] >= 0 DHE). T Z T b[1][1], b[1][2] &, ZNZh 1 1THDIFH, 2 17
HOAFH, b2][i] X1 FIHDFFTH 5.

S=F_D(-b[1,1], [-b[2,2],...,-b[2,n+1]], b[2,1]-b[1,1]+1 ; y)/C,
C=b[1,1]! b[2,2]! ... b[2,n+1]! (b[2,1]-b[L,1])! &HK. 1/C IF L FRIDsEIK
[[b[1,1], 0, ...y O 1,

[b[2,1]-b[1,1],b[2,2], ..., b[2,n+1]]]
WXt gmvector &
[S,(y11/a2) d_11 S,(y12/a3) d_12 S, ..., (yin/a_(n+1)) d_1in S]
ThHb. ZIZTdij iyij iIZ2WTOM4,

[a0, al, ... ,a_(n+2)]
= [-b[1,2],-b[1,1],b[2,2], ..., b[2,n+1],b[2,1]]
Thb.

JAA M beta® K D IERALE D L IVIERp 15T 2 I3 HAITIB(E L 72 E(k,n) Off
TREITE 5. XH[TKT2015], [GM2016] £,
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e LR ®D option I& expectation Z DM TEHEZ 5.

e option crt=1 (crt = Chinese remainder theorem) % 5- 2 % &, MEH 2 & T &
5 [T2016]. FEGETEHADEFE N T A — X DFE X gtt_ekn3.setup T2 5.

e option bs=1. binary splitting method T matrix factorial % &1%&. —fIZ 3x3 TIXXHH
H D (assert2(151bs=1)), 5x5 (test5x5(20|1bs=1))TITEL 725, T 7 4 — IV ;& bs=0.

e option path. contiguity % @M % path Z D27V TV XL % $EE. path=2 (&
B, AR DS [GM2016] D path). path=3 (i 3X[TGKT] @ path). 7 7 #+ —)b b &
path=3.

e option interval. J#% @D matrix factorial DFHETIX, HEEE 0T % T NETNEHGHHE T
AR URBRICNSZT 5. LU oo hlER A —MAIIZ R E L 2 oh R %
i3 5 700 % — MR TIT S LEIREMEN L LS. interval I[ZEBUEZ €T
52 LT X 0AITHNC & B —IRE % interval [8]3 2 72 N4 21T S . interval O i
EIXMEEIC R R 72D AT LANT 74— MEZHET 5 Z 21\,

e option x=1. subprocess {2 window % (<.

Bil: IRIE 2 x 2 A EIERTIFRIA[5,1), FIFIHY[3,3], &IV OMERMH([1/2,1/3],[1/7,1/5]] D
%6 D gmvector DIETH 5.
[3000] load("gtt_ekn3.rr");
[3001] gtt_ekn3.gmvector([[5,1],[3,3]1]1,[[1/2,1/3],[1/7,1/5]1])
[775/27783]
[200/9261]
#l: N %2 2 L EOHRE L T 51, Gauss DEBMEB(Z OB EIXZHLAL 4 5)
F(-36N,-11N,2N,(1-1/N) /56) DOfElx T3 IZRA TN 5 ( [TGKT] ).
N=2;
T2=gtt_ekn3.gmvector ([[36*N,13*N-1], [38+N-1,11*N]], [[1, (1-1/N)/56],[1,1]11) [0] [0];
D=fac(36*N) *fac(11*N)*fac(2*N-1);
T3=T2x%D;
5 IR AIZIA UAE % Mathematica (ZEMA S/ 2 I121%
n=2; Hypergeometric2F1[-36*n,-11*n,2*n, (1-1/n)/56]
fl: interval option

[4009] P=gtt_ekn3.probl(5,5,100);
[[[100,200,300,400,500],[100,200,300,400,500]],[[1,1/2,1/3,1/5,1/7]1,[1,1/11,1/13,1/17,

[4010] util_timing(quote(gtt_ekn3.gmvector([[100,200,300,400,500],[100,200,300,400,500
[cpu,72.852,gc,0,memory,4462742364,real ,72.856]

[4011] util_timing(quote(gtt_ekn3.gmvector([[100,200,300,400,500],[100,200,300,400,500
[cpu,67.484,gc,0,memory, 3535280544 ,real, 67 .4844]
2% 2 x m 73 #|&K (Lauricella FD)IZ DWW TNy 7 —Y th fd TH R D & 5 IZ[HF

REHENTE S, SO 5 7 a 7 F AR L O, debug FIEH.
[3080] import("tk_fd.rr");
[3081] A=tk_fd.marginal2abc([4,5],[2,4,3]);
[-4,[-4,-31,-11 // 2Z&# FD D/X5 X —4 . a,[bl,b2],c
[3082] tk_fd.fd_hessian2(A[0],A[1],A[2],[1/2,1/3]);
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Computing Dmat(ca) for parameters B=[-4,-3],X=[ 1/2 1/3 ]
[4483/124416,[ 1961/15552 185/1728 ],

[ 79/288 259/864 ]

[ 259/864 47/288 ]]
// BRIEl& [F=F_D, gradient(F), Hessian(F)]

// ekn_gt TOHIERL/INTA—%.

[3543] A=tk_fd.marginal2abc([5,1],[3,3]);

(-5, [-3],-1]

[3544] tk_fd.fd_hessian2(A[0],A[1],A[2],[(1/3)*(1/7)/((1/2)*(1/5))1);
Computing Dmat(ca) for parameters B=[-3],X=[ 10/21 ]

[775/27783,[ 20/147 1,[ 17/42 11

2% — D A 24O ERALEEIZT DWW T D Hessian D G 5 1% 52 Bk Y package
ot_hessian_ahg.rr TEREDT A MVRINT WS, (ZHITEZRZEHRD T A MRBRDTH T
BAEB IR ITETE I NS )

import ("ot_hgm_ahg.rr");
import ("ot_hessian_ahg.rr");
def htestd4() {
extern C11_A;
extern Cl1_Beta;
Hess=newmat (7,7);
A =C11_A;
BetalO= [b0,b1,b2,b3];
BaselIdx=[4,5,6];
X=[x0,x1,x2,x3,x4,x5,x6];
for (I=0; I<7; I++) for (J=0; J<7; J++) {
Idx = [I,J];
H=hessian_simplify(A,Beta0,X,Baseldx,Idx);
Hess[I] [J]=H;
printf (" [I,J]=%a, Hessian_ij=Y%a\n",Idx,H);
}
return(Hess) ;
}
[2917] C11_A;
(fo,o0,0,1,1,1,11,1,0,0,1,0,1,01,(0,1,1,0,1,0,11,[1,1,0,1,1,0,0]1]
[2918] C11_Beta;
[166,36,290,214]
[2919] Ans=htest4$
[2920] Ans[0][0];
[[((b1-b0-1)*x4)/(x0°2), [4]1], [((b1-bO-1)*x6)/(x0"2),[6]],
[(b172+(-2%b0-1) *b1+b0~2+b0) / (x0°2), [1]1, [(x6)/(x0), [6,0]], [(x4)/(x0), [4,0]]]

Section 2.1.5 [gtt_ekn3.setup], p. 9, (undefined) [gtt_ekn3.pfaffian_basis], p. (un-
defined),

Changel.og
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o ZDOBEBUKX[GM2016] DT ILTV X LB L U[T2016] (2 & 5 modular method %\ 7z
=EAl, [TGKT] DE#E 2 ELELZHDTH 5.

o B % %1} 727 7 A iE OpenXM/src/asir-contrib/packages/src/gtt_ekn.rr 1.1,
gtt_ekn/ekn_pfaffian_8.rr

e interval option [ZDWCTZEHZ2521}727 7 1 JUid OpenXM /src/asir-contrib/packages/src/gtt_ekn3 /ekn_eval
1.6

2.1.2 gtt_ekn3.nc

gtt_ekn3.nc(beta,p)
i beta, LIV DOHERDp O e EIR DS SHELRDOIEFLER Z B &

VXD DEZRET.
return N7 MV[Z[[d-11 Z,d_12 Z, ..], ..., [d-m1 Z, d-m2 Z, ...., d_mn Z]]]
beta TR FIRID ) A b T T RTIETHDZ &,
p TN EIRDOEILDOHERD Y A K

o 1l x12 NEEXEEZXSD. m=rl, n=12 £ BL. EHLEHZ 35%Fu %2 m n 174
£35LEpru/ul DHTHS. T THIITHFIRI D beta TH D L D7 u Bk TL
% [TKT2015], [GM2016]. p~u & p_ij~u_ij O, u! (X uij! OETH 5. dijZ TZ D
ZH pij I DWW T DR RS

e nc I gmvector D% JTiZ, [GM2016] @ Prop 7.1 {Z&EDWT Z D% FHET 5.

e option crt=1 (crt = Chinese remainder theorem) % 5:- 2 % &, N #WEIHEEZH I 5.
DHHBEHDRFE T A — X DEE X gtt_ekn3.setup TIT72 5. Z DD option I

gmvector & Z .

fil: 2x3 DEIRTD Z & F DS DEHE.
[2237] gtt_ekn3.nc([[4,5],[2,4,3]1],[[1,1/2,1/3],[1,1,111);

[4483/124416,[ 353/7776 1961/15552 185/1728 ]
[ 553/20736 1261/15552 1001/13824 1]
2%: 2 x m 43 #3K (Lauricella FD)IZDW TNy 7 —Y tk fd TH FaLdD & 5 IZ[A%
RAHDTE B,
[3076] import("tk_fd.rr");
[3077] A=tk_fd.marginal2abc([4,5],[2,4,3]);
[-4,[-4,-3],-1]
[3078] tk_fd.ahmat_abc(A[O],A[1],A[2],[[1,1/2,1/3],[1,1,11]1);
RS=[ 4 5 ], CSnew=[ 2 4 3], Ynew=[ 1 1/2 1/3 ]
[111]
Computing Dmat(ca) for parameters B=[-4,-3],X=[ 1/2 1/3 ]
[4483/124416,[[353/7776,1961/15552,185/1728],
[6563/20736,1261/15552,1001/13824]1]
// RiElE [z, [[d_11 Z, d_12 Z, d4_13 Z],
// [d_21 z, d_22 Z, d_23 z]1] ODf&.
// ZZT diij i i,j RBIKDOWTOWD%EKRT .

Section 2.1.5 [gtt_ekn3.setup], p. 9, Section 2.1.3 [gtt_ekn3.lognc], p. 6,

o
sm
ik ]
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ChangeLog
o B % %1}/ 7 7 A iE OpenXM/src/asir-contrib/packages/src/gtt_ekn.rr 1.1,
gtt_ekn/ekn_eval.rr

2.1.3 gtt_ekn3.lognc

gtt_ekn3.lognc(beta,p)
&M beta, ©IVORERp Ot RO ST E RO IERLEE Z D log
DIEAUES £ O F DI DI BUE Z R
return N7 MVlog(Z), [[d-11 log(Z), d_12 log(Z), ...], [d-21 log(Z),...], ... ]
beta AL BRI ) A b M3 d T RTIETHS Z L.
p — A EED L OREED Y 2
o ST ERIHEREIZRAT 5[TKT2015].

e option crt=1 (crt = Chinese remainder theorem) % 5-2 % &, H#EIRZHB IR D. 4
BETEH O R AT A — X DFEIF gtt_ekn3.setup TIT72 5.
Bl: 2 3 DEIRTOR. B3 D AELUE.

[2238] gtt_ekn3.lognc([[4,51,[2,4,3]1]1,[[1,1/2,1/3]1,[1,1,111);

[-3.32333832422461674630, [ 5648/4483 15688/4483 13320/4483 ]

[ 3318/4483 10088/4483 9009/4483 ]]

2% 2 x m 73 #l5R (Lauricella FD)IZDWTIE Ny r—Y tk fd TH FEddD & 5 IZ[HA5%
REIENTE 5.

[3076] import("tk_fd.rr");

[3077] A=tk_fd.marginal2abc([4,5],[2,4,3]);

[-4,[-4,-3],-1]

[3078] tk_fd.log_ahmat_abc(A[0],A[1]1,A[2],([[1,1/2,1/3],[1,1,111);

RS=[ 4 5 ], CSnew=[ 2 4 3], Ynew=[ 1 1/2 1/3 ]

[111]

Computing Dmat(ca) for parameters B=[-4,-3],X=[ 1/2 1/3 1]

[-3.32333832422461674639485797719209322217260539267246045320,
[[1.2598706, 3.499442, 2.971224],
[0.7401293, 2.250278, 2.009591]]1]

// RIBIE [log(2),

// [[d_11 log(Z), d_12 log(Z), d_13 log(2)],

// [d_21 log(Z), d_22 log(Z), d_23 log(z)]1]]

// DIELME.
SR Section 2.1.5 [gtt_ekn3.setup], p. 9, Section 2.1.2 [gtt_ekn3.nc], p. 5,

[

ChangeLog
o ZH %) 727 7 1 )VIE OpenXM/src/asir-contrib/packages/src/gtt_ekn.rr 1.1.
2.1.4 gtt_ekn3.expectation

gtt_ekn3.expectation(beta,p)
:: i M beta, NV DfERp O o EIROFHEZFHET 5.

return TN EROZ VO MEDO ) A K.
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beta R0, BIFID ) A b 3 IE T RTIETH D Z L.
p ZAEIRO LIV OMERD Y A b
e [GM2016] @ Algorithm 7.8 DFE%E. [TGKT)] 12 & % @ fbhik (path=3) 237 7 4 —JL b,
e option crt=1 (crt = Chinese remainder theorem) % 52 % &, FWEIH 2B IR S.
BEIRHA DA/ N T XA — X DEEI gtt_ekn3.setup TIT7R D .
e option index # 5.2 % &, feEE€ I N/l DMFHED AFHET 5. 722 21X 2 x 2 E
KT index=[[0,0],[1,1] LHBET D &, 1 Db 2D OMFHED AGHET 5.
o ZTDM®D option X gmvector &S M.

22, 33 D43 E5K O HARHE G FH.
[2235] gtt_ekn3.expectation([[1,4],[2,3]1],[[1,1/3],[1,111);
[ 2/3 1/3 1]
[ 4/3 8/3 1]
[2236] gtt_ekn3.expectation([[4,5],[2,4,3]1],[[1,1/2,1/3]1,[1,1,111);
[ 5648/4483 7844/4483 4440/4483 ]
[ 3318/4483 10088/4483 9009/4483 ]

[2442] gtt_ekn3.expectation([[4,14,9],[11,6,10]1],[[1,1/2,1/3]1,[1,1/5,1/7],[1,1,11]);
[ 207017568232262040/147000422096729819 163140751505489940/147000422096729819
217843368649167296/147000422096729819 ]
[ 1185482401011137878/147000422096729819 358095302885438604/147000422096729819
514428205457640984/147000422096729819 ]

[ 224504673820628091/147000422096729819 360766478189450370/147000422096729819
737732646860489910/147000422096729819 ]

2% 2 x m 43 E|3K (Lauricella FD)IZDWTIE Ny r—Y tk fd TH FELdD & 5 IZ[A5%
BEIEMNTE 5.
[3076] import("tk_fd.rr");
[3077] A=tk_fd.marginal2abc([4,5],[2,4,3]);
[-4,[-4,-3],-1]
[3078] tk_fd.expectation_abc(A[0],A[1],A[2],[[1,1/2,1/3],[1,1,111);
RS=[ 4 5], CSnew=[ 2 4 3], Ynew=[ 1 1/2 1/3 ]
[111]
Computing Dmat(ca) for parameters B=[-4,-3],X=[ 1/2 1/3 ]
[[5648/4483,7844/4483,4440/4483],
[3318/4483,10088/4483,9009/4483]]
/] EEINOERFE.
2%, — DO A DA DFHFEIL ot_hgm_ahg.rr. F 72 FEERK 772 ®, module {L X T
W78\, ot_hgm_ahg.rr (2 DWW T D% Hk: K.Ohara, N.Takayama, Pfaffian Systems of
A-Hypergeometric Systems II — Holonomic Gradient Method, arxiv:1505.02947

[3237] import("ot_hgm_ahg.rr");

// 2 x 2 DEIR.

[3238] hgm_ahg_expected_values_contiguity([[0,0,1,1],[1,0,1,0],([0,1,0,1]],
[9,6,81,[1/2,1/3,1/5,1/71, [x1,%2,x3,x4] |geometric=1);

oohg_native=0, oohg_curl=1

[1376777025/625400597,1750225960/625400597 ,
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2375626557/625400597 ,3252978816/625400597]
/] 2 x 2 DEIROERE.

// 2 x 3 pEIXK.

[3238] hgm_ahg_expected_values_contiguity(
tfo,o0,0,1,1,11,11,0,0,1,0,01, [0,1,0,0,1,0], [0,0,1,0,0,111,
[5,2,4,31,[1,1/2,1/3,1,1,1], [x1,x2,%3,%4,%5,x6] | geometric=1) ;

[6648/4483,7844/4483,4440/4483,3318/4483,10088/4483,9009/4483]

// 2 x 3 DEIROHFE. LERUME.

3 x 3 EIR. FIEH 02—,

/*
dojo, p.221 DT—%. MIE3IUTOERIFEHTVOEDIC.
211
833
026
row sum: 4,14,8

column sum: 10,6,10

0 Z—DELDT, (3,6) B Ao 5 7 FIB%EKL.

x/

A=[[0,0,0,1,1,1, 0,0],
[0,0,0,0,0,0, 1,17,
[1,0,0,1,0,0, 0,0],
(0,1,0,0,1,0, 1,01,
[0,0,1,0,0,1, 0,111;

B=[14,8,10,6,10];
hgm_ahg_expected_values_contiguity(4,B,[1,1/2,1/3,1,1/5,1/7,1,1],
[x1,x2,x3,x4,x5,x6,x7,x8] |geometric=1);

/] &.

[14449864949304/9556267369631,

10262588586540/9556267369631, 13512615942680/9556267369631,
81112808747006/9556267369631,

21816297744346/9556267369631, 30858636683482/9556267369631,

25258717886900/9556267369631,51191421070148/9556267369631]
3 x 3 EE.

/*
tOF—49T 0 % 1 ICEH.

= 00 N
N W+~
D W=

row sum: 4,14,9
column sum: 11,6,10
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*/

A=[[0,0,0,1,1,1,0,0,0],
[0,0,0,0,0,0,1,1,1],
[1,0,0,1,0,0,1,0,0],
[0,1,0,0,1,0,0,1,0]1,
[0,0,1,0,0,1,0,0,117;

B=[14,9,11,6,10];
hgm_ahg_expected_values_contiguity(A,B,[1,1/2,1/3,1,1/5,1/7,1,1,1],
[x1,x2,x3,x4,x5,x6,x7,x8] |geometric=1) ;

// BRfEE, &. x9 AEELTVWAWVDT, 9 BEOHEFMEIFHE AL THL.
[207017568232262040/147000422096729819,
163140751505489940/147000422096729819,217843368649167296/147000422096729819,

1185482401011137878/147000422096729819,
358095302885438604/147000422096729819,514428205457640984/147000422096729819,
224504673820628091/147000422096729819,360766478189450370/147000422096729819]

/] Z ®EDWDDEEIE hgm_ahg_contiguity EEAB I RID, ThOBFHA
vE =T x—RlE
/] EEFBVWTELL.

SR Section 2.1.5 [gtt_ekn3.setup], p. 9, Section 2.1.2 [gtt_ekn3.nc], p. 5,

W

ChangeLog
o ZHEZITT27 7 A VX OpenXM /src/asir-contrib/packages/src/gtt_ekn.rr 1.1.

2.1.5 gtt_ekn3.setup

gtt_ekn3. setup()
s PEGETEHOREREEZ B IR S, BIIEOREZMET 5.

return
o [T 57T ALFEHOME, B/NDFEBMEFRRT S, EHHINTVWRWEEIEZD
B & 2R,
o ZDNYIT =V TDNEEHEIZERD cpu 2HEH LU 7-5HBTETI NS Z L 2%
LTW53.,
e option nps (& 7z & number_of_processes) % 52 % L45E L 728721 T o A2 HE
5.

e option nprm (X 7z (& number_ of-primes)’&'—?i % & nprm 733(?5']@3‘5/*\ BE S N7z
FHVANDT 74NV ZGHEAAL. nprm DAEHRED LG X 512 option minp (minp
=MINimum Prime)% 5-Z % & minp & D REQRFH%Z nprm HAEK T 5. £ DR
option fgp (&F 7z 1% file_of_generated_primes) % 5- X 5 L AL U7ZB) A %2 7 7 A
W% fgp & UTRIZET 5.

o EFLD option ZIEE LN 2GERDT 7 4 )V MEDHWS NS, nps=1. nprm=10.
fgp=0.

e option report=1 % 52 % L BI{E DB DO WHE DA %17 5. setup(|report=1)D |4 &
U T report B2 T 5 L HTE 5.
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e option subprogs=[filel file2,...] IZ & W AHEIHO T TO L AIZE— NI RET 74
U filel, file2, ... Z#FE T 5. default & subprogs=["gtt_ekn3/childprocess.rt"] TH 5.
e gtt_ekn3.set_debug_level(Mode) T Ekn_debug Of% % E T 5.

Bl FDOV A NEERLTTZ 7 1) ptxt ~NESHT,
gtt_ekn3.setup(|nps=2,nprm=20,minp=10"10,fgp="p.txt")$
#i: chinese remainder theorem (crt) Z{# > T gmvector % 14

[2867] gtt_ekn3.setup(|nprm=20,minp=10"20) ;
[2868] N=2; T2=gtt_ekn3.gmvector ([[36%N,13%N-1], [38*N-1,11xN]],
(01,(1-1/N)/56],[1,11] | crt=1)$

it Section 2.1.2 [gtt_ekn3.nc], p. 5, Section 2.1.1 [gtt_ekn3.gmvector], p. 2,

o

ChangelLog

o ZH %% ¥ 727 7 A iE OpenXM/src/asir-contrib/packages/src/gtt_ekn.rr 1.1,
gtt_ekn/g_mat_fac.rr

2.1.6 gtt_ekn3.upAlpha, gtt_ekn3.downAlpha

gtt_ekn3.upAlpha(i,k,n)
gtt_ekn3.downAlpha(i,k,n)

iai%Z ai+l (a.i & a_i-1) EZAb &t % contiguity relation.
k E(k+1,n+k+2)BA DFBAAIEEEID k. DEIRTIE (k+1)(n+1).
n E(k+1,n+k+2) B DBHRFIREED n. 2EIRTIZ(k+1)(n+1).
return contiguity relation @ pfaffian_basis IZDWTDITHRIRZRT. [GM2016] D Cor
6.3.
e upAlpha I [GM2016] ® Cor 6.3 D135 Ui 2K T.

o i 2R DOMERLTHEHIBIMA 2.

o ai% ail &M ELVWEEITEE downAlpha ZH\W 5.

o a i &EIERDEAME R 5I2IX, BAE marginaltoAlpha([47H1,50H1)) 2\ 5.

o pfaffian_basis 1Z[GM2016] D 4 D2 bV F (ZH BT B0 % R 9.

e optional 51X arule, xrule Ta_i ¥ x_i_.j ZHUZL72H D% X DRIRINIZKkD B Z &0
TE5. 225N N T A—RZ2HIZLTLESTERIZT I —FRIFLARWV. a0
THIDSEM %2 FHFEL T W5 D THE (Todo, double check).

Bil: DUF OHNE 22 3EIKR(E(2,4)), 23 DHEIR(E(2,5))DHETH 5. [2225] £ TIH %
L TW5.
[2221] gtt_ekn3.marginaltoAlpha([[1,4],[2,3]]);
[[a_0,-4],[a_1,-1]1,[a_2,3],[a_3,2]]
[2222] gtt_ekn3.upAlpha(i,1,1); // E(2,4) @ a_1 AAD
// contiguity ZXRIRYT 51775
[2223] gtt_ekn3.upAlpha(2,1,1); // E(2,4) @D a_2 AR
[2224] gtt_ekn3.upAlpha(3,1,1); // E(2,4) @ a_3 AM
[2225] function f(x_1_1);
[2232] gtt_ekn3.pfaffian_basis(f(x_1_1),1,1);
[ f(x_1_1) ]
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[ (F1(x_1_D)*x_1_1)/(a_2) ]

[2233] function f(x_1_1,x_1_2);

f() redefined.

[2234] gtt_ekn3.pfaffian_basis(f(x_1_1,x_1_2),1,2); // E(2,5), 2*3 9F|
=

[ f(x_1_1,x_1_2) 1]

[ (f1,0(x_1_1,x_1_2)*x_1_1)/(a_2) 1]

[ (fO,1(x_1_1,x_1_2)*x_1_2)/(a_3) ]

[2235] RuleA=[[a_2,1/3],[a_3,1/2]1]1% RuleX=[[x_1_1,1/511%
base_replace(gtt_ekn3.upAlpha(l,1,1),append(Ruleld,RuleX))
-gtt_ekn3.upAlpha(l,1,1 | arule=RuleA, xrule=RuleX);

[00]
L0O]

SR Section 2.1.2 [gtt_ekn3.nc|, p. 5, Section 2.1.1 [gtt_ekn3.gmvector], p. 2,

Changel.og
o ZDOBEIX[GM2016] TH X 5N/ T IV TV X LIZHE contiguity relation % EHIT 5.
o AW %32F727 7 A & OpenXM /src/asir-contrib/packages/src/gtt_ekn/ekn_pfaffian_8.rr
1.1.

2.1.7 gtt_ekn3.cmle

gtt_ekn3.cmle(u) u 28T —49&$5&%E, P(U=u | row sum, column sum =
these of U) Z&mxK{btd %, BIDEEXRDELUEZKD S .

u AT —% (DEIR)
return )L DR (D EIRFN)
o u BT —&R LT BHLE P(U=u | row sum, column sum = these of U) % A{tT

%, %RV DML DEUEZ KD 5.

e optional parameter T algorithm D5 F\ (72 & ZIXHHEZ LU T, 2 RED 72
INE WEHEIZ T 5, gradient descent D step ) % JFE T R Z 7203, Z NIT/EHEHF.
2017.03.03

Bil: 2 x 4 EIZK.
U=[[1,1,2,3],[1,3,1,111;
gtt_ekn3.cmle(U);
([1123]
(13111],[(7,6],[2,4,3,4]1], // Data, row sum, column sum
[ 1 67147/183792 120403/64148 48801/17869 1 // probability obtained.
[1111]]

#l: _Eoflizk OB,
gtt_ekn3.cmle_test3();

o
sm
Aik]

Section 2.1.4 [gtt_ekn3.expectation], p. 6,
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ChangeLog

o gtt_ekn3/mlexr IZARKDH 5.
e gtt_ekn3.rr @ cmle BIEIE wrapper.

2.1.8 gtt_ekn3.set_debug_level, gtt_ekn3.show_path, gtt_
ekn3.get_svalue, gtt_ekn3.assertl, gtt_ekn3.assert2, gtt_
ekn3.assert3, gtt_ekn3.probl

B

gtt_ekn3.set_debug_level(m) debug X v E—I DL NIV EERE.
gtt_ekn3.contiguity_mat_list_2 {9 % contiguity ZHEHK.
gtt_ekn3.show_path() ED& I IC contiguity ZEA LA DIFER.
gtt_ekn3.get_svalue() static EEDEZITS.

gtt_ekn3.assert1(N) 2x2 DEIXRTEEFI v Y.

gtt_ekn3.assert2(N) 3x3 DEIXRTE}EFI VY.

gtt_ekn3.assert3(R1, R2, Size) Rl x R2 DEIXRTUHINHEOEEF TV /.
gtt_ekn3.probi(R1,R2,Size) Rl x R2 DEIRADT AN T —9%E5.

m L)L,

o (m & 0x1) == 0x1 D g_mat_fac_test_plain & g_mat_fac_itor DOl ZIFOH UfE %
s % (gtt_ekn3.setup L 724RFET).

o (m & 0x2) == 0x2 DI g_mat_fac_test ~DEIH % tmp-input-F.ab & U TLHRAE.

o (m & 0x4) == 0x4 DI matrix factorial DFHHEDIEUH U5 #i % KR,

o N IXMEDELMDY A X.

o get_svalue DR D fHl% [Ekn_plist,Ekn_IDL,Ekn_debug,Ekn_mesg,XRule,ARule,Verbose,Ekn_
Rql] DfA.

e assert3 @ options: x=1, subprocess M window % F/R. nps=m, m D 70+ X T
contiguity % 3K % (contiguity_mat_list_3). crt, interval 7% £1& gmvector 7% & & H:il
® option. timing data % 3&/R"3 % 121 load("gtt_ekn3/ekn_eval-timing.rr"); L TH <.

.
[2846] gtt_ekn3.set_debug_level(0x4);
[2847] N=2; T2=gtt_ekn3.gmvector ([[36x*N,13+N-1], [38*N-1,11xN]],
[[1,(1-1/N)/561,[1,111)$
[2848] level&Ox4: g_mat_fac_test([ 113/112 ]
[ 1/112 T,[ (£+225/112) /(7 2+4*t+4) (111/112%t+111/112) /(" 2+4*t+4) ]
[ (1/112)/(t"2+4*t+4) (111/112%t+111/112)/(t"2+4*t+4) 1,0,20,1,t)
Note: we do not use g_mat_fac_itor. Call gtt_ekn3.setup(); to use the crt option.
level&0x4: g_mat_fac_test([ 67/62944040755546030080000 ]
[ 1/125888081511092060160000 1, [ (t+24)/(t"2+25%t+46) (2442)/(t"2+25xt+46) ]
[ (1)/(t"2+25*t+46) (-111xt-111)/(t"2+26%t+46) 1,0,73,1,t)
level&Ox4: g_mat_fac_test ————-—- snip
.
[2659] gtt_ekn3.nc([[4,5,6],[2,4,9]1],[[1,1/2,1/3],[1,1/5,1/7],[1,1,111)$
[2660] L=matrix_transpose(gtt_ekn3.show_path())$
[2661] L[2];
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[2 1]

[2 1] D index & & D/¥T X — & — alpha D [HD contigity & KD ZNz T TEHEL
=2 D5, L[0] IdHWT contiguity D741, L[1] & contiguity % #H 9 % step .
B, fifi % 55T path DAKRD7-\WEGH.

A=gtt_ekn3.marginaltoAlpha_list([[400,410,1011],[910,411,500]11)%
[2666] gtt_ekn3.contiguity_mat_list_2(A,2,2)$

[2667] L=matrix_transpose(gtt_ekn3.show_path())$

[2668] L[2];

[21543]

[2669] gtt_ekn3.contiguity_mat_list_3(A,2,2)$ // new alg in [TGKT]
[2670] L=matrix_transpose(gtt_ekn3.show_path())$

[2671] L[2];

[2 1] // shorter

B, fii% 5H5EE 912 path DARD7ZWEE. gtt_ekn3 IZXBFHLWT L TY XLIZE S
path DR,

A=gtt_ekn3.marginaltoAlpha_list([[10,20],[15,15]11)$
[2666] gtt_ekn3.contiguity_mat_list_3(A,1,1 | xrule=[[x_1_1,1/2]11)%$
[t,[[ (-t-43/2)/(t-2) (-15/2)/(t-2) 1]
[ 1/2 -1/2 1,-9]]
#l. 0 DVREINIX g_mat_fac_plain LFEE U725 H GIEORERE B L2 2 bh b,
option Z FH N \NE g mat_fac_int & DKL 72 5.
[8859] gtt_ekn3.assert2(1);
Marginal=[[130,170,353],[90,119,444]]
p=[[17/100,1,10],[7/50,1,33/10],[1,1,1]]
Try g_mat_fac_test_int: Note: we do not use g_mat_fac_itor. Call gtt_ekn3.setup(); to
Timing (int) =0.413916 (CPU) + 0.590723 (GC) = 1.00464 (total), real time=0.990672

Try g_mat_fac_test_plain: Note: we do not use g_mat_fac_itor. Call gtt_ekn3.setup(); t
Timing (rational) =4.51349 (CPU) + 6.32174 (GC) = 10.8352 (total)

diff of both method =

[000]

[000]

[000]

[8860]

[8863] gtt_ekn3.setup(|nprm=100,minp=10"50);

Number of processes = 1.

Number of primes = 100.

Min of plist = 100000000000000000000000000000000000000000000000151 .
0

[8864] gtt_ekn3.assert2(1l | crt=1);
Marginal=[[130,170,353],[90,119,444]]
p=[[17/100,1,10],[7/50,1,33/10],[1,1,1]]

Try [[crt,1]]

--—— snip
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2B _FHHODOHID timing (total) [ TIEEME] & mod FH % subprocess 23% > T\ 5
D TIELUWETIZZ2\. real time 23 FHRIR O HZIZ 7 5.

.

fl:

3x5 AEIFR. EIMIE 10 ICHHIT B —EDE (factor option HER. V—R %

ZR) .

cell MEIT 1/RETEREINSG.

[9054] L=gtt_ekn3.prob1(3,5,10 | factor=1, factor_row=3);
([[10,20,420],[30,60,90,120,150]1]1,([1,1/2,1/3,1/5,1/7],[1,1/11,1/13,1/17,1/19],[1,1,1,
[9055] number_eval(gtt_ekn3.expectation(L[0],L[1]));

[ 1.65224223218613 ... snip ]

[5779] import("gtt_ekn3.rr"); load("gtt_ekn3/ekn_eval-timing.rr");
[6780] gtt_ekn3.assert3(5,5,100 | nps=32, interval=100);

-— snip
Parallel method: Number of process=32, File name tmp-gtt_ekn3/p300.txt is written.
Number of processes = 32.

-—- snip
initialPoly of path=3: [ 2.184 0 124341044 2.1831 ] [CPU(s),0,*,real(s)]
contiguity_mat_list_3 of path=3: [ 0.04 0 630644 9.6774 ] [CPU(s),0,*,real(s)]
Note: interval option will lead faster evaluation. We do not use g_mat_fac_itor (crt).
g_mat_fac of path=3: [ 21.644 0 1863290168 21.6457 ] [CPU(s),0,*,real(s)]
Done. Saved in 2.ab

Diff (should be 0)=[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,..., 0,0,0]
i Section 2.1.2 [gtt_ekn3.nc], p. 5,
ChangelLog

e gtt_ekn3/ekn_eval.rr C matrix factorial DR DOIFOH U5 #i%E £RT 5.
e grep ’iand(Ekn_debug,0x1)’ *a1r TY —A 32— FOFKY DL iEZ I AT,
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3 modular &

3.1 HEFEREMH L itor

3.1.1 gtt_ekn3.chinese_itor

gtt_ekn3.chinese_itor(data,idlist)
:: mod p TEEUZZKER (2 ML) A5 chinese remainder theorem, itor(integer
to rational) THHEEANZ bV 215 5.

return [val, n] 22 T val 3B ZX. 7, n = nl*n2*..
data [[vall,nl],[val2,n2], ...], £ Z C val mod nl = vall, val mod n2 = val2,...
idlist chinese, itor ZE{T$5HY—/NIDD') X K.
o MEFEREH %\ T val0 mod nl = vall, val0 mod n2 = val2, ... £72% val0 % K&
5. val IZ algorithm itor Z#H 3 5.
e sqrt(n) & D val0 VKR Z WK itor 2YEH T T valo VA val=a/b IZE# I 1
5. DFD b*x =lmodn &R2Hx 2FZXT, x*a % n = val) & 725 val % &
9. BONoRnE i failure R 9.

#i: [3!, 5°3*3!]=[6,750] A E D fH. 6 mod 109 =6, 750 mod 109=96 A ¥ D 5| %L
D[[6,96],109]. LA F[FIEE.
gtt_ekn3.setup(|nps=2,nprm=3,minp=101,fgp="p_small.txt");
SS=gtt_ekn3.get_svalue() ;

Ss[o];

[103,107,109] // list of primes
SS[1];

[0,2] // list of server ID’s

gtt_ekn3.chinese_itor([[[ 6,96 ]1,109],[[ 6,29 1,103],[[ 6,1 1,107]1]1,SS[1]);
[[ 6 750 1,1201289]

// BIBUERAAZ—THLL.
gtt_ekn3.chinese_itor([[96,109],[29,103]1]1,8S[1]);
[[ 750 1,11227]

#i: gtt_ekn3/childprocess.rr (server THRAT X 15) DR chinese (chinese remainder
theorem) & euclid.

load("gtt_ekn3/childprocess.rr");
chinese([newvect(2,[6,29]),103], [newvect (2, [6,750]),107%109]);
// mod 103 T [6,29], mod (107%109) T [6,750] &7%:%%% mod 103%(107%109)
// TKbHBE,
[[ 6 750 1,1201289]
euclid(3,103); // mod 103 T® 3 DHH. DFY 1/3
-34
3x(-34) % 103; // FEMICHEL.
1
H#i: gtt_ekn3/childprocess.rr (server THEIT X N5 ) O FE itor (integer to rational) D
#i. itor(Y,Q,Q2,Idx) TIZY< Q2725 Y BWZDF FK5. Idx IEAEBAHD index THF 72
BTLWv. ROMHEDHE 2N L5,
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load("gtt_ekn3/childprocess.rr");

for (I=1;I<11; I++) print([I,itor(I,11,3,0)]1);

[1,[1,0]]

[2,[2,0]]

[3,[-2/3,011 //euclid(3,11); ->4, 4x(-2)%11 -> 3 WO THEMNIC -2/3 ETT

D DI

[4, [failure,0]]

[5,[-1/2,01]

[6,[1/2,0]]

[7,[-1/3,0]1]

[8, [failure,0]]

(9, [-2,0]]

[10,[-1,0]]
SR Section 2.1.5 [gtt_ekn3.setup], p. 9,
ChangeLog

o BET 7 1 )VIX gtt_ekn3/g_mat_fac.rr gtt_ekn3/childprocess.rr
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4 Binary splitting

4.1 matrix factorial

4.1.1 gtt_ekn3.init_bsplit, gtt_ekn3d.init_dm_bsplit, gtt_
ekn3.setup_dm_bsplit

gtt_ekn3.init_bsplit(|minsize=16,levelmax=1);
:: binary split DEITD/ZHDNTA—RZHRET SH.

gtt_ekn3.init_dm_bsplit(|bsplit_x=0, bsplit_reduce=0)

:: binary split D EFETD/ZODNTA—REZBRTET 5.
gtt_ekn3.setup_dm_bsplit(C)

:: binary split DEFETD72DIZ C D Tav A %S LI5S,

C 1Z levelmax-1 ICFRET 5. $FIC levalmax=1 D & FIEDHEETE Z1TH AL,
bsplit_.x=1 M & &, debug AICK 7O A % xterm TERR.
e expectation 7& EDOBEEIZ bs=1 7> a v % 5 X 3 & matrix factorial % binary
splitting method TEI&ET 5.

Bil: bs=1 & MNIGE DGR

[4618] cputime(1)$

[4619] gtt_ekn3.expectation(Marginal=[[1950,2550,5295],[1350,1785,6660]],
P=[[17/100,1,10],([7/50,1,33/10],[1,1,111|bs=1)$

4.912sec(4.914sec)

[4621] V2=gtt_ekn3.expectation(Marginal=[[1950,2550,5295],[1350,1785,6660]],
P=[[17/100,1,10],[7/50,1,33/10],[1,1,1]11)$

6.752sec(6.756sec)

Hl: FHGEHET 256, ABGIRENPZ > TES R BERL VO THEE. NaoflTto
bsplit_x=1 option ¥ debug windows ZH < DT HIZHE L 7R 5. gtt_ekn3.test_bs_dist();
THTANTES.

[3669] C=4$% gtt_ekn3.init_bsplit(|Iminsize=16,levelmax=C+1)$ gtt_ekn3.init_dm_bsplit(|b
[3670] [3671] [3672] gtt_ekn3.setup_dm_bsplit(C);

[0,0]

[3673] gtt_ekn3.assert2(10|bs=1)$

SR Section 2.1.1 [gtt_ekn3.gmvector]|, p. 2, Section 2.1.4 [gtt_ekn3.expectation],
p. 6, (undefined) [gtt_ekn3.assertl], p. (undefined), (undefined)
[gtt_ekn3.assert2], p. (undefined),

Changel.og
o BIET 7 1 VX gtt_ekn3/mfac_bs.rr gtt_ekn3/dm_bsplit.rr
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